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1. Introduction

The study of the theory of geodesic mappings of affine connected, Riemannian,
Kählerian spaces and etc., has been an active field over the past several decades.
Many new and interesting results have appeared in [6, 12, 14]. The investigation
of geodesic mapping theory for special spaces is an important and active research
topic. Geodesic mappings of certain special Riemannian spaces were studied earlier.
In particular, the geodesic mapping theory was derived mainly for symmetric [11],
recurrent [12], two-symmetric and m-recurrent [7]. Of course, many works here were
devoted to the problem of the non-existence in special spaces of geodesic mappings,
projective, null-geodesic transformations, and concircular vector fields. For the fur-
ther and total investigations of geodesic projective mappings of special Riemannian
spaces, one can refer to the celebrated works [5, 8, 13, 14] for details. To speak
of the fact that the author, recently, even studied the theory of transformations on
Carnot Caratheodory spaces, and obtained some interesting results [21].

For the study of semi-symmetric linear connection, as we know, in the early
days of 1924, Friedmann and Schouten [4] first introduced the concepts of semi-
symmetric linear connection. Afterwards, Yano [15] considered the semi-symmetric
metric connection of Riemannian manifolds. The authors in [16–19], in this setting,
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studied and obtained some interesting and remarkable results by using these concepts
and the similar approaches.

In this paper, we continue to discuss the problems similarly to those just put
forward above, but we consider here in a relatively wide space-pseudo-symmetric
Riemannian manifolds. The class of pseudo-symmetric manifolds is essentially wider
than that of semi-symmetric manifolds.

Let (M, g) be a connected n-dimensional, n ≥ 3, semi-Riemannian smooth man-
ifold. We denote by R the curvature tensor of (M, g). If R × R = 0 on M , then
the manifold (M, g) is called semi-symmetric [13]. The study of geodesic mappings
onto semi-symmetric manifolds leads to the concept of pseudo-symmetric manifolds
[3, 8]. At first, we state some terminologies and interesting facts for the semi-
symmetric projective mapping via a definition and an important lemma, and pose
the semi-symmetric projective metric connection transformations [19]. Secondly, we
introduce some tensors and give some results by using these well defined tensors.
Finally, we give the interesting theorem with these concepts which includes semi-
symmetric manifolds as well as the pseudo-symmetric pseudo-Riemannian manifolds
and so on. In particular, we follow the survey paper [6, 8] in which the author posed
the following theorem but the proof of this theorem is not published, and offer the
similar problem but the conditions here differs heavily from those in [13, 14]. Here
we can write the theorem posed in [8] as follows.

Theorem 1.1. If (Mn, g) is a pseudo-symmetric pseudo-Riemannian manifold ad-
mitting a non-trivial geodesic mapping f onto a manifold (M, g), then (M, g) is also
a pseudo-symmetric manifold.

Theorem 1.1 is very important in the research of pseudo-symmetric manifolds.
More general results are obtained in [9, 10]. The authors posed out the geodesic
mapping [1, 13, 14] for studying the invariance problems. We will use the projective
semi-symmetric connection transform [19, 20] to consider the same problem in this
paper. We derive Theorem 1.2, given in Section 3, as follows:

Theorem 1.2. If (Mn, g) is a pseudo-symmetric pseudo-Riemannian manifold ad-
mitting a special non-trivial projective semi-symmetric connection mapping f onto
a manifold (M, g), then (M, g) is also a pseudo-symmetric manifold.

Theorem 1.2 which is given and can be regarded as a remarkable result in [1].
Since the approaches are similar to those in [1, 14], we take them as our main
reference. All the notations and terminologies offered in this paper are taken from
[1, 19, 20].

The organization of this paper is as follows. Section 2 is devoted to introducing
some necessary notations and terminologies. Section 3 will state some interesting
results, and the proofs of these conclusions are also given in this section.

2. Preliminaries

Let (Mn, g), n = dimM ≥ 3, be a connected n-dimensional pseudo-Riemannian
smooth manifold of class C∞. Let χ(M) denote the set of all the vector fields on
M , Ξ(M) be the Lie algebra of vector fields on M , and Vi ∈ χ(M) i = 1, · · · , n be
the local orthogonal unit vector fields on M . We denote by ∇, R̃, R, S and κ the
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Levi-Civita connection, the curvature tensor, the Riemannian-Christoffel curvature
tensor, the Ricci tensor and the scalar curvature of (M, g), respectively. We first
define on M the endomorphisms R̃(X,Y ) and X ∧ Y by R̃(X,Y )Z = [∇X ,∇Y ]Z −
∇[X,Y ]Z, (X ∧Y )Z = g(Y, Z)X − g(X,Z)Y , respectively. Furthermore, for a (0, k)-
type tensor field T on M , we also define the following the (0, k+2)-type tensor fields
(R · T ) and Q(g, T ) by the formulas

(R · T )(X1, X2, X3, X4;X,Y ) = −T (R̃(X,Y )X1, X2, X3, X4)

− T (X1, R̃(X,Y )X2, X3, X4)

− T (X1, X2, R̃(X,Y )X3, X4)

− T (X1, X2, X3, R̃(X,Y )X4)(2.1)

and

Q(g, T )(X1, X2, X3, X4;X,Y ) = T ((X ∧ Y )X1, X2, X3, X4)

+ T (X1, (X ∧ Y )X2, X3, X4)

+ T (X1, X2, (X ∧ Y )X3, X4)

+ T (X1, X2, X3, (X ∧ Y )X4)(2.2)

where X,Y, Z,X1, · · · , X4 ∈ Ξ(M).
A semi-Riemannian manifold (M, g) is said to be pseudo-symmetric [2] if at every

point of M the following condition is satisfied:
(a) The tensors R ·R and Q(g,R) are linearly dependent.

The manifold (M, g) is pseudo-symmetric if and only if R·R = LRQ(g,R) holds on
the set UR = {x ∈M |Z(R) 6= 0 at x}, where LR is some function on UR and Z(R) =
R− (κ/[n(n− 1)])G with G defined by G(X1, X2, X3, X4) = g((X1 ∧X2)X3, X4).

A semi-Riemannian manifold (M, g) is said to be Ricci-pseudo-symmetric if at
every point of M the following condition is satisfied:

(a) The tensors R · S and Q(g, S) are linearly dependent.
The manifold (M, g) is Ricci-pseudo-symmetric if and only if R · S = LSQ(g, S)

holds on the set US = {x ∈M |S − (κ/n)g 6= 0 at x}, where LS is some function on
US .

Let (M, g) and (M̃, g̃) be two n-dimensional semi-Riemannian manifolds. A dif-
feomorphism: f : M → M̃ which maps geodesic lines into geodesic lines is called a
geodesic mapping. It is well known that in a common coordinate system, we can
give the curvature tensor and Christoffel symbols [1].

Let D be a linear connection on M . We define the torsion tensor of D by

(2.3) T (X,Y ) = DXY −DY X − [X,Y ] ∀X,Y ∈ χ(M).

Suppose that T satisfies the following condition

T (X,Y ) = Π(Y )X −Π(X)Y(2.4)

and for any X,Y, Z ∈ χ(M), there holds DXg(Y, Z) = 0, where Π is of 1-form on M ,
then D is called the semi-symmetric metric connection on M [18–20]. If there exists
the local coordinate system in M such that g,∇, D,Π have the local expressions,
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respectively, by gji, {hji},Γh
ji, Pi. Then we have Γh

ji = {hji} + δh
j Pi − gjiP

h, where
Ph = ghiPi.

If the geodesic with respect to D are always consistent with those of ∇, then D
is called the projective equivalent connection with ∇.

If D is both the projective equivalent connection with ∇ and the semi-symmetric,
then D is called the projective semi-symmetric connection. As is known to all, if the
linear connection has the same geodesic curves as ∇, then it is called the projective
transformation of ∇. Analogously, the semi-symmetric connection D has the same
geodesic curves as ∇, then it is called the projective semi-symmetric connection
transformation.

Let D be the semi-symmetric projective connection transformation of the Rie-
mannian connection ∇, it has the local expression Γh

ji, then there holds

(2.5) Γh
ji = {hji}+ δh

j Ψi + δh
i Ψj + δh

j σi − δh
i σj

where Ψi, σi are the covariant vectors.
From (2.5), we know that the curvature tensor, the Ricci curvature tensor of D

are given, respectively, by

(2.6) R̃h
kji = Rh

kji + βkjδ
h
i + τkiδ

h
j − τjiδ

h
k .

By virtue of [18–20], we arrive at the following

(2.7) βji + βij = 0,

(2.8) τji − τij = nβij ,

(2.9) βji = [1/(n+ 1)](∇iPj −∇jPi).

3. Some results and proofs

According to (2.1) and (2.2) we have the following local expressions

(R ·R)hijklm = ∇m∇lRhijk −∇l∇mRhijk

= −RrijkR
r

hlm −RhrjkR
r

ilm −RhirkR
r

jlm −RhijrR
r

klm,(3.1)

Q(g,R)hijklm = ghmRlijk + gimRhljk + gjmRhilk + gkmRhijl

− ghlRmijk − gilRhmjk − gjlRhimk − gklRhijm.(3.2)

Lemma 3.1. Let Ψ : (M, g) → (M, g) be a semi-symmetric projective transforma-
tion and let the condition R · R = LQ(g,R) be satisfied on UR. Then in common
coordinate system {x1, · · · , xn} on UR, there holds the following

(R̃ · R̃)hijkm =
1
n
η(g̃hlR̃himk − g̃hmR̃lijk) +BilR̃hmjk −BimR̃hljk +BjlR̃himk

−BjmR̃hilk +BikR̃hijm −BkmR̃hijl + FilG̃hmjk − FimG̃himk

− FjlG̃hilk + FlkG̃hijm − FkmG̃hijl,

where Bij = −Lgij + τij, Fij = (−1/n)Aij − (1/n(Lg̃rs(τrsgij − grsτij), Aij =
τirS̃

r
j − τrsR̃

r
ij

s, η = g̃rs(−grsL+ τrs).
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Proof. By using (2.6) and the Ricci identity we have

DmDlR̃
s

ijk −DlDmR̃
s

ijk = ∇m∇lR
s

ijk −∇l∇mR
s

ijk + τmrR
r

ijkδ
s
l − τlrRr

ijkδ
s
m

+ (τjrR
r

mlk + τrkR
r

mjl)δs
i − (τrkR

r
mli + τirR

r
mlk)δs

j

− (βrjR
r

mli + βirR
r

mlj)δs
k + τliR

s
mjk − τmiR

s
ljk

+ τljR
s

imk − τmjR
s

ilk + τlkR
s

ijm − τmkR
s

ijl

+ (τliβmj − τmiβlj + τljβim − τmjβil − 2βmlβij)δs
k

− 2βmlR
s

ijk + [τmk(τli − τil) + τlk(τim − τmi)

− 2βmlτik]δs
j + [τmk(τjl − τlj) + τlk(τmj − τjm)

+ 2βmlτjk]δs
i .

If 1-form Π is of closed, that is, we get βij = 0, τij = τji. Then we find the following
formula:

DmDlR̃
s

ijk −DlDmR̃
s

ijk = ∇m∇lR
s

ijk −∇l∇mR
s

ijk + τmrR
r

ijkδ
s
l − τlrRr

ijkδ
s
m

+ (τjrR
r

mlk + τrkR
r

mjl)δs
i − (τrkR

r
mli + τirR

r
mlk)δs

j

− τliRs
mjk − τmiR

s
ljk + τljR

s
imk − τmjR

s
ilk

+ τlkR
s

ijm − τmkR
s

ijl + [τmk(τli − τil)
+ τlk(τim − τmi)]δs

j + [τmk(τjl − τlj) + τlk(τmj − τjm)]δs
i

= ∇m∇lR
s

ijk −∇l∇mR
s

ijk + τmrR
r

ijkδ
s
l − τlrRr

ijkδ
s
m

+ (τjrR
r

mlk + τrkR
r

mjl)δs
i − (τrkR

r
mli + τirR

r
mlk)δs

j

+ τljR
s

imk − τmjR
s

ilk + τlkR
s

ijm − τmkR
s

ijl

+ τliR
s

mjk − τmiR
s

ljk.

In other words, we obtain the following

DmDlR̃
s

ijk −DlDmR̃
s

ijk = ∇m∇lR
s

ijk −∇l∇mR
s

ijk + τmrR
r

ijkδ
s
l − τlrRr

ijkδ
s
m

+ (τjrR
r

mlk + τrkR
r

mjl)δs
i − (τrkR

r
mli + τirR

r
mlk)δs

j

+ τljR
s

imk − τmjR
s

ilk + τlkR
s

ijm − τmkR
s

ijl

− τliRs
mjk − τmiR

s
ljk.

Notice that the condition of Lemma 3.1 and (3.1) and (3.2), one has

DmDlR̃
s

ijk −DlDmR̃
s

ijk = −L(δs
lRmijk − δs

mRlijk)

+ L[gim(R̃s
ljk − βljδ

s
k − τlkδs

j + τjkδ
s
l )

+ gjm(R̃s
ilk − βilδ

s
k − τikδs

l + τlkδ
s
i )

+ gkm(R̃s
ijl − βijδ

s
l − τilδs

j + τjlδ
s
i )

− gil(R̃s
mjk − βmjδ

s
k − τmkδ

s
j + τjkδ

s
m)

− gjl(R̃s
imk − βimδ

s
k − τikδs

m + τmkδ
s
i )

− gkl(R̃s
ijm − βijδ

s
m − τimδs

j + τjmδ
s
i )]

+ δs
lEmijk − δs

mElijk + (Ejmlk + Ekmlj)δs
i
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− (Eimlk + Ekmli)δs
j + τliR̃

s
mjk − τmiR̃

s
ljk + τljR̃

s
imk

− τmjR̃
s

ilk + τlkR̃
s

ijm − τmkR̃
s

ijl

− 2βmlR̃
s

ijk − βrjR̃
r

mliδ
s
k − βirR̃

r
mljδ

s
k

+ nδs
i βkrR̃

r
mlj − nδs

jβkrR̃
r

mli + n(τmkβli + τlkβim)δs
j

+ n(τlkβmj + τmkβjl)δs
i + 2βmlβijδ

s
k + 2βmlτikδ

s
j

− 2βmlτjkδ
s
i + βljτmiδ

s
k − βmjτliδ

s
k + βilτmjδ

s
k − βimτljδ

s
k.

If 1-form Π is of closed, then we obtain the following

DmDlR̃
s

ijk −DlDmR̃
s

ijk = −L(δs
lRmijk − δs

mRlijk)

+ L[gim(R̃s
ljk − τlkδs

j + τjkδ
s
l )

+ gjm(R̃s
ilk − τikδs

l + τlkδ
s
i )

+ gkm(R̃s
ijl − τilδs

j + τjlδ
s
i )

− gil(R̃s
mjk − τmkδ

s
j + τjkδ

s
m)

− gjl(R̃s
imk − τikδs

m + τmkδ
s
i )

− gkl(R̃s
ijm − τimδs

j + τjmδ
s
i )]

+ δs
lEmijk − δs

mElijk + (Eijml + Eijlm)δs
k

− (Eimlk + Ekmli)δs
j + τliR̃

s
mjk − τmiR̃

s
ljk

+ τljR̃
s

imk − τmjR̃
s

ilk + τlkR̃
s

ijm − τmkR̃
s

ijl(3.3)

where Emijk = τmrR̃
r

ijk.
For the convenience, we only consider the case of special projective semi-symmetric

connection transformation [16] for Lemma 3.1. From the formula (3.3), one requires
the contraction of this with ghs and arrives at

(R̃ · R̃)hijklm = −L(g̃hlRmijk − g̃hmRlijk) + g̃hlEmijk − g̃hmElijk

+ g̃hk(Eijlm + Ejilm)− g̃hj(Elmik + Elmki) + τilR̃hmjk − τimR̃hljk

+ τjlR̃himk − τjmR̃hilk + τklR̃hijm − τmkR̃hijl

+ L[gmi(R̃hljk + g̃hkτlj − g̃hjτlk) + gmj(R̃hilk + g̃hkτil − g̃hlτik)

+ gmk(R̃hijl + g̃hlτij − g̃hjτli)− gli(R̃hmjk + g̃hkτmj − g̃hjτmk)

− gjl(R̃himk + g̃hkτim − g̃hmτik)− gkl(R̃hijm + g̃hmτij − g̃hjτim)].(3.4)

We now consider the symmetrization of (3.4) with respect to h, i and contract the
results formula with g̃hl, by a direct computation in a similar way posed in [1] and
by using the notation Dji = gjsg̃

rsτri − gisg̃
rsτrj , then we get the following

(n+ 1)Emijk + Ejikm + Ekimj + g̃ikAjm − g̃ijAkm + ηR̃imjk − nLRmijk

− L[g̃rsgrs(g̃ikτmj − g̃ijτmk) + n(gjmτki − gkmτji) + g̃jiDkm

+ g̃rsτrs(gkmg̃ji − gjmg̃ki) + g̃kiDmj + g̃miDkj ] = 0.
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For vanishing the curvature tensor terms offered in this formula above, we permu-
tating the indices m, j, k, and contract indices j, i for connection D, then one gets

(3.5) (2n+ 1)Ãmk = −3(n− 2)LDmk

where Ãmk = Amk − Akm. Combining this formula with the related results in [1],
one can easily derive Lemma 3.1. This completes the proof of Lemma 3.1.

By using Lemma 3.1, we can derive Theorem 3.1 as follows.

Theorem 3.1. Let Ψ : (M, g)→ (M̃, g̃) be a semi-symmetric projective connection
mapping of a pseudo-symmetric manifold (M, g) onto a manifold (M̃, g̃). Then the
manifold (M̃, g̃) is a locally pseudo-symmetric manifold.

Proof. Since we can regard the special semi-symmetric projective connection map-
ping as the related transformation which keeps unchanged the geodesic lines, in
addition, we also obtain the same results for the special semi-symmetric projec-
tive connection, which gives for a diffeomorphism f in [1]. Then, we conclude that
Theorem 3.1 is tenable.

4. Examples

It is well known that the algebraic characteristics of semi-symmetric spaces is given
by the formula R·R = 0. This paper can be regarded in this setting as an application
of the celebrated Osserman conjecture.

Example 4.1. Let a positive function f(x1, x2, · · · , xn+1) be defined on Rn+1 \{0}
by

f(x1, x2, · · · , xn+1) =

[
n+1∑
i=1

(xi)2
] 1

2

− 1
2
x1.

Define a quadratic form as

gij =
1
2
∂2H

∂yi∂yj
,

i, j ∈ {1, 2, · · · , n + 1}, where H = f2. By a direction computation, one arrives at
the triple (Rn+1, H,G) is a pseudo-semi Riemannian manifold.

Example 4.2. Consider a torus M = C/Γ1 × C/Γ2, γ = f(z)dz ∧ dz̄ + dz ∧ dw̄ +
dw ∧ dz̄, where z, w are holomorphic coordinates on each complex plane and f is
a smooth real positive valued function on CΓ1. It is easy to see that γ defines an
indefinite Kähler metric tensor g on M . Moreover, one can derive that this metric
tensor is also Einstein and self-dual.
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