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Abstract. Functions with fixed initial coefficient have been widely studied.
A new methodology is proposed in this paper by making appropriate modifica-
tions and improvements to the theory of second-order differential subordination.
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1. Introduction

Let ‘H denote the class of analytic functions in the unit disk D := {z € C: |z| < 1}.
For a fixed positive integer n, let H[a,n] be its subset consisting of functions p of
the form
p(2) = a+pnz" +pogr 2" 4

The familiar subclass S of H[0, 1] consists of normalized univalent functions f(z) =
z 4+ a9z® + a3z® + --- in D. It is a remarkable fact that the second coefficient
plays an important role in univalent function theory; indeed it influences growth
and distortion estimates [10] for functions in the class S. For this reason, there is
a continued interest in the investigations of how the second coefficient shaped the
geometric properties of important subclasses of functions. Works in this direction
include those of [6,7,11,12,16,17].

This paper studies further analytic functions with fixed initial coefficient. The
methodology used here will be differential subordination, applied from making ap-
propriate modifications and improvements to its existing theory. Many of the sig-
nificant works on differential subordination have been pioneered by Miller and Mo-
canu [13,14], and their monograph [15] compiled their great efforts over more than
two decades. In recent years, various authors have successfully applied the theory of
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differential subordination to address many important problems in the field. These
works include those of [1-5,8,9,18].

To state the central theme of Miller and Mocanu’s theory on differential subor-
dination, let p be an analytic function in I and ¢ (r,s,t) be a complex function
defined in a domain of C3. Consider a class of functions ¥, and two subsets Q and
A in C. Given any two quantities, the aim of the theory of second-order differential
subordination is to determine the third so that the following differential implication
is satisfied:

YpeV and {Y(p(z),2p'(2),2%p"(2)):2z€D}CcQ = pD)CA.
Let Hg[a, n| consist of analytic functions p of the form
p(2) = a+pnz" + por 2™ 4

where the coefficient p,, is a fixed constant § in C. Without loss of generality, 3 is
assumed to be a nonnegative real number.

Let 1) : C® — C be analytic in a domain D and let h be univalent in . Suppose
p € Hgla,n], (p(2), 2p'(2),2%p" () € D when z € D, and p satisfies the second-order

differential subordination

(1.1) U(p(2), 29/ (2), 2°D" (2)) < h(z).

Then p is called a (3-solution of the differential subordination. The univalent function
q is said to be a B-dominant of the differential subordination (1.1) if p < ¢ for all
p satisfying (1.1). If § is a S-dominant of (1.1) and ¢ < ¢ for all S-dominants ¢ of
(1.1), then ¢ is called the 3-best dominant of (1.1). The class of functions ¥g such
that (1.1) is satisfied for ¢ € Ug is called the class of 3-admissible functions.

Section 2 of this paper deals with the basic lemmas for functions with fixed
initial coefficient. In Section 3 a suitable class ¥y, 3(€2, ¢) of f-admissible functions
is defined and theorems analogous to those of Miller and Mocanu [15] are obtained.
These results are applied to two important particular cases corresponding to ¢(ID)
being a disk or a half-plane. Examples of differential inequalities and subordinations
are presented in Section 4. The paper concludes with interesting applications of the
newly formulated theory to the classes of normalized convex and starlike univalent
functions with fixed second coefficient.

The following extended version of Schwarz Lemma (see [11]) is required in our
investigations.

Lemma 1.1 (Extended Schwarz Lemma). Let w(z) = a1z+--- be an analytic map
of the unit disk D into itself. Then |a1| < 1, and

[2(lz] + laa])
L+ Ja[2|

[w(z)] <

Equality holds at some point z # 0 if and only if

e z(z + are’)

= - t>0.
w(z) 1+ a1e %z -

)
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2. Fundamental lemmas for functions with fixed initial coefficient

Let D, := {z € C: |z| < r}. In this section, we will prove several basic lemmas for
functions with fixed initial coefficient.

GnZ" + G124 be

Lemma 2.1. Let zg = roe'®, (ro < 1), and g(z) =
Z0, nd n>1. If

continuous in Dy, analytic in Dy, U {2} with g(z)
)

(
l9(z0)| = mhax lg(=

then ) .
29 %0) (20) =m and Re (zoglr (20) + 1) >m,
9(20) 9'(20)
where

9(20)| + lgnlr§”
Proof. The first two assertions follow from Lemma 2.2a in [15, p. 19]. It remains to
prove (2.1). Let A : D — C be defined by
9(20%2) gnZo
9(z0)2" ! 9(20)
Then h is continuous in D and analytic in D U {1}, and the maximum principle
readily gives

h(z) = =8pz+---, where s,=

1
h(z)| < max|h(z _— g(z02 1.
()] < max ()] = s maxlg(z02)] =
Since h(0) = 0, the extended Schwarz Lemma (Lemma 1.1) yields |s,| < 1, and
oen2) | _ ey < e+ IsaD)
g9(z0)z" T 1 snllz]
In particular, at the point z=r, 0 <r <1,
(2.2 Rt st (1)
9(z0) ~ | 9(z0) L+ [sn|r

Since m = z09'(20)/9(z0),
iy 9G0r) —9(20) 20

§~<g(<2503)>r_1r~1 (r=1)z g(m)iin%(lg((z;o?)lir'

Taking real parts and using (2.2), it follows that

<1 Reg 20T ) 1
1—17r
>lim (1— IS"D 1
r—1 1+ [splr ) 1—7
1 — |sy|
:n+

9(20)| = |gnlrg I

L+ sy
j9o)| ~ lglr5
l9(20)| + |gnlrg
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To state the second technical lemma, let @) be the class of functions ¢ that are
analytic and injective in D\ E(q), where

E(q) == {C €D : 1in} q(z) = oo}
and are such that ¢’(¢) # 0 for ¢ € D \ E(q).

Lemma 2.2. Let ¢ € Q with ¢(0) = a, and p € Hgla,n] with p(z) #Z a. If there
exists a point zg € D such that p(zo) € q(OD) and p({z : |z| < |20|}) C q(ID), then

(2.3) zop'(20) = mCoq'(Co)
and
zoP"(Zo)) < Coq”(Co))
(2.4) Re (1 + 7 (z0) >mRe 1+ ) )
where ¢~ (p(20)) = ¢o = €% and
4'(0)] = Blzo["

25) M 0+ Bl

Proof. Except for (2.5), the assertions here follow from Lemma 2.2d in [15, p. 24].
Thus, we shall only prove (2.5). Let g be defined by

9(2) = (p(2)), |2l < z0l.
Then g is analytic in {z : |z| < |zo|} and satisfies |g(z0)| = 1, g(0) =0, |g(z)| < 1 for
|z| < |z0| and

g®0)=p®0)=0 for k=1,2,---,n—1.

If g(2) = gn2" + gns12" 1+ -, then the relation q(g(2)) = p(2) gives g, = 8/¢'(0).
Lemma 2.1 and Lemma 2.2d in [15, p. 24] yield an m satisfying (2.3) and (2.4) where
19(20)[ = Ignllz0]"
19(20)| + |gnll20|™

m>n-+

Since |g(z0)| = 1, it follows that
L fgallzol _ 10| = Bzl
1+ [gnllzo 14" ()] + Blzo[™

Following Miller and Mocanu [15], two important functions of ¢ € @ will be con-
sidered, namely, when ¢(D) is a disk or a half-plane.

m>n+ 1

Case 1. The set ¢(D) is the disk A =Dy = {w: |w| < M}. Here the function
Mz+a
=M eDh
o(z) = ML (zeD),
with M > 0 and |a| < M, is univalent in D and satisfies ¢(D) = A, ¢(0) = a and
q€Q.

Case 2. The set ¢(D) is the half-plane A = {w : Rew > a}. Then
a— (20 —1a)z

D
1—2z (z€D),

q(z) =
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where o € R and Rea > «, is univalent in D \ {1} and satisfies ¢(D) = A, ¢(0) = a
and q € Q.
The following two lemmas are important in the above cases.

Lemma 2.3. Letp € Hgla,n], 5#0. If zo € D and

Ip(20)| = max | Ip(2)],

[2|<|20
then
200 (20) o (n+ p(z0)|* — |af® —5|p(2o)|zo|”> p(20) — af?
p(z0) [p(20) > — |al* + Blp(z0)llz0]™ ) [P(20)[* — lal?
and

zop”(20) oG0P — 1ol = BlpCo)l ol Ipz0) = P
Re( P0) 1) = ( T pGo)E = [af? +ﬂlp(ZO)IIZOI") p(z0) 2 — Jal®”

Proof. Set M = |p(zp)|. Similar to the proof of Lemma 2.2¢ in [15, p. 25], Lemma
2.2 shows there exists an m satisfying (2.5) such that

(2.6)
, ip(z0) — af? 2o’ (20) Ip(z0) — af?
= — —_ 7 1) > LI S S A N—
wop' (o) =mpGo)pe Ve —lap @ Re{ ey T 2 Mo — (el
Since
M27|a|2
(2) = M0
q'(2) ESEk

it readily follows that

p(20)|* — |al?

70 =G

Therefore (2.5) becomes

2 _ 2 _ n
PR T i Ve [
Ip(20)]% — la|?® + Blp(20)||z0|"

so that (2.6) gives the desired result. 1
Remark 2.1. If a = 0, then Lemma 2.3 reduces to Lemma 2.1.
Lemma 2.4. Letp € Hgla,n], 8#0. If z0 € D and

Rep(z0) = min Rep(z),

|z]<|z0|
then
, 1 2| Re(a — p(z0))| — Blzo™\ |p(20) — a?
wp(z0) < =3 (” 3 Re(a — p(z0)] +ﬁ|20|") Re(a — p(z0))
and

o (270 11 >0,
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Proof. If we set & = Rep(2p), then Lemma 2.2f in [15, p. 26] and Lemma 2.2 give
the existence of m satisfying (2.5) such that

m |p(z0) — al? 200" (2
(2.7) 200 (20) = —2M and Re (35(;0)0) + 1) > 0.
Now ( )
/y_ 2(Rea—a«
q(z) = ESEN
implies

q'(0) =2(Rea — a) = 2Re(a — p(20)).
Therefore (2.5) becomes

2| Re(a — p(20))| — Blzo|"
m2nt 2| Re(a — p(20))| + Blz0|™’

so that (2.7) gives the desired result. 1

3. (J-admissible functions and fundamental theorems

In this section we will prove fundamental results related to the implication
{¥(p(2),20'(2),2p"(2)) : 2 €D} C Q@ = p(D) CA

for a suitably defined class of functions.

Definition 3.1 (8-Admissibility Condition). Let Q be a domain in C, g € Q, and

B € Cwith 8 < |¢'(0)|]. The class ¥,, 3(Q2, q) consists of B-admissible functionsy :
C3 — C satisfying the following conditions:

(i) v(r, s,t) is continuous in a domain D C C3,
(ii) (¢(0),0,0) € D and v(q(0),0,0) € ©,
(iii) ¥(ro, So,to) & 2 whenever (ro, so,to) € D, ro = q(¢), so = m(q'(¢) and

() o (50,

where || = 1, ¢(¢) is finite and

[¢'(0)] -8
[¢'(0)] + 6
The class U1 3(1, q) is denoted by ¥3(9,q).

m>n-+

Note that €2 is not required to be simply-connected or has a particularly nice
boundary as we do for ¢(D). If 8 = |¢’(0)], then the concept of S-admissibility
coincides with the usual admissibility as discussed in [14], that is, ¥,, = Vo 14 (0)]-
It is also evident from the definition that

\Ijn = \Iln,|q/(0)\ g \Ijn,ﬁl g \Iln,[b g \Iln,O = \Iln+1 (0 S 52 S 51 S |ql(0)‘)

In view of the above inclusions, it is assumed throughout this sequel that 0 < § <

14'(0)]-
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Theorem 3.1. Let ¢(0) =a, ¢ € ¥, 5((2 q) with associated domain D, and 3 € C
with 0 < 3 < |¢'(0)|. Let p € ’Hg[a n]. If (p(2), 2 ( ), 2%p"(2)) € D and

(3.1) U(p(2),20'(2), 2°p"(2)) € @ (2 €D),

then p < q.

Proof. Taking into account that ¢ is univalent in D and p(0) = ¢(0) = a, it remains
to show that p(D) C ¢(D). Let, if possible, p(D) ¢ ¢(ID). Then there exists a point
zo € D for which p({z : |z| < |20]}) C ¢(D) and p({z : |2| < |20]}) ¢ ¢(D). Since

p({z : |2] < 20]}) C q(D), therefore p(zg) € dg(D) = ¢(OD). At the point zg, Lemma
2.2 shows that

p(z0) = q(¢o), 200’ (20) = moq’(20),

(i) e ()

where (o] = 1, q((p) is finite and

and

¢'(0)] — Blzo|"
m>n+ ——————.
' (0)] + Bzo0["
The function H : [0,1] — R given by

a—br"

H(r) = >0,6>0
(=2 az00>
is a decreasing function of r, and so
1¢'(0)| -8
>n—+
|¢'(0)] +ﬁ

With ro = p(20), 8o = z0p'(20) and to = 23p” (20) in part (iii) of Definition 3.1, the
condition
U(p(20), 200 (20), 259" (2)) £ ©
contradicts (3.1). Hence p(D) C ¢(D) and p < q. |
The proof of the following result is similar to Corollary 1.1 in [14, p. 160].
Corollary 3.1. Let g be univalent in D with ¢(0) = a, and ¢,(z) = q(pz), 0 < p < 1.

Let ¢ € ¥, 3(9, q,) with domain D, 0 < p < 1, where 8 € C with 0 < 8 < |¢'(0)|,
and p € Hyla,n]. If (p(=), 29/ (), 22" (2)) € D and

b(p(2), 20’ (), 2%p"(2)) € (2 € D),
then p < q.

Definition 3.2. Let 2 # C be a simply connected domain in C, ¢ € Q and 8 €
C. Let h be a conformal mapping of D onto 2. Denote by ¥, g(h,q) the class
of functions ¥ € U, 5(Q, q) = ¥, 3(h(D), q) which are analytic in their associated
domains D and satisfy 1(q(0),0,0) = h(0). We write Uy g(h,q) as ¥g(h,q).

The following theorem and corollary are immediate consequences of Theorem 3.1
and Corollary 3.1.
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Theorem 3.2. Let ¢(0) = a and ¢ € ¥,, g(h,q) with associated domain D, where
B e€C with0 < B<|¢(0)|. Let p € Hgla,n]. If (p(2), 2p'(2), 2%p"(2)) € D and

Y(p(2), 20'(2), 2°p"(2)) < h(2) (2 € D),

then p < q.

Corollary 3.2. Let h and q be univalent in D with ¢(0) = a, and let h,(z) = h(pz),
4p(2) = q(pz), for 0 < p < 1. Let ¢ € ¥, 3(hy,q,) with domain D, for 0<p<l,
where B € C with 0 < B < |¢'(0)] and let p € Hgla,n)]. If (p(2), 2p'(2),2%p"(2)) € D

and
b(p(2), 20 (2), 2P (2)) < h(z) (2 € D),
then p < q.

3.1. Two special cases

Let us next formulate the theorems above to the two important examples of ¢(ID)
being a disk and ¢(ID) being a half-plane considered earlier.

Case 1. The disk A =Dy, = {w : |w| < M}. Here the function

Mz+a
=M
a(z) M +az
where M > 0 and |a| < M, is univalent in D and satisfies ¢(D) = A, ¢(0) =
a and ¢ € Q. To describe the class of B-admissible functions in this case, set
U, s(Q,M,a) == T, 3(Q,¢q) and when Q = A, denote the class by U, g(M,a).
Comparing with Lemma 2.2e in [15, p. 25], the condition of S-admissibility becomes
P(r,s,t) € Q whenever (r,s,t) €D,
r=q(¢) = Me™,
M|M —a@e|?

(z € D),

(32) s = qu/(C) = mwez 5 and
t |M — ae'?|?
Re|-+1)>m————
e<8+ ) VR

where 6 € R and
M? —|a*> - Mp3
e+ MB
Thus, the class U,, 5(Q, M,a) consists of those functions ¢ : C* — C that are
continuous in a domain D C C?® with (a,0,0) € D and 1(a,0,0) € Q, and satisfying
the f-admissibility condition (3.2).
If @ = 0, then (3.2) simplifies to

Y(r,s,t) € Q whenever (r,s,t) € D, r = Me", s =mMe?, and
t
Re < + 1) >m
s

m>n+M_ﬁ
= M+

m>n-4+

where 6 € R and
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Equivalently, the condition is
(3.3)
Y(Me® Ke' L) ¢ Q@ whenever (Me" Ke L) e D,

K > <n+ %;g) M, and Re(Le %) > <n— MQfﬁ) K,

where # € R and n > 1.
In this particular case, Theorem 3.1 can be expressed in the following form:

Theorem 3.3. Let p € Hgla,n] with |a| < M, 0 < 8 < (M? — |a|?)/M, M > 0.

(i) Lett € U, 5(Q, M, a) with associated domain D. If (p(2), 2p'(2), 2%p"(2)) €

D and
U(p(2),20'(2), 2°D"(2)) € @ (2 €D),

then |p(z)| < M.

(ii) Lety € W, g(M,a) with associated domain D. If (p(z), zp'(2), 2%p"(2)) € D
and

[W(p(2), 20 (2), 2%p"(2))| < M (2 € D),

then |p(z)| < M.

Case 2. The half-plane A = {w : Rew > 0}. Here the function
a—+az
= D
1) =222 (zem),
where Rea > 0, is univalent in D \ {1} and satisfies ¢(D) = A, ¢(0) = a and
g€ Q. Let ¥, 35(Q,a) := ¥, 3(Q,¢) and when Q = A, denote the class by ¥,, 5(a).
Comparing with Lemma 2.2f in [15, p. 26], the condition of 3-admissibility becomes

W(r,s,t) € Q whenever (r,s,t) €D,

r=q(¢) =ip,
e () = e =il
S—mcq (C)_ 2 Rea and
t
Re<+1>>0,
s
where p € R and
2Rea —pf
> —_—_.
m*n+2Rea—|—ﬁ
Equivalently,
Ylip,o,p+iv) € @ whenever (ip,o,pu+iv) € D,
1 2Rea — B\ |a —ip|?
3.4 < _Z d
(3:4) 7= 2<n+2Rea+ﬁ> Rea '
o+ p <0,

where p, o, i, v € Rand n > 1. Thus, the class ¥,, 5(£2, a) consists of those functions
¥ : C* — C that are continuous in a domain D C C? with (a,0,0) € D and
¥(a,0,0) € Q, satisfying the S-admissibility condition (3.4).
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If a = 1, then (3.4) simplifies to
Y(ip,o,pu+iv) € Q  whenever (ip,o,u+iv) € D,
1 2 —
(35) o S —5 <TL + 2—1—2) (]. + p2), and
o+ up <0,

where p, o, u,v € R, and n > 1, a condition much easier to check.
In this particular case, Theorem 3.1 can be rephrased in the following form.

Theorem 3.4. Let p € Hgla,n] with Rea >0, 0 < 8 < 2Rea.

(i) Let v € ¥, 5(Q, a) with associated domain D. If (p(z),zp'(2),2?p"(2)) € D

and
U(p(2), 20 (2), 2P (2)) € @ (2 € D),

then Rep(z) > 0.

(ii) Let ¢ € U, g(a) with associated domain D. If (p(z),2p'(2),2%p"(z)) € D
and

Re(p(2), 2p'(2), 220" (2)) >0 (2 € D),

then Rep(z) > 0.

4. Examples

In this section, examples of differential inequalities and subordinations are presented
to obtain several interesting results. These are applications of S-admissible functions
¥ in ¥, 3(£, q), by judicious choices of ¢. For the sake of comparison, we shall look
at several examples that were considered by Miller and Mocanu in [15, pp. 36-42].

The first example involves a disk of radius M and is an application of Theorem 3.3.

Example 4.1. Let ¢(r,s,t) =7+ s+t, a =0, and Q = h(D), where

M—8\?
h(z) = 1| M=z.
(2) <<n+M+ﬂ> + ) z
To apply Theorem 3.3, we need to show that ¢ € ¥, 3(Q,M,0) for n > 1 and
B < M. The function 1 evidently satisfies the first two admissibility conditions:

is continuous in the domain D = C3, (0,0,0) € D and (0,0,0) = 0 € Q. It remains
to show the B-admissibility condition (3.3) is satisfied. Since

Y(Me? Ke L) = Me? + Ke® + L,

then
lp(Me? Ke L) = |M + K + Le™ ™|
> M + K + Re(Le™")

23
>M+K+<n_M+B)K

_ M- 3
M+<n+M+ﬁ)K
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2
M —
>M+ (n+ CANSY,
M+p

= <<n+ ]\Z\j+g> +1> M,
whenever K > (n+ (M — 8)/(M + 3))M, Re(Le=") > (n—28/(M + 3))K, 0 € R,

and n > 1. Thus, ¢ € ¥,, 5(Q, M, 0) for n > 1. Theorem 3.3 now yields the following
differential subordination result:

Let p € Hgl0,n] with 0 < 8 < M. If

Ip(2) + 2p/(2) + 22" (2)| < <<n+M_6) +1>M (z € D),

then |p(z)| < M.

Remark 4.1. If 5 = M, then Example 4.1 reduces to Example 2.4a in [15, p. 36].
Since

M—8\>
2
n“+ 1M < n+ +1| M for <M,
(n® + )M < (( ) ) 8 <
it is clear that Example 4.1 extends Example 2.4a in [15, p. 36] for functions p €
Hzl0,n].

The next example involves a function with positive real part and is an application
of Theorem 3.4.

Example 4.2. Let 9(r,s,t) =1 —7r2+55+t, a =1 and

6 —
Q{w:|w|<2+ﬁ}.

Now Theorem 3.4 is applicable provided ¢ € ¥,, 3(2,1) for n > 1 and § < 2. The
function 1 is continuous in the domain D = C3, (1,0,0) € D and (1,0,0) € Q. To
show that the G-admissibility condition (3.5) is satisfied, consider ¢ (ip, o, u + iv) =
1+ p?+50 + pu+iv. Then

[ (ip, o, p+iv)| = |1+ p* + 50 + p +iv|

> —(1+p* 450+ p)
> —(1+4p°) — 40
> —(14p%) + (n+§_ﬁ> (1+p?)

+6

(s
Ao
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whenever p € R, 0 < —(n+ (2-08)/2+18) (1 +p*)/2, 0 +pu < 0 and n > 1.
Thus, ¢ € ¥, 3(,1), and Theorem 3.4 yields the following differential inequality
result:

Let p € Hp[l,n], and 0 < B8 < 2. If

6 —
2+

Q

220" (2) + 52p/(2) — p*(2) +1] < (z € D),

=@

then Rep(z) > 0.
Remark 4.2. If § = 2, then Example 4.2 reduces to Example 2.4i in [15, p. 41].
Since

6-0

——>1 f <2
955" or <2,

Example 4.2 extends Example 2.4i in [15, p. 41].

The next two examples illustrate the sensitivity of the class of F-admissible func-
tions to the value n.

Example 4.3. Let ¢(r,s,t) =r+s+1—-7%, Q=A={w:Rew >0} and a = 1.
We first show that ¢ € ¥, 5(1) for n > (2+303)/(2+ 8) and 3 < 2. The function
is continuous in the domain D = C3, (1,0,0) € D, and Re(1,0,0) = 1 > 0 so that
¥(1,0,0) € Q. To verify the -admissibility condition (3.5) is satisfied, consider

G(ip,o,p+iv) =ip+o+1+p°.
Then

Re(ip, 0, pu+iv) = o+ 1+ p?

§1(45>u+fwl+ﬁ

2 2+
B n 2430
-0+ 5+ g

1 2+38

whenever p € R, 0 < —[n+(2—8)/(2+ B)](1 + p?)/2, and n > (2+ 38)/(2 + B).
Thus, ¥ € ¥,, 5(1) for n > (24 308)/(2+ B) and 8 < 2. Therefore, by Theorem 3.4,
the following differential inequality result is obtained:

Let p € Hp[l,n] with0< B<2andn>(2+308)/(2+3). If
Re (p(2) +2p/(2) + 1 —p*(2)) >0 (2 €D),
then Rep(z) > 0.
Remark 4.3. If 8 = 2, then
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so that Example 4.3 reduces to Example 2.4g in [15, p. 40]. For § < 2, then

2+ 358 <9
248

and Example 4.3 extends Example 2.4g in [15, p. 40].

The next example has a similar restriction.

Example 4.4. Let ¢(r,s,t) =2 —r2+3s+t, Q = A = {w : Rew > 0} and
a = 1. The function v is continuous in the domain D = C3, (1,0,0) € D, and
Re(1,0,0) = 1 > 0 so that 1(1,0,0) € Q. To show the (-admissibility condition
(3.5) is satisfied, consider

Y(ip, o, p+iv) =2+ p? + 30 + p + iv.
Then
Re ) (ip, o, p+iv) = 24 p* + 20 + (0 + p)
<2+ p*+ 20

_ 2-p 2-p
- (2-n-535) + (1-n-355)

_ 2+3ﬁ_ ﬁ_ 9
_<2+ﬂ ”>+<2+ﬂ ")p =0

whenever p € R, 0 < —(n+(2-08)/2+8)(1 +p?)/2, 0 +p < 0 and n >
(2+38)/(2+ ). Thus, ¢ € ¥, 5(1) for n > (24 35)/(2+ ) and § < 2. Therefore,
Theorem 3.4 yields the following differential inequality result:

Letpe Hp[l,n],0<B<2andn>(2+30)/(2+0). If
Re (2°p"(2) +32p'(2) —p*(2) +2) >0 (2 €D),
then Rep(z) > 0.

Remark 4.4. If 8 =2, then n > (2+30)/(2+ ) = 2 so that Example 4.4 extends
Example 2.4h in [15, p. 40].

Example 4.5. In this example, consider the class ¥ (€2, q), where ¢(z) = 1 + z,
6 <1, and
4(3 +20) }
Q=qw:|w < ——7¢.
v lol <

The function ¢(r,s,t) = 1 — r? + 3s + t is continuous in the domain D = C3,
(1,0,0) € D and ¥(1,0,0) € €. It remains to show that the S-admissibility condition
is satisfied. If we set ro = q(¢), so = m(q'(¢) and

t 1

Re (0 + 1) > mRe (Cq/(o +1> ,

50 7(¢)

where || =1and m > 2+ (1 — 3)/(1+ ), then

ro=1+¢, so=m¢, and Re(te¢)>m(m—1).
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Since 1¥(rg, s0,t0) = (3m — 2)¢ — (2 + to, it follows that
|9 (r0, 50, t0)| = [3m — 2 — { + to(|
> 3m — 2 — Re( + Re(to()
>3m—3+m(m—1)

=(m+3)(m-1)
(o 3) o)
_4(3+28)

(1+p)2"

Thus ¥(ro, So,t0) € 2, and the B-admissibility condition is satisfied, that is, ¢ €
U5 5(92, ¢). Theorem 3.1 now yields the following :

Letp € Hp[l1,2) and 0 < B < 1. If

4(3+283)

2%p" (2) + 32p(2) — p*(2) + 1| < e

(Z ED),

then
p(z) =1 <1 (zeD).

Remark 4.5. If § =1, then
43+28)
(1+ )
so that Example 4.5 extends Example 2.4k in [15, p. 42]. The assumption p € Hg[1, 2]
for g < 1 implies that
4(3 4+ 20) > 5.
(14 5)?

5. Applications in univalent function theory

This section looks at several interesting applications of the theory developed in
the earlier sections to normalized convex and starlike univalent functions with fixed
second coefficient. The results obtained here extend those given in Section 2.6 of [15,
p. 56].

Let A, be the class consisting of analytic functions f defined in D of the form
f(2) = 24 ane12™™ + apioz™™? + -+ and A := A;. The class S*(a) of starlike
functions of order o, 0 < @ < 1, consists of functions f € A satisfying the inequality

!

Re (ZJ{(S)) >a (ze€D).

Similarly, the class C(a) of convex functions of order a, 0 < « < 1, consists of
functions f € A satisfying the inequality
2f"(2)
f'(2)

Re(1+ >>a (z e D).
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When « = 0, these classes are respectively denoted by S* and C. Let A, ; denote
the class of functions f € A,, of the form

f(2) =24+ 02" Fang02" 4
with fixed coefficient a,+1 = b. We write A; ; as Ap.

Theorem 5.1. If f(z) = z+az2® +... € C, then f € S*(a) where « is the smallest
positive Toot of the equation

(5.1) 2% — a®lag| —da+2=0
in the interval [1/2,2/3].
Proof. The function g defined by
g(a) = 20% — a?|as| — 4o + 2
is continuous in [1/2,2/3]. Let b := ay. Since f € C, |b| < 1 and g satisfies

1 1 2 2
Z)=2(1= > — | =——(1 < 0.
9(2) 4( b]) >0, and g(3> 27( +6[b]) <0

Therefore there exists a root of g(a)) = 0 in [1/2,2/3]. Define the function p : D — C

by
_z2f'(z) N
(5.2) p(z) == 18 ,

where « is the smallest positive root of (5.1). Since f is a convex univalent function
in A, the function

plz)=(1—a)+bz+---
is analytic in . Thus p € Hp[1l — a, 1], and a < 2/3 < 1 readily yields
p(0)=1—a>0.
From (5.2), it follows that

£ e

so that

(5.3 L 1 =)ot L ). 20/)
where

w(r,s):r+a+r+a.

The function 4 is continuous in the domain D = (C\ {—a}) xC, (1 —«,0) € D,
and
Rey(l —,0) =1>0.
We now show that the S-admissibility condition (3.4) is satisfied. Since

Y(ip,0) =ip+a+ %_’_pz(a —ip),

it follows that
Rey(ip,0) = a+

oo
042 + p2
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cam bt (1 M B) QaPep
2 a2+ p? 2(1 — «) + |b] 11—«
2 (1—a)?+p?
2(1—a)+ b a2+ p?
Since the function h given by

=  —

h(t) = (1*)2“ t>0,
a® +t
is an increasing function of ¢ for o > 1/2, clearly
(1-a)+p" _ (1-0a)
a2+p2 T a2
Thus, it follows from (5.1) that

. 20 (1-a)
Rev(ip,0) < a — 2(1—a)+ b a2

_a2|b\f2a3+4o¢72_0
o al2l—a)+ ]

whenever p € R and
1 2Rep(0) — [b]\ |p(0) —ip|®
<—|1 0)=1-oa.
7=73 < * 2Rep(0) + |b] Rep(0) (©0) “
Thus ¢ € Up(1 — «). The hypothesis and (5.3) give
Rey(p(z),2p'(2)) >0 (z € D).
Therefore, Theorem 3.4 (ii) shows that p satisfies Rep(z) > 0, and thus f € $*(«). 1

Remark 5.1. The roots of (5.1) in [1/2,2/3] are decreasing as a function of |az],
las| € (0,1]. If |b] = |az| = 1, then (5.1) becomes

20% —a® —4a+2=(a* - 2)2a—1) = 0.

Thus o = 1/2. Therefore, Theorem 5.1 reduces to Theorem 2.6a in [15, p. 57] in
this case, and provides an improvement of the Marx-Strohhécker’s result that f € C
implies f € §*(1/2).

Theorem 5.2. If f =z +azz? + ... €C, then

Rer/ f'(2) > «a,

where « is given by

o 10 + |ag| — v/]az|? + 20]az| + 4

(5.4)

12
Proof. Let b =: ay. First note that « given by (5.4) satisfies the equation
(5.5) 6a% — (10 + |b))a+4 = 0.

If & < 1/2, then

10 + |b] — /[o]2 + 20[b] + 4 < 6

and leads to |[b| > 1, which contradicts f being convex. Similarly, if o > 2/3, then
|b| < 0 which is again a contradiction. Thus « € [1/2,2/3].
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Define the function p : D — C by
(5.6) p(z) ==V ['(z) — .
Since f € A, and f is convex univalent, the function
plz)=(1—a)+bz+---
is analytic in D. Thus p € Hp[1 — «, 1], and because o < 2/3 < 1, then
p(0)=1—a>0.
Now (5.6) yields

so that
2f"(z) . 2zp'(2) _ '
(5.7) oy T 1= o) tat 1 =v(p(2),2p'(2)),
where
¥lr,s) = risa 1

The function ¢ is continuous in the domain D = (C\ {—a}) x C, (1 — «,0) € D
and Re(1 —,0) = 1 > 0. To verify the S-admissibility condition (3.4) is satisfied,

consider
20

Y(ip,0) = m(a —ip) + 1.
Then
2a0
Rey(ip,0) = —— +1
evlipo) = a5+
—a) - )2 2
<__©@ 1_'_2(1 a) =10\ I—a)*+p 1
a? + p? 2(1 —«a) + |b| 1-«
4 1—a)?+p?
_ a A-a+p°
21 —a)+ b a2+ p?
Using (5.5) and the monotonicity of the function
(1—a)?+t
h(t) = —5———, t>0
(=" E iz,
it follows that
) do (1—a)?
R < — 1
Vir o) S —5q T T a T
(10 + |b])ar— 6a* — 4 —0
S a0+ pl]
whenever p € R and
1 2Rep(0) — [b]\ [p(0) —ipl®
<—11 0)=1-c.
7= 2( T 9Rep(0) 1ol Repl) © PO =L@

Thus ¢ € \I/b(l - Oz).
The hypothesis and (5.7) yield

Ret(p(z),2p'(2)) >0 (2 €D).
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Therefore, we conclude from Theorem 3.4(i7) that p satisfies
Rep(z) >0 (z € D).
This is equivalent to
10 + |b| — +/[b]% + 20[b| + 4
Re/ f'(z) > sl |12|+ b1+ , b=as. |

Remark 5.2. The roots of (5.4) are decreasing as a function of |ag|, 0 < |az| < 1.
If |ag] = 1, then « given by (5.4) reduces to 1/2. Therefore, Theorem 5.2 improves
Theorem 2.6a in [15, p. 57].

Theorem 5.3. If f = z +azz? + ... € S*, then
e

=2 > a,
z

where a is given by

oo 20+ laz| — /16 + |az|* + 40]az]
n 24 '

Proof. The result follows from Theorem 5.2 and the fact that the classes of convex
and starlike functions functions are related by the Alexander relation f € C if and
only if zf' € S*. 1

Remark 5.3. If |az| = 2 then «a given by (5.8) reduces to 1/2. Therefore, Theorem
5.3 improves Theorem 2.6e in [15, p. 62].

(5.8)
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