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Abstract. Molodtsov [8] introduced the concept of soft set as a new mathemat-
ical tool for dealing with uncertainties that is free from the difficulties that have
troubled the usual theoretical approaches. In this paper we apply the notion of
soft sets by Molodtsov to the theory of BCK-algebras. The notions of positive
implicative soft ideals and positive implicative idealistic soft BCK-algebras are
introduced, and their basic properties are derived.
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1. Introduction

To solve complicated problem in economics, engineering, and environment, we can-
not successfully use classical methods because of various uncertainties typical for
those problems. There are three theories: theory of probability, theory of fuzzy
sets, and the interval mathematics which we can consider as mathematical tools for
dealing with uncertainties. But all these theories have their own difficulties. Uncer-
tainties cannot be handled using traditional mathematical tools but may be dealt
with using a wide range of existing theories such as probability theory, theory of
(intuitionistic) fuzzy sets, theory of vague sets, theory of interval mathematics, and
theory of rough sets. However, all of these theories have their own difficulties which
are pointed out in [8]. Maji et al. [7] and Molodtsov [8] suggested that one reason
for these difficulties may be due to the inadequacy of the parametrization tool of the
theory. To overcome these difficulties, Molodtsov [8] introduced the concept of soft
set as a new mathematical tool for dealing with uncertainties that is free from the
difficulties that have troubled the usual theoretical approaches. Molodtsov pointed
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out several directions for the applications of soft sets. At present, works on the
soft set theory are progressing rapidly. Maji et al. [7] described the application of
soft set theory to a decision making problem. Maji et al. [6] also studied several
operations on the theory of soft sets. Chen et al. [1] presented a new definition
of soft set parametrization reduction, and compared this definition to the related
concept of attributes reduction in rough set theory. The algebraic structure of set
theories dealing with uncertainties has been studied by some authors. By using the
notions of fuzzy sets, Jun et al. [3] studied the fuzzy ideals in BE-algebras. Lee
[5] discussed bipolar fuzzy subalgebras/ideals of BCK/BCl-algebras by using the
notion of bipolar fuzzy sets. Zhan and Jun [10] applied the notion of fuzzy points to
ideal theory of BCl-algebras, and generalized well-known fuzzy algebraic structures
in BCl-algebras.

In this paper, we deal with the algebraic structure of BCK-algebras by applying
soft set theory. We discussed the algebraic properties of soft sets in BCK-algebras.
We introduced the notion of positive implicative soft ideals and positive implica-
tive idealistic soft BCK-algebras, and gave several examples. We investigated re-
lations between idealistic soft BCK-algebras and positive implicative idealistic soft
BCK/BClI-algebras. We established the intersection, union, “AND” operation, and
“OR” operation of positive implicative soft ideals and positive implicative idealistic
soft BCK/BCl-algebras.

2. Basic Results on BCK-algebras

A BCK-algebra is an important class of logical algebras introduced by K. Iséki and
was extensively investigated by several researchers.

An algebra (X; *,0) of type (2, 0) is called a BCT-algebra if it satisfies the following
axioms:

(I) (Vo,y,2 € X) (zxy) *(xx2))*(zxy) =0),

(D) (Vz,y € X) ((zx (z xy)) xy = 0),

(III) (Vz € X) (zxx =0),

(IV) (Vz,y € X) (zxy=0,yxz=0 = x=y).
If a BCI-algebra X satisfies the following identity:

(V) (Vx € X) (0% 2 =0), then X is called a BCK -algebra.
Any BCK-algebra X satisfies the following conditions:

(al) (Vz € X) (z*0=x),

(a2) (Va,y,z€X) (x <y = x*x2<yxz, 2*xy < zx1),

(a3) (Vz,y,z€ X) (z*y)x 2= (z*2) xy),

(ad) (Vx,y,z€ X) ((z*x2)*x(yx2) <x*Yy)
where z < y if and only if z xy = 0. A BCK-algebra X is said to be positive
implicative if it satisfies the following identity:

(2.1) (Vo,y,z € X) ((xxy) 2 = (x % 2) * (y * 2)).

A nonempty subset S of a BCK-algebra X is called a subalgebra of X if x xy € S
for all x,y € S. A subset H of a BCK-algebra X is called an ideal of X, denoted by
H < X, if it satisfies the following axioms:

(I1) 0 e H,
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(I12) (Vze X) (Vye H) (xxye H = z€ H).
Any ideal H of a BCK-algebra X satisfies the following implication:
(2.2) Vee X)(Vye H)(x<y = z € H).
A subset H of a BCK-algebra X is called a positive implicative ideal of X, denoted
by H <,; X, if it satisfies the following axioms:
(I1) 0 e H,
(I13) (Vz,y,z€ X) (xxy)xz2€ Hyyxz€ H = xxz€ H).
We refer the reader to the book [9] for further information regarding BCK-algebras.

3. Basic results on soft sets

Molodtsov [8] defined the soft set in the following way: Let U be an initial universe
set and E be a set of parameters. Let &2(U) denotes the power set of U and A C E.

Definition 3.1. [8] A pair (&7, A) is called a soft set over U, where & is a mapping
given by
o A— PU).

In other words, a soft set over U is a parameterized family of subsets of the
universe U. For € € A, &7 (&) may be considered as the set of e-approximate elements
of the soft set (&7, A). Clearly, a soft set is not a classical set. For illustration,
Molodtsov considered several examples in [8].

Definition 3.2. [6] Let («7, A) and (£, B) be two soft sets over a common universe
U. The intersection of (&7, A) and (%, B) is defined to be the soft set (¢4, C') satisfying
the following conditions:

(i) C=AnNB,

(ii) (Ve € C) (9(e) = (e) or HA(e), (as both are same set)).
In this case, we write (o7, A)N(%, B) = (¢,C).

Definition 3.3. [6] Let (<7, A) and (93 B) be two soft sets over a common universe
U. The union of (<7, A) and (A, B) is defined to be the soft set (¢, C) satisfying the
following conditions:

(i) C = AUB,

(i) for alle e C,

o (e) ifeec A\ B,
G(e)=< HBle) ifee B\ A,
o(e)UBe) ifec ANB.

In this case, we write (o7, A)U(A

B) =
Definition 3.4. [6] If (¢, A) and (%’ B) are two soft sets over a common universe
U, then “(«/, A) AND (%, B)” denoted by (<7, A)N(%, B) is defined by (<7, A)\(%, B)
= (¥9,A x B), where 4 (z,y) = o (x) N B(y) for all (x,y) € A X B.

Definition 3.5. [6] If (<7, A) and (B, B) are two soft sets over a common universe
U, then “(o/, A) OR (%, B)” denoted by (o, A)V(%, B) is defined by (<7, A)N (A, B)
= (¥,A x B), where 9 (x,y) = & (x) U B(y) for all (z,y) € A x B.

@,0).
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Definition 3.6. [6] For two soft sets (o, A) and (B, B) over a common universe
U, we say that (o7, A) is a soft subset of (%, B), denoted by (o7, A)C (4, B), if it
satisfies:

(i) AcC B,

(ii) For everye € A, o/ (e) and PB(e) are identical approrimations.

4. Positive implicative idealistic soft BCK-algebras

In what follows let X and A be a BCK-algebra and a nonempty set, respectively,
and R will refer to an arbitrary binary relation between an element of A and an
element of X, that is, R is a subset of A x X without otherwise specified. A set-
valued function &7 : A — £ (X) can be defined as &7 () = {y € X | (z,y) € R} for
all z € A. The pair (7, A) is then a soft set over X.

Definition 4.1. [2] Let (27, A) be a soft set over X. Then (&, A) is called a soft
BCK-algebra over X if of (x) is a subalgebra of X for all x € A.

Example 4.1. Let X = {0,a,b,c,d} be a BCK-algebra with the following Cayley
table:

*x10 a b ¢ d
00 0 0 0 O
ala 0 a a a
bbb b 0 b b
clec ¢ ¢ 0 ¢
dld d d d 0

Let (o, A) be a soft set over X, where A = X and &/ : A — P (X) is a set-valued
function defined by

d(x)={ye X |zRy & yca '}

for all z € A where ® = {0,a} and 27'® = {y € X |z Ay € ®}. Then (7, A) is a
soft BCK-algebra over X (see [2]).

For any a € X and a subset D of X, let
s:={reX|zxac D}, %::{xeX|m*(x*a)€D}.
Lemma 4.1. For any a € X and D C X, we have
(4.1) D<, X = <X,
Proof. Assume that D <1; X. Obviously 0 € &. Let x,y € X be such that zxy € 5

and y € &. Then (z *y) *a € D and y xa € D. Since D <p; X, it follows from (I3)
that z x a € D, that is, x € 5 so that & < X. ]

Definition 4.2. [4] Let (&7, A) be a soft set over X. Then (o7, A) is called an
idealistic soft BCK-algebra over X if it satisfies:

(4.2) (Vz € A) (a(z) < X).

Definition 4.3. Let (&7, A) be a soft set over X. Then (&, A) is called a positive
implicative idealistic soft BCK-algebra over X if it satisfies:

(4.3) (Ve € A) (a(z) <p: X).
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Let us illustrate this definition using the following examples.

Example 4.2. Let X = {0,a,b,c,d} be a BCK-algebra with the following Cayley
table:

*10 a b ¢ d
0|0 0 0 0 O
ala 0 a 0 O
bl{b b 0 b 0
cle ¢ ¢ 0 0
dld d ¢ b 0

Let (<7, A) be a soft set over X, where A = {0,b,¢,d} and & : A — Z(X) is a
set-valued function defined by &7 (z) = {0 5y for all x € A. It is routine to check that
(7, A) is a positive implicative idealistic soft BCK-algebra over X. Now, let (<7, B)
be a soft set over X Where B=Xand & : B— Z(X) is a set-valued function
defined by o/ (z) = 057 b} for all z € B. Then «7(a) = {0,b,¢,d} is not a positive
implicative ideal of X since (a*c)*b=0xb=0 € &(a) and c*b = ¢ € I (a),
but a xb = a ¢ </(a). Hence (&, B) is not a positive implicative idealistic soft
BCK-algebra over X.

Note that every positive implicative idealistic soft BCK-algebra over X is an
idealistic soft BCK-algebra over X, but the converse is not true in general as seen
in the following example.

Example 4.3. Let X = {0,a,b,c,d} be a BCK-algebra with the following Cayley
table:

*x|10 a b ¢ d
0{0 0 0 0 O
ala 0 0 a O
blb a 0 b O
clc ¢c ¢ 0 O
d|d d d d 0
Let (o, A) be a soft set over X, where A=Xand & : A - P(X) is a set-

valued function defined by &7 (z) = {0 for all z € A. It is easy to verify that
(7, A) is a soft BCK-algebra over X. Now let (#,I) be a soft set over X, where
I={0,b,¢c,d} C Aand B:1 — P(X) is a set-valued function defined by B(z) =
7oy for all z € I. Then PB(0) = B(c) = {0,c} < X, B(b) = {0,a,b,c} < X and
P(d) = X < X. Hence (A, 1) is an idealistic soft BCK-algebra over X. Now we have
(bxa)xa=a%xa=0¢€ {0,c} and bxa =a ¢ {0,c}. Thus #B(0) = H(c) = {0,c}
is not a positive implicative ideal of X, and so (£, I) is not a positive implicative
idealistic soft BCK-algebra over X.

Proposition 4.1. Let (&7, A) and (o, B) be soft sets over X where B C A C X.
If (o7, A) is a positive implicative idealistic soft BCK-algebra over X, then so is
(o, B).

Proof. Straightforward. ]

By means of Example 4.2, we know that the converse of Proposition 4.1 is not
true in general.
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Theorem 4.1. Let (o7, A) and (%, B) be two positive implicative idealistic soft
BCK-algebras over X. If AN B # 0, then the intersection (o, A)N\(%,B) is a
positive implicative idealistic soft BCK-algebra over X.

Proof. Using Definition 3.2, we can write (<7, A)N(%, B) = (2, C), where C = ANB
and Z(x) = o/ (x) or B(zx) for all z € C. Note that 2 : C — F(X) is a mapping,
and therefore (Z,C) is a soft set over X. Since (#7,A) and (%, B) are positive
implicative idealistic soft BCK-algebras over X, it follows that Z(z) = &/ (z) is a
positive implicative ideal of X, or Z(x) = Z(x) is a positive implicative ideal of X
for all z € C. Hence (Z,0) = (&, A)N(%, B) is a positive implicative idealistic soft
BCK-algebra over X. 1

Corollary 4.1. Let (&7, A) and (%,A) be two positive implicative idealistic soft
BCK-algebras over X. Then their intersection (o, A)N\(%, A) is a positive implica-
tive idealistic soft BCK-algebra over X.

Proof. Straightforward. ]

Theorem 4.2. Let (27, A) and (B, B) be two positive implicative idealistic soft
BCK-algebras over X. If A and B are disjoint, then the union (o7, A)U(%, B) is a
positive implicative idealistic soft BCK-algebra over X.

Proof. Using Definition 3.3, we can write (<7, A)U(%, B) = (2, C), where C = AUB
and for every e € C,

o (e) ifee A\ B,
PD(e) =1 Ble) ifee B\ A4,
o(e)UPB(e) ifee ANB.

Since AN B = (), either x € A\Borz € B\Aforallz € C.If z € A\ B,
then Z(x) = &/(x) is a positive implicative ideal of X since (&7, A) is a positive
implicative idealistic soft BCK-algebra over X. If x € B\ A, then 2(z) = %(z)
is a positive implicative ideal of X since (%, B) is a positive implicative idealistic
soft BCK-algebra over X. Hence (2,0) = (<7, A)U(%, B) is a positive implicative
idealistic soft BCK-algebra over X. 1

Theorem 4.3. If (&7, A) and (%, B) are positive implicative idealistic soft BCK-
algebras over X, then (&, A)N(%, B) is a positive implicative idealistic soft BCK-
algebra over X.

Proof. By means of Definition 3.4, we know that
(o7, A)N(%B,B) = (2,A x B),

where Z(x,y) = &/ (x)NAB(y) for all (z,y) € AxB. Since o7 (z) and A(y) are positive
implicative ideals of X, the intersection &/ (z) N %(y) is also a positive implicative
ideal of X. Hence %(x,y) is a positive implicative ideal of X for all (x,y) € A x B,
and therefore (&7, A)A(%,B) = (2, A x B) is a positive implicative idealistic soft
BCK-algebra over X. 1

Definition 4.4. A positive implicative idealistic soft BCK-algebra (&, A) over X
is said to be trivial (resp., whole) if of (x) = {0} (resp., &/ (x) = X) for all x € A.
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Example 4.4. Let X = {0,a,b,¢,d} be the BCK-algebra which is described in
Example 4.2. Consider A = {c¢,d} C X and a set-valued function &/ : A — Z2(X)
defined by & (z) = 1o forallz e A. Then 7 (c) = o5 — X and o (d) = ﬁ =
X. Hence (&7, A) is a whole positive implicative idealistic soft BCK-algebra over X.

Example 4.5. Let X = {0,a,b,c,d} be a BCK-algebra with the following Cayley
table:

QU O T e OO
o O O o
S o On
o O O Ol

QO QR O *
[SHESEES e ] §S]

d d 0

Let B : {0} — Z(X) be a set-valued function given by %£(0) = %. Then (%,{0})

is a zero positive implicative idealistic soft BCK-algebra over X.

The following example shows that there exists a BCK-algebra X such that a soft
set (<7, {0}) may not be a zero positive implicative idealistic soft BCK-algebra over
X, where & : {0} — Z(X) is given by &7 (0) = %.

Example 4.6. Let X = {0,a,b,c,d} be a BCK-algebra with the following Cayley
table:

*10 a b ¢ d
0/{0 0 0 0 O
ala 0 a 0 a
bib b 0 b 0
clc a c¢c 0 ¢
dld d d d 0
Let o/ : {0} — Z(X) be a set-valued function given by </ (0) = %. Then &7 (0) =

{0} is not a positive implicative ideal of X since (c*a)*a=a*a =0 € & (0) and
cxa=a ¢ <7(0). Hence («7,{0}) is not a zero positive implicative idealistic soft
BCK-algebra over X.

Since the zero ideal {0} in a positive implicative BCK-algebra is a positive im-
plicative ideal, we have the following proposition.

Proposition 4.2. For any positive implicative BCK-algebra X, a soft set (%,{0})
over X, where # : {0} — P(X) is given by #B(0) = %7 is the zero positive
implicative idealistic soft BCK-algebra over X.

Let f : X — Y be a mapping of BCK-algebras. For a soft set (&, A) over X,
(f(),A) is a soft set over Y where f(&) : A — P(Y) is defined by f(&)(z) =
f(e(x)) for all z € A.

Lemma 4.2. Let f : X — Y be an onto homomorphism of BCK-algebras. If
(o, A) is a positive implicative idealistic soft BCK-algebra over X, then (f(</), A)
is a positive implicative idealistic soft BCK-algebra over Y.
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Proof. For every x € A, we have f(«7)(x) = f(</(x)) is a positive implicative ideal
of Y since <7 (x) is a positive implicative ideal of X and its onto homomorphic image
is also a positive implicative ideal of Y. Hence (f(<7), A) is a positive implicative
idealistic soft BCK-algebra over Y. 1

Theorem 4.4. Let f: X — Y be an onto homomorphism of BCK-algebras and let
(o, A) be a positive implicative idealistic soft BCK-algebra over X.
(i) IfY is positive implicative and </ (x) = ker(f) for all x € A, then (f(</), A)
18 the trivial positive implicative idealistic soft BCK-algebra over Y.
(ii) If (o, A) is whole, then (f(2), A) is the whole positive implicative idealistic
soft BCK-algebra over Y.

Proof. (i) Assume that &7 () = ker(f) for all z € A. Then f(&)(x) = f((x)) =
{0} for all x € A. Hence (f(«), A) is the trivial positive implicative idealistic soft
BCK-algebra over Y.

(ii) Suppose that (&7, A) is whole. Then &/(x) = X for all z € A, and so
f@)(x) = f(A(x)) = f(X) =Y for all z € A. It follows from Lemma 4.2 and
Definition 4.4 that (f(«7), A) is the whole positive implicative idealistic soft BCK-
algebra over Y. 1

Definition 4.5. Let S be a subalgebra of X. A subset I of X is called a positive
implicative ideal of X related to S (briefly, positive implicative S-ideal of X)), denoted
by I <, S, if it satisfies:
(i) 0el,
(ii) (Vz,y,z2€8) ((xxy)xze€l,yxz€l = xxz€I).
Note that a positive implicative X-ideal means a positive implicative ideal.

Definition 4.6. Let (<7, A) be a soft BCK-algebra over X. A soft set (#,1) over
X is called a positive implicative soft ideal of (<7, A), denoted by (B,1)<y; (7, A),
if it satisfies:

(i) I C A,

(i) (Vo € 1) (B(x) api 7).

Let us illustrate this definition using the following examples.

Example 4.7. Let X = {0,a,b,c,d} be a BCK-algebra with the following Cayley
table:

*x|10 a b ¢ d
0/0 0 0 0 O
ala 0 a 0 0
blb b 0 b 0
clc a ¢ 0 a
did d d d 0

Let (o, A) be a soft set over X, where A = X and & : A — Z(X) is a set-
valued function defined by &/ (x) = To.a7 for all z € A. Then (7, A) is a soft BCK-
algebra over X. Now take I = {a,c} C A and let & : I — P(X) be a set-valued
function defined by %Z(z) = Toa7 for all z € I. Then HB(a) ={0,a,c} <p; & (a) and
B(c) ={0,a,c} <p; A (c). Hence (B, 1)< (7, A). If we take J = {a,b,c} C A and
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define a set-valued function & : J — #£(X) by B(z) = Toay for all z € J, then

A(b) ={0,a,b} is not a positive implicative ideal of &7 (b) since (c*a) *b=axb=
a€ (b)and axb=a € o (b), but cxb=c ¢ & (b). Hence (%4, J) is not a positive
implicative soft ideal of (&7, A).

Theorem 4.5. Let (B,1) and (B, J) be soft sets over X such that I C J. If (B, J)
is a positive implicative soft ideal of a soft BCK-algebra (o7, A) over X, then so is
(%, 1).

Proof. Straightforward. 1

Example 4.7 shows that the converse of Theorem 4.5 is not valid in general.

Theorem 4.6. Let (o, A) be a soft BCK-algebra over X. For any soft sets (%1, 11)
and (Pa, I) over X where I} N Iy # 0, we have

(B, 1)< (A, A), (B2, I2)<pi(, A) = (B, ) N(Ba, I2) i, A).
Proof. Using Definition 3.2, we can write
(‘%1711)5(‘@2512) = (%71)7

where I = I; N Iy and #(x) = Bi(x) or HB2(x) for all x € I. Obviously, I C
Aand B : I — P(X) is a mapping. Hence (%,1) is a soft set over X. Since
(1, 1)<pi(, A) and (Ba, I2)<pi (o, A), we know that B(z) = By ()<, (z) or
B(x) = Bo(x)<p;ef (z) for all x € I. Hence

(B, )P, o) = (B, 1)<pi(, A).
This completes the proof. 1

Corollary 4.2. Let («7, A) be a soft BCK-algebra over X. For any soft sets (8,1)
and (2,1) over X, we have

(B, 1)pi(, A), (2,1)pi(, A) = (B, N2, 1)d,i(H, A).
Proof. Straightforward. ]

Theorem 4.7. Let (o7, A) be a soft BCK-algebra over X. For any soft sets (#,1)
and (2,J) over X in which I and J are disjoint, we have

(B, 1)<pi(, A), (D, J)Api(, A) = (B,1)I(Z, )< (A, A).
Proof. Assume that (%, 1)<,;(«/,A) and (2, J)<pi(</, A). By means of Definition
3.3, we can write (%,1)U(2,J) = (5,U) where U = I U J and for every x € U,

B(x) ifexel\J,
Jf(a:)z{ 2(x) ifeeJ\I,
Bx)UD(x) ifxelnd.

Since INJ =0, eitherx € I\ Jorxz € J\Iforallz € U.If x € I\ J, then J#(z) =
B(x)<pie (z) since (B,1)<pi(,A). If x € J\ I, then #(z) = D(x)<p o (v
since (2, J)<i(/, A). Thus H#(x)<p:./ (z) for all € U, and so (%,1)U(2,J) =
(A, U)Qpi(, A).

If I and J are not disjoint in Theorem 4.7, then Theorem 4.7 is not true in general
as seen in the following example.
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Example 4.8. Let X = {0,a,b,¢,d} be a BCK-algebra with the following Cayley
table:

*x|10 a b ¢ d
0/0 0 0 0 O
ala 0 0 0 O
bbb b 0 b O
clec ¢ ¢ 0 0
did d ¢ b 0

Let (<7, A) be a soft set over X, where A = X and & : A — P(X) is a set-valued
function defined by &7 (z) = % for all z € A. Then &7 (0) = X, &/(a) = &/(b) =
{0,b,¢,d}, and o7 (c) = &/ (d) = {0,b} which are subalgebras of X. Hence (&7, A)
is a soft BCK-algebra over X. Let (%,1I) be a soft set over X, where I = {b,c,d}
and # : I — P(X) is a set-valued function defined by #(x) = 7oy for all z € I.
Then #(b) = {0,a,b}<,:{0,b,¢c,d} = 2/ (b), #B(c) = {0,a,c}<,:{0,b} = (c), and
B(d) = X<p,97(d), and so (B, I) is a positive implicative soft ideal of (&7, A). Let
(¢, J) be asoft set over X, where J = {b} and ¥ : J — F(X) is a set-valued function
defined by %(x) = {5 for all z € J. Then % (b) = {0, c}<1i{0,b,¢,d} = o (b), and s0
(¢, J) is a positive implicative soft ideal of (&7, A). Then (., U) = (%,1)J(¥4, J) is
not a positive implicative soft ideal of (<7, A) since .#(b) = A(b)U¥(b) = {0, a,b, c}
is not an 7 (b)-ideal because d * ¢ = b € {0,a,b,c} and d ¢ {0, a,b, c}, and hence it
is not a positive implicative <7 (b)-ideal of X.
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