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1. Introduction

One of the most active and fertile subjects in matrix theory during the past one
hundred years is the linear preserver problem, which concerns the characterization
of linear operators on matrix spaces that leave certain functions, subsets, relations,
etc., invariant. Although the linear operators concerned are mostly linear operators
on matrix spaces over some fields or rings, the same problem has been extended to
matrices over various semirings [1, 2, 4, 10].

In this paper, we study the problem of characterizing those operators T on the
matrices over general Boolean algebra such that T'(X) is regular if and only if X is
regular.

For a fixed positive integer k, let By be the Boolean algebra of subsets of a k-
element set Si, and o1, 09, . .., 0} denote the singleton subsets of S;. Union is denoted
by + and intersection by juxtaposition; 0 denotes the null set and 1 the set S;. Under
these two operations, By is a commutative, antinegative semiring (that is, only zero
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element has an additive inverse); all of its elements, except 0 and 1, are zero-divisors.
In particular, if £ = 1, By is called the binary Boolean algebra.

Let M,,(By) denote the set of all n x n matrices with entries in By. The usual
definitions for addition and multiplication of matrices over fields are applied to
matrices over By as well.

A matrix X in M,,(By) is said to be invertible if there is a matrix Y in M,,(By)
such that XY =Y X = I,,, where [,, is the n x n identity matrix.

In 1952, Luce [5] showed a matrix A in M,,(B;) possesses a two-sided inverse if
and only if A is an orthogonal matrix in the sense that AA”T = I,,, and that, in this
case, AT is a two-sided inverse of A. In 1963, Rutherford [9] showed if a matrix 4 in
M, (B1) possesses a one-sided inverse, then the inverse is also a two-sided inverse.
Furthermore such an inverse, if it exists, is unique and is A”. Also, it is well known
that the n x n permutation matrices are the only n x n invertible matrices over the
binary Boolean algebra.

For any matrix A = [a; ;] in M,,(By), the p'* constituent, Ay, of A is the matrix
in M,,(By) whose (i, )" entry is 1 if and only if a; ; O 0,. Via the constituents, A
can be written uniquely as A = ZI;=1 op Ay, which is called the canonical form of A.
It follows from the uniqueness of the decomposition and the fact that the singletons
are mutually orthogonal idempotents that for all matrices A, B,C € M, (B) and
for all o € By,

(1.1) (A+B),=4,+B,, (BC),=B,C, and (ad),=a,4,
forallp=1,..., k.

Lemma 1.1. [4] For any matriz A in M, (Bg) with k > 1, A is invertible if and
only if its all constituents are permutation matrices. In particular, if A is invertible,
then A=t = AT,

The notion of generalized inverse of an arbitrary matrix apparently originated in
the work of Moore [6], and the generalized inverses have applications in network and
switching theory and information theory [2].

Let A be a matrix in M, (B). Consider a matrix X € M,,(By) in the equation

(1.2) AXA = A

If (1.2) has a solution X € M, (By), then X is called a generalized inverse of A.
Furthermore A is called regular if there is a solution of (1.2).

The equation (1.2) have been studied by several authors [3, 6, 7, 8. Rao and
Rao [8] characterized all regular matrices in M,,(B1). Also Plemmons [7] published
algorithms for computing generalized inverses of regular matrices in M., (B;) under
certain conditions.

In this paper, we study some properties of regular matrices over general Boolean
algebras By. We also determine the linear operators on M, (By) that strongly pre-
serve regular matrices.

2. Preliminaries and some results

The n x n identity matrix, I,,, and the n X n zero matrix, O,,, are defined as if By
were a field. We denote the n x n matrix all of whose entries are 1 by J,. We
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will suppress the subscripts on these matrices when the orders are evident from the
context. For any matrix A in M,,(By), AT denotes the transpose of A. The n x n
matrix all of whose entries are zero except its (i, )", which is 1, is denoted by E; ;.
We call E; ; a cell.

Matrices J and O in M,,(By) are regular because JGJ = J and OGO = O for
all cells G in M,,(By). Therefore in general, a solution of (2.1), although it exists,
is not necessarily unique. Furthermore each cell E in M, (By) is regular because
EETE = E.

Proposition 2.1. Let A be a matriz in M, (By). IfU and V are invertible matrices
in M,,(By), then the following are equivalent:
(i) A is regular;
(ii) UAV is regular;
(iii) AT is regular.

Proof. The proof is an easy exercise. 1

Also we can easily show that
) . . A O .
(2.1) A s regular if and only if o pl B regular,

for all matrices A € M,,(By,) and for all regular matrices B € M,,(By). In particu-
lar, all idempotent matrices in M,,(By) are regular.

For any zero-one matrices A = [a; ;] and B = [b; ;] in M,,(By), we define A\ B
to be the zero-one matrix C' = [¢; ;] such that ¢; ; = 1 if and only if a; ; = 1 and
b;; = 0 for all 4 and j.

Define an upper triangular matrix A,, in M, (By) by

1 1 --- 1 0

An =[Ny = (Z Ew-) \Eipn = Do
1<j 1 1

1

Then the following lemma shows that A,, is not regular for n > 3.
Lemma 2.1. A, is regular in M, (Bg) if and only if n < 2.

Proof. For n < 2, clearly A, is regular because A,I,A, = A,.

Conversely, assume that A, is regular for some n > 3. Then there is a nonzero ma-
trix B = [b; ;] in M,, (By) such that A, = A, BA,,. From 0 = Ay, = Y00 7 b 5,
we obtain all entries of the second column of B are zero except for the entry by, .
From 0 = X1 = Z?:g bi,1, we have all entries of the first column of B are zero
except for by 1. Also, from 0 = Az = > 1 , Z?Zl b; j, we obtain b, o = 0. If we
combine these three results, we conclude all entries of the first two columns are zero
except for by 1. But we have 1 = Ao = 2?22 23:1 b; ; = 0, a contradiction. Hence
A, is not regular for all n > 3. 1
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1 1 0
In particular, A3 = |0 1 1] is not regular in Ms(By). Let
0 0 1
A3 O
o w=ly

for all n > 3. Then ®,, is not regular in M,,(B) by (2.1).
Note that for a matrix A = [a; ;] in M,,(By), the p'* constituent, A,, of A is the
matrix in M,,(B1) whose (i, )" entry is 1 if and only if a; ; D 0.

Example 2.1. Let k > 2. Consider the matrix

1 g1 0
A=10 o1 o1 EMj(Bk)
0 0 g1

Then we have A; = As is not regular in M3(B;), while A, = E;; is regular in
M3(By) for all p = 2,3,..., k. The theorem below shows that A is not regular in
M3 (By).

Theorem 2.1. Let A be a matriz in M, (By). Then A is reqular in M, (By) if and
only if its all constituents are reqular in M, (B1).

Proof. If A is regular in M,,(Bg), then all constituents of A are regular in M,,(B;)
by (1.1).

Conversely, assume that each constituent A, of A is regular in M, (B;) for all
p=1,..., k. Then there are matrices G1,...,Gy in M, (B;) such that A,G,A4, =
Apforallp=1,.. k. If G = ZI;:l opGp, then we can easily show that AGA = A
and hence A is regular in M,,(Bg). 1

Theorem 2.1 shows that the regularity of a matrix A in M, (Bj) depends only on
the regularities of its all constituents in M., (B;). Henceforth we suffice to consider
properties of regular matrices in M., (By).

The factor rank [1], b(A), of a nonzero matrix A € M,,(By) is defined as the least
integer r for which there are matrices B and C of orders n x r and r X n, respectively
such that A = BC. The rank of a zero matrix is zero. Also we can easily obtain
that

(2.3) 0<b(A)<n and b(AB)<min{b(A4),b(B)}
for all A, B € M,,(By).
Let A=[a; a2 --- a,] be a matrix in M,,(By), where a; denotes the 4t column

of Afor all j =1,...,n. Then the column space of A is the set {Z;.Lzl aja;|a; €
By}, and denoted by < A >; the row space of A is < AT >.

For a matrix A € M,,(By) with b(A) = r, A is said to be space decomposable if
there are matrices B and C of orders n x r and r X n, respectively such that A = BC,
<A>=<B>and < AT >=< 7T >.

Theorem 2.2. [8] A is regular in M, (B1) if and only if A is space decomposable.

Let A be a matrix in M,,(By). By Theorems 2.1 and 2.2, we have A is regular in
M., (By) if and only if its all constituents are space decomposable in M., (B1).
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Lemma 2.2. If A is a matriz in M, (By) with b(A) < 2, then A is reqular.

Proof. Tt b(A) = 0, then A = O is clearly regular. If b(A) = 1, then there exist
é 8}, and hence PAQ is
regular by (2.1). It follows from Proposition 2.1 that A is regular.

Suppose b(A) = 2. Then there are matrices B = [b; bg] and C = [c; ca]? of
orders n x 2 and 2 X n, respectively such that A = BC', where by and by are distinct
nonzero columns of B, and ¢; and ¢y are distinct nonzero columns of C*. Then we
can easily show that all columns of A are of the forms 0, b1, bs and by + by so that
< A >=< B >. Similarly, all columns of AT are of the forms 0, ¢y, cy and ¢; 4¢3 so
that < AT >=< CT >. Therefore A is space decomposable and hence A is regular
by Theorem 2.2. 1

For matrices A = [a; ;] and B = [b; ;| in M,,(By), we say B dominates A (written
B> Aor A< B)ifb;; =0 implies a; ; = 0 for all ¢ and j. This provides a reflexive
and transitive relation on M,,(Bg).

The number of nonzero entries of a matrix A in M,,(By) is denoted by |A|. The
number of elements in a set S is also denoted by [S|.

permutation matrices P and @ such that PAQ = {

Corollary 2.1. Let A be a nonzero matriz in M,,(B1), where n > 3.
(i) If |A| < 4, then A is regular;
(i) If |A| < 2, there is a matriz B such that |A+ B| =5 and A+ B is not
regular;
(i) If |A| = 3 and b(A) = 2 or 3, there is a matriz C with |C| = 2 such that
A+ C is not regular;
(iv) If |A] =5 and A has a row or a column that has at least 3 nonzero entries,
then A is regqular.
Proof. (i) By Lemma 2.2, we lose no generality in assuming that b(A) > 3 so that
b(A) = 3 or 4. Consider the matrix X = [g 8} in M,,+1(B;). Since |[A| <4 and
b(A) = 3 or 4, we can easily show that there are permutation matrices P and @ of
Y O
O O
with |Y| =3 or 4. By (2.1) and Proposition 2.1, X is regular and hence A is regular
by (2.1).

(ii) If |A| < 2, we can easily show that there are permutation matrices P and @
such that PAQ < ®,,. Let B’ = ®,, \ PAQ. Then we have PAQ + B’ = ®,, so that
A+PTB'QT = PT®,QT is not regular by Proposition 2.1. If we let B = PTB'QT,
then we have |A + B| =5 and A + B is not regular.

(iii) Similar to (ii).

(iv) If |A| = 5 and A has a row or a column that has at least 3 nonzero entries, then
we can easily show that b(A) < 3. By Lemma 2.2, it suffices to consider b(A) = 3.
Then A has either a row or a column that has just 3 nonzero entries. Suppose that a
row of A has just 3 nonzero entries. Since b(A) = 3, there are permutation matrices
P and @ such that

orders n + 1 such that PXQ = for some idempotent matrix Y in My(B;)

PAQ=FEi1+Ei2+Ei3+FEy; +E3;
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for some 4,5 € {1,...,n} with i < j. If j > 4, then PAQ is regular by the above
result (i) and (2.1), and hence A is regular by Proposition 2.1. If 1 <i < j < 3, then

there are permutation matrices P’ and @’ such that P’ PAQQ’ = [g 8}, where
1 1 1

D= 1|0 1 0. We can easily show that D is idempotent in M3(B;), and hence
0 0 1

D is regular. It follows from (2.1) and Proposition 2.1 that A is regular.
If a column of A has just 3 nonzero entries, a parallel argument shows that A is
regular. 1
Linearity of operators on M,,(By) is defined as for vector spaces over fields. A
linear operator on M,,(By) is completely determined by its behavior on the set of
cells in M, (By).
An operator T' on M,,(B},) is said to be
(1) singularif T(X) = O for some nonzero matrix X € M, (By); otherwise T is
nonsingular;
(2) preserve regularity if T(A) is regular whenever A is regular in M,,(By) ;
(3) strongly preserve regularity if T(A) is regular if and only if A is regular in

Example 2.2. Let A be any regular matrix in M,,(By), where at least one entry
of A is 1. Define an operator T' on M,,(By) by

T =22 s | A
i=1 j=1
for all X = [z; ;] € M,,(By). Then we can easily show that T is nonsingular and T

is a linear operator that preserves regularity. But T does not preserve any matrix
that is not regular in M., (By).

Thus, we are interested in linear operators on M, (Bg) that strongly preserve
regularity.
Lemma 2.3. Letn > 3. If T is a linear operator on M,,(B1) that strongly preserves
regqularity, then T is nonsingular.

Proof. f T(X) = O for some nonzero matrix X in M,,(B;), then we have T(E) = O
for all cells E < X. By Corollary 2.1 (ii), there is a matrix B such that |B| = 4 and
E + B is not regular, while B is regular by Corollary 2.7(i). Nevertheless, T'(F +
B) = T(B), a contradiction to the fact that T strongly preserves regularity. Hence
T(X) # O for all nonzero matrix X in M, (B;). Therefore T is nonsingular. i
If n < 2, then all matrices in M,,(B;) are regular by (2.3) and Lemma 2.2.
Therefore all matrices in M,,(By) are also regular by Theorem 2.1. This proves:

Theorem 2.3. Ifn < 2, then all operators on M, (By) strongly preserve regularity.
3. The binary Boolean case

In this section we have characterizations of the linear operators that strongly preserve
regular matrices over the binary Boolean algebra B;.
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As shown in Theorem 2.3, each operator T on M, (B;) strongly preserve regularity
if n < 2. Thus in the followings, unless otherwise stated, we assume that 7' is a linear
operator on M, (B;) that strongly preserve regularity for n > 3.

The next lemmas and propositions are necessary to prove the main theorem.

Lemma 3.1. Let A be a matriz in M, (B1) with |A| = k and b(A) = k. Then J\ A
is reqular if and only if k < 2.

Proof. If k < 2, then there are permutation matrices P and @ such that P(J\ A)Q =
J\ (aE1,1 + bEs 5), where a,b € {0,1}, and hence

a 1
10
11 1] 01 1
1 1
so that b(J\ A) = b(P(J\ A)Q) < 2, where a+a =b+V =1 with a # ¢’ and
b # V. Thus we have J \ A is regular by Lemma 2.2. 1

Conversely, assume that J \ A is regular for some k > 3. It follows from |A| = k
and b(A) = k that there are permutation matrices U and V such that

k
UJ\NAV =T\ Eu.
t=1
Let J\ (Zle Et,t) = X = [z, ;]. By Proposition 2.1, X is regular, and hence there

is a nonzero matrix B = [b; ;] € M,(B1) such that X = XBX. Then the (¢,)""
entry of X BX becomes

(3.1) S b

iel jeJ
forall t =1,...,k, where I = J = {1,...,n}\ {¢t}. From 17 = 0 and (3.1), we
have

(3.2) biﬂ' =0 forall 7,5 € {2, . ,’I’L}.

Consider the first row and the first column of B. It follows from z2 2 = 0 and (3.1)
that

(33) bi,1 :OZbLj for all 4,5 € {1,3,4,...,”}.

Also, from z3 3 = 0, we obtain by 2 = b2 1 = 0, and hence B = O by (3.2) and (3.3).
This contradiction shows that k£ < 2.

Proposition 3.1. Let A and B be matrices in M, (By) such that A < B and
|Al < |B|. If |B| < (n — 2)n, then we have |T(A)| < |T(B)].

Proof. Suppose that |T(A)| = |T(B)| for some A, B € M,,(By) with A < B, |A| <
|B| and |B| < (n — 2)n. Then T(A) = T(B) and there is a cell E such that £ < B
and E £ A. Since |A| < (n—2)n, there must be two distinct cells F' and G different
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from E such that F £ A, G L Aand b(E+F+G) =3. Let C=J\ (E+ F + Q).
Then
A+C=J\(E+F+G) and B+C=J\(F+G).

It follows from T'(A) = T(B) that T(J\(E+F+Q)) = T(J\(F+G)), a contradiction
to the fact that T strongly preserves regularity because J \ (F + G) is regular, while
J\ (E 4 F + G) is not regular by Lemma 3.1. Hence the result follows. 1

Let A be a matrix in M3(By). If [A] < 4, then A is regular by Corollary 2.1
(i). And if |A| > 7, then b(A) < 2 and so A is regular by Lemma 2.2. Hence, if

A € M3(B;) is not regular, then |A| =5 or 6 and there are permutation matrices
P and @ such that PAQ is of the form of following;:

1 1 0 0 1 1
B=(0 1 1 or C=1|1 0 1
0 0 1 1 1 0

Furthermore, if F is a cell with E < C, then there are permutation matrices P’ and
Q' such that P'(C'\ F)Q" = B and hence C'\ E is not regular.

Lemma 3.2. For every cell E in M3(B1), T(E) is a cell.

Proof. Suppose that |T'(E7)| > 2 for some cell F1 € M3(B1). Let A € M3(B1) be
a matrix that is not regular with £y < A and |A| = 5. Then T(A) is not regular
and so |T(A)| € {5,6}. Let B € M3(B;) be a matrix with B < A and |B| = 4.
If |T(B)| > 5, then T(B) is not regular, while B is regular by Corollary 2.1 (i), a
contradiction. Hence there is not a matrix B with B < A and |B| = 4 such that
|T'(B)| > 5.

Write A = Z?:l FE; for distinct cells Ey, ..., E5. It follows from Proposition 3.1
that

IT(Ev)| < [T(E1+ E2)| < [T(E1+ Ez + E3)|

and hence 4 < |T(E; + E3 + Es3)| < |T(A)| because |[T(Ey)| > 2. Thus we have
IT(E) + By + E3)| = 4. Since T(X.0_, E;) < T(Xt_, E;) and [T(X1_, E)| > 5 is

impossible, we have
3 4
i=1 1=1

and hence T(Ey + E2 + E5 + E5) = T(A), a contradiction because A is not regular,
while E; + E5 + E5 + Ej5 is regular by Corollary 2.1 (i). Thus we have |T(F)| < 1
and hence |T'(E)| = 1 for every cell E by Lemma 2.3. Consequently, T(E) is a cell
for every cell E. 1

For any k € {1,2,...,n%}, let Sy denote a sum of arbitrary distinct cells in

Proposition 3.2.
(i) If n=2t and t > 2, then |T(Sin—1)| < n?—3 for all Sgn—1 € My (B1),
(ii) Ifn=2t+1 and t > 2, then
|T(S(t+1)n—(t+1))| < n2 -2
for all Seq1yn—(t+1) € Myu(B1).
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Proof. (i) Let n = 2t with ¢ > 2. Suppose that |T(S;,_1)| > n? — 2 for some
Stn—1 € My (By). Since |Si,—1] = tn — 1, there must be three distinct cells Ey, Eo
and E3 such that they are not dominated by Si,—1 and b(E; + E2 + E5) = 3.
Hence there is a matrix A € M,,(B;) such that Sy,—1 + A = J\ (E1 + E; + E3).
It follows from |T'(Sy,—1)| > n? — 2 that |T(J \ (E1 + E2 + E3))| > n? — 2 and
hence B = T(J \ (E1 + E2 + E3)) is regular by Lemma 2.2 because b(B) < 2. But
J\ (E1 + E3 + Es) is not regular by Lemma 3.1, a contradiction. Hence the result
follows.

(ii) Similar to (i). 1

The next lemma will be important in order to show that if F is any cell in M., (B;)
with n > 4, then T'(F) is also a cell for any linear operator on M,,(B;) that strongly
preserves regularity.

Lemma 3.3.
(i) Letn=2t,t>2 and h € {0,1,2,...,tn — 2}. Then

|T(Spn_1-1n)| <n*—3—2h

for all Sgpu_1-p € M, (By),
(ii) Letn=2t+1,t>2and h € {0,1,2,...,(t +1)n— (t +2)}. Then

IT(St1yn—(t+1)—n)| < n* —2—2h
Jor all S(ey1yn—(t+1)—h € Myu(B1).
Proof. (i) The proof proceeds by induction on h. If h = 0, the result is obvious
by Proposition 3.2 (i). Next, we assume that for some h € {0,1,2,...,tn — 3}, the
argument holds. That is,
(3.4) IT(Stn—1-1)| <n?—3—2h
for all S¢,—1-n € My, (By). Now we will show that |T(Ss,_2_1)| < n?—5—2h for all
Stn_a_n € My (B1). Suppose that |T(S¢n_2_1n)| > n? — 4 — 2h for some Sy, _2_p, €
M,,(By). By (3.4) and Proposition 3.1, we have |T(Sy,—2-1r)| = n? — 4 — 2h and
|T(Stn727h + F)| =n2—-3-2h
for all cells F' with F' £ Sy,—o_p. This means that for all cell F' with F' € Sy, _o_p,
there is only cell Cp such that
(3.5) Cp £ T(Stn—2-1), Cr <T(F) and T(Sin—2-n+F)=T(Sin—2-1)+CF
because |T(Sin_2-1n)| = n? —4—2h. Let &, be the set of all cells in M,,(B;) and let
Q={Cp|Feé&, and F £ Sin_a-pn}
Suppose that Cy # Cp for all distinct cells F' and H that are not dominated
by Sin—2—n. Then we have |Q| = n? — (tn — 2 — h). Since Cr £ T(Sin—2-1)
for any cell F with F £ Sy, _2_p, we have |Q| < n? — (n? — 4 — 2h) because
|T(Stn_2-1)] = n? —4 — 2h. This is impossible. Hence Cy = Cr for some two
distinct cells F' and H that are not dominated by St,—o_p. It follows from (3.5)
that
T(Stn—2—h + F+ H) = T(Stn—2—h + F) + T(Stn—Q—h + H)
=T(Stn—2-1n) +Cr =T(Stn—2-n+ F).



122 K.-T. Kang, S.-Z. Song, S.-H. Heo and Y.-B. Jun

But Proposition 3.1 implies that |T'(Sgp—o-p + F)| < |T(Stn—2-n + F + H)| because
|Stn—2—n + F + H| <tn < (n— 1)n, a contradiction. Hence the result follows.
(ii) Similar to (i). 1

Corollary 3.1. T(E) is a cell for all cells E.

Proof. For n = 3, the result was proved in Lemma 3.2. If n = 2t with t > 2, let
h =tn — 2 in Lemma 3.3 (i). Then |T(S1)] <1 for all S € M,,(B1). If n =2t +1
with ¢ > 2, let h = (t+ 1)n — (¢t + 2) in Lemma 3.3 (ii). Then |T(S1)| < 1 for all
S1 € M, (By). It follows from Lemma 2.3 that |T'(S1)| = 1 for all S1 € M,,(B;),
equivalently |T(E)| = 1 for any cell £ in M,,(B;). Therefore we have T'(E) is a cell
for any cell E in M,,(B;). |

Lemma 3.4. T is bijective on the set of cells.

Proof. By Corollary 3.1, it suffices to show that T(E) # T(F) for all distinct cells
E and F in M,,(B;). Suppose T(E) = T(F) for some distinct cells F and F'. Then
we have T(E + F) = T(E). But this is impossible because |T'(E) < |T(E + F)| by
Proposition 3.1. Thus the result follows. 1

A matrix L € M,,(B,) is called a line matrizif L= ,_, E;,or L= E;
for some 4,7 € {1,...,n}; R; =Y p_, Eix is an i'" row matriz and C; = Y| Ey ;
is a j' column matriz. Cells Ey, Ey, ..., E), are called collinear if Zle FE; < L for
some line matrix L.

A matrix A € M,,(By) is an s-star matriz if |A| = s and there are cells Ey, ..., Ey
such that A =37 | E; and A < L for some line matrix L. By Lemma 2.2, all line
matrices and all s-star matrices are regular in M,,(B1).

Lemma 3.5. T preserves all line matrices.

Proof. By Lemma 3.4, T is bijective on the set of cells. First, we show that T
preserves all 3-star matrices. If T does not preserve a 3-star matrix A € M,,(B;),
then we have b(T'(A)) = 2 or 3 with |T(A)| = 3. By Corollary 2.1 (iii), there is a
matrix C' € M,,(B;) with |C| = 2 such that T(A) + C is not regular. Furthermore
we can write C' = T'(Fy + E») for some distinct cells E; and F5. Thus we have

T(A)+C=T(A+ E; + Es).

But A+ E; + Es is regular by Corollary 2.1 (i) or (iv). This contradicts to the fact
that T' strongly preserves regularity. Hence T preserves all 3-star matrices.

Suppose that T' does not preserve a line matrix L in M,,(B;1). Then there are
two distinct cells Fy and Fy dominated by L such that two cells T'(Fy) and T'(F»)
are not collinear. Let F5 be a cell such that F} 4+ F5 4+ F3 is a 3-star matrix. By the
above result, T'(F; + Fy + F3) is a 3-star matrix, and hence b(T'(Fy + Fo + F3)) = 1.
Thus, the three cells T'(Fy), T(Fz) and T'(F3) are collinear. This contradicts to the
fact that the two cells T(F;) and T'(F») are not collinear. Therefore T preserves all
line matrices. 1

A linear operator T on M,,(By) is called a (U, V)-operator if there are invertible
matrices U and V such that T(X) = UXV for all X € M,,(B;) or T(X) =UXTV
for all X € M,,(By).
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We remind the n x n permutation matrices are the only invertible matrices in
M, (By).

Now, we are ready to prove the main theorem.

Theorem 3.1. Let T be a linear operator on M,,(B1) with n > 3. Then T strongly
preserves regularity if and only if T is a (U, V)-operator.

Proof. Tt T is a (U, V)-operator on M, (B;), clearly T strongly preserves regularity
by Proposition 2.1.

Conversely, assume that 7" strongly preserves regularity. Then T is bijective on
the set of cells by Lemma 3.4 and T preserves all line matrices by Lemma 3.5. Since
no combination of s row matrices and ¢ column matrices can dominate .J,, where
s+t =mnunless s =0 or t = 0, we have that either

(1) the image of each row matrix is a row matrix and the image of each column
matrix is a column matrix, or

(2) the image of each row matrix is a column matrix and the image of each
column matrix is a row matrix.

If (1) holds, then there are permutations o and 7 of {1,...,n} such that T(R;) =
Ro@y and T(Cj) = Cr(j) for all 4,5 € {1,2,...,n}. Let U and V be permutation
(i.e., invertible) matrices corresponding to ¢ and 7, respectively. Then we have

T(Ei;) = Eoi),r(j) = UEi;V

for all cells E; ; in M, (By). Let X = > | Z?zl z; ; E; ; be any matrix in M,,(By).
By the action of T on the cells, we have T'(X) = UXV. If (2) holds, then a parallel
argument shows that there are invertible matrices U and V such that T(X) = UXTV
for all X € M,,(By). |
Thus, as shown in Theorems 2.3 and 3.1, we have characterizations of the linear
operators that strongly preserve regular matrices over the binary Boolean algebra.

4. The general Boolean cases

If T is a linear operator on M,,(By) with & > 1, for each p € {1,2,...,k}, define
its p'* constituent operator, T,, by T,(B) = (T(B)), for all B € M,,(B;). By the
linearity of T, we have

k
T(A) = ZUPTP(AP)

for all A € M, (By).

Lemma 4.1. If T is a linear operator on M, (By) that strongly preserves regularity,
then its all constituent operators on My, (B1) strongly preserve regularity.

Proof. Let A be any matrix in M, (B;). Obviously, A is the matrix in M,,(By)
such that A, = A for all p = 1,...,k. If A is regular in M, (B;), then A is
regular in M,,(Bg) by Theorem 2.1. Since T preserves regularity, we have T(A) =
ZI;:1 opT,p(Ap) is also regular in M,,(By). Again by Theorem 2.1, each T,(A4,) is
regular in M,,(B;) so that T,(A) is regular in M,,(B;) forall p=1,...,k.
Conversely, if T,(A) is regular in M, (B;) for all p = 1,...,k, then T(A) =
Zszl opTp(Ap) is regular in M,,(By) by Theorem 2.1. Since T strongly preserves
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regularity, we have A is regular in M,,(By,). Hence by Theorem 2.1, we have A(= A4,)
is regular in M, (By). 1

Example 4.1. Let n > 3. Define an operator T on M,,(B3) by
T(X) = 0'1X1 + O'QXéT + 0'3X3

for all X = 22:1 opXp in M,,(Bs). Then we can easily show that T is not a
(U, V)-operator on M,,(B3) while its all constituent operators are (U, V)-operators
on M,,(B;). Furthermore the theorem below shows that T strongly preserve regu-
larity.

Theorem 4.1. Let T be a linear operator on M, (By) with n > 3. Then the
following statements are equivalent:

(i) T strongly preserves regularity on M, (By);
(ii) All constituent operators of T strongly preserve on My (B1);
(iii) There are invertible matrices U and V such that

(4.1) T(X)=UXV forall X € M,(Bx), or
k
(4.2) T(X)=U <Z Upr> V. forall X € M, (By),
p=1

where Y, = X, orXpT forallp=1,... k.

Proof. Tt follows from Lemma 4.1 that (i) implies (ii). Assume (ii) holds. That
is, each constituent operator T, of T' strongly preserves regularity on M, (B,) for
allp =1,...,k Let X = Zﬁzl opXp be any matrix in M, (Bg). Then we have

T(X)=F opTp(Xp). By Theorem 3.1, each T}, has the form

p=1
(4.3) Tp(Xp) = UpXpVh,
or
(4.4) Tp(Xp) = Up X[V,
where U, and V), are permutation matrices for all p =1,... k.

Assume that only (4.3) are possible for all p=1,..., k. Then we have

k k k k
T(X) =) oUpX,V, = (Z apUp> (Z apo> (Z apv,,> :
p=1 p=1 p=1 p=1
If we let U = (Zzzl apUp) and V = (Zlgzl Upr), then U and V are invertible
matrices in M,,(By) by Lemma 1.1, and hence (4.1) is satisfied.
If both (4.3) and (4.4) are possible, then T'(X) = ZZ:l op,U,Y,V,, where Y, = X,
or X' for each p € {1,...,k}, equivalently

e () () ()
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If we let U = (Yr_; 0,U,) and V = (Yo, 0,,V,), then (4.2) is satisfied. Therefore
(ii) implies (iii).

Assume (iii) holds. If T has a form (4.1), then we are done by Proposition 2.1.
Thus we assume (4.2). If X = ZI;=1 opXp is regular in M, (Bg), then so is X, in
M, (Bq) for all p=1,...,k by Theorem 2.1. Thus there are matrices G, € M,,(B1)

such that X,G,X, = X, forallp=1,...,k Let G = VT(Zﬁzl o,H,)UT, where
H, = G, or G} according as Y, = X, or XI'. Then we can easily show that
T(X)GT(X) = T(X) so that T'(X) is regular in M,,(By). Conversely, if T(X) is
regular in M,,(By,), then each constituent T,,(X,) = U,Y,V, is regular in M, (B;)
for all p = 1,...,k. By Proposition 2.1, each X, is regular in M,,(B;1) because
Y, =X, or Xg forall p=1,..., k. Hence X is regular in M,,(Bg) by Theorem 2.1.

Therefore (i) is satisfied. 1

Thus, as shown in Theorems 2.3 and 4.1, we have characterizations of the linear
operators that strongly preserve regular matrices over general Boolean algebras.

Acknowledgement. This research was supported by Basic Science Research Pro-
gram through the National Research Foundation of Korea (NRF) funded by the
Ministry of Education, Science and Technology (No. 2010-0003011). Seok-Zun Song
is the corresponding author.

References

[1] L. B. Beasley and N. J. Pullman, Boolean-rank-preserving operators and Boolean-rank-1
spaces, Linear Algebra Appl. 59 (1984), 55-77.

[2] J. Dénes, Transformations and Transformation Semigroups, Seminar Report, University of
Wisconsin, Madison, Wisconsin, 1976.

[3] K. H. Kim, Boolean Matriz Theory and Applications, Monographs and Textbooks in Pure and
Applied Mathematics, 70, Dekker, New York, 1982.

[4] S. Kirkland and N. J. Pullman, Linear operators preserving invariants of nonbinary Boolean
matrices, Linear and Multilinear Algebra 33 (1993), no. 3-4, 295-300.

[5] R. D. Luce, A note on Boolean matrix theory, Proc. Amer. Math. Soc. 3 (1952), 382-388.

[6] E. H. Moore, General Analysis, Part I, Mem. of Amer. Phil. Soc., 1 (1935).

[7] R. J. Plemmons, Generalized inverses of Boolean relation matrices, SIAM J. Appl. Math. 20
(1971), 426-433.

[8] P. S. S. N. V. Prasada Rao and K. P. S. B. Rao, On generalized inverses of Boolean matrices,
Linear Algebra and Appl. 11 (1975), no. 2, 135-153.

[9] D. E. Rutherford, Inverses of Boolean matrices, Proc. Glasgow Math. Assoc. 6 (1963), 49-53
(1963).

[10] S.-Z. Song and K.-T. Kang, Linear maps that preserve commuting pairs of matrices over

general Boolean algebra, J. Korean Math. Soc. 43 (2006), no. 1, 77-86.



