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Abstract. An ideal I in a ring R is called a lifting ideal if idempotents can
be lifted modulo every left ideal contained in I. In this paper we extend this
notion to the context of associative pairs and characterize when the Jacobson
radical of an associative pair is a lifting ideal.
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1. Introduction

Let A = (AT, A7) be a pair of modules over an associative commutative unital ring
K and ()°:
()T A7x A7 x A7 — A°
(#7,y77,27) = (27y 727)7
for o € {+,—}, two K-trilinear mappings called triple products. A is called an
associative K-pair, if the identities

are satisfied for 27,27,v7 € A, y 7,4~ € A7?, and o € {+,—}. From now on,
for the sake of simplicity, we will use { ) instead of { )? if no confusion can arise.
The classical example of an associative pair is (M q(R), Mgxp(R)), where R is an
associative K-algebra and p, ¢ are natural numbers.

A K-submodule 17 of A% is called a right ideal (resp. left ideal) of A” if
(ITA=7A%) C I7 (resp. (A°A~71%) C I7). A right ideal of A is a couple (I*,I7),
where I7 is a right ideal of A% for all 0 € {+,—}. Similarly, we can define left
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ideal of A, while I is said to be a two-sided ideal of A, if I? is both a right ideal
and a left ideal. An ideal of A is a couple (I, ™) of two-sided ideals which satisfy
(A°I°A%) C I for all o € {+, —}. The definitions of homomorphisms of associative
pairs, the multiplication operators can be found in [3, 4].

An element (e*,e”) € A is said to be an idempotent if ¢ = (e“e~7¢?) for all
o € {+,—}. An element 27 € A7 is said to be von Neumann regular if there exists
y~ 7 € A% such that 27 = (27y~727).

For an associative K-pair A = (AT, A7), Loos proved that there exists a uni-
tal associative K-algebra Uy, the standard embedding of A, with two orthogonal
idempotents ey, es satisfying 1 = e; + ez, and such that

(1.1) (AT, A7) ~ (el pes, eslh pey).

We are going to sketch the construction of such a K-algebra. Let Lll(f) be the
subalgebra of Endy (A1) x Endy (A™)°P generated by (Id, Id) and the set {zTz~ =
(L(z*,27),R(zT,27))|z° € A7} and let Z/IQ(EA) be the subalgebra of Endg(A™) x
End (A1) generated by (Id, Id) and the set {z~a+ = (L(z~,z"), R(x~,a™))|z" €
A%}, where L(x?,277)(y7) = (2~ 7y7),

R(z%,27%)(y~7) = (y 722~ 7) for any y” € A% and o € {+,—}. For the sake of

simplicity, we write U;; instead of U »(iA) for i € {1,2}. Then AT is a U;1-Uso-bimodule

for the actions (ztz7)at = (ztz"a™), aT(z72") = (atz~2™). Similarly, A~ is a
Usa-Uy1-bimodule for the actions (z7zT)a™ = (7 ata™), a” (zT27) = (a”atz™).
Let Uio = AT, Usy = A™, then Uy U1 DU BUoo is a unital associative K-algebra
endowed with the product

< a zt >( 5 gyt )_ < ad +zTy~ ay++x+fy)
= p Yo 0+ PBy Tyt + By
for all o, 6 € Uy1, B, v € Usg, a7, y° € A°.

It is easy to see that

1 0 0 O
612( %11 O) and 822(0 1, )
22

are two orthogonal idempotents verifying 13, = e; + e and hence (1.1) holds.

For an associative pair (AT, A7), we can define the concept of Jacobson radical
of A in the following way. An element (z%,27) € A is called quasi-invertible
if 1 — 2t is invertible in the associative K-algebra K1 @ A:_, where A;’_ is the
associative K-algebra x~-homotope of A* with product at - b" = (aT2~bT). Thus
(x*,x7) is quasi-invertible if and only if there exists 2T € AT such that 27 4+ 21 =
(xtz=2%) = (zTz~a1). An element 27 € A is called properly quasi-invertible if
for each 277 € A9, (x+,27) is quasi-invertible. Finally, Rad’ A coincides with the
set of all properly quasi-invertible elements of A7, for all 0 € {+,—}. We define
the Jacobson radical of A, denoted by Rad A, to be Rad A = (Rad* A, Rad™ A).
Cuenca Mira et al. [1] proved that Rad A is an ideal of A.

In 1977, Nicholson [8] developed the concept of suitable rings in which idempotents
can be lifted modulo every left (right) ideal and are shown to coincide with the
exchange rings of Warfield [9]. Let I = (I*,17) be a left ideal of an associative
pair A. Following [2] we say that idempotents can be lifted modulo I, if for any
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(zT,27) € A such that 27 — (z°2792°) € I9 for all ¢ € {+, -}, there exists an
idempotent (e*,e™) € A such that e” — 27 € I? for all 0 € {+, —}. Let I? be a left
ideal of A?, we say that von Neumann regular elements can be lifted modulo I, if
for any 27 € A and a=? € A~? such that 7 — (za~%x7) € I?, there exists a von
Neumann regular element u” € A? such that v — x? € I°.

Following [2] an associative pair A = (AT, A7) is called left idempotent-li fting if
idempotents can be lifted modulo any left ideal of A. For any o € {+, —} we say that
A is left regular-lifting if von Neumann regular elements can be lifted modulo
any left ideal of A”. It was shown in [2, Theorem 2] that these two definitions are
equivalent. In [3] the same authors studied semiperfect pairs, that is, those in which
idempotents can be lifted modulo Rad A as well as A/Rad A are artinian, and it
was shown that every artinian pair is semiperfect.

The notion of lifting ideal of a ring was introduced by Khurana and Lam [6]. An
ideal I of a ring R is called a li fting ideal if idempotents can be lifted modulo every
left ideal contained in I. In this paper, we focus on the property of Rad A being a
lifting ideal. And we investigate the interplay of a pair and its standard embedding
with regard to the property of Rad A being a lifting ideal.

2. Main results

Firstly, we have a basic property on the Jacobson radical of A%, o € {+, —}, that is
a direct consequence of the relation between the radical of the pair and the radical
of its standard embedding U/, that is rad U = rad Uy ® radt A S rad~ A ® rad Uss,
see [1].

Proposition 2.1. Let A= (AT, A7) be an associative pair with
Rad A = (Rad™ A, Rad™ A).

For any x+ € RadtA, x= € A™, we have x72~ € Rad U11 and x~z7 € Rad Uss.
Something similar happens for any two elements t= € Rad— A, x+ € At
Lemma 2.1. Let A = (AT, A7) be an associative pair and o € {+,—}. For every
x? € A%, 277 € A77, the following statements are equivalent:

(1) There exists a von Neumann regular element u® € A% such that

u® — 2% € Uy (27 — (2727 %27)).
(2) There exist a von Neumann regular element u® € A and an element 5 € U;;
such that u® € Uy;z° and

(Id—u27%) = B(Id — 2°2~7) € Rad U,;.

(3) There exists a von Neumann regular element u € A% such that u” € U;;x®
and
Id—u’z™% € Uy(Id — z727 7).
Proof. The proof is a particular case of [2, Proposition 1], so we omit it here. |
Proposition 2.2. For an associative pair A with Rad A = (Rad™ A, Rad~A) and
o € {+,—}, the following are equivalent:

(1) von Neumann reqular elements can be lifted modulo every left ideal contained
in Rad®A.
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(2) Fvery xz° € A° and x~° € A7 such that ©° — (72~ %2°) € Rad’ A satisfy
the following equivalent conditions:
(a) There exists a von Neumann regular element u” € A% such that

u? —x7 € Uy (27 — (2727 %27)).
(b) There exist a von Neumann regular element u® € A° and an element
B € Uy; such that u® € U;;x° and
(Id—u’z7%) — B(Id — 2°277) € Rad Uy;.
(¢) There exists a von Neumann regular element u® € A° such that u® €
U;;x° and
Id—u’z7% e Uy(Id — x%277).
Proof. (1) = (2)(a) Let 27 € A% and 27 € A~? be such that 7 — (z727727) €
Rad? A. Since Uy (z7 — (72~ 727)) C Rad’ A is a left ideal of A%, there exists a von
Neumann regular element u” € A% such that u” — 27 € U;; (27 — (72~ 727)).
Conversely, let L be a left ideal of A” contained in Rad® A and 7 — (72~ 727) €
L C Rad’A. There exists a von Neumann regular element u” € A% such that

u? — 27 € Uy(27 — (272~ %27)) C L by assumption, as desired.
(2)(a), (2)(b) and (2)(c) are equivalent by Lemma 2.1. 1

Proposition 2.3. Let A be an associative pair with Rad A = (Rad™ A, Rad™ A).
The following are equivalent:

(1) Idempotents can be lifted modulo each left ideal contained in Rad A.

(2) For every (x%,27) € A such that x° — (2°x~°x°) € Rad’ A, there exists an
idempotent (e*,e”) € A such that €7 — x° € Uy (2° — (z°x~%x7)) for all
oe{+,—}.

(3) von Neumann regular elements can be lifted modulo every left ideal contained
in Rad™ A.

(4) For every (x%,27) € A such that x° — (2°x~°2°) € Rad’ A, there exists an
idempotent (e*,e™) € A such that ¢? € Uyx® and Id — ez~ € Uy (Id —
x°279) for all o € {+,—}.

Proof. (1) <= (2) is similar to the proof of Proposition 2.2.
(2) = (3) Let 7 — (zTz~at) € Radt A. Since Rad A = (Rad™ A, Rad~ A) is an
ideal of A, we obtain that:

(xto~ 2ty — (ztz " axT2"2t) € Radt A,
(x7at2™) — (z"axTa"2taT) € Rad™ A,
(7t a ey —(z"atz a2z 2T 2T) € Rad™ A.
Therefore,
2t —(ztz"axtz"aT) € RadT A
and

(z-axt2™) —(z 2Tz aT2 2 2™) € Rad” A.
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For the element (z,{zx~a%Tx~)) € A, we apply (2). Then we obtain that there
exists an idempotent (e*,e™) € A such that

et —at el (at — (2t~ atza™))

CUp(zt — (T 2t + Uy (T 2t — (e 2tz a™))
=Up(zt — (T z™)) +Upatz (27 — (aT27 ™))

C Uy (zt — (T 2™)).

In view of Proposition 2.2, von Neumann regular elements can be lifted modulo
every left ideal contained in Rad™* A.

(3) = (4) Let (z7,27) € A be such that 27 — (227 727) € Rad’A for all o €
{+,-}. Then

(zta~at) — (ztz 2T 2") € Radt A
and
(xtz ate 2"y — (et ate T2 2") € Radt A.

Hence we obtain that (ztz~2) — (ztz"zTz 2Tz~ at) € Rad™ A.
Now consider the element ((zTz~a1),z7) € A. By (3), there exist a von Neu-
mann regular element u™ € A and 3 € U;; such that

ut — (@t 2t = B((ateat) — (et Tz a2 ™).
Then the proof proceeds as that of iii = iv in [2, Theorem 2].
(4) = (2) is also similar to [2, Theorem 2]. Similarly, we can prove that the equiv-

alent conditions in the last proposition also hold if we replace Rad™ A in condition
(3) with Rad™ A. |

Theorem 2.1. Let A be an associative pair with Rad A = (Rad* A, Rad~ A). The
following are equivalent:

(1) Idempotents can be lifted modulo Rad A.

(2) Idempotents can be lifted modulo each left ideal contained in Rad A.
(3) won Neumann regular elements can be lifted modulo Rad™ A.
(4)

von Neumann reqular elements can be lifted modulo each left ideal contained
in Radt A.

Proof. (2) = (1) and (3) = (4) are trivial.
(2) < (4) We apply the last proposition.
(4) = (3) Let x+ € AT,z € A~ be such that x+ — (zTx~2%) € RadT A. As von
Neumann regular elements can be lifted modulo Rad™ A by assumption, there exists a
von Neumann regular element u+ € A such that uT™—a% € Rad™ A. We may assume
that ut = (uty~ut) for some y~ € A~. We have that y~ (ut — z") € Rad Usz by
Proposition 2.1, hence Id — y~ (ut — z™) is invertible in Uss.

Let « = Id —y (ut —2T) € Upp and [T = uta =ut(Id—y (vt —2™)) =
uTy~zt e Upzt.

Note that f* =uTy uta = (fTaly=fT), hence fT is a von Neumann regular
element in AT. Since u™ — 27 € Rad™ A, we can write 7 = ut + j* for some
it € Rad™ A.
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Let
y=atrT —uty T2 = (Id—uty )tz
— =ty )t + e = (1= uty )

In view of Proposition 2.1, ¥z~ € Rad U;1. Hence v € Rad Uy, since Rad Uy, is an
ideal of U;11. Therefore, we obtain that there exist a von Neumann regular element
f+ € U1zt and (B = Id € Uy, such that

(Id— fta™) — B(Id — xt27) = v € Rad Uy.

Thus we conclude that von Neumann regular elements can be lifted modulo each
left ideal contained in Rad™A by Proposition 2.2.
(1) = (3) If 2T € AT, 2= € A~ are such that 2™ — (z2~2™) € Rad™ A, then

(zta~a™) — (ztz"aTr"2") € Rad' A,
(zaTa™) —(z 2t a2 2 2™) € Rad™ A.

Consider the element (zT,(z"z%tx~)) € A. By (1), there exists an idempotent
(et,e”) € A such that

et —zt € Radt A, e —(z72"27) € Rad™ A.

Then et is a von Neumann regular element lifting + in AT modulo Rad' A, as
desired.

Let R be a ring with unit. The set R = (R, R) can form a natural associative pair
over the center of R, denoted by C'(R). The () mappings are defined as (zyz) = z-y-z
for any z,y,z € R, where - denotes the product in R. It is straightforward to show
that Rad R = (Rad R, Rad R). i

Proposition 2.4. Let R be a ring with unit and R = (R, R). be the corresponding
associative pair defined as above. Then idempotents can be lifted modulo Rad R =
(Rad R, Rad R) if and only if idempotents can be lifted modulo Rad R.

Proof. Let * € R be such that x — 22 € Rad R. Then 2 — 2 € Rad R. Con-
sider the element (z,z) € R. Since idempotents can be lifted modulo Rad R =
(Rad R, Rad R), then idempotents can be lifted modulo each left ideal contained
in Rad R. By Proposition 2.3, we obtain that there exists an idempotent element
(et,e”) € R such that e —z = Az —23) and e~ —x = pu(z —2?) for some \, u € R.
Note that = — 23 € Rad R, thus we have

z—ete” =z — (v + Mz —2%)(x + p(x — 2%) € Rad R.

Therefore, the idempotent ete™ lifts  modulo Rad R.

Conversely, let (z+,27) € R be such that z* — (zT272%) € RadtR = Rad R.
Then zt2~ —aztz~ 272~ € Rad R. In view of [5, Theorem 2.4, Lemma 2.3(b)(iv)],
idempotents can be lifted modulo every left ideal contained in Rad R, and hence
there exists an idempotent e = e? € Rsuch that e € ReTz~ and 1—e € R(1—zTz7).

Assume that e = vzTz~ and 1 — e = w(1 — zTz~) for some v,w € R. Then
ut = eva™ is a von Neumann regular element of R* = R with ut = (uta~u™),
verifying u* € Uizt and Id — utax~™ = w(l — z727). In view of Proposition 2.2,
von Neumann regular elements can be lifted modulo every left ideal contained in
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Rad™R = Rad R. Hence idempotents can be lifted modulo Rad R by Theorem 2.1,
as desired. 1

Combined with [5, Theorem 2.4], the last two propositions have the following
pleasant consequence.

Corollary 2.1. Let R be a ring with unit and R = (R, R) be the corresponding
associative pair. The following are equivalent:

(1) Idempotents can be lifted modulo Rad R.

(2) Idempotents can be lifted modulo each left ideal contained in Rad R.

(3) Idempotents can be lifted modulo Rad R.

(4) Idempotents can be lifted modulo each left ideal contained in Rad R.

(5) von Neumann regular elements can be lifted modulo Rad R.

(6) von Neumann regular elements can be lifted modulo each left ideal contained
in Rad R.

Theorem 2.2. Let A be an associative pair with its standard embedding Ua. If
Rad Uy is a lifting ideal of Ua, then A has the same property.

1 0
e = < 1611 0 ) €Uy,
then eldge ~ Uqq.

By [8, Proposition 1.10], if U4 satisfies that idempotents can be lifted modulo
Rad U4, then idempotents also can be lifted modulo Rad U .

Let 2T € At,z~ € A~ be such that 27 — (T2~ 2") € Rad™ A. By Proposition
2.1, ztx~ —atz 2Tz~ € Rad Ui;. Since idempotents can be lifted modulo Rad U1,
by Corollary 2.1, idempotents also can be lifted modulo every left ideal contained in
Rad Uy,. In view of [5, Lemma 2.3], there exists an idempotent a = a? = o2~ €
U1zt x™ for some § € Uy such that Id — « € Uy (Id — zTz™).

Thus Bzt € U127 is a von Neumann regular element such that

Id—afBxta” =1d—a €Uy (Id—ztz7).

Proof. Let

Therefore, von Neumann regular elements can be lifted modulo every left ideal
contained in Rad™A by Proposition 2.2. In view of Proposition 2.3, we conclude
that idempotents lift in A modulo Rad A, as asserted. 1

Question. If A is a unital associative pair, does the converse of the above theorem
hold?

Let R be a ring with unit, R = (R, R) be the corresponding associative pair. One
can check that the standard embedding of R is M3 (R), the 2 x 2 matrix ring of R. If
the answer is affirmative, then we obtain that if a ring R is such that idempotent can
be lifted modulo J(R), then M3(R) has the same property. Incidentally, Nicholson
posed the same question in [7, p. 363].
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