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1. Introduction

The study of the theory of geodesic mappings of affine connected, Riemannian,
Kahlerian spaces and etc., has been an active field over the past several decades.
Many new and interesting results have appeared in [6, 12, 14]. The investigation
of geodesic mapping theory for special spaces is an important and active research
topic. Geodesic mappings of certain special Riemannian spaces were studied earlier.
In particular, the geodesic mapping theory was derived mainly for symmetric [11],
recurrent [12], two-symmetric and m-recurrent [7]. Of course, many works here were
devoted to the problem of the non-existence in special spaces of geodesic mappings,
projective, null-geodesic transformations, and concircular vector fields. For the fur-
ther and total investigations of geodesic projective mappings of special Riemannian
spaces, one can refer to the celebrated works [5, 8, 13, 14] for details. To speak
of the fact that the author, recently, even studied the theory of transformations on
Carnot Caratheodory spaces, and obtained some interesting results [21].

For the study of semi-symmetric linear connection, as we know, in the early
days of 1924, Friedmann and Schouten [4] first introduced the concepts of semi-
symmetric linear connection. Afterwards, Yano [15] considered the semi-symmetric
metric connection of Riemannian manifolds. The authors in [16-19], in this setting,
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studied and obtained some interesting and remarkable results by using these concepts
and the similar approaches.

In this paper, we continue to discuss the problems similarly to those just put
forward above, but we consider here in a relatively wide space-pseudo-symmetric
Riemannian manifolds. The class of pseudo-symmetric manifolds is essentially wider
than that of semi-symmetric manifolds.

Let (M, g) be a connected n-dimensional, n > 3, semi-Riemannian smooth man-
ifold. We denote by R the curvature tensor of (M,g). If R x R = 0 on M, then
the manifold (M, g) is called semi-symmetric [13]. The study of geodesic mappings
onto semi-symmetric manifolds leads to the concept of pseudo-symmetric manifolds
[3, 8. At first, we state some terminologies and interesting facts for the semi-
symmetric projective mapping via a definition and an important lemma, and pose
the semi-symmetric projective metric connection transformations [19]. Secondly, we
introduce some tensors and give some results by using these well defined tensors.
Finally, we give the interesting theorem with these concepts which includes semi-
symmetric manifolds as well as the pseudo-symmetric pseudo-Riemannian manifolds
and so on. In particular, we follow the survey paper [6, 8] in which the author posed
the following theorem but the proof of this theorem is not published, and offer the
similar problem but the conditions here differs heavily from those in [13, 14]. Here
we can write the theorem posed in [8] as follows.

Theorem 1.1. If (M™,g) is a pseudo-symmetric pseudo-Riemannian @m‘fold ad-
mitting a non-trivial geodesic mapping f onto a manifold (M,q), then (M,g) is also
a pseudo-symmetric manifold.

Theorem 1.1 is very important in the research of pseudo-symmetric manifolds.
More general results are obtained in [9, 10]. The authors posed out the geodesic
mapping [1, 13, 14] for studying the invariance problems. We will use the projective
semi-symmetric connection transform [19, 20] to consider the same problem in this
paper. We derive Theorem 1.2, given in Section 3, as follows:

Theorem 1.2. If (M™,g) is a pseudo-symmetric pseudo-Riemannian manifold ad-
mitting a spiial non—trimil projective semi-symmetric connection mapping f onto
a manifold (M,q), then (M,q) is also a pseudo-symmetric manifold.

Theorem 1.2 which is given and can be regarded as a remarkable result in [1].
Since the approaches are similar to those in [1, 14], we take them as our main
reference. All the notations and terminologies offered in this paper are taken from
[1, 19, 20].

The organization of this paper is as follows. Section 2 is devoted to introducing
some necessary notations and terminologies. Section 3 will state some interesting
results, and the proofs of these conclusions are also given in this section.

2. Preliminaries

Let (M™, g), n = dimM > 3, be a connected n-dimensional pseudo-Riemannian
smooth manifold of class C*°. Let x(M) denote the set of all the vector fields on
M, E(M) be the Lie algebra of vector fields on M, and V; € x(M) i=1,--- ,n be
the local orthogonal unit vector fields on M. We denote by V, E,R, S and k the



A Property on Geodesic Mappings 267

Levi-Civita connection, the curvature tensor, the Riemannian-Christoffel curvature
tensor, the Ricci tensor and the scalar curvature of (M, g) respectively. We first

define on M the endomorphisms R(X,Y) and X AY by R(X,Y)Z = [Vx,Vy]Z —
Vixy1Z, (XAY)Z =g(Y,Z)X — g(X, Z)Y, respectively. Furthermore, for a (0, k)-
type tensor field T on M, we also define the following the (0, k4 2)-type tensor fields
(R-T) and Q(g,T) by the formulas

(R-T)(X1, X2, X35, X43X,Y) = —T(R(X,Y) X1, X2, X3, X3)

T(Xl,R(X Y)Xo, X3, X4)

— T(X1, X2, R(X,Y) X3, Xy)

- T(Xy,Xs, X3, (X Y)X,4)

Q(g,T)( X1, X0, X5, X; X,)Y) =T(X NY) X1, Xo, X3, Xy)

FT(X0, (X AY)Xa, Xa, X2)

+T(X1, X2, (X AY) X3, Xy)

(2.2) FT(X1, Xa, X3, (X AY)Xy)
where X,Y, Z, X1, , X4 € E(M).

A semi-Riemannian manifold (M, g) is said to be pseudo-symmetric [2] if at every
point of M the following condition is satisfied:

(a) The tensors R - R and Q(g, R) are linearly dependent.

The manifold (M, g) is pseudo-symmetric if and only if R-R = LrQ(g, R) holds on
the set Ug = {x € M|Z(R) # 0 at x}, where L is some function on Ug and Z(R) =
- (KJ/[?’L(?’L - 1)])G with G defined by G(Xl,XQ,Xg,X4) = g((Xl A\ XQ)X3, X4)

A semi-Riemannian manifold (M, g) is said to be Ricci-pseudo-symmetric if at
every point of M the following condition is satisfied:

(a) The tensors R - S and Q(g,S) are linearly dependent.

The manifold (M, g) is Ricci-pseudo-symmetric if and only if R-S = LsQ(g, S)
holds on the set Us = {z € M|S — (k/n)g # 0 at x}, where Lg is some function on
Us.

Let (M,g) and (M,q) be two n-dimensional semi-Riemannian manifolds. A dif-
feomorphism: f: M — M which maps geodesic lines into geodesic lines is called a
geodesic mapping. It is well known that in a common coordinate system, we can
give the curvature tensor and Christoffel symbols [1].

Let D be a linear connection on M. We define the torsion tensor of D by

(2.3) T(X,Y)=DxY - Dy X — [X,Y] VXY € x(M).
Suppose that T satisfies the following condition
(2.4) TX,V)=1I(V)X —II(X)Y

and for any X, Y, Z € x(M), there holds Dxg(Y, Z) = 0, where II is of 1-form on M,
then D is called the semi-symmetric metric connection on M [18-20]. If there exists
the local coordinate system in M such that g, V, D,II have the local expressions,
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respectively, by g;i, {};}, i, Pi. Then we have I'}; = {";} + 6" P; — g;; P", where
Ph = ghipi.

If the geodesic with respect to D are always consistent with those of V, then D
is called the projective equivalent connection with V.

If D is both the projective equivalent connection with V and the semi-symmetric,
then D is called the projective semi-symmetric connection. As is known to all, if the
linear connection has the same geodesic curves as V, then it is called the projective
transformation of V. Analogously, the semi-symmetric connection D has the same
geodesic curves as V, then it is called the projective semi-symmetric connection
transformation.

Let D be the semi-symmetric projective connection transformation of the Rie-

mannian connection V, it has the local expression F?Z-, then there holds

(2.5) o= {0} + 000+ 68V + 6o — o
where V,;, o; are the covariant vectors.

From (2.5), we know that the curvature tensor, the Ricci curvature tensor of D
are given, respectively, by

(2.6) Ry = Rty + Brylt + mdl — 7507
By virtue of [18-20], we arrive at the following

(2.7) Bji + Bij =0,

(2.8) Tji — Tij = NBij,

(2.9) Bji = [1/(n+ D](ViP; = V;P;).

3. Some results and proofs
According to (2.1) and (2.2) we have the following local expressions
(R R)nijkim = Vi ViRnijk — ViV Rhijk
(3.1) = —Roijk R him — Rurjk R itm — Rhirk R jim — Rnijr B kim,

Q(9, R)nijkim = ghmRiijk + gimBnijk + gimRhitk + Grem Rhiji
(3.2) = g Bmijr — giuBRumjix — 9jiRhimk — GriBnijm.
Lemma 3.1. Let ¥ : (M,g) — (M, g) be a semi-symmetric projective transforma-
tion and let the condition R- R = LQ(g, R) be satisfied on Ur. Then in common
coordinate system {xt,--- 2"} on Ug, there holds the following
~ - 1 =~ . ~ ~ ~
(R R)nijem = ﬁn(gthhimk — GnmRiijr) + BaRnumjk — BimRuijrk + BjiRuimk

- Bjméhilk + Bikéhijm - Bkméhijl + Filéhmjk — FynGhimp

- Fjléhilk + Flkéhijm - kaéhijl;
where Bij = —Lgij + 75, Fij = (=1/n)Ay; — (1/n(Lg"* (7rsgij — grsTis), Aij =

TirS; - TTSRC']' 87 n= grs(_grsL + Trs)-
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Proof. By using (2.6) and the Ricci identity we have
D DiR® i — DiDpR® i1 = Vu ViR ijk — ViV R® ik 4 Tonr R 1607 — Tin R 160,
+ (750 R ik + 7ok R )] — (Tok R i + Tir BT i) 65
— (BriR" mii + Bir R 1) 07 + T1i R® mjie — Tmi R 1k
+ 1R ik — T R itk + Tie R ijm — T R i1
+ (T1iPmj — TmiBij + 715 Bim — TmjBit — 2Bmi1Bij) 0%,
— 2B R° iji + [Tk (10 — Tit) + Tk (Timn. — Timi)
= 2BmuTik) 05 + [Toke (1 — 715) + Tk (Timg — Tjm)
+ 2B Tjr]6;

If 1-form II is of closed, that is, we get 3;; = 0, 7;; = 7;;. Then we find the following
formula:

D, Dy R ijk — DD, R ijk = Vi VIR iji — ViV R® i1 + T BT 45167 — 1n R 4510,,
+ (75 R ik + Trk R 1) 0; — (Tok R i + Tir BT )95
— TR ik — Tmi R 1jk + T R imie — T R it
+ TR ijm — Tk R i1 + [Tk (T1i — Tat)
+ Tk (Tim — Tmi)|0; + [Tk (T — 715) + Tk (T — Tjm )16}

=V ViR ik = ViV R ik + Tor R 3167 — Tir R” 4510,

+ (75 R ik + 7ok R 1) 0] — (Tok R i + Tir R )65
+ 75 R ik — T R itk + T R ijm — T R 451
+ 7 R mjke — T R 1

In other words, we obtain the following

D DiR® iji — DiDinR® i1 = Vin ViR ij1, = ViV R® ik + T R 5107 — i R 3105,
+ (T R ik + Tk R mj1) 07 — (Trk R mti + Tir R yine )05
+ 75 R ik — T R itk + T R ijm — Tk R 451
— TR’ i — Tmi R 1.

Notice that the condition of Lemma 3.1 and (3.1) and (3.2), one has

Dy Dy R i1, — DDy R? 15 = —L(6 Rnijie — 62 Risji)
+ L{gim(R® 1 — 0105 — k05 + Tirp)
+ Gjm (R itk — B0}, — Tik0f + Ti0%)
+ Gem(B® i1 — Bij6; — a5 + m;08)
- giz(R‘ mjk = BmiOf — Tmk0§ + Tj105,)
- gjz(és imk — BimOk — TikOpy, + Tmk0;)
— 91a(R® sjm = Bij03, = Tim} + Tjm6?)]
+ 6 Emijk — O Elijk + (Ejmik + Ekmij)0;
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— (Bimik + Ermii)d; + T R® ik — Tmi RS 1k + 71 RS i
— T RS it 4 TR ijm — Tk R 51
— 28R ik — Brj R mii0f — Bir R mi;05,
+ 185 Br B iy — 103 Brer B i + 1Tt Bri + TieBim )65
+1(TikBmj + TmkBi1)0; + 28miBij0k + 2BmiTixd;
= 2BmuTik6; + BijTmiOn — BmjTi0k + BitTmjOk — BimTi;0-
If 1-form II is of closed, then we obtain the following
Dy DR i1, — DDy R ik = —L(6; Rnijie — 05 Ruijin)
+ Lgim (R® 13, — T1k05 + Tjk07)
+ gjm(R® itk — 707 + 11165)
+ G (R i1 — T6% + 7,16
— git (R i — Tmk0; + Tjk0y,)
— Git(R® ik — ik 05, + Trk0%)
— gr(R° ijm = Tim0j + Tjm0; )]
+ 0] Emiji — 0 Etijie + (Eijmi + Eijim)0j
~ (Bimik + Ermii)d; + TR ik — Tmi R® 15k
(3.3) + leés imk — ijés ak + TR ijm — Tk R® il
where Ep,ij1, = Tor BT ijk-
For the convenience, we only consider the case of special projective semi-symmetric

connection transformation [16] for Lemma 3.1. From the formula (3.3), one requires
the contraction of this with g, and arrives at

(é : E)hijklm = —L(GniRmijk — GrhmBRiijk) + GniBmijk — GhmElijk
+ Gni(Eijim + Ejitm) — 91 (Bimik + Eimi) + Tit Rhmis — Tim Rhiji
+ leﬁhimk - ijéhilk + Tkléhijm - kaéhijl
+ L[gmi(ﬁhljk + GnkTij — GhjTik) + gmj(ﬁhilk + GnkTit — GniTik)
+ gmk(ﬁhijl + GniTij — GniTii) — gzi(ﬁhmjk + GnkTmj — GhjTmk)
(3.4) - gjl(ﬁhimk + GhkTim — GhmTik) — gkl(éhijm + GhmTij — GhjTim))-
We now consider the symmetrization of (3.4) with respect to h,i and contract the
results formula with §", by a direct computation in a similar way posed in [1] and
by using the notation Dj; = g;,§"* 7 — 9isg"°7rj, then we get the following
(n+ 1)Enijk + Ejikm + Ekimj + GikAjm — Gij Akm + néimjk —nLRyijk
— L3 grs(GikTmj — GijTmk) + 7(GjmThi — GkmTji) + Gji Dim
+ GrsTrs(GemTji — GjmGri) + GriDmj + GmiDij] = 0.
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For vanishing the curvature tensor terms offered in this formula above, we permu-
tating the indices m, j, k, and contract indices j,¢ for connection D, then one gets

(3.5) (2n + 1) Apr = —3(n — 2) LDk

where A, = Ami — Agm. Combining this formula with the related results in 1],
one can easily derive Lemma 3.1. This completes the proof of Lemma 3.1. 1

By using Lemma 3.1, we can derive Theorem 3.1 as follows.

Theorem 3.1. Let ¥ : (M, g) — (]Tj, g) be a semi-symmetric projective connection
mapping of a pseudo-symmetric manifold (M, g) onto a manifold (M, g). Then the
manifold (M, g) is a locally pseudo-symmetric manifold.

Proof. Since we can regard the special semi-symmetric projective connection map-
ping as the related transformation which keeps unchanged the geodesic lines, in
addition, we also obtain the same results for the special semi-symmetric projec-
tive connection, which gives for a diffeomorphism f in [1]. Then, we conclude that
Theorem 3.1 is tenable. 1

4. Examples

It is well known that the algebraic characteristics of semi-symmetric spaces is given
by the formula R-R = 0. This paper can be regarded in this setting as an application
of the celebrated Osserman conjecture.

Example 4.1. Let a positive function f(z!,22, .-, 2" 1) be defined on R"*1\ {0}
by

Define a quadratic form as

1 0*H
i,j € {1,2,--- ,n+ 1}, where H = f2. By a direction computation, one arrives at

the triple (R"!, H, G) is a pseudo-semi Riemannian manifold.

Example 4.2. Consider a torus M = C/Ty x C/Tq, v = f(2)dz AdZ + dz A dw +
dw A dz, where z,w are holomorphic coordinates on each complex plane and f is
a smooth real positive valued function on CI'y. It is easy to see that v defines an
indefinite Kahler metric tensor ¢ on M. Moreover, one can derive that this metric
tensor is also Einstein and self-dual.
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