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1. Introduction

The Cartesian product of a collection of sets is one of the most important and
widely used ideas in mathematics. The theory of product spaces constitutes a very
interesting and complex part of set-theoretic topology. The Cartesian product of
arbitrarily many topological spaces was defined by Tychonoff in 1930. Then almost
33 years later in 1963 the idea of bitopological spaces was initiated by J. C. Kelly,
see [10] and thereafter a large number of papers have been produced in order to
generalize the topological concepts to bitopological setting. In 1972, Datta [3] defined
the Cartesian product of arbitrarily many bitopological spaces. It is also well-known
that, the Tychonoff Product Theorem plays an important role for general product
of compact topological spaces.

Recently, the authors studied pairwise Lindel6fness in [14], introduced and studied
the notion of pairwise weakly Lindelofness in bitopological spaces, see [13], weakly
regular Lindeldf [12] and almost Lindeldf bitopological spaces, see [11] where the au-
thors extended some results that were due to Cammaroto and Santoro [2], Kiligman
and Fawakhreh [5, 6, 7]. In [15], the authors also studied the mappings and pairwise
continuity on pairwise Lindel6f bitopological spaces.
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The purpose of the present paper is to study the product properties on pair-
wise Lindel6f bitopological spaces. In this paper we consider four kinds of pairwise
Lindelof spaces namely known as Lindeldf, B-Lindeldf, s-Lindelof and p-Lindelof
spaces, for details we refer to [9]. So we shall study the product properties for every
kinds of pairwise Lindel6f spaces which are mentioned. Although the compactness
is preserved for finite products, the Lindel6fness may not be productive unless one
or more factors are assumed to satisfy additional conditions.

The similar results yield for every kind of pairwise Lindelof spaces that we in-
vestigate in this paper. We give some counter-examples to show that the product
properties are negative. We also provide some necessary conditions for these spaces
to be preserved under a finite product.

2. Preliminaries

Throughout this paper, all spaces (X, 7) and (X, 7, 72) (or simply X) are always
topological spaces and bitopological spaces, respectively unless explicitly stated. In
this paper, we shall use p- and s- to denote pairwise and semi-respectively. For
instance, p-Lindelof and s-Lindelof stands for pairwise Lindelof and semi-Lindelof
respectively (see [9]). Also B-Lindeldf stands for another type of pairwise. If P is a
topological property, then (7;,7;)-P denotes an analogue of this property for 7; has
property P with respect to 7;, and p-P denotes the conjunction (71, 72)-P A (T2, T1)-
P, i.e., p-P denotes an absolute bitopological analogue of P. As we shall see below,
sometimes (71, 72)-P <= (12,71)-P (and thus < p-P) so that it suffices to consider
one of these three bitopological analogue. Also sometimes 71-P <= 75-P and thus
P <= 11-P A 12-P, i.e., (X, 7;) has property P for each i = 1, 2.

We also note that (X, 7;) has a property P <= (X, 71, 72) has a property 7;-P.
Sometimes the prefixes (7;, 7;)- or 7;- will be replaced by (4, j)- or i- respectively, if
there is no chance for confusion. By i-open cover of X, we mean that the cover of X
by i-open sets in X; similar for the (7, j)-regular open cover of X, etc. In this paper
always 4,7 € {1,2} and i # j. For details notation we refer to [4].

Definition 2.1. Let (X, 71,72) be a bitopological space. A subset F' of X is said to
be

(1) i-open if F is open with respect to 7; in X, F is said open in X if it is both
1-open and 2-open in X, or equivalently, F = U for U € (11 NT2) in X;

(2) i-closed if F is closed with respect T; in X, F is said closed in X if it is both
1-closed and 2-closed in X, or equivalently, F =V and U € (11 N12) for
F eV and U C 1 N1, respectively.

Definition 2.2. [3] Let {(X4,Ta,04) : @ € A} be a family of bitopological spaces.
On the product set X = [[,ca Xa, we define a bitopological structure (7, 0) by taking
7 as the product topology generated by the projections which (7, 7y)-continuous and
o as the product topology generated by the projections which (o,0,)-continuous for
every a € A. The product set X with the product bitopology (7,0), i.e., (X, T,0) is
called product bitopological space. The product bitopology (T,0) also can be denoted

by (HaEA Tas HaGA UO‘) .
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3. Product of Lindel6f bitopological spaces

Definition 3.1. [9, 14] A bitopological space (X, T1,72) s said to be i-Lindeldf
(resp. i-compact) if the topological space (X, ;) 1is Lindeldf (resp. compact). X is
said Lindeldf (resp. compact) if it is i-Lindeldf (resp. i-compact) for each i = 1,2.
FEquivalently, (X, 11,72) is Lindeldf (resp. compact) if every i -open cover of X has
a countable (resp. finite ) subcover for each i =1,2.

It is well-known that the product of any two Lindelof topological spaces need
not be Lindelof. In general the product of any two i-Lindelof spaces need not be
i-Lindel6f or the product of any two Lindeldf bitopological spaces need not be Lin-
delof as the following example below shows.

Example 3.1. Let B be a collection of closed-open intervals in the real line R :
B ={[a,b):a,b R, a<b}.

Hence B is a base for the lower limit topology (or Sorgenfrey topology) 7 on R.
Choose usual topology as topology 75 on R. Thus (R, 7, 72) is a Lindel6f bitopo-
logical space (see [17]). So it is clear that (R x R, 7y X 71,72 X 72) is not (71 X 71)-
Lindelof for the (71 x 71)-closed subspace L = {(z,y) : y = —x} is not (11 X 71)-
Lindel6f for it is a discrete subspace (see [17]). Thus (R x R, 7 X 71,7 X 72) is not
a Lindeldf bitopological space.

Theorem 3.1. Let (X,71,72) be a 7;-Lindeldf space and (Y,01,03) a o;-compact
space. Then (X XY, p1,p2) is p;i-Lindelof where p; is a product topology.

Proof. The proof is similar with the well-known result, the Tychonoff Product The-
orem, so we omit the details. 1

In general, the converse of Theorem 3.1 is not true and we provide the following
counter-example.

Example 3.2. Let 7, and 7, denotes the cocountable topology and usual topol-
ogy on R respectively. Then the bitopological space (R X R, Teoe X Teoes Tu X Tu) 1S
Lindelsf. However (R, 7coc, 7) is Lindelof space but not compact (see [17]).

The above result still holds if we consider an i-Lindel6f space and a collection of
finite i-compact spaces as stated in the following corollary.

Corollary 3.1. Let (X, 71", 74") be a 7] -Lindeldf space and

{(Xk,le,TQk) ck=1,...n,k#£#m,m < n}
a collection of TF-compact spaces. Then ([1p—_, Xk, p1,p2) is p;-Lindelf where p; is
a product topology.

Proof. Tt follows immediately on using the fact that the topological product is com-
mutative, associative (see [16], p. 132) and the well-known result, the Tychonoff
Product Theorem. 1

The result also holds if a collection of finite i-compact spaces is replaced by
arbitrary collection of i-compact spaces since the Tychonoff Product Theorem is
true for any collection of i-compact spaces.
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Corollary 3.2. Let (XB,TIB,Tf) be a 7°-Lindeldf space and {(Xo, 70, 7) 1 a € A,

a # B} a collection of T -compact spaces. Then (HaeA Xa,pl,pg) is p;-Lindelof
where p; 1s a product topology.

Definition 3.2. A bitopological space X is said to be i-P-space if countable inter-
section of i-open sets in X is i-open. X is said P-space if it is i-P-space for each
1=1,2.

Although the product of 7;-Lindeléf and o;-Lindeldf spaces need not be (7; X o;)-
Lindelof, if we consider an additional condition such as 7;-P-space to one of the
space we will obtain that the product is (7; x o;)-Lindeldf.

Proposition 3.1. Let (X, 71,7) be a 7;-Lindeldf 1;-P-space and (Y,01,02) a ;-
Lindelof space. Then (X XY, p1,p2) is p;-Lindeldf where p; is a product topology.

Proof. Let U = {U, : « € A} be a p;-open cover of X x Y. Then each member of U
is a union of p;-basis elements of the form V' x W with V is 7;-open set in X and W is
o;-open set in Y. We may restrict our attention to the cover {V,, x W, : o € A} of
X x'Y which consists of p;-basis elements where each V,, x W, is contained in some
member of U, since any subcover of this basic p;-open cover will lead immediately
to a subcover chosen from the original cover U. For each z € X, let Y, = {2} x Y
which is --homeomorphic to Y and hence Y, is Lindel6f with respect to the inducted
topology from p;. So Y, is p;-Lindeldf relative to X xY and since {V,, x W,, : o € A}
also covers Y, there must exists a countable subcover {V, o, X Wy o, : n € N} of

Y, by sets which have a nonempty intersection with Y,. Letting H, = () V.,
neN
we see that H, is a 7;-open set of X containing = since X is a 7;-P-space. The

above countable subcover {V, o, X Wy ., :n € N} actually covers H, x Y. Now
{H, : x € X} is a 1y-open cover of X. Since X is 7;-Lindelof, there exists a countable
subcover {Hy, : k € N}. But then {{V,, o, X Wyy.a, : 7 € N} : k € N} covers X x
Y. Since {{Va,.an X Wap o, : 7 € N} 1 k € N} is a countable subcover, we have that
X x Y is p;-Lindelof. 1

Corollary 3.3. Let (X, 71, 72) be a Lindelof P-space and (Y, 01, 02) a Lindeldf space.
Then (X X Y, p1,p2) is Lindelof where p; is a product topology.

We note that the above result is also true if we take a collection of finite ¢-Lindelof
i-P-spaces and an i-Lindel6f space. By using the fact that the topological product
is commutative and associative, the result will then follow by induction. We need
the following lemma.

Lemma 3.1. Let (X,71,72) be a 7;-P-space and (Y,01,02) a o;-P-space. Then
(X x Y, p1,p2) is p;-P-space where p; is a product topology.

Proof. Let {U, : n € N} be a countable collection of p;-open sets in X x Y. Then
each U, is a union of p;-basis elements of the form V x W where V and W are
T;-open set and o;-open set of X and Y respectively. We may restrict our attention
to the countable collection of p;-basis element {V;, x W,, : n € N} of X x Y because
any p;-open set is a union of p;-basis elements. Now

() (Vo x W) = (ﬂ Vn> X (ﬂ Wn>

neN neN neN
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is a p;-basis element since X is 7;-P-space and Y is 0;-P-space. Therefore X x Y is
pi-P-space. 1

Corollary 3.4. Let {(Xk,Tf,TQk) k=1,... ,n} be a collection of TF-P-spaces.
Then ([Tp_, Xk, p1,p2) is p;-P-space where p; is a product topology.

Proof. 1t follows by induction on k. 1
Proposition 3.2. Let {(X,, 7, 75) : a € A} be a collection of T8-P-spaces. Then

(HOLEA XD“ 1> ,02)

is p;-P-space where p; is a product topology.

Proof. Let {Uy : n € N} be a countable collection of p;-open sets in [, Xo. Then
as in the proof of Lemma 3.1, we may restrict our attention to the countable col-

lection of p;-basis element {H{Xa ca# By B} X Vg x- o x Vi i ne N} of

[Ioea Xo where Vi isa Tiﬁ’“—open set of Xg,,k=1,...,m. It can be done because
any p;-open set is a union of p;-basis elements. Now

N (H{Xa:a#ﬂh...,ﬁm}xvgl X"'Xvﬁnm)

neN
-N (H{Xa:a7éﬂl,...,ﬁm}) x <ﬂ V;l) o (ﬂ ng>
neN neN neN
:H{ﬂXa;a;éﬁl,...,Bm} X (ﬂ V@) X e X <ﬂ Vg;)
neN neN neN
=[[{Xa:a#B.....0n} x (ﬂ vg) X - X (ﬂ V§m>
neN neN

is a p;-basis element since X, is Tf’“—P-Spaces. Therefore [[,ox Xa is pi-P-space. 1
The Proposition 3.2 leads to the following corollaries.

Corollary 3.5. Let {(Xk,le,TQk) k=1,...nk#£#m,m< n} be a collection of TF-
Lindelof 7f-P-spaces and (X, 7, 75") a 7" -Lindeldf space. Then (I]p—y Xk, p1, p2)
is p;-Lindelof where p; is a product topology.

Proof. Tt follows by induction of k£, and noting the fact that the topological product
is commutative, associative and using the Corollary 3.4. 1

Corollary 3.6. Let {(Xk,T{C7T2k) k=1,..n,k#£Em,m< n} be a collection of
Lindelof P-spaces and (X,,,m{",7") a Lindelof space. Then ([[n_; Xk, p1,p2) is
Lindelof where p; is a product topology.

Recall that a function f : (X, 71,72) — (Y, 01,02) is called i-closed if f(U) is
oi-closed set in Y for every m;-closed set U in X, f is said closed if it is i-closed
for each ¢ = 1,2. From elementary general topology it is well-known that, if X is a
topological space and suppose a neighbourhood base has been fixed at each x € X,
then FF C X is closed if and only if each point ¢ F has a basic neighbourhood
disjoint from F (see [19]). Now we can prove the following proposition.
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Proposition 3.3. Let (X, 71, 72) be a 7;-Lindeldf space and (Y, 01,02) a o;-P-space.
Then the projection wy : (X XY, p1,p2) — (Y,01,02) is i-closed where p; is a
product topology.

Proof. Let U be a p;-closed set in X xY and let yg ¢ 7y (U). Clearly X x {yo}NU =
0, so the point (z,yo) ¢ U has a p;-basic neighbourhood V, x W, disjoint from U
where V; is 7;-open set in X containing x and W, ., is o;-open set in Y containing
yo. Now {V; x W, ,, : @ € X} forms a p;-open cover of X x {yo} by p;-open sets in
X x Y. Since X X {yp} is i-homeomorphic to X, then X x {yo} is p;-Lindelof with
respect to the inducted bitopology from (p1, p2). So X x {yo} is p;-Lindeldf relative

to X x Y and hence there exists a countable subfamily {V,, x W, ,, : n € N} such
that X x {yo} C U (Va, X Wa, 4) = (U Vxn) X (U meyo) Set W=
neN neN neN neN

W, v, and since Y is a o4-P-space, W is a o;-open neighbourhood of yy. We need
to prove that W Ny (U) = 0. Now suppose that W Ny (U) # 0, then there exists
a point y; € W and y; € my (U). Hence y; € W, .y for each n € N and therefore
(n,y1) € Vi, X Wy, 4. On the other hand, X x {y1} NU # 0 and this implies
that (x,,y1) € U which is a contradiction. Thus 7y (U) is o;-closed set in Y. This
implies that my is i-closed. 1

We can extend this result to arbitrary product space thus we have the following
proposition.
Proposition 3.4. Let {(X,, 79, 78) : a € A, a0 # B} be a collection of 7-Lindelof
space and (Xﬁ, 7'16, T25> a Tf—P—space. Then the projection mg : ([T,en Xa,p1,p2) —

(Xﬁ,Tlﬁ,TQE) 1s i-closed where p; is a product topology.

Proof. Let U be a p;-closed set in [ [ ,c o Xa andlet yo & 75 (U). Clearly [[,ca 0rzp Xa
X {yo}NU = 0, so the point (z, : & € A) where xg = yo does not belong to U has a
pi-basic neighbourhood HaeA’a#, Vo XWa, .y disjoint from U where V;, is 7;*-open

set in X, containing ., o # B and Wy ,, is Tf—open set in Xg containing y9. Now
{HaeA’a#B Vaea X Wapyo : Ta € Xa} form a p;-open cover of HQGA@Héﬁ Xo x{yo}
by pi-open sets in [[,cn Xa. Since J[,cn azpXa X {yo} is -homeomorphic to
[oca.ars Xas then [T ca azp Xa X {yo} is pi-LindelSf with respect to the inducted
bitopology from (p1, p2). So [],en azps Xa X {yo} is pi-Lindeldf relative to [],cn Xa
and hence there exists a countable subfamily {HaeA’a#B Vin X Wan 4o 1m0 € N}
such that

HaeA,aséﬁ Xox{yo} < UN (HaEA,a;ﬁﬂ Vag % ng’yo)

ne
= (U (HQEApt#ﬁ VzZ)) x (U Wzg,y()) .
neN neN
Set W = (] Wan 4, and since X is a Tf—P—space, W is a Tf—open neighbourhood

neN
of yo. We need to prove that W Nw (U) = 0. Now suppose that W N7g (U) # 0,
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then there exists a point y; € W and y; € g (U). Hence y; € Wyn , for each n € N
and therefore (7, : o € A) where x5 = y; belong to [],ca ot Vin X Wan 4o On
the other hand, [],ca azpXa X {y1} NU # 0 and this implies that (74 : @ € A)

where x5 = y; belong to U which is a contradiction. Thus 7y (U) is Tf -closed set
in Xg. This implies that 73 is i-closed. 1

4. Product of B-Lindelof spaces

Definition 4.1. A bitopological space (X, 11,72) is called (i,j)-compact [1] (resp.
(i, 7)-Lindelof 9, 14]) if for every i-open cover of X there is a finite (resp. countable)
j-open subcover. Similarly, X is called B-compact [1] (resp. B-Lindelsf [9, 14])
if it is both (1,2)-compact (resp. (1,2)-Lindeldf) and (2,1)-compact (resp. (2,1)-
Lindelof).

Theorem 4.1. Let (X, 71,72) be a (7}, 7;)-compact space and (Y, 01,02) a (04,05)-
compact space. Then (X XY, p1,p2) is (pi, pj)-compact where p; is a product topol-
0gy-

Proof. The proof of this theorem is similar to the Theorem 3.1, so we omit the
details. 1

It is clear that if (X, 7y, 72) is B-Lindeldf, then (X, ;) must be a Lindeldf space
for each ¢ = 1,2, i.e., (X,71,72) is a Lindeldf space. In general, the product of
any two (4, j)-Lindelof spaces need not be (i, j)-Lindelof or the product of any two
B-Lindelof spaces need not be B-Lindelof as the following example show.

Example 4.1. Let 7, denotes the Sorgenfrey topology on R. Then the bitopological
space (R, 7s,7s) is B-Lindelof. However (R x R, 75 X 74,75 X T5) is not B-Lindelof,
for the topological space (R x R, 75 X 74) is not Lindelof (see [17]).

The following example gives further explanation for the B-Lindelof spaces and to
show that some of them satisfying the product invariant property.

Example 4.2. Let By = {R,{z} : 2 € R\ {0}} and By = {R,{z} : 2 € R\ {1}}.
Let 7 and 75 are the topologies on R which are generated by the bases B; and
By respectively. Then (R,7y,72) is B-Lindelof, for any 7;-open cover of R must
contain R as a member [9]. We obtain that (R x R, 7y X 71,72 X 72) is B-Lindelof
since for any (7; X 7;)-open cover of R x R must contain R x R as a member. So the
bitopological space (R, 71, 72) is satisfying the product invariant property.

Theorem 4.2. Let (X, 71, 7) be a (15, 7;)-Lindeldf space and (Y, 01,02) a (04,05)-
compact space. Then (X XY, p1,p2) is (pi, p;)-Lindeldf where p; is a product topol-
0gy.

Proof. The proof is straightforward on following the Theorems 3.1 and 4.1, so we
omit the details. 1

Definition 4.2. A bitopological space X is said to be (i,7)-P-space if countable
intersection of i-open sets in X is j-open. X is said B-P-space if it is (1,2)-P-space
and (2,1)-P-space.



238 A. Kiligman and Z. Salleh

Proposition 4.1. Let (X, 11, 72) be a (4, 7j)-Lindeldf (1, 7;)-P-space and (Y, 01, 02)
a (0;,0;)-Lindeldf space. Then (X XY, p1, p2) is (pi, p;)-Lindeldf where p; is a prod-
uct topology.

Proof. Let U = {U, : a € A} be a p;-open cover of X x Y. Then as in proof of
Proposition 3.1, we may restrict our attention to the cover {V, x W,, : o € A} of X x
Y by the p;-basis elements where each V,, x W, is contained in some member of /. For
each z € X, let Y, = {z} XY which is i-homeomorphic to ¥ and hence Y; is (p;, p;)-
Lindelof with respect to the inducted bitopology from (p1,p2). So Y is (ps, pj)-
Lindeldf relative to X x Y and since {V,, x W, : @ € A} also covers Y, there must
exists a countable pj-open subcover {Vian X Wya, :n €N} of Y, by sets which

have a nonempty intersection with Y. Letting H, = [ Va4, , we see that H, is a
neN
T;-open set of X containing x since X is a (75, 7;)-P-space. The above countable p;-

open subcover {V, o, X Wy 4, : 1 € N} actually covers H, x Y. Now {H, : z € X}
is a 1;-open cover of X. Since X is (7;,7;)-Lindeldf, there exists a countable 7;-
open subcover {H,, : k € N}. But then {{V,, 0, X Wa,.a, : 7 € N} : k € N} covers
X x Y. Since {{Vs,,a, X Wa, a, : kK € N} : n € N} is a countable p;-open subcover,
we have that X x Y is (p;, p;)-Lindel6f. 1

Corollary 4.1. Let (X,7,72) be a B-Lindeléf B-P-space and (Y,01,02) a B-
Lindelof space. Then (X x Y, p1, p2) is B-Lindelof where p; is a product topology.

Now if we take a collection of finite (i, j)-Lindelof (j,7)-P-spaces and an (i, 7)-
Lindel6f space then the above result is still true. One can easily see this on noting
that the topological product is commutative and associative, the result will then
follow by induction. We state the following lemma.

Lemma 4.1. Let (X, 71,72) be a (1;,7;)-P-space and (Y, 01,02) a (0;,0;)-P-space.
Then (X x Y, p1, p2) is (pi, pj)-P-space where p; is a product topology.

Proof. Let {U, : n € N} be a countable collection of p;-open sets in X x Y. Then as
in the proof of Lemma 3.1, we may restrict our attention to the countable collection
of p;-basis element {V,, x W,, : n € N} of X x Y because any p;-open set is a union

of p;-basis elements. Now [ (V, x W,,) = (ﬂ Vn> X (ﬂ Wn) is a pj-basis

neN neN neN
element since X is (7;,7;)-P-space and Y is (oy,0;)-P-space. Therefore X x Y is
(pi, p;)-P-space. 1
Corollary 4.2. Let {(Xk, T, TQk) k=1,..., n} be a collection of (Tf, Tf) -P-spaces.

Then (ITe—, Xk, p1,p2) is (pi, pj)-P-space where p; is a product topology.
Proof. Tt follows by induction of k. 1

Proposition 4.2. Let {(Xq,7{,75) : @ € A} be a collection of (70, 7")-P-spaces.
Then (HaeA Xa,pl,pg) is (pi, pj)-P-space where p; is a product topology.

Proof. Let {Uy, : n € N} be a countable collection of p;-open sets in [] . Xo. Then
as in the proof of Lemma 3.1, we may restrict our attention to the countable col-
lection of p;-basis element {H{Xa ca# By B} X Vi X x Viien e N} of
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[Toca Xo where V7 is a 7

ﬂ (H{Xa:a;éﬁl,...,ﬁm}xVéi ><---><V7fn)

-open set of Xg,,k=1,...,m. Now

neN
=[[{Xa:a#B....8n} x (ﬂ Vg) XX <ﬂ vﬁ"m)
neN neN
is a pj;-basis element since Xg, is (Tf’“,Tjﬁk)—P—spaces. Therefore [],cn Xo is
(pi, pj)-P-space. 1

Corollary 4.3. Let {(Xk,Tl 77'2) k=1,...n,k#m,m < n} be a collection of
( T, J) -Lindelof ( k) -P-spaces and (Xm,Tlm,TQm) a (Tm ) -Lindelof space.

T T i 7§
Then N
(szleaph/)Q)

is (ps, pj)-Lindelof where p; is a product topology.
Proof. 1t follows by induction of k£ and the Corollary 4.2. ]

Corollary 4.4. Let {(Xk,Tl ,7'2) k=1,...n,k#m,m < n} be a collection of B-
Lindelof B-P-spaces and (X, 7", 75%) a B Lindelof space. Then (IT,_, Xk, p1, p2)
is B-Lindelof where p; is a product topology.

Proposition 4.3. Let (X, 71,7) be a (75, 7;)-Lindeldf T;-P-space and (Y, 01,02) a
(0i,05)-Lindelof space. Then (X XY, p1,p2) is (pi, p;)-Lindeldf where p; is a product
topology.

Proof. Similar with the proof of the Proposition 4.1. 1

Corollary 4.5. Let (X, 71, 72) be a B-Lindelof P-space and (Y, 01,02) a B-Lindelof
space. Then (X XY, p1,p2) is B-Lindelof where p; is a product topology.

Corollary 4.6. Let {(Xk,rl ,7‘2) k=1,...n,k#m,m < n} be a collection of
(T] 77'1) LmdelofT -P-spaces and (X, 7] 77'5”) a (T[”,TJ ) -Lindelof space. Then

(ITi—y Xk, p1, p2) is (pi, pj)-Lindelsf where p; is a product topology.
Proof. Tt follows by induction of k£ and the Corollary 3.4. 1

Corollary 4.7. Let {(Xk,,Tl ,7'2) k=1,...n,k#£m,m < n} be a collection of B-
Lindelof P-spaces and (X, 7", 73") a B- Lmdel(')'f space. Then ([T, Xk, p1,p2) is
B-Lindelof where p; is a product topology.

Definition 4.3. A function [ : (X,71,72) — (Y,01,02) is called (i, j)-closed if f (U)
is 0;-closed set in'Y for every T;-closed set U in X, f is said pairwise closed if it is
both (1,2)-closed and (2,1)-closed.

Proposition 4.4. Let (X, 71, 72) be a (1;, 7;)-Lindeldf space and (Y, 01,02) a 0;-P-
space. Then the projection wy : (X XY, p1,p2) — (Y, 01,02) is (i, j)-closed where p;
is a product topology.

Proof. The proof is similar with the proof of the Proposition 3.3 and thus we omit
the details. 1
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We proceed this result to the arbitrary product spaces and we have the following
proposition.

Proposition 4.5. Let {(X4, 7, 78) :a € A,a # B} be a collection of (Tf‘,rﬁ)—
Lindelof space and (Xg, Tf}, 7'2[3) a TjB-P—space. Then the projection mg : (HaeA Xa,
p1,p2) — (Xg, 715,7'26) is (i,7)-closed where p; is a product topology.

Proof. Let U be a p;-closed set in [, .o Xo and let yo ¢ 75 (U). Following the proof
of Proposition 3.4, [[,ca axzs Xa X {0} s (pi, pj)-Lindeldf relative to [ ], o Xo and

hence there exists a countable p;-open subfamily {HaEAﬂ;ﬁB Vin X Wan o 1n € N}
such that

HoeeA,a;«éﬁ Xa X {yO} g U (HQEA7(N¢B ng X ngxyo)

neN
— U (H Vzn)> X (U WCC",?J()) .
(nEN *€A.af neN
Set W = (] Wan y, and since X is a Tjﬁ—P—Space7 W is a Tjﬂ—open neighbourhood
neN
of yo such that W Nng (U) = . Thus 7 (U) is Tjﬁ—closed set in Xg. This implies
that g is (4, j)-closed. 1

5. Product of s-Lindelof spaces

Definition 5.1. A cover U of a bitopological space (X, 71, T2) is called T T2-0pen if
U C 1 Umy [18]. If, in addition, U contains at least one nonempty member of 11
and at least one nonempty member of o, it is called p-open [8].

Definition 5.2. A bitopological space (X, T1,72) is called s-compact [3] (resp. s-
Lindeldf [9]) if every Tima-open cover of X has a finite (resp. countable) subcover.

Theorem 5.1. Let (X, 11, 72) and (Y, 01,02) are s-compact spaces. Then (X x Y, p1, p2)

is s-compact where p; is a product topology.

Proof. The proof is similar with the previous Theorems 3.1 and 4.1. 1
The product is still invariant if we take a finite collection of s-compact spaces as

stated in the following corollary. The result will then follow by induction.

Corollary 5.1. Let {(Xk, Tf,TQk) k=1,... n} be a collection of s-compact spaces.
Then (TTi—; Xk, p1,p2) is s-compact where p; is a product topology.

The product of any two s-Lindelof spaces also need not be s-Lindeléf as the
following counter-example shows.

Example 5.1. Let 7, and 7, denotes the usual topology and Sorgenfrey topology
on R respectively. Then the bitopological space (R, 7,,7s) is s-Lindel6f. However
(R X R, 7y X Ty, Ts X Ts)

is not s-Lindeldf, for it follows immediately from the observation that any (75 X 75)-
open cover of (R X R, 7y, X Ty, Ts X Ts) 18 (T4 X 7o) (75 X 75 )-open and the topological
space (R x R, 7, x 75) is not Lindelof (see [17]).
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Theorem 5.2. Let (X, 71,72) be an s-Lindelof space and (Y, 01,02) an s-compact
space. Then (X XY, p1,p2) is s-Lindelof where p; is a product topology.

Proof. The proof is straightforward thus we omit the details. 1

The above result is still hold if we take an s-Lindelof space and a collection of
finite s-compact spaces as stated in the following corollary.

Corollary 5.2. Let (X,,, 71", 74") be an s-Lindeldf space and
{(Xp, 8, 75) ik =1,...n,k #m,m < n}

a collection of s-compact spaces. Then ([],_, Xk, p1,p2) is s-Lindelof where p; is a
product topology.

Proof. Tt follows immediately by the fact that the product of topological space is
commutative, associative in the Corollary 5.1. 1

Definition 5.3. Let U = {U,:a € A} be a Ti7m2-0pen cover of a bitopological
space (X,71,72). Then X is said to be s-P-space if for each x € X there exists
a countable subfamily {Uy q, 1@ € X} where x € Uy, for all n € N such that

{ N Uz :xGX} C 7 Umy.
neN

Proposition 5.1. Let (X, 71, 72) be an s-Lindeldf space s-P-space and (Y, 01,02) an
s-Lindeldf space. Then (X XY, p1,p2) is s-Lindeldf where p; is a product topology.

Proof. Let U = {U, : a € A} be a p1pz-open cover of X x Y. Then U C p1 U pa.
We may restrict our attention to a cover ¥V x W of X x Y with V ={V,,: a € A}
and W = {W,, : @« € A} are 1y79-open cover and oj0g-open cover of X and Y re-
spectively where V x W is contained in U, since any subcover of this cover will lead
immediately to a subcover chosen from the original cover ¢. Hence ¥V C 71 U, and
W C 01 Uos. Now for each z € X, let Y, = {} x Y which is homeomorphic to ¥
and hence Y, is s-Lindel6f with respect to the inducted bitopology from (p1, p2). So
Y, is s-Lindelof relative to X x Y and since {V, : @ € A} x {W,, : a € A} also covers
Y., there must exist a countable p;pe-open subcover {{Vy o} X {Wa,a,} : k € N}
of Y, by sets which have a nonempty intersection with Y. Letting H, = () Vi a4,
keN
we see that H, contains z and hence {H,:z € X} C 7 U7y since X is s-P-
space. The above countable p;pa-open subcover {{V; o, } X {Wy.a,}: k € N} ac-
tually covers H, x Y. Now the family {H, : 2 € X} is a 7y72-open cover of X.
Since X is s-Lindeldf, there exists a countable subcover {H,, : n € N}. But then
{{{Van.an} X {Wa, ar} : k € N} : n € N} covers X xY. Since {{{Va, o} X {Wa,.an}
:k € N} :n €N} is a countable p;ps-open subcover, we have that X X Y is s-
Lindelof. 1

Lemma 5.1. Let (X, 11, 72) and (Y, 01,02) are s-P-spaces. Then (X XY, p1,p2) is
s-P-space where p; is a product topology.

Proof. Let U = {Uy :a€ A}, ¥V ={V,:a € A} and W = {W, : a € A} are pyps-
open cover of X X Y, mym-open cover of X and ojos-open cover of Y respec-

tively. For each (z,y) € X x Y, let {U(myy),% in € N} be a countable subfam-
ily of U containing (x,y). We may restrict our attention to a countable subfamily
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{Va,an X Wy o, : 1 € N} of U containing (x,y) where {V, o, : n € N} is a countable

subfamily of V containing =, § () Vi, : € X} C 1 Uty and {W,, 4, : n € N}
neN

is a countable subfamily of W containing v, { N Wya, 1Y€ Y} C 01 U 09, since
neN
any countable subfamily of this form will lead immediately to a countable subfamily

chosen from the original cover Y. Since

{ m (Vx,an X Wy,an) : (x,y) € X x Y}

neN

(- () o]

z{ﬂVz,a":xEX}X{ﬂWy,a”:yEY},

neN neN
and
{ﬂVLan :xeX} CrUmn
neN
and
{ﬂ Wy.an :yEY} C o1 Uog,
neN
then
{ m (Vx,an X Wy,ocn) : (J?,y) € X x Y} € p1Ups.
neN
Therefore X x Y is s-P-space. 1

Corollary 5.3. Let {(Xk, TF, TQk) k=1,... ,n} be a collection of s-P-spaces. Then
(ITh—y Xk, p1, p2) is s-P-space where p; is a product topology.

Proof. Tt follows by induction of k. 1

The result of Proposition 5.1 can also be extended to a collection of finite s-
Lindel6f s- P-space and an s-Lindelof space as follows.

Corollary 5.4. Let {(Xk771]“,72’“) k=1,...n,k#£#m,m < n} be a collection of s-
Lindelof s-P-spaces and (X, (", 75") an s-Lindelof space. Then ([1,_; Xk, p1, p2)
is s-Lindelof where p; is a product topology.

Proof. Tt follows by induction of £ and Corollary 5.3. 1

6. Product of p-Lindel6f spaces

Definition 6.1. A bitopological space (X, T1,72) is called p-compact [8] (resp. p-
Lindeldf [9]) if every p-open cover of X has a finite (resp. countable) subcover.

Theorem 6.1. Let (X, 71, 72) and (Y, 01,02) are p-compact spaces. Then (X X Y, p1, p2)
is p-compact where p; is a product topology.
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Proof. The proof is similar with the Proposition 5.1. 1

The product is still invariant if we take a finite collection of p-compact spaces
thus we state the following corollary.

Corollary 6.1. Let {(Xk7 T, 7'2’“) k=1,... n} be a collection of p-compact spaces.
Then (ITi—; Xk, p1, p2) is p-compact where p; is a product topology.

Fora and Hdeib [9] stated that every s-Lindel6f space is Lindelof and p-Lindel6f.
In the same paper, see Example 2.34, Fora and Hdeib showed that the product of
any two p-Lindelof spaces need not be p-Lindelof. But the product of a p-Lindelof
space and p-compact space is always p-Lindelof.

Theorem 6.2. Let (X, 7,72) be a p-Lindelof space and (Y,01,02) a p-compact
space. Then (X XY, p1,p2) is p-Lindelof where p; is a product topology.

Proof. The proof follows on using the Theorem 6.1. 1

The above result still holds if we take a p-Lindelof space and a collection of finite
p-compact spaces as in the following corollary.

Corollary 6.2. Let (X,,, 7", 73") be a p-Lindeldf space and
{(Xk77—1k77-2k) k= 17"‘n7k 7é m,m S TL}

a collection of p-compact spaces. Then ([1,_, Xk, p1,p2) is p-Lindeldf where p; is a
product topology.

Proof. Tt follows immediately by the fact that the topological product is commuta-
tive, associative and the Corollary 6.1. 1

Definition 6.2. Let U = {U, : a« € A} be a p-open cover of a bitopological space
(X,71,72). Then X is said to be p-P-space if for each x € X and any countable
subfamily {Uy o, : ® € X} of U where xz € Uy o, for alln € N satisfying the condition

N Usa, :x € X} C 71 U Ty, the following hold:

neN
{ﬂUm7a7l:x€X}ﬂTl#® and {ﬂUx,anZCCGX}ﬂTQ#Q).

neN neN

Proposition 6.1. Let (X, 71, 72) be a p-Lindelof space p-P-space and (Y,01,02) a
p-Lindeldf space. Then (X XY, p1,p2) is p-Lindeldf where p; is a product topology.

Proof. Let U = {U, : « € A} be a p-open cover of X x Y. Then U C p1 Upa, UNpy
contains a nonempty set and U N po contains a nonempty set. We may restrict our
attention to a cover VxW of X xY with V ={V, :a € At and W ={W, : a € A}
are p-open covers of X and Y respectively where V x W is contained in ¢. Hence
YV C 11 Uy, VN7 contains a nonempty set and ¥V N 7o contains a nonempty set,
and W C g1 Uoo, WN oy contains a nonempty set and YWN oo contains a nonempty
set. Now for each z € X, let Y, = {z} x Y which is homeomorphic to ¥ and
hence Y, is p-Lindelof with respect to the inducted bitopology from (pi, p2). So Y,
is p-Lindelof relative to X x Y and since {V,, : « € A} x {W, : « € A} also covers
Y., there must exists a countable p-open subcover {{V; o, } X {Wg.a,} : n € N} of
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Y, by sets which have a nonempty intersection with Y,. Letting H, = () Vi.a.,
neN
we see that H, contains  and hence {H,:z € X} C U, {H,:z€ X} Nmn

contains a nonempty set and {H, : x € X} N 75 contains a nonempty set since X
is p-P-space. The above countable p-open subcover {{V;.a,} X {Wy.a,}: n € N}
actually covers H, x Y. Now the family {H,:z € X} is a p-open cover of X.
Since X is p-Lindel 6f, there exists a countable subcover {H,  :m € N}. But then
{{{Vam . 0nt X {Wa,,.an} 11 € N} : m € N} covers X x Y. Since

{{{me,an} X {me,an} ne N} tm e N}
is a countable p-open subcover, we have that X x Y is p-Lindelof. |

Lemma 6.1. Let (X,71,72) and (Y,01,02) be p-P-spaces. Then (X XY, p1,p2) is
p-P-space where p; is a product topology.

Proof. Let U = {Uy : € A}, YV ={V, : € A} and W = {W,, : a € A} be p-open
cover of X XY, X and Y respectively. For each (x,y) € X XY, let {U(I’y)’an in € N}
be a countable subfamily of U containing (x,y). We may restrict our attention to a
countable subfamily {V o, X Wy, 4, : n € N} of U containing (x,y) where {V o, : 1

€ N} is a countable subfamily of V containing x, thus { N Ve, : T € X} C M Ums,
neN

and { N Vaa, 1T € X}ﬁﬁ contains a nonempty set, similarly, { N Ve, :x€ X}
neN neN
N7e contains a nonempty set; and {W, ., : n € N} is a countable subfamily of W

containing y, thus { N Wya, 1Y E Y} Col U 02,{ N Wya, 1y € Y} N oy con-
neN neN

tains a nonempty set, and { N Wya, 1Y E Y} Nos contains a nonempty set. Since
neN

{ m (Vz,an X Wy,an> : (:v,y) € X x Y}

neN
{ﬂ Vi, :xEX} X {ﬂ Wy :er}
neN neN

and { N Vaa, 12 € X} C 1UTry and { N Wya, 1y € Y} C 01Uoy satisfying the
neN neN

conditions stated above, then we have ¢ (| (Vaan X Wy.a,) @ (2,y) € X X Y} -
neN

p1 U pa, { N Vaan X Wya,): (x,y) € X X Y} N p1 contains also a nonempty set
neN

and thus { N Vaan X Wya,): (x,y) € X X Y} contains a nonempty set. There-
fore X x Ynigl\;)-P—space. 1
Corollary 6.3. Let {(Xk, T, 7'2’“) k=1,... ,n} be a collection of p-P-spaces. Then
(ITi—y Xk, p1, p2) is p-P-space where p; is a product topology.
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Proof. The proof follows easily by using the induction on k. 1

The result in the Proposition 6.1 can be extended to a collection of a finite p-
Lindel6f p-P-space and a p-Lindelof space as we state in the following corollary.

Corollary 6.4. Let {(Xk,le,TQk) k=1,...n,k£m,m < n} be a collection of p-
Lindeldf p-P-spaces and (X, 7", 75") a p-Lindeldf space. Then ([Tp_, Xk, p1,p2)
is p-Lindelof where p; is a product topology.

Proof. 1t follows by induction on k and using the Corollary 6.3. 1

The converse of corresponding theorems, propositions and corollaries above are
also true as we state in the following theorem.

Theorem 6.3. Suppose that {(Xa, 7, 75) : o € A} be a collection of nonempty
bitopological spaces. If (HaeA Xa, pl,pg) is pi-Lindelof (resp. Lindeldf, s-Lindeldf,
p-Lindeldf, (pi, pj)-Lindeldf, B-Lindeldf, p;-compact, compact, s-compact, p-compact,
(pi, pj)-compact or B-compact), then each X, is 7{*-Lindeldf (resp. Lindeldf, s-
Lindelof, p-Lindelof, (T-a, TJ‘-I)—Lz'ndel()'f, B-Lindelof, 7¥-compact, compact, s-compact,

1 1
p-compact, (Tf‘,Tf‘)—compact or B-compact) where p; is a product topology.

Proof. Since each projection map 7, : [[,cn Xa — X4 is continuous open surjec-
tion, the theorem is clearly proved. 1
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