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Abstract. Computer or communication networks are so designed that they do
not easily get disrupted under external attack and, moreover, these are easily re-
constructed when they do get disrupted. These desirable properties of networks
can be measured by various parameters such as connectivity, toughness, tenac-
ity and rupture degree. Among these parameters, tenacity and rupture degree
are comparatively better parameters to measure the vulnerability of networks.
In this paper, the authors give the exact values for the tenacity and rupture
degree of permutation graphs of complete bipartite graphs.
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1. Introduction

Throughout this paper, a graph G = (V, E) always means a simple connected graph
with vertex set V' and edge set E. We use Bondy and Murty [1] for terminology
and notations not defined here. A set S C V(G) is a cut set of G, if either G — S is
disconnected or G — S has only one vertex.

Measures of the vulnerability of graphs are currently of growing interest among
graph theorists and network designers. Among vulnerability parameters, much have
been done recently on the toughness, binding number of different classes of graphs
since these parameters are more sensitive to the structure of the graph than is the
connectivity of the graph. In [4], Guichard et al. given the integrity, toughness, and
binding number for permutation graphs of complete and complete bipartite graphs.

In the following two definitions, m(G — S), and w(G — S), respectively, denotes
the order of the largest component and number of components in G — S.
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The tenacity of a graph G, T'(G), which is defined by Cozzens in [3], is defined as

|S] 4+ m(G - S5)

1(@) i {5416

: S CV(G) is a vertex cut set of G} .
The rupture degree of a noncomplete graph G, r(G), introduced by Li, Zhang and
Li in [7], is defined as

r(G) = max{w(G — S) — |S| —m(G = S) : S CV(G) is a vertex cut set of G}.

In particular, the tenacity and rupture degree of a complete graph K,, is defined
to be n and 1 — n respectively.

Clearly, of all the above parameters, tenacity and rupture degree are compar-
atively appropriate for measuring the vulnerability of networks. Similarly to the
relation between the toughness and scattering number, the rupture degree and
tenacity also differ in showing the vulnerability of networks. This can be shown
as follows. Consider the graphs G; and G5 in Figure 1, It is not difficult to
check that T(G1) = T(G2) = 1/2, but r(G1) = 3 and r(G2) = 4. Clearly
r(G1) # r(G2). On the other hand, we consider graphs Gs = K1+ (K, _,—1UE;) and
G4 = K2 + (Kn_b_g U Eb+1)7 it is obvious that T(Gg) = ’I"(G4), but T(Gg) 7£ T(G4)
unless n = 2b + 1, where b is a positive integer. Hence rupture degree is a better
parameter for distinguishing the vulnerability of these two graphs G; and Gs, but
the tenacity is a better parameter for distinguishing the vulnerability of these two
graphs G3 and G4.

Figure 1. Graphs G; and Ga.

It is easy to see that the higher the tenacity (the less the rupture degree) of a
network the more stable it is considered to be.

In [2], the authors introduced permutation graphs and proceeded to characterize
those which are planar.

For a graph G with n vertices labelled 1,2,--- ,n, n > 4, and a permutation
a € S, the symetric group on the n symbols {1,2,--- ,n}, the a-permutation graph
of G, P,(Q) consists of two disjoint copies of G, G, and G, along with the n edges
obtained by join z; in G with y,) in Gy, i =1,2,--- ,n.
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It is well known that permutation graphs have high connectivity properties, as is
shown in [9] and [10]. As special graphs, some vulnerability parameters of permu-
tation graphs of complete bipartite graphs have been determined in [4]. In [6], we
give the following decision problem.

Problem. Not r-rupture
Instance: An incomplete connected graph G, and an integer 7.

Question: Does there exist an X C V(G) with w(G—X) > 2 such that w(G—X) >
| X|+m(G—X)+7r?

And by this decision problem, we proved that computing the rupture degree of
a graph is NP-hard in general and so is the problem of determining the tenacity of
a graph [8], so it is an interesting problem to determine these two parameters for
some special graphs.

In this paper, formulas for computing the rupture degree and tenacity for permu-
tation graphs of complete bipartite graphs are determined.

2. Tenacity and rupture degree of the permutation graphs of complete
bipartite graphs

In this section, we fix our attention on permutation graph of complete bipartite
graph, Py(Kp, ). Assume that m < n and that M and N are the sets of the
partitions of size m and n respectively. Furthermore, assume that the vertices of M
are labelled 1,2, --- ,m and that vertices of N are labelled m+1,m+2,--- ,m+n.
For the permutation graph P, (K, ), let M, and M, denote the partitions of the
first copy of Ky, n, IV, and N, denote the partitions of the second copy of K, ,
and let ¢ denote the number of vertices in M, that are joined by permutation edges
to vertices in M,. It is well known that the connectivity, toughness, integrity and
the binding number of P, (K, ) can be expressed in terms of the parameters m, n,
and/or ¢ as follows.

Theorem 2.1. [4] For o in Sp4n, and m <n

X 2 2
2m qu<n+m

t(Pa (Km n)) = {m-i—n—q n2+3m
) JF . +
mm o f g > aim

Theorem 2.2. [4] For @ in Sy4n, and m <n

2m+1 if m=n and g € {0,m}
2m + 2 otherwise.

I(Pa(Km,n)) = {

Theorem 2.3. [2] For « in Syqn, and m <n

n+q . nm
q Zf q < 2m~+n—1 R
_ 2m—+2n—1 . nm m*“+3mn—2m
b(PO‘(Km’")) - m+2n—1 Zf 2n+m—1 < q< An+2m—2
3m+n—2q Zf m> +3mn—2m
n+m 4n+2m—2 = q.

Theorem 2.4. [9] For a in Spyyn, and m <n, £(Py(Kpn) =m+ 1.
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In the following, we determine the rupture degree and tenacity of the permutation
graph of complete bipartite graphs in terms of the parameters m, n and/or q.

In the proofs of the remaining theorems we will use the following definitions and
observations. Let M/ be the set of vertices in M, that are joined by permutation
edges to vertices in M, and let M, be these vertices in M,. So |[M,| = |[M}| = g. Let
My = My — M, and M,/ = M, — M, and thus |M,| = |M,/| = m — q. Now the ver-
tices in M) are adjacent to vertices in IV, by permutation edges, we call this vertex
set N,'. Similarly define N;' to be the set of vertices in N, adjacent to the vertices
in M” by permutation edges. Thus |[N;/| = [N,/| = m —q. Finally let N; = N, — N}/
and N’ N, — N, so [N;| = |[N,;| = n —m + q. Note that since 0 < ¢ < m,
some of these sets may be empty. Let K = {M,, M;, M, M/, N,, N;/, N;, N}.
The relationship among these sets in K is shown in Figure 2.

Figure 2. Relationship among the sets in K.

Remark 2.1. It is easy to see that, when m = n = 1, whether ¢ = 1 or ¢ = 0, the
two graphs are isomorphic. So under this condition, we assume that ¢ = 0.

To prove our main result we first give a lemma.

Lemma 2.1. For « in Syin and m < n, there exists a vertex cut set S of graph
Py (K ) with
IS+ m(Pa(Kmn) — 5)
W(Py(Kpn)—S)
such that for all Z in K, if ZN S is not empty, then Z C S.

T(Pa(Km,n)) =

Proof. By the symmetry of the permutation graph of complete bipartite graph, we
do the case when Z = M. Let S’ be the minimum vertex cut set of Py (K, ,) with
|S'] + m(Po(Kpmn) —S')

T(Po(Komn)) = W(Po(Kpn) — 8"
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and let A, = "N M, and B, = M, — A,. We let A, be the neighborhood of A,
in My, and B, be the neighborhood of B, in M. Suppose that A, and B, are
both nonempty, i.e., m > 2. We first note that T = M, U M, is a vertex cut set of
P, (K n). So by the definition of tenacity, we have

2m + 2

T(Pa(Kmn)) < mAn—gq

s =

The proof proceeds in four cases.

Case 1. If N, and N, are both contained in S’, let T'= S’ — A,, then |T| =|5’| —
|Az|y W(Pa(Kmn) = T) 2 w(Pa(Kmn) —8"), m(Pa(Kmn) —T) < m(Pa(Km,n) —
S’) + 1. So,
(7] m(Pa(Kip) = T) _ 18+ m(Pa(K) = ) — (1Ael 1)
w(Pa(Kmn) = T) B W(Pa(Kmn) —5")
< ST m(Pa(Kmn) = 5')
w(Po(Kmn) —5")

Thus,
1T+ m(Po(Kmn) —T) _ 1S"| + m(Po(Kmn) —S')
W(Po(Kmn) —T) W(Po(Kmn) — 8"

which contradicts the minimality of S’.

Case 2. If N, is contained in S’ but N, is not contained in S’, then let z; be an
element of A, and 50 yq(;) is in A,. Let T'= 5" —{x;}, then |T'| = S| = 1. If yo() is
not contained in S’, then w( Py (Kym.n)—T) = w(Po(Kpn)—S5"), m(Po(Kmn)—T) <
m(Po(Kmn) —S") + 1. So,

7| + m(Pa(Kmn) - T) < 17| + m(Pa(Km,n) -5
W(Po(Kmn) —T) - W(Po(Kmn) — S

Thus,
|T'| + m(Pa(Km-,n) —T) o |S/| + m(Pa(Km,n) — S/)
W(Po(Kmpn) —T) N W(Poy(Kpm) =S
but 7" has one less vertex than that of S, a contradiction. If y, ;) is contained in S,
then w(Py(Kmpn)—T) = w(Pa(Kmn) —S)+1, m(Pa(Kpmpn)—T) = m(Po(Kmn) —
S’). So,
T+ m(Po(Kmn) —T) _ |8 =14+ m(Pa(Kmn) —5') < 5" + m(Po(Kmn) — 5')
W(Po(Kmn) —T) B W(Py(Kmn)—S5") +1 W(Py(Kpm) =S

again a contradiction.

Case 3. If N, is not contained in S’ but N, is contained in S’, then let z; be in
Az and 50 Yo is in Ay, If Yo is in ', let T = 8" — {x;}, then [T] = [S"] — 1,
W(Pa(Kmn) —T) = w(Py(Kimn) —S5"), M(Po(Kmpn) —T) = m(Po(Kmn) —S")+ 1.
So,
|T| + m(Pa(Kmm) - T) - |S/| + m(Pa(Km,n) - Sl)
W(Po(Kmn) —T) - W(Po(Kmn) —S")
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but 7" has one less vertex than that of S, a contradiction. Hence A, N S’ is empty.
Now let x; be in B, then y,(; is contained in By. If y,(; is in S, then let T' =
S — {ya(i)} U {*Tz} Thus, |T| = |S/|, W(Poe(Km,n) - T) > W(Pa(Km,n) - Sl) + 1,
M(Po(Kmn) —T) < m(Py(Kppn) —S’) — 1. So,
T| + m(Po(Kmn) —T) < 1" + m(Po(Km,n) —5")
W(Po(Kmn) —T) W(Poy(Kmm)—S")

a contradiction. So B, NS is empty. Thus M, NS is empty. Let T'= S"U By, then
T| = |8+ | Bz, w(Pa(Kmn) = T) > w(Pa(Kmn) = S) +|Bzl, m(Po(Kmn) —T) <
M(Po(Kmn) —S") — |Bg|- So
IT| +m(Pa(Kmn) —T) < 15"+ m(Pa(Kmn) —S') < 15" + m(Pa(Kmn) — S')

W(Pa(Emn) =T)  ~ w(Pa(Kmpn) —S5") + Byl w(Po(Kmn) =5

this contradicts the definition of tenacity.

Case 4. If N, and N, are not contained in S’, then consider M,. If M, is contained
in 8, let T' = S"UB,, then |T| = |S'|+|Bz|, w(Pa(Kmpn) —T) > w(Po(Kmn)—95'),
M(Po(Kmn) —T) <m(Py(Kpmn) —S") — |Bsl. So,
T+ m(Po(Kmn) —T) < 1" + m(Pa(Kmn) — S')
W(Pa(Km,n) - T) a W(Pa(K'm,n) - S/)
Thus T is a vertex cut set with
|T'| + m(Pa(Km,n) —T) . |S/| + m(Pa(Km,n) — S/)
W(Py(Kmn)—T) w(Pa(Kmn)—5")
and M, C T. If M, is not contained in S’, then it is easy to see that all of the
vertices in N, — S’ are in the same component since B, is nonempty, and all of the
vertices in N, — S’ are in the same component since M, NS" is nonempty. Thus
P, (K n)— S’ has exactly two components, one in each copy of K, ,,. If neither z;
NOT Yq(s) is not in S” then S’ is not a cut set. Thus at least one of z; and y, ;) is in S’
forall i =1,2,--- ,n+m. Thus we know that |S’| > n+m, w(Pa(Kmn)—95') = 2.
Let C be the component of P, (K, ) — S’ containing B,, then
|S/| + m(Pa(Km n) — S/)
T(Py(Kpn)) = :
(Po(Km.n)) (P (Fom) — 57
ST+ V(O
T wW(Pa(Kmpn) — S
> |SI| + ‘B:r‘ + |Nx — S/|
W(Po(K ) —S")
S n+m-+2 S n+m-+2 S 2m + 2

- 2 “m4+n—q m+n—q
On the other hand, by the previous remark we know that
2m +2
T(P, (K, <
(Pall)) <
Hence, in this case
2m+ 2

T(Po(Kmn)) = min—q
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Let T'= M, U M,. Then T is a vertex cut set with

rietinn) = E e 52

and M is contained in T.
From above we know that the lemma is true if Z = M. The above proof works
for the other cases of Z € K. The details are omitted. 1

By the above lemma we can obtain the tenacity of the permutation graph of
complete bipartite graph.
Theorem 2.5. For a in Sy,4n and m < n.
(1) If 1=m=mn, T(Py(Kmnn)) =3/2.
(2) If 1=m<mn, when ¢ =0, T(Po(Km,n)) =4/(n+1) when g =1,

n+2 -
s jf2<n<3
T(Pa(Kmm)) = Z—H .
= if n>3.
(3) If 2<m<mn,
when q = 0,
2m-+1 - _
ifm=n
T(Pa(Kmm)) = { 27?.,;:_712 .
e if m<n,

n 3m+n+3
n+m+1 ’Lf m Z m2+n +m-—-n

{ 2m—+2 ’Lf m < m2+n2+m7n
3m+n+3 ’

n+m

when 1 <qg<m-—1,

2m+f Zf q < m2+2n+n2

_ m-+n—gq 3m+n+4

Proof. By Lemma 2.1 we know that the vertex set satisfying the condition must be
the union of the elements of K. It is easy to find 55 vertex cut sets of this type. But
most of these sets are trivial, all but 4 of these sets may be discarded as giving too
larger values for (|S| + m(Pa(Km.n) —5))/(W(Pa(Kmn) — 5)). The remaining sets
are S1 = M, U Ml'/’, Sy = M, UM,, S3 =M, UN,, Sy =M, U Né, and the values
for (|S| + m(Pa(Kmn) —S5))/(w(Pa(Kmn) —S)) given by these sets are

m—+2n+q
v = —————,
m—-—q+1
2m+2
Vg = ————,
n+m-—gq
m+n+2 m+n+1
vg=——— if g#m or vy=——""— if g=m,
qg+n g+n
3m+n—q
Vg =

n—m-+q+1’
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We distinguish three cases.

Case 1. When m =n =1, it is easy to see that
(a) if ¢ =0, T(Py(Kp,n)) = min{vy, -+ ,v4} = v = 3/2,
(b) if g =1, T(Py(Kim,n)) =min{oy, -+ ,v4} = v4 = 3/2.
So under this condition T(Py(Km.n)) = 3/2.

Case 2. When 1 =m <n.
Subcase 2.1 If ¢ = 0, then T (P (K,n)) = min{vy,--- ,v4} = vy =4/(n+1).

Subcase 2.2 If ¢ = 1, then

(a) when 2 <n <3, T(Py(Km,n)) =min{vy, -+, 04} =v4s = (n+2)/(n+ 1),
(b) when n > 3, T(Po(Kpm,n)) = min{vy, -+ ,v4} = ve = 4/n.

Case 3. When 2 < m < n,

Subcase 3.1 if ¢ = 0,

(a) whenm = n, T(Py (K, n)) = min{vy, -+ ,04} =ve = (m+n+1)/(m+n),
(b) whenm < n, T(Py(Kpm,n)) = min{vy, -+, 04} = vo = (m+n+2)/(m+n).

Subcase 3.2 If 1 < ¢ < m, for fixed m and n, when ¢ increases, the following
occur. The value vy increases, so the minimum value of vy is (m +2n+1)/m. vy
decreases, so the minimum value of vy is (2m +n)/(n + 1). When ¢ # m increases,
The value vs decreases, so the maximum value of vs is (m+n+2)/(n+1). It is
easy to check that the minimum value of vy is larger than the maximum value of
v, and the minimum value of vy is larger than the maximum value of v3. And it
is also easily checked that when ¢ = m, the minimum value of v, is larger than the
value of v3 = (m+n+1)/(¢+n). So S; and Sy should be discarded. Now the
value of vz decreases as ¢ increases, and the intersection point for v and vz occurs
where ¢ = (m? + 2n + n?)(3m +n +4), when v3 = (m +n +2)/(qg + n) and where
qg = (m*+n* +m—n)/(3m+n+3), when v = (m+mn+1)/(q+n). Thus the
theorem holds. 1

The following theorem gives us the rupture degree of permutation graph of com-
plete bipartite graphs. Note that T = M, U M, is a vertex cut set of P, (K, ), SO
by the definition of the rupture degree we have

r(Pa(Kmn)) > w(Pa(Kpn) —T) = |T| = m(Pa(Kpmn) —T) >n—m—q—2.
In order to prove this theorem we first introduce a lemma.

Lemma 2.2. For  in Sp,4n and m < n, there exists o vertex cut set S of Po (K n)
with

T(Po(Km,n)) = w(Pa(Kmn) = S) = [S] = m(Pa(Km,n) — S)
such that for all Z in K, if ZN S is not empty, then Z C S.
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Proof. By the symmetry of the permutation graph of complete bipartite graph, We
do the case when Z = M. Let S’ be the minimum vertex cut set of Py (K,y,,,) with

T(Pa(Km,n)) = W(Pa(Km,n) - Sl) - |Sl| = m(Po(Kmn) — S/)a

and let A, = S’ N M, and B, = M, — A,. Suppose that A, and B, are both
nonempty, i.e., m > 2. We distinguish four cases.

Case 1. If N, and N, are both contained in S, let T = S" — A, then |T| = |S'| —
|Ax|7 W(Pa(Km,n) - T) > W(Pa(Km,n) - S/)7 m(Poz(Km,n) - T) < m(Pa(Km,7L) -
S’) + 1. So,

o(Kmn) —T) = |T| = m(Po(Kmn) —T)

w(P,
> w(Po(Kmn) — S") =8| - m(Po(Kmn) — S") 4+ Az =1
> w(Po(Kmn) — S") =8| - m(Po(Km,n) — s'),

a contradiction to the minimality of S”.

Case 2. If N, is contained in S’ but N, is not contained in S’, let T = 5" — A,
then |T| = |S"| — |Az], w(Pa(Kmn) = T) > w(Pa(Kmn) —S"), m(Po(Kmn) —T) <
M(Po(Kmn) —S") +|Az|- So,

W( Lo (Kpn)=T) =T |=m(Po(Kpn)—T) > W(Pa(Km,n)*S/*‘S/|*m(P0z(Km,n)*S/)v

which contradicts the minimality of S’.

Case 3. If N, is not contained in S’ but N, is contained in S’, then M; NS’ is
empty, the proof is similar to that of Case 3 in Lemma 2.1. Let T' = S’ U B,. Thus
|T| = [+ |Bal, w(Pa(Kmn) —T) > w(Pa(Kmn) = 5") +|Bzl, m(Po(Kmn) —T) <
Mm(Po(Kmn) —S") — |Bgl|- So,

W(Po(Kppn) = T) = |[T] = m(Po(Kmn) = T)

> w(Po(Kmn) — S') — ‘S,| = m(Po(Km,n) — S') + | Be|

> W(Py(Kpmpn) —S") = 15| = m(Pa(Kpmn) — 5),

which contradicts the definition of rupture degree.

Case 4. If neither IV, nor N, is contained in S’ then consider M,. If M, is contained
in 8, let T'= S"UB,, then |T| = |5’|+|Bz|, w(Pa(Kmn) —T) > w(Po(Kmn)—95'),
M(Po(Kmn) —T) <m(Py(Kypn) —5") — |Bsl. So,

w(Pa(Kmp) = T) = [T| = m(Po(Km,n) —T)

> W(Po(Kmpn) —S") = 15| = m(Pa(Kpmn) — 5).
Thus T is a vertex cut set with w(Po(Kmpn) —T) — |T| — m(Py(Kpmn) — T) =
W(Pa(Kimm) —S8") = |S"| —m(Po(Kmpn)—S"), and M., C T. If M, is not contained in
S’, then it is easy to see that all of the vertices in N, — S’ are in the same component
since B, is nonempty, and all of the vertices in N, — S’ are in the same component

since M, NS’ is nonempty. Thus P, (K, »)— S’ has exactly two components, one in
each copy of K,, . If neither z; nor y,(;) is not in S, then S” is not a cut set. Thus
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at least one of x; and yq(;) is in S’ for all i = 1,2,--- ,n +m. Thus we know that
ISl > n+m, w(Pa(Kpmyn) —5") =2. Let C be the component of Py (K, ) — S
containing B,, then

T(Po(Kmn)) = w(Po(Kmn) — S') — 18" - m(Po(Kmn) — S
S W(Po(Kmn) —S8") =8| = V(O]
< W(Po(Kmpn) — /)_‘S/‘_|BI|_|NI_S/|
<2—-n—-m-2<n—-m-—q—2.

On the other hand, by the previous remark we know that r(Py(Ky,n)) > n—m—
g — 2. Hence, in this case 7(Po(Kpmpn)) =n—m—q— 2. Let T = M, U M,. Then
T is a cut set with r(Po(Kmn)) = w(Pa(Kmpn) —T) — |T| — m(Pa(Km,n) —T) and
M, CT.

From above we know that the lemma is true if Z = M. The above proof works
for the other cases of Z € K. The details are omitted. 1

Theorem 2.6. For a in Sy,4, and m < n.

() If m=n=1,r(Py(Kmnn)) =-1.
(2) If 1=m<mn, when g=0, 7(Py(Kpmn)) =n—3. When ¢ =1,

-1  if2<n<3

7(Po(Kmn)) = {n —4 ifn>3.

-1 ifn—m<2,

{nm? ifn—m2>2

n—2m-—2 ifq < n-l

when 1 < qg<m—1,

r(Pa(Km,n))z{n_m_q_2 e <3

q—m —2 if ¢ > 3.

Proof. By Lemma 2.2 we know that the vertex set satisfying the condition must be
the union of the elements of K. It is easy to find 55 vertex cut sets of this type.
But most of these sets are trivial, all but 5 of these sets may be discarded as giv-
ing too less values for w(Py (K pn) —S) — |S| = m(Po(Km,n) — S). The remaining
sets are S1 = M, U M,, So = M, U N, S3:M;ELJMyUNg’U,S4:M95UN1’/7
S5 = M, UM, UN, and the values for w( o (Kmn) —8) = |S| = m(Pa(Kmn) —S)
glvenbythebesets arev; =n—m-—q—2,va=q—m—2if ¢ #m or vy = —1 if
q=m,v3 =—2q—1,v4 = —4dm+2q+1, v5 = —2m+1. So we distinguish three cases.
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Case 1. When m = n = 1, it is easy to see that r( Py (K, )) = max{vi, va, -+ ,v5} =
Vs = —1.

Case 2. When 1 =m < n,

Subcase 2.1 If ¢ = 0, it is easy to see that 7(Py (K, n)) = max{vy,ve, -+ ,V5} =
vy =n—3.

Subcase 2.2 If ¢ = 1, it is easy to see that

(a) when n =2, then r(Py(Kpm,n)) = max{vi,ve, -+ ,v5} = v5 = —1,
(b) when n > 2, then 7(Py (K, ,n)) = max{vy,ve, -+ , 05} =v1 =n —4.

Case 3. When 2 <m < n,

Subcase 3.1 If ¢ = 0, it is easy to see that
(a) when n —m > 2, then 7(Po(Km,n)) = max{vy,va, -+, 05} = v =n—m
—2
(b) when n —m < 2, then r(Py (K n)) = max{vy,va, -+ ,v5} = v3 = —1.

Subcase 3.2 If ¢ = m, then, when ¢ < (n—1)/2, max{vy, vy, - ,u5} = v1 =
n—2m — 2; when ¢ > (n —1)/2, max{vy,va, -+ ,u5} = vy = —1.

Subcase 3.3 If 1 < ¢ < m—1, under this condition, for fixed m and n, when ¢ < n/2,
then max{vy,va, -+ ,v5} = v1 = n—m—q—2; when ¢ > n/2, max{vy,va, - ,v5} =
vy = g —m — 2. The proof is thus completed. |

3. Conclusion

The rupture degree and tenacity of a graph, to some extent, represents a trade-off
between the amount of work done to damage the network and how badly the net-
work is damaged. Hence, the rupture degree and tenacity can be used to measure
the vulnerability of networks. So clearly, it is of prime importance to determine this
parameter for a graph. In this paper, we have obtained the exact values for the
rupture degree and tenacity of permutation graphs of complete bipartite graphs. To
make further progress in this direction, one could try to characterize the graphs with
given rupture degree or tenacity.

Acknowledgement. This work was supported by the NSFC (No.10871226), PC-
SIRT and the 973 program. The authors are thankful to the anonymous referees for
their useful comments, which led to this improved version.

References

[1] J. A. Bondy and U. S. R. Murty, Graph Theory with Applications, American Elsevier Pub-
lishing Co., Inc., New York, 1976.

[2] G. Chartrand and F. Harary, Planar permutation graphs, Ann. Inst. H. Poincaré Sect. B
(N.S.) 3 (1967), 433-438.



434

3]

[4

[5]
[6]

F.Li, Q. Yeand X. Li

M. Cozzens, D. Moazzami and S. Stueckle, The tenacity of a graph, in Graph Theory, Combi-
natorics, and Algorithms, Vol. 1, 2 (Kalamazoo, MI, 1992), 1111-1122, Wiley-Intersci. Publ.
Wiley, New York.

D. Guichard, B. Piazza and S. Stueckle, On the vulnerability of permutation graphs of complete
and complete bipartite graphs, Ars Combin. 31 (1991), 149-157.

A. Kirlangic, The rupture degree and gear graphs, Bull. Malays. Math. Sci. Soc. (2) 32 (2009),
no. 1, 31-36.

F. W. Li and X. L. Li, Computing the rupture degrees of graphs, Proc. Tth international
symposium on parallel architectures, algorithms and networks, IEEE computer society, Los
Alamitos, California, 2004, 368-373.

Y. Li, S. Zhang and X. Li, Rupture degree of graphs, Int. J. Comput. Math. 82 (2005), no. 7,
793-803.

D. E. Mann, The Tenacity of Trees, Ph.D. Thesis, Northeastern University, 1993.

B. L. Piazza, Connectivity and Hamiltonian Properties of Permutation Graphs, ProQuest
LLC, Ann Arbor, MI, 1985.

B. L. Piazza and S. Stueckle, On the cut frequency vector of permutation graphs, Congr.
Numer. 49 (1985), 143-145.



