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Abstract. In this paper, by using Ahlfors’ theory of covering surfaces, we prove
that for quasi-meromorphic mapping f satisfying

lim sup
r→∞

T (r, f)

(log r)2
= +∞,

there exists at least one T -direction of f dealing with multiple values. We
also prove that there exists at least one Nevanlinna direction of f dealing with

multiple values which is also T -direction of f dealing with multiple values under

the same condition.
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1. Introduction, definitions and results

In 1997, the value distribution theory of meromorphic functions due to Nevanlinna
(see [4, 9] for standard references) was extended to the corresponding theory of
quasi-meromorphic mappings by Sun and Yang [1, 7]. The singular direction for
f is one of the main objects studied in the theory of value distribution of quasi-
meromorphic mappings. In [7], Sun and Yang obtained an existence theorem of
the Borel direction through the filling disc theorem of quasi-meromorphic mappings.
Later, several types of singular directions have been introduced in the literature. In
1999, Chen and Sun [1] defined Nevanlinna directions of quasi-meromorphic map-
pings on the complex plane and proved that there exists at least one Nevanlinna
direction for quasi-meromorphic mappings of infinite order and it is also one Borel
direction with respect to the type function. In 2004, Liu and Yang [6] studied
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the connections between the Julia direction and the Nevanlinna direction of quasi-
meromorphic mappings by applying a fundamental inequality of an angular domain
of quasi-meromorphic mappings.

For a meromorphic function f , Zheng [11] introduced a new singular direction
called a T -direction conjectured that a transcendental meromorphic function f must
have at least one T -direction and proved that

lim sup
r→∞

T (r, f)
(log r)2

= +∞.

This result was later proved by Guo, Zheng and Ng [2] by using Ahlfors-Shimizu
character T (r,Ω) of a meromorphic function in an angular domain Ω. Zheng [12]
raised the open problem that there are similar results for algebroid functions. Xuan
[8] investigated the above problem and proved the existence of T -direction of alge-
broid function dealing with multiple values. Thus a natural question is: Are there
similar results for K-quasi-meromorphic mappings? Recently, Li and Gu [5] proved
that for a K-quasi-meromorphic mapping f satisfying

lim sup
r→∞

T (r, f)
(log r)2

= +∞,

there exists at least one Nevanlinna direction. However, it was not discussed whether
there exists one Nevanlinna direction dealing with its multiple values or not. In this
paper we investigate this very problem. In the following part, some definitions and
notations are given, which can be found in [7].

Definition 1.1. [7] Let f be a complex and continuous functions in a region D. If
for any rectangle R = {x+iy; a < x < b, c < y < d} in D, f(x+iy) is an absolutely
continuous function of y for almost every x ∈ (a, b), and f(x + iy) is an absolutely
continuous function of x for almost every y ∈ (c, d), then f is said to be absolutely
continuous on lines in the region D. We also call that f is ACL in D.

Definition 1.2. [7, Definition 1.1] Let f be a homemorphism from D to D′. If
(i) f is ACL in D,
(ii) there exists K ≥ 1 such that f(z) = u(x, y) + iv(x, y) satisfies |fz| + |fz̄| ≤

K(|fz| − |fz̄|) a. e. in D, then f is called an univalent K-quasiconformal
mapping in D. If D′ is a region on Riemann sphere V , then f is named an
univalent K-quasi-meromorphic mapping in D.

Definition 1.3. [7, Definition 1.2] Let f be a complex and continuous function in
the region D. For every point z0 in D, if there is a neighborhood U(⊂ D) and a
positive integer n depending on z0, such that

F (z) =
{

(f(z))
1
n , f(z0) =∞,

(f(z)− f(z0))
1
n + f(z0), f(z0) 6=∞.

is an univalent K-quasi-meromorphic mapping, then f is named n-valent K-quasi-
meromorphic mapping at point z0. If f is n-valent K-quasi-meromorphic at every
point of D, then f is called a K-quasi-meromorphic mapping in D.

Let V be the Riemann sphere whose diameter is 1. For any complex number a,
let n(r, a) be the number of zero points of f(z)−a in disc |z| < r, counted according
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to their multiplicities, n̄l)(r, a) be the number of distinct zeros of f(z) − a with
multiplicity≤ l in disc |z| < r. Let Fr be the covering surface f(z) = u(x, y)+iv(x, y)
on sphere V and S(r, f) be the average covering times of Fr to V ,

S(r, f) =
|Fr|
|V |

=
1
π

∫ r

0

∫ 2π

0

|fz|2 − |fz̄|2

(1 + |f |2)2
rdϕdr,

where |Fr| and |V | are the areas of Fr and V respectively,

T (r, f) =
∫ r

0

S(r, f)
r

dr,

N(r, a) =
∫ r

0

n(t, a)− n(0, a)
t

dt+ n(0, a) log r,

N̄ l)(r, a) =
∫ r

0

n̄l)(t, a)− n̄l)(0, a)
t

dt+ n̄l)(0, a) log r.

Let Ω(ϕ1, ϕ2) = {z ∈ C : ϕ1 < arg z < ϕ2} (0 ≤ ϕ1 < ϕ2 ≤ 2π), we denote

S(r, ϕ1, ϕ2; f) =
|Fr|
|V |

=
1
π

∫ r

0

∫ ϕ2

ϕ1

|fz|2 − |fz̄|2

(1 + |f |2)2
rdϕdr,

T (r, ϕ1, ϕ2; f) =
∫ r

0

S(r, ϕ1, ϕ2; f)
r

dr,

when ϕ1 = 0, ϕ2 = 2π, we note S(r, 0, 2π; f) = S(r, f), T (r, 0, 2π; f) = T (r, f).
For any complex number a, let n(r, ϕ1, ϕ2; a) be the number of zero points of

f(z)− a in sector Ω(ϕ1, ϕ2)∩{z : |z| < r}, counted according to their multiplicities,
n̄l)(r, ϕ1, ϕ2; a) be the number of distinct zeros of f(z) − a with multiplicity ≤ l in
sector Ω(ϕ1, ϕ2) ∩ {z : |z| < r}. We define

N(r, ϕ1, ϕ2; a) =
∫ r

0

n(t, ϕ1, ϕ2; a)− n(0, ϕ1, ϕ2; a)
t

dt+ n(0, ϕ1, ϕ2; a) log r,

N̄ l)(r, ϕ1, ϕ2; a) =
∫ r

0

n̄l)(t, ϕ1, ϕ2; a)− n̄l)(0, ϕ1, ϕ2; a)
t

dt+ n̄l)(0, ϕ1, ϕ2; a) log r.

Next we give the definitions concerning the Nevanlinna direction of K-quasi-
meromorphic mappings dealing with multiple values.

Definition 1.4. Let f be a K-quasi-meromorphic mapping and l(≥ 3) be a positive
integer. Then we call Θl)(a, ϕ0) the deficiency of the value a in the direction ∆(ϕ0):
arg z = ϕ0, 0 ≤ ϕ0 < 2π. We call a the deficiency value of f in the direction ∆(ϕ0)
if Θl)(a, ϕ0) > 0, where

Θl)(a, ϕ0) = 1− lim sup
ε→+0

lim sup
r→∞

N̄ l)(r, ϕ0 − ε, ϕ0 + ε; a)
T (r, ϕ0 − ε, ϕ0 + ε; f)

.

Definition 1.5. We call ∆(ϕ0) : arg z = ϕ0 the Nevanlinna direction of f dealing
with multiple values if ∑

a∈C∪{∞}

Θl)(a, ϕ0) ≤ 2(l + 1)
l

holds for any finitely many deficient value a, where l(≥ 3) is a positive integer.
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Definition 1.6. Let f be the K-quasi-meromorphic mapping, and l(l ≥ 3) be a
positive integer. If, for arbitrary ε > 0 (0 < ε < π

2 ), we have that

lim sup
r→∞

N
l)

(r, ϕ0 − ε, ϕ0 + ε, a)
T (r, f)

> 0

holds for any complex value a except at most 2 possible exceptions, then the half line
B : arg z = ϕ0(0 ≤ ϕ0 ≤ 2π) is called a T -direction of f dealing with multiple values.

Now, we will give an existence theorem of T -direction of K-quasi-meromorphic
mapping f dealing with multiple values as follows.

Theorem 1.1. Let f be the K-quasi-meromorphic mapping and l(≥ 3) be a positive
integer. If

lim sup
r→∞

T (r, f)
(log r)2

= +∞,

then there exists at least one T -direction dealing with multiple values of f .

A latest result of Zhang [10] shows the connection between T -direction and Borel
direction of meromorphic function f . For K-quasi-meromorphic mapping f satisfy-
ing

lim sup
r→∞

T (r, f)
(log r)2

= +∞,

we raise an interesting problem: What is the relationship between Nevanlinna di-
rection and T -direction of f dealing with multiple values?

In this paper, we investigate the problem and obtain the following result:

Theorem 1.2. Let f be the K-quasi-meromorphic mapping and l(≥ 3) be a positive
integer. If f(z) satisfies

lim sup
r→∞

T (r, f)
(log r)2

= +∞,

There exists at least one direction which is both one Nevanlinna direction of f for
multiple values and one T -direction of f for multiple values.

2. Some lemmas

Let F be a finite covering surface of F1, F is bounded by a finite number of analytic
closed Jordan curves, its boundary is denoted by ∂F . We call the part of ∂F , which
lies the interior of F1, the relative boundary of F , and denote its length by L. Let
D be a domain of F1, its boundary consists of finite number of points or analytic
closed Jordan curves, and F (D) be the part of F , which lies above D. We denote
the area of F, F1, F (D) and D by |F |, |F1|, |F (D)| and |D|, respectively. We call

S =
|F |
|F1|

, S(D) =
|F (D)|
|D|

the mean covering numbering of F relative to F1, D, respectively.



On the Existence of T -Direction and Nevanlinna Direction 285

Lemma 2.1. [2, Lemma 4] Let F be a simply connected finite covering surface on
the unit sphere V , Dj(j = 1, 2, . . . , q) be q(≥ 3) disjoint disks with radius δ(> 0),
and n

l)
j be the number of simply connected islands in F (Dj), which consist of not

more than l sheets, then
q∑

ν=1

nl)ν >

(
q − 2− 2

l

)
S − C

δ3
L,

where C = 960 + 2πq and l ≥ 3 is a positive integer.

Lemma 2.2. [5, Lemma 2.2] Let f(z) be a K-quasi-meromorphic mapping on the
angular domain Ω(ϕ0 − δ, ϕ0 + δ), a1, . . . , aq(q ≤ 3) are distinct points on the
unit sphere V and the spherical distance of any two points is no smaller than
γ ∈ (0, 1/2). Let F0 = V \ {a1, a2, . . . , aq}, D = Ω(r, ϕ0 − ϕ,ϕ0 + ϕ) ∩ {z :
|z| > 1} \ {f−1(a1), f−1(a2), . . . , f−1(a1)} and Dr = D ∩ {z : |z| < r}(r > 1),
Fr = f(Dr) ⊂ V , then for any positive number ϕ satisfying 0 < ϕ < δ, we have

L(∂f(Dr)) ≤
√

2Kπ
[
d(S(r, ϕ0 − ϕ,ϕ0 + ϕ; f)− S(1, ϕ0 − ϕ,ϕ0 + ϕ; f))

dϕ

] 1
2

(log r)
1
2

+
√

2Kδrµ
1
2 (r, ϕ0 − δ, ϕ0 + δ) +

√
2Kδµ

1
2 (1, ϕ0 − δ, ϕ0 + δ).(2.1)

where Fr is the covering surface of F0 and L(∂f(Dr)) is the length of the relative
boundary of Fr relative to F0, and

µ(r, ϕ0 − δ, ϕ0 + δ) =
∫ ϕ0+δ

ϕ0−δ

|fz|2 − |fz̄|2

(1 + |f(reiϕ|2)2
rdϕ.

Lemma 2.3. Let f(z) be a K-quasi-meromorphic mapping on the angular domain
Ω(ϕ0 − δ, ϕ0 + δ), a1, . . . , aq(q ≤ 3) are distinct points on the unit sphere V and the
spherical distance of any two points is no small than γ ∈ (0, 1/2). Then(

q − 2− 2
l

)
S(r, ϕ0 − ϕ,ϕ0 + ϕ; f)

≤
q∑
j=1

n̄l)(r, ϕ0 − δ, ϕ0 + δ; aj) +
2C2γ−6π2K

(q − 2− 2
l )(δ − ϕ)

log r

+
(
q − 2− 2

l

)
S(1, ϕ0 − ϕ,ϕ0 + ϕ; f) + 2Cγ−3δ

1
2K

1
2 r

1
2µ

1
2 (r, ϕ0 − δ, ϕ0 + δ)

+ 2Cγ−3δ
1
2K

1
2µ

1
2 (1, ϕ0 − δ, ϕ0 + δ)

(2.2)

and(
q − 2− 2

l

)
T (r, ϕ0 − ϕ,ϕ0 + ϕ; f)

≤
q∑
j=1

N̄ l)(r, ϕ0 − δ, ϕ0 + δ; aj) +
2C2γ−6π2K

(q − 2− 2
l )(δ − ϕ)

(log r)2
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+
(
q − 2− 2

l

)
T (1, ϕ0 − ϕ,ϕ0 + ϕ; f) +

(
q − 2− 2

l

)
S(1, ϕ0 − ϕ,ϕ0 + ϕ; f) log r

(2.3)

+ 2Cγ−3δ
1
2K

1
2µ

1
2 (1, ϕ0 − δ, ϕ0 + δ) log r + λ(r, ϕ0 − δ, ϕ0 + δ)

for any ϕ, 0 < ϕ < δ, where C is a constant depending only on {a1, a2, . . . , aq}.

λ(r, ϕ0 − δ, ϕ0 + δ) = 2Cγ−3δ
1
2K

1
2

∫ r

1

(
µ(r, ϕ0 − δ, ϕ0 + δ)

r

) 1
2

dr,

µ(r, ϕ0 − δ, ϕ0 + δ) =
∫ ϕ0+δ

ϕ0−δ

|fz|2 − |fz̄|2

(1 + |f(reiϕ)|2)2
rdϕ,

λ(r, ϕ0 − δ, ϕ0 + δ ≤ 2Cγ−3δ
1
2π

1
2K

1
2 (T (r, ϕ0 − δ, ϕ0 + δ; f))

1
2 )

× log T (r, ϕ0 − δ, ϕ0 + δ; f)(2.4)

outside a set Eδ of r at most, where Eδ consists of a series of intervals and satisfies∫
Eδ

(r log r)−1dr < +∞.

Proof. Under the condition of Lemma 2.2 and Lemma 2.3, we have

(2.5) S(Dr) = S(r, ϕ0 − ϕ,ϕ0 + ϕ; f)− S(1, ϕ0 − ϕ,ϕ0 + ϕ; f).

Using Lemma 2.1, we easily obtain(
q − 2− 2

l

)
[S(r, ϕ0 − ϕ,ϕ0 + ϕ; f)− S(1, ϕ0 − ϕ,ϕ0 + ϕ; f)]

≤
q∑
j=1

n̄l)(r, ϕ0 − δ, ϕ0 + δ; aj) + Cγ−3L(∂(Dr)).(2.6)

where C is a constant depending only on {a1, a2, . . . , aq}.
Taking (2.1) into (2.6), we have(
q − 2− 2

l

)
[S(r, ϕ0 − ϕ,ϕ0 + ϕ; f)− S(1, ϕ0 − ϕ,ϕ0 + ϕ; f)]

−
q∑
j=1

n̄l)(r, ϕ0 − δ, ϕ0 + δ; aj)− Cγ−3
√

2Kδrµ
1
2 (r, ϕ0 − δ, ϕ0 + δ)

− Cγ−3
√

2Kδµ
1
2 (1, ϕ0 − δ, ϕ0 + δ)

≤ Cγ−3
√

2Kπ
[
d(S(r, ϕ0 − ϕ,ϕ0 + ϕ; f)− S(1, ϕ0 − ϕ,ϕ0 + ϕ; f))

dϕ

] 1
2

(log r)
1
2 .

(2.7)

We denote

A(r, ϕ) =
(
q − 2− 2

l

)
[S(r, ϕ0 − ϕ,ϕ0 + ϕ; f)− S(1, ϕ0 − ϕ,ϕ0 + ϕ; f)]

−
q∑
j=1

n̄l)(r, ϕ0 − δ, ϕ0 + δ; aj)− Cγ−3
√

2Kδrµ
1
2 (r, ϕ0 − δ, ϕ0 + δ)
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− Cγ−3
√

2Kδµ
1
2 (1, ϕ0 − δ, ϕ0 + δ).(2.8)

By (2.7) and (2.8), we have

A(r, ϕ) ≤ Cγ−3
√

2Kπ
[
d(S(r, ϕ0 − ϕ,ϕ0 + ϕ; f)− S(1, ϕ0 − ϕ,ϕ0 + ϕ; f))

dϕ

] 1
2

× (log r)
1
2 .(2.9)

From (2.8) we verify that A(r, ϕ) is an increasing function of ϕ. Thus, there exists
δ0 > 0, such that A(r, ϕ) ≤ 0 for 0 < ϕ ≤ δ0 and A(r, ϕ) > 0 for ϕ > δ0.

We shall consider two cases in the following:

Case 1. For ϕ > δ0, by (2.9) we have

[A(r, ϕ)]2

≤ 2C2γ−6Kπ2 d(S(r, ϕ0 − ϕ,ϕ0 + ϕ; f)− S(1, ϕ0 − ϕ,ϕ0 + ϕ; f))
dϕ

log r.(2.10)

By (2.8) we have

dA(r, ϕ)
dϕ

=
(
q − 2− 2

l

)
d(S(r, ϕ0 − ϕ,ϕ0 + ϕ; f)− S(1, ϕ0 − ϕ,ϕ0 + ϕ; f))

dϕ
.(2.11)

From (2.10) and (2.11) we have

[A(r, ϕ)]2 ≤ 2C2γ−6Kπ2 log r
q − 2− 2

l

· dA(r, ϕ)
dϕ

,

i.e.,

dϕ ≤ 2C2γ−6Kπ2 log r
q − 2− 2

l

· dA(r, ϕ)
[A(r, ϕ)]2

.

Integrating two sides of the inequality leads to

δ − ϕ =
∫ δ

ϕ

dϕ ≤ 2C2γ−6Kπ2 log r
q − 2− 2

l

∫ δ

ϕ

dA(r, ϕ)
[A(r, ϕ)]2

≤ 2C2γ−6Kπ2 log r
q − 2− 2

l

· 1
A(r, ϕ)

.

Thus

(2.12) A(r, ϕ) ≤ 2C2γ−6Kπ2 log r(
q − 2− 2

l

)
(δ − ϕ)

.

Case 2. Because A(r, ϕ) ≤ 0 when 0 < ϕ ≤ δ0, the above inequality also holds.
By Case 1 and Case 2, we can easily get

A(r, ϕ) ≤ 2C2γ−6Kπ2 log r(
q − 2− 2

l

)
(δ − ϕ)

,

for any ϕ, 0 < ϕ < δ. Combining with the definition of A(r, ϕ), we can easily get
(2.2).
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By dividing r and then integrating from 1 to r on two sides of (2.2) we get(
q − 2− 2

l

)
T (r, ϕ0 − ϕ,ϕ0 + ϕ; f)

≤
q∑
j=1

N̄ l)(r, ϕ0 − δ, ϕ0 + δ; aj) +
2C2γ−6π2K

(q − 2− 2/l) (δ − ϕ)
(log r)2

+
(
q − 2− 2

l

)
T (1, ϕ0 − ϕ,ϕ0 + ϕ; f) +

(
q − 2− 2

l

)
S(1, ϕ0 − ϕ,ϕ0 + ϕ; f) log r

+ 2Cγ−3δ
1
2K

1
2µ

1
2 (1, ϕ0 − δ, ϕ0 + δ) log r + 2Cγ−3δ

1
2K

1
2

∫ r

1

[
µ(r, ϕ0 − δ, ϕ0 + δ)

r

] 1
2

dr.

(2.13)

From the definitions of S(r, ϕ1, ϕ2; f), µ(r, ϕ0 − δ, ϕ0 + δ) and λ(r, ϕ0 − δ, ϕ0 + δ),
and Schwarz’s inequality we get

(λ(r, ϕ0 − δ, ϕ0 + δ))2 = 4C2γ−6δK

[∫ r

1

(
µ(r, ϕ0 − δ, ϕ0 + δ)

r

) 1
2

dr

]2

≤ 4C2γ−6δK

∫ r

1

µ(r, ϕ0 − δ, ϕ0 + δ)dr
∫ r

1

r−1dr

≤ 4C2γ−6πδK log r
∫ r

1

dS(r, ϕ0 − δ, ϕ0 + δ; f)(2.14)

≤ 4C2γ−6πδKS(r, ϕ0 − δ, ϕ0 + δ; f) log r

= 4C2γ−6πδK
dT (r, ϕ0 − δ, ϕ0 + δ; f)

dr
r log r.

Choosing r0, r0 > 0 such that T (r0, ϕ0 − δ, ϕ0 + δ; f) > 1, and setting Eδ = {r0 <
r < ∞ : (λ(r, ϕ0 − δ, ϕ0 + δ))2 > 4C2γ−6πδKT (r, ϕ0 − δ, ϕ0 + δ; f)(log T (r, ϕ0 −
δ, ϕ0 + δ; f))2}, thus we have∫

Eδ

dr

r log r
≤
∫
Eδ

dT (r, ϕ0 − δ, ϕ0 + δ; f)
T (r, ϕ0 − δ, ϕ0 + δ; f)(log T (r, ϕ0 − δ, ϕ0 + δ; f))2

≤ [log T (r0, ϕ0 − δ, ϕ0 + δ; f)]−1 < +∞.(2.15)

Then when r > r0 and r 6∈ Eδ, (2.3) holds. Thus, we completed the proof of Lemma
2.3.

Lemma 2.4. Let F (r) be a positive nondecreasing function defined for 1 < r < +∞
and satisfy

(2.16) lim sup
r→∞

F (r)
(log r)2

= +∞.

Then, for any subset E ⊂ (1,+∞) satisfying∫
E

dr

r log r
<

1
κ

(κ ≥ 2),

lim sup
r→∞,r∈(1,+∞)\E

F (r)
(log r)2

= +∞.
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Proof. Otherwise, there exists some set E ⊂ (1,+∞) with∫
E

dr

r log r
:= t <

1
κ
,

such that

(2.17) lim sup
r→∞,r∈(1,+∞)\E

F (r)
(log r)2

< +∞.

For any {r′n} ⊂ (1,+∞), {r′n} → ∞,m ≥ 2, we have∫
[r′n,m(r′n)2]\E

dr

r log r
≥
∫

[r′n,m(r′n)2]

dr

r log r
−
∫
E

dr

r log r

=
∫ logm+2 log r′n

log r′n

dr

r
− t

≥ logm+ log r′n
logm+ 2 log r′n

− t ≥ 1
κ
− t > 0.

Then there exists r′′n ∈ [r′n,m(r′n)2] \ E. By the nondecreasing property of F (r) we
have

F (r′′n)
(log r′′n)2

≥ F (r′n)
[log(mr′n)2]2

=
F (r′n)

(log r′n)2(2 + logm/log r′n)2
.

Combining this with (2.17) we have

lim sup
r′n→∞

F (r′n
(log r′n)2

= 4 lim sup
r′n→∞

F (r′n)
(log r′n)2(2 + logm/log r′n)2

≤ 4 lim sup
r′′n→∞

F (r′′n
(log r′′n)2

≤ 4 lim sup
r→∞,r∈(1,+∞)\E

F (r)
(log r)2

< +∞.

Since {r′n} is arbitrary, the above inequality contradicts (2.16). So Lemma 2.4
holds.

Lemma 2.5. Let f(z) be the K-quasi-meromorphic mapping, l(≥ 3) be a pos-
itive integer number and m(m > 1) be a positive integer. Put ϕ0 = 0, ϕ1 =
2π/m, . . . , ϕm−1 = (m− 1)(2π/m). Let

∆(ϕi) =
{
z | | arg z − ϕi| <

3π
m

}
(0 ≤ i ≤ m− 1).

Then there exists an angular domain ∆(ϕi) among these m angular domains ∆(ϕi)
(i = 0, 1, . . . ,m− 1) such that

lim sup
r→∞

N
l)

(r,∆(ϕi), a)
T (r, f)

> 0

for any value of a with 2 possible exceptions.



290 H.-Y. Xu and T.-S. Zhan

Proof. Suppose that the conclusion is false. Then for every ∆(ϕi) (i = 0, 1, . . .,
m− 1), there exists 3 exceptional values {aj}3j=1 such that

(2.18) lim sup
r→∞

N
l)

(r,∆(ϕi), aj)
T (r, f)

= 0.

Let β be any positive integer. Put ϕi,k = 2πi/m+ 2kπ/βm, 0 ≤ i ≤ m− 1, 0 ≤ k ≤
β − 1. For any given number r > 1, writing

∆i,k(r) = {z||z| < r, ϕi,k < ϕi,k+1} .
Then

{|z| < r} =
β−1∑
k=0

m−1∑
i=0

∆i,k(r).

Put

∆i =
{
z|ϕi,0 + ϕi,1

2
≤ arg z ≤ ϕi+1,0 + ϕi+1,1

2

}
,

∆0
i = {z|ϕi,0 < arg z < ϕi+1,1}, 0 ≤ i ≤ m− 1.

From Lemma 2.3 we have(
1− 2

l

)
S(r,∆i, f) ≤

3∑
j=1

nl)(r,∆0
i , a

j
i ) +O(log r) + hir

1
2µ

1
2 (r, ϕi,0, ϕi+1,1),

where hi is a constant depending only on {a1, a2, a3}.
Add from i = 0 to m−1 and divide both sides of this inequality by r and integrate

both sides from 1 to r, then we obtain the following inequality(
1− 2

l

)
T (r, f) ≤

3∑
j=1

m−1∑
i=0

N
l)

(r,∆0
i , a

j
i ) +O((log r)2)

+
m−1∑
i=0

λ(r, ϕi,0, ϕi+1,1),(2.19)

where

λ(r, ϕi,0, ϕi+1,1) ≤ hi
[

2π
m

(1 +
1
β

)
] 1

2

(T (r, ϕi,0, ϕi+1,1; f))
1
2 log T (r, ϕi,0, ϕi+1,1; f)

at most outside a set E1 of r, where Ei satisfies∫
Ei

(r log r)−1dr < +∞(i = 0, 1, . . . ,m− 1).

For any i ∈ {0, 1, . . . ,m − 1} and κ ≥ 2, we can choose ri > 0 such that T (ri, ϕi,0,
ϕi+1,1; f) > eκm. Then from the proof of Lemma 2.3 we have∫

Ei

1
r log r

dr ≤ 1
log T (r, ϕi,0, ϕi+1,1; f)

<
1
κm

<
1
κ
.

Put E = ∪m−1
i=0 Ei, then∫

E

1
r log r

dr ≤
m−1∑
i=0

∫
Ei

1
r log r

dr ≤ m max
0≤i≤m−1

∫
Ei

1
r log r

dr < m · 1
κm

<
1
κ
.
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By applying Lemma 2.4 to this set E and T (r, f), we obtain that

lim sup
r→∞,r∈(1,∞)\E

T (r, f)
(log r)2

= +∞.

There exists {rn} ∈ (r,+∞)\E,

lim
n→∞

T (rn, f)
(log rn)2

= +∞.

For this sequence {rn}, by (2.19) we have(
1− 2

l

)
T (rn, f) ≤

3∑
j=1

m−1∑
i=0

N
l)

(rn,∆0
i , a

j
i ) +O((log rn)2)

+
m−1∑
i=0

λ(rn, ϕi,0, ϕi+1,1).(2.20)

From (2.18), by dividing both sides of (2.20) by T (rn, f) and letting n → ∞, we
obtain 1− (2/l) ≤ 0. This contradicts l ≥ 3. So Lemma 2.5 holds.

3. Proof of theorems

Proof of Theorem 1.1. By Lemma 2.5, for any given positive integer m, there exists

∆m =
{
z|| arg z − θm| <

3π
m

}
such that

lim sup
r→∞

N
l)

(r,∆(θm), a)
T (r, f)

> 0,

for any value of a with 2 possible exceptions at most. By choosing a subsequence,
we can assume that θm → θ0 when m→∞. Then B : arg z = θ0 has the properties
of Theorem 1.1.
Proof of Theorem 1.2. Suppose δ ∈ (0, 2π), we can choose r0 > 0 such that T (r0, ϕ0−
δ, ϕ+ δ; f) > eκ. Then from the proof of Lemma 2.3, we have∫

Eδ

1
r log r

dr ≤ 1
log T (r0, ϕ0 − δ, ϕ+ δ; f)

<
1
κ
.

By applying Lemma 2.4 to this set Eδ and T (r, f), we obtain that

lim sup
r→∞,r∈(1,∞)\Eδ

T (r, f)
(log r)2

= +∞.

There exists {rn} ∈ (r,+∞)\Eδ,

(3.1) lim
n→∞

T (rn, f)
(log rn)2

= +∞.

By using the finite covering theorem at [0, 2π], we obtain that there exists some ϕ0

such that ϕ0 ∈ [0, 2π] and

(3.2) lim sup
n→∞

T (rn, ϕ0 − ϕ,ϕ0 + ϕ; f)
T (rn, f)

> 0
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for an arbitrary ϕ, 0 < ϕ < ϕ0. Hence, we claim that the direction ∆(ϕ0) : arg z = ϕ0

is the Nevanlinna direction of f(z) dealing with multiple values which is also the
T -direction of f(z) dealing with multiple values.

First, we prove that the direction ∆(ϕ0) : arg z = ϕ0 is one Nevanlinna direction
of f(z) dealing with multiple values.

Otherwise, for an arbitrary positive number ε0 > 0, there exists some complex
numbers {aj}(j = 1, 2, . . . , q)(q ≥ 3) such that the following inequality holds:

l

l + 1

q∑
j=1

Θl)(aj , ϕ0) > 2 + 2ε0.

From Definition 1.5, we have

lim sup
ϕ→+0

lim sup
r→+∞

q∑
j=1

N
l)

(r, ϕ0 − ϕ,ϕ0 + ϕ; aj)
T (r, ϕ0 − ϕ,ϕ0 + ϕ; f)

< q − 2(l + 1)
l

− 2(l + 1)ε0

l
.

Therefore, there exists some ϕ′ such that ϕ′ > 0 and the following inequality holds:

(3.3) lim sup
r→+∞

q∑
j=1

N
l)

(r, ϕ0 − ϕ,ϕ0 + ϕ; aj)
T (r, ϕ0 − ϕ,ϕ0 + ϕ; f)

< q − 2(l + 1)
l

− 2(l + 1)ε0

l

for an arbitrary ϕ, 0 < ϕ < ϕ′.
For any ϕ, 0 < ϕ < ϕ′, we define an increasing function as follows:

(3.4) T (ϕ) = lim sup
n→+∞

T (rn, ϕ0 − ϕ,ϕ0 + ϕ; f)
T (rn, f)

.

From (3.2) we deduce T (ϕ) > 0. So we have 0 < T (ϕ) ≤ 1. Since the increasing
of T (ϕ) in interval [0, ϕ′] and the continuous theorem for monotonous functions, we
see that all discontinuous points of T (ϕ) constitute a countable set at most. Then,
by Lemma 2.3, we can get(

q − 2− 2
l

)
T (rn, ϕ0 − ϕ,ϕ0 + ϕ; f)

≤
q∑
j=1

N̄ l)(rn, ϕ0 − δ, ϕ0 + δ; aj) +O(log rn)2(3.5)

+O((T (rn, ϕ0 − δ, ϕ0 + δ; f))
1
2 log T (rn, ϕ0 − δ, ϕ0 + δ; f))

for 0 < ϕ < δ < ϕ′ and rn 6∈ Eδ.
From (3.3), (3.5) and the definition of T (ϕ) we can obtain

(3.6)
(
q − 2(l + 1)

l

)
T (ϕ) <

(
q − 2(l + 1)

l
− 2(l + 1)ε0

l

)
T (δ).

From (3.2) we get

(3.7) T (ϕ)→ T (δ), ϕ→ δ.

By combining (3.6) with (3.7), we can obtain T (δ) = 0. This contradicts T (δ) > 0.
Then ∆(ϕ0) : arg z = ϕ0 is the Nevanlinna direction of f(z) dealing with multiple
values.
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Second, we claim that ∆(ϕ0) : arg z = ϕ0 is the T -direction of f(z) dealing with
multiple values. Otherwise, there exists ε0 > 0 and 3 complex numbers a1, a2, a3

satisfying

lim
r→∞

N
l)

(r, ϕ0 − ε0, ϕ0 + ε0; aj)
T (r, f)

= 0 (j = 1, 2, 3).

Then we have

(3.8) lim
n→∞

N
l)

(rn, ϕ0 − ε0, ϕ0 + ε0; aj)
T (rn, f)

= 0 (j = 1, 2, 3).

For ϕ ∈ (0, ε0), we can define T (ϕ) in a similar way of (3.4), then we have
0 < T (ϕ) ≤ 1. By Lemma 2.3, for the above {rn} ⊂ (1,+∞)\Eδ and 0 < ϕ < ϕ′ < δ,
we can get (

1− 2
l

)
T (rn, ϕ0 − ϕ,ϕ0 + ϕ; f)

≤
3∑
j=1

N
l)

(rn, ϕ0 − ε0, ϕ0 + ε0; aji ) +O((log rn)2)

+O((T (rn, ϕ0 − ε0, ϕ0 + ε0; f))
1
2 log T (rn, ϕ0 − ε0, ϕ0 + ε0; f)).(3.9)

By (3.1), (3.8), (3.9) and l ≥ 3, we can obtain T (ϕ) ≤ 0. This contradicts T (ϕ) > 0.
Therefore ∆(ϕ0) : arg z = ϕ0 is the T -direction of f(z) dealing with multiple values.
Thus, we complete the proof of Theorem 1.2.
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