BULLETIN of the Bull. Malays. Math. Sci. Soc. (2) 33(2) (2010), 281-294
MALAYSIAN MATHEMATICAL
SCIENCES SOCIETY
http://math.usm.my/bulletin

On the Existence of T-Direction and Nevanlinna Direction
of K-Quasi-Meromorphic Mapping Dealing
with Multiple Values

'HONG-YAN XU AND 2TANG-SEN ZHAN
L2Department of Informatics and Engineering, Jingdezhen Ceramic Institute,

Jingdezhen, Jiangxi, 333403, China
Ixhyhhh@126.com, 2ztangsen@yahoo.com.cn

Abstract. In this paper, by using Ahlfors’ theory of covering surfaces, we prove
that for quasi-meromorphic mapping f satisfying
lim sup T(r f)
T— 00 (log 7")2

)

there exists at least one T-direction of f dealing with multiple values. We
also prove that there exists at least one Nevanlinna direction of f dealing with
multiple values which is also T-direction of f dealing with multiple values under
the same condition.
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1. Introduction, definitions and results

In 1997, the value distribution theory of meromorphic functions due to Nevanlinna
(see [4, 9] for standard references) was extended to the corresponding theory of
quasi-meromorphic mappings by Sun and Yang [1, 7]. The singular direction for
f is one of the main objects studied in the theory of value distribution of quasi-
meromorphic mappings. In [7], Sun and Yang obtained an existence theorem of
the Borel direction through the filling disc theorem of quasi-meromorphic mappings.
Later, several types of singular directions have been introduced in the literature. In
1999, Chen and Sun [1] defined Nevanlinna directions of quasi-meromorphic map-
pings on the complex plane and proved that there exists at least one Nevanlinna
direction for quasi-meromorphic mappings of infinite order and it is also one Borel
direction with respect to the type function. In 2004, Liu and Yang [6] studied
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the connections between the Julia direction and the Nevanlinna direction of quasi-
meromorphic mappings by applying a fundamental inequality of an angular domain
of quasi-meromorphic mappings.

For a meromorphic function f, Zheng [11] introduced a new singular direction
called a T-direction conjectured that a transcendental meromorphic function f must
have at least one T-direction and proved that

T(r,[)

fim fffo (logr)2 +oo

This result was later proved by Guo, Zheng and Ng [2] by using Ahlfors-Shimizu
character T'(r, Q) of a meromorphic function in an angular domain €. Zheng [12]
raised the open problem that there are similar results for algebroid functions. Xuan
[8] investigated the above problem and proved the existence of T-direction of alge-
broid function dealing with multiple values. Thus a natural question is: Are there
similar results for K-quasi-meromorphic mappings? Recently, Li and Gu [5] proved
that for a K-quasi-meromorphic mapping f satisfying

lim sup (r, f)

r—oo (logr)2

there exists at least one Nevanlinna direction. However, it was not discussed whether

there exists one Nevanlinna direction dealing with its multiple values or not. In this

paper we investigate this very problem. In the following part, some definitions and
notations are given, which can be found in [7].

= —|—C)o7

Definition 1.1. [7] Let f be a complex and continuous functions in a region D. If
for any rectangle R = {x+iy; a <x <b, c <y <d}inD, f(x+iy) is an absolutely
continuous function of y for almost every x € (a,b), and f(x + iy) is an absolutely
continuous function of x for almost every y € (c¢,d), then f is said to be absolutely
continuous on lines in the region D. We also call that f is ACL in D.

Definition 1.2. [7, Definition 1.1] Let f be a homemorphism from D to D'. If

(i) fis ACL in D,

(i) there exists K > 1 such that f(z) = u(z,y) + iv(x,y) satisfies |f.| + |fz] <
K(|f.| = |fz]) a. e. in D, then f is called an univalent K-quasiconformal
mapping in D. If D' is a region on Riemann sphere V , then f is named an
univalent K -quasi-meromorphic mapping in D.

Definition 1.3. [7, Definition 1.2] Let f be a complex and continuous function in
the region D. For every point zo in D, if there is a neighborhood U(C D) and a
positive integer n depending on zg, such that

F(z) = { (f(z))%7 N f(20) = o0,
(f(z) = f(20))" + f(20), f(20) # .
is an univalent K -quasi-meromorphic mapping, then [ is named n-valent K -quasi-
meromorphic mapping at point zg. If f is n-valent K-quasi-meromorphic at every
point of D, then f is called a K-quasi-meromorphic mapping in D.

Let V' be the Riemann sphere whose diameter is 1. For any complex number a,
let n(r, a) be the number of zero points of f(z)—a in disc |z| < r, counted according
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to their multiplicities, 7")(r,a) be the number of distinct zeros of f(z) — a with
multiplicity < lin disc |z| < 7. Let F. be the covering surface f(z) = u(x, y)+iv(z,y)
on sphere V and S(r, f) be the average covering times of F,. to V,

IFr| _ //%LZMQ

S(r, f) = rdedr,
vl + 171

where |F,.| and |V| are the areas of F,. and V respectively,

e = [ 50Dy,

r

N(r,a):/ Mdtqtn(o,a)logr,
0

_ ) —ab(o
Nl)(r,a):/ () tn © )dt+n )(0,a)logr.
0

Let Q(¢1,p2) ={2€C: ¢y <argz < pa} (0 <1 < o < 27), we denote

2 | L2 — |22
dod
|w ./L IR

T(r,1,2; f) :/0 M

when 1 =0, 2 = 27, we note S(r,0,2m; f) = S(r, f), T(r,0,27; f) =T(r, ).

For any complex number a, let n(r, ¢1,p2;a) be the number of zero points of
f(2z) —a in sector Q(p1,p2) N{z: |z| < r}, counted according to their multiplicities,
7l (r, @1, pa; a) be the number of distinct zeros of f(z) — a with multiplicity < [ in
sector Q(p1,2) N{z:|z| < r}. We define

/T n(t, p1, p2;a) — n(0, p1, p2;a)
t
0

S(Ta L1, P2, f

dr,

N(rvtplv@%a) = dt+n(07901,<p2;a) log r,

_ s *l) t . _ *l) 0 .
Nl)(?“,%,gaz;a):/ n'(t, o1, p2;a) tn ( 1901,s02,a)dt+ﬁz)(0’¢1’w2;a)logr.
0

Next we give the definitions concerning the Nevanlinna direction of K-quasi-
meromorphic mappings dealing with multiple values.

Definition 1.4. Let f be a K-quasi-meromorphic mapping and [(> 3) be a positive
integer. Then we call OY (a, pg) the deficiency of the value a in the direction A(po):
argz = 9,0 < o < 2w. We call a the deficiency value of f in the direction A(pg)
if ©(a, pg) > 0, where

) _ )
0" (a, o) = 1 — lim sup lim sup (r 00 — & o +&; a)-
emt0 rooo  L(r;p0 — €0+ f)

Definition 1.5. We call A(pg) : argz = ¢q the Nevanlinna direction of f dealing
with multiple values if

2(1+1
> 0 < 2D
aeCU{co}
holds for any finitely many deficient value a, where (> 3) is a positive integer.
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Definition 1.6. Let f be the K-quasi-meromorphic mapping, and (I > 3) be a
positive integer. If, for arbitrary e >0 (0 < e < ), we have that

>0

—l
limsup N )(T7 Yo —&,%0 + g, a‘)
r—00 T(T, f)

holds for any complex value a except at most 2 possible exceptions, then the half line
B :argz = (0 < o < 27) is called a T-direction of f dealing with multiple values.

Now, we will give an existence theorem of T-direction of K-quasi-meromorphic
mapping f dealing with multiple values as follows.

Theorem 1.1. Let f be the K -quasi-meromorphic mapping and [(> 3) be a positive
integer. If

, T f
i gy =+

then there exists at least one T-direction dealing with multiple values of f.

A latest result of Zhang [10] shows the connection between T-direction and Borel
direction of meromorphic function f. For K-quasi-meromorphic mapping f satisfy-
ing

T(r, f)
lim su :
rﬂoop (10g T)2
we raise an interesting problem: What is the relationship between Nevanlinna di-

rection and T-direction of f dealing with multiple values?
In this paper, we investigate the problem and obtain the following result:

= +OO7

Theorem 1.2. Let f be the K -quasi-meromorphic mapping and [(> 3) be a positive
integer. If f(z) satisfies

lim sup f)2 = +o00,

K
r—oo (logr)
There exists at least one direction which is both one Nevanlinna direction of f for
multiple values and one T-direction of f for multiple values.

2. Some lemmas

Let I be a finite covering surface of F}, F' is bounded by a finite number of analytic
closed Jordan curves, its boundary is denoted by 0F. We call the part of F, which
lies the interior of F1, the relative boundary of F', and denote its length by L. Let
D be a domain of Fj, its boundary consists of finite number of points or analytic
closed Jordan curves, and F(D) be the part of F, which lies above D. We denote
the area of F, Fy, F(D) and D by |F|,|Fi]|,|F(D)| and |D|, respectively. We call

il _IF(D)
=Er P =g

S

the mean covering numbering of F' relative to Fy, D, respectively.
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Lemma 2.1. [2, Lemma 4] Let F be a simply connected finite covering surface on
the unit sphere V, D;(j = 1,2,...,q) be ¢(> 3) disjoint disks with radius 6(> 0),
and ni-) be the number of simply connected islands in F(D;), which consist of not
more than | sheets, then

q
2 C
0 _9_2 _ =
Zny>(q 2 l>S 53L’
v=1
where C' =960 + 27wq and | > 3 is a positive integer.

Lemma 2.2. [5, Lemma 2.2] Let f(z) be a K-quasi-meromorphic mapping on the
angular domain Q(po — §,¢0 + 6), a1,...,aq(q < 3) are distinct points on the
unit sphere V' and the spherical distance of any two points is no smaller than
v € (0,1/2). Let Fy = V \ {a1,a2,...,a4}, D = Qr,00 — ¢, 00 + ¢) N {z :
|z > 13\ {f Ya1), fHaz),...,fHa1)} and D, = DN {z : |z| < r}(r > 1),
F,. = f(D,) CV, then for any positive number ¢ satisfying 0 < ¢ < §, we have

L(@f(Dr)) S\/ﬁﬂ d(S(’I‘, Yo — ¥, Yo + ¥; f)d; 5(17 $o — ¥, Yo + ¥; f)) (logr)%
(2.1) + V2K 83 (1,00 — 8,00 + 8) + V2Kou2 (1,00 — 6,00 + 6).

where F,. is the covering surface of Fy and L(Of(D,)) is the length of the relative
boundary of F,. relative to Fy, and

L = |2
00— 8,00 + ) = B P NP1 N
w(r, ¢o ©o +0) /%_6 1+ |f(rew|2)2r ¥

Lemma 2.3. Let f(2) be a K-quasi-meromorphic mapping on the angular domain
Qo — 9,0 +9), a1, ...,aq(qg < 3) are distinct points on the unit sphere V' and the
spherical distance of any two points is no small than v € (0,1/2). Then

2
(q—2—l> S(rye0 — @, 00 + ¢ f)

202y 572K
(@=2-P0-¢)

q
<> Al (r, 0 — 6,00 + 85a;) + log

2
+ (‘1—2_ z) S(L, 00 = @00 + 95 ) + 2075 K21 i (ry 00 — 6,00 + )

1 1

+ 20y 385 K5 3 (1,00 — 6,00 + )

2
( 21> T(r, 0 — @, 00 + @5 f)
<

q 2.,—6,.2
_ 20 K
ZNU(TWO_(S,SD()-H;;GJ)‘*‘ Tz

2 —2-6-p) "
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(2.3)
2 2
+ q—2—7 T(1, 00 =, 00 + 95 f) + q—2—7 S(1, 00 — ¢, 00 +¢; f)logr

+207 7367 K313 (1,00 — 6,0 + 8) log r + A(r, 00 — 6,0 + 8)

or any ¢,0 < ¢ < §, where C' is a constant depending only on {ai,az,...,a4}.
¥ 2 .
" — 5,00+ 0)\?
A(r, 00 — 6,00+ 8) = 207203 K 2 / (Mﬁ $0 — 0,0 + )) ar,
1 r

po+9d 2 12
/J‘(T7900_57S00+(5):/ |fz| |fz| ’I’d(p,

po—s (LF[f(re?)[?)?

A(ry 90 — 8,00 + 6 < 2077302 12 K2 (T(r, 00 — 6,00 + 8 f))?)
(24) X IOgT(’I’, @Yo — 57 %o + 57 f)

outside a set Es of r at most, where Es consists of a series of intervals and satisfies
Jg, (rlogr)~tdr < +oo.

Proof. Under the condition of Lemma 2.2 and Lemma 2.3, we have

(2.5) S(Dy) = S(r,00 — @, 00+ @; f) = S(1,00 — ¢, 00 + ©; f).

Using Lemma 2.1, we easily obtain

2
q_2_l) [S(r, 00 — @, 00 +¢; ) — S(1, 00 — ¢, 00 + ©; f)]

q
(2.6) < ﬁl)(r, wo — 06,0 + 5 a;) + Cy=3L(0(D,)).
j=1

where C' is a constant depending only on {a1, as, ..., a4}
Taking (2.1) into (2.6), we have

2
<q—2— z) [S(r, 0 — @, 00 + @5 f) = S(1, 00 — ©, 00 + ¢; [)]
q
=D (1,00 = 8,0 + §a5) — Cy V2K rp? (1,00 — 8, 00 + 0)
j=1

— Oy V2K opE (1,00 — 6, 9o + )

(2.7)
- O — S o — PN 1
Sc,y—?)\/ﬁﬂ [d<S<T,Lp0 <Pa<P0+%f)d S( » PO 90’<P0+907f)) (IOgT)i.
®
We denote

2
Ar, ) = <q2 l> [S(r, 0 — ¢, 00 + 95 f) = S(1, 00 — ¢, 00 + ¢; )]

q
o Zﬁl)('ﬁ Yo — (57 ®o + 5; Clj) - 07_3mué ('I", ®o — 67 ¥o + 5)

Jj=1
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(238) — Cy V2K 3 (1,00 — 800 + ).
By (2.7) and (2.8), we have

1
d _ . _ 1 _ . 2
Alr,0) < Or—3vakx | X5 %0 %@oﬂo,f)d S 0 — %, 00 + 3 f))
P
(2.9) X (logr)%.
From (2.8) we verify that A(r, ) is an increasing function of ¢. Thus, there exists

do > 0, such that A(r,p) <0 for 0 < ¢ < dg and A(r, ) > 0 for ¢ > dy.
We shall consider two cases in the following:

Case 1. For ¢ > dg, by (2.9) we have

[A(r, o))
d(S(r, 0 — @, 00 + 0 f) = S(1, 00 — 0,00 + ¢; f))

(2.10) < 20?4 SKx? i log 7.
By (2.8) we have
dA(r, )
dep
@11) = <q o ?) d(S(r, p0 — ¢, o + so;f)d; S, 00 =00 + 93 )

From (2.10) and (2.11) we have
C?*ySKn?logr dA(r,p)

2
A’l", 2§ 9

ie.,
2,,—6 2
dp < 2C*y"Kn 210g7" - dA(r, <p)2'
q_2_ T [A(T, 90)]
Integrating two sides of the inequality leads to

) 2,,—6 2 4 2,,—6 2
2C Kr~logr dA(r, 2C Kn*logr 1
5_<p:/d<p§ gl 2g;/A(<p)2S gl 2g_A .
[} C]—Q—j 7] [ (’I“,QD)] q_2_f (7",(,0>

Thus

2. —6717 2
(2.12) A(r,0) < 2C*~y~°Kn*logr

(@=2-7)0-¢)

Case 2. Because A(r,¢) <0 when 0 < ¢ < §g, the above inequality also holds.
By Case 1 and Case 2, we can easily get

20?7y SKn%logr
(@-2-3)@—9)

for any ¢,0 < ¢ < §. Combining with the definition of A(r, ), we can easily get
(2.2).

Alr, ) <
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(

By dividing r and then integrating from 1 to r on two sides of (2.2) we get

—) (r, 00 — @00 + @3 f)

q—2
q 2.,—6,2
20y K
<Y ND(r 00 — 6,00 + 6505) + (logr)*
2 G—2-2/)0-9)

2
+ q—2—) (1,00 — v, 00 + @ f) + (q—2—> S(1, 00 — @, 00 + o5 f)logr

!
(2.13)

+207 705 K2 3 (1,00 — 8, p0 + 0) logr + 20707 K 2 / {“(’”’ 20 —T(s, Fot 5)] dr.
1

From the definitions of S(r, 1, p2; f), p(r, oo — 0,00 + &) and A(r, 0o — 6, po + d),
and Schwarz’s inequality we get

1 2
(A(r, 00 — 0,00 + 0))% = 4C%y S0 K V (u(n @0 — 8,00 + 5)) dr]
1

,
< 4027765[(/ w(r, o — 9,00 + 5)d7’/ rldr
1 1

(2.14) <A4C*~ySn6K logr/ dS(r,p0 — 6,00 +0; f)
1

< 4C* YOS K S(r, 0o — 0,00 + 05 f) logr
dT'(r, 0 — 0,0 + 6; f)

dr
Choosing 79,79 > 0 such that T(ro,po — d, 00 + 0; f) > 1, and setting Es = {rg <
r < oo (A(r,po — 8,00 +8))2 > 4C?*y 76 KT (r, 0o — 3,00 + ; f)(log T'(r, 0o —
8,00 + 6; f))?}, thus we have

=4C?y 10K

rlogr.

/ L</ dT'(r, 0 — 0,0 + 0 f)

gs Tlogr = Jg, T(r,¢0 — 0,00 + 6; f)(log T'(r, 0o — 9,00 + 0; f))?

(2.15) < [log (70, po — 6,0 + 0; )] 7' < +oc.

Then when r > r¢ and r ¢ Es, (2.3) holds. Thus, we completed the proof of Lemma
2.3. 1

Lemma 2.4. Let F(r) be a positive nondecreasing function defined for 1 < r < 400
and satisfy

, F(r)
(2.16) lliris;}p (Tog1)? = +00.

Then, for any subset E C (1,4+00) satisfying

d 1
/ - < —(k>2),
grlogr kK

lim sup
r—o0,r€(1l,4+00)\E (1Og T)
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Proof. Otherwise, there exists some set E C (1, +00) with
/ dr 1
=t < —,
g rlogr K

F
(2.17) lim sup L)Q < +o0.
r—o0,r€(1l,+00)\E (1Og 'I’)

such that

For any {r]} C (1,+00),{r,} — co,m > 2, we have

/ dr < / dr 7/ dr
[rt m(r! )2\ E TlOg’I" - [r! m(r!)?] ’I"lOg?" E TlOg?"

’
log m+2logr;, dr
= =t
1

ogry, T

logm + log 7/,
~ logm 4+ 2log ],

1
—t>—-——1t>0.
K
Then there exists 7/ € [r!,,m(r])?] \ E. By the nondecreasing property of F(r) we
have
Flrn) o Fr) F(ry)

n n _

(logry)? — [log(mry,)?]*  (logr7,)*(2 + logm/logr},)?"
Combining this with (2.17) we have

lim sup % = 4limsup Fry)
MU og i — ISP (g e @ + logm/log )P
F "
< 4limsup (ry

7]/ —00 (log TZ)Q

F
<4 lim sup (r) 5
r—oo,r€(1l,+o00)\E (IOg 7“)

< +o00.
Since {r],} is arbitrary, the above inequality contradicts (2.16). So Lemma 2.4
holds. 1

Lemma 2.5. Let f(z) be the K-quasi-meromorphic mapping, (> 3) be a pos-
itive integer number and m(m > 1) be a positive integer. Put @9 = 0,91 =
2n/m, ..., om—1 = (m—1)(2r/m). Let

A(%){ZIIargszij} (0<i<m-—1).

Then there exists an angular domain A(p;) among these m angular domains A(p;)
(1=0,1,...,m —1) such that

—1)
. N (r,A(p;),a
hmsup(T(r(}D)))

for any value of a with 2 possible exceptions.

>0
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Proof. Suppose that the conclusion is false. Then for every A(p;) (i = 0,1,...,
m — 1), there exists 3 exceptional values {q; }?:1 such that

—1)
. N (TvA((Pi)va‘)
(2.18) lim sup ————-—2> = (.
r—00 T(ﬁ f)
Let 8 be any positive integer. Put ¢; , = 2mi/m + 2kn/Bm,0<i<m—-1,0<k <
B — 1. For any given number r > 1, writing

Air(r) = {2llz] <7r @ik < wigks1}-

Then
B—1m—1
{lzl <r} =" Aux(r)
k=0 =0
Put
A, — {Z|%0+<Pm <argz< <P+1042f%0+11}

A? ={z|lpio <argz < @it11}, 0<i<m-—1L1.
From Lemma 2.3 we have

3
9 _
(1 - l> S(r,Aq, f) < E D(r, A, al) + O(log7) + hir® % (r, pi0, Pit1,1),
j=1

where h; is a constant depending only on {a1, as,as}.
Add from 7 = 0 to m—1 and divide both sides of this inequality by r and integrate
both sides from 1 to r, then we obtain the following inequality

3 m-—1
(1) ) <30 3 N, A% af) + O((log )?)
7j=1 i=0
1
(2.19) + A7, 94,0, Pit1,1),5
i=0
where
1
2

21 1 1
A7, 0i0, it1,1) < by [m(l + ﬂ)] (T'(r, <Pz‘,0,<,0i+1,1;f))é log T'(7, i 0, Pit1,1; f)

at most outside a set F; of r, where E; satisfies

/ (rlogr)~tdr < 4o00(i =0,1,...,m —1).
For any i € {0,1,...,m — 1} and x > 2, we can choose ; > 0 such that T'(r;, ¢ 0,
it1,1; f) > ™. Then from the proof of Lemma 2.3 we have

/ dr < 1 < L < 1

T — -
g, rlogr T logT(r,pi0,it1,15f)  wm K
Put E = U?folEi, then

1 1 1
Z r<m max dr<m.— < —.
Erlogr E, rlogr 0<i<m—1 Jp. rlogr km K
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By applying Lemma 2.4 to this set E and T'(r, f), we obtain that
T
lim sup (r, f)2
r—oo,re(1l,00)\E (log T)
There exists {r,} € (r, +o0)\E,
T ny
T f)

n—oo (logry)?

:+Oo

= +o00.

For this sequence {r,}, by (2.19) we have

3 m—1
(1-3) 1000 £ 30 5 W0 A + Of(logr )

j=1 i=0
m—1
(2.20) + ATy 9i05 Pit1,1)-
i=0
From (2.18), by dividing both sides of (2.20) by T'(r,, f) and letting n — oo, we
obtain 1 — (2/1) < 0. This contradicts [ > 3. So Lemma 2.5 holds. 1

3. Proof of theorems

Proof of Theorem 1.1. By Lemma 2.5, for any given positive integer m, there exists

3
Ay, = {z|argz—9m| < 71'}
m

such that l
o V(7 A0), )
imsup ————-——-
r—00 T(ﬁ f)
for any value of a with 2 possible exceptions at most. By choosing a subsequence,
we can assume that 6, — 6y when m — oco. Then B : arg z = 0 has the properties
of Theorem 1.1. ]
Proof of Theorem 1.2. Suppose § € (0, 27), we can choose rg > 0 such that T'(rg, po—
0,0+ 9; f) > e®. Then from the proof of Lemma 2.3, we have

>0,

1 1
dr < < —.
/,;5 rlogr” = TogT(rop0 — 0,0 1 0:1) %
By applying Lemma 2.4 to this set E5 and T'(r, f), we obtain that

T
lim sup (r, f)2 = 400
r—oo,r€(1,00)\Es (IOg T)
There exists {r,} € (r, +00)\ Ejs,
T(ry,
(3.1) i LU d)

n—oo (logry)?

By using the finite covering theorem at [0, 27], we obtain that there exists some g
such that ¢ € [0,27] and

>0

. T(rn, 00 — ¢, 00 + ¢; f)
3.2 lim sup
(32) o T f)
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for an arbitrary ¢,0 < ¢ < ¢g. Hence, we claim that the direction A(pg) : arg z = g
is the Nevanlinna direction of f(z) dealing with multiple values which is also the
T-direction of f(z) dealing with multiple values.

First, we prove that the direction A(pg) : argz = g is one Nevanlinna direction
of f(z) dealing with multiple values.

Otherwise, for an arbitrary positive number g9 > 0, there exists some complex
numbers {a;}(j =1,2,...,¢)(g > 3) such that the following inequality holds:

l

q

I+1 > 0Y(a;, o) > 2+ 2.
j=1

From Definition 1.5, we have

q =)
N - ;a; 204+1) 20+1
lim sup limsup 3 (r, 0 — ¥, 00 + 93 a;) . (1+1) _2(+1)z0
p—+0 r—too T T(r, 00 — @, 00 + ¢; f) 1 I

Therefore, there exists some ¢’ such that ¢’ > 0 and the following inequality holds:

)
N — + 5 a; 2(0+1 2(0+1
(3.3) lim sup E (1,00 = 0.0 + $3;) <q- (+1) _ 20+ Deo
r—too = T(r,00 =900 + 95 ) ! :

for an arbitrary ¢, 0 < ¢ < ¢'.
For any ¢, 0 < ¢ < ¢’, we define an increasing function as follows:

: T(rn, eo = ¢, 0 + ¢; f)
3.4 T'(p) = limsup .
(34 (?) n—+400 T(rn, f)
From (3.2) we deduce T'(¢) > 0. So we have 0 < T(¢) < 1. Since the increasing
of T'(¢) in interval [0, ¢'] and the continuous theorem for monotonous functions, we
see that all discontinuous points of T'(p) constitute a countable set at most. Then,
by Lemma 2.3, we can get

2
(q—2—l> T(rn, 90 — @, 00 + ¢; f)

q
(35) S ZNZ)(TTHSDO - 57 %o +5;aj) +O(10grn)2
=1

+ O((T(rn, 00 — 8,0 + 8 1)) 2 1og T(rm, 00 — 6,00 + 0; f))

for0<p<d<¢ and r, & Ej.
From (3.3), (3.5) and the definition of T'(¢) we can obtain

(3.6) (q_ 2(171)) T(p) < <q 3 2(l?-1) 3 2(1 Jrll)ao) ().

From (3.2) we get
(3.7) T(p) =T(©), =0

By combining (3.6) with (3.7), we can obtain T'(6) = 0. This contradicts T'(§) > 0.
Then A(yp) : arg z = g is the Nevanlinna direction of f(z) dealing with multiple
values.



On the Existence of T-Direction and Nevanlinna Direction 293

Second, we claim that A(pg) : argz = g is the T-direction of f(z) dealing with
multiple values. Otherwise, there exists ¢g > 0 and 3 complex numbers aq, as, as
satisfying

N (r, 90 — €0, 90 + €05 a;)

lm 0  (j=1,2,3).
1 0. f) ( )
Then we have
—1)
N ns - ) ;aj .
(3.8) lim ("m0 — 0,00 + 03 45) _ (j=1,2,3).

n—oo T(rn, f)

For ¢ € (0,e0), we can define T(p) in a similar way of (3.4), then we have
0 < T(¢) < 1. By Lemma 2.3, for the above {r,,} C (1,+00)\FEs and 0 < ¢ < ¢’ < 4,
we can get

2
(1 - l) T(rn; 0 =, 00 + @5 f)
3 ) }
<> N7 (rn, g0 — 0,00 + 03 al) + O((log 1))
j=1

(3.9) + O((T (7, 90 — €05 0 + €05 1)) 10g T(rn, 00 — 20, 00 + 05 f))-

By (3.1), (3.8), (3.9) and I > 3, we can obtain T'(¢) < 0. This contradicts T'(¢) > 0.
Therefore A(pg) : arg z = ¢ is the T-direction of f(z) dealing with multiple values.
Thus, we complete the proof of Theorem 1.2. 1
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