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Abstract. The notion of intuitionistic fuzzy ideals with thresholds of an or-
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1. Introduction

The concept of intuitionistic fuzzy sets was first introduced by Atanassov in 1986
[3]. Then Biswas [7] applied this concept to develop the theory of intuitionistic
fuzzy subgroups of a quasigroup. The concept of intuitionistic fuzzy ideals of a
semigroup was due to Kim and Jun [16]. Jun [12] further studied intuitionistic fuzzy
bi-ideals of ordered semigroups. Dudek et al. [11] and Davvaz et al. [8] considered
the intuitionistic fuzzy hyperquasigroups and intuitionistic fuzzy Hv-submodules,
respectively. Akram and Dudek [1] described the structure of intuitionistic fuzzy
left k-ideals of semirings and also see Dudek [10]. On the other hand, Akram and
Shum [2] considered the bifuzzy ideals of nearrings, and the intuitionistic (T, S)-fuzzy
ideals of nearrings were studied by Shum and Akram in [19].

Using the notion “belongingness (∈)” and “quasi-coincidence (q)” of a fuzzy point
with a fuzzy set introduced by Pu and Liu [17], the concept of (α, β)-fuzzy subgroups
where α, β are any two of {∈, q,∈ ∨q,∈ ∧q} with α 6=∈ ∧q was introduced by Bhakat
and Das [6] in 1992, in which the (∈,∈ ∨q)-fuzzy subgroup is an important and useful
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generalization of Rosenfeld’s fuzzy subgroup [18]. The detailed study with (∈,∈ ∨q)-
fuzzy subgroup has been considered in Bhakat [5]. As a generalization of Rosenfeld’s
fuzzy subgroup [18] and Bhakat and Das’s fuzzy subgroup [6], the fuzzy subgroups
with thresholds were studied in Yuan et al. [21]. It is now natural to investigate
similar type of generalizations of the existing fuzzy subsystems with other algebraic
structures. With this objective in mind, we first introduce the concept of intuition-
istic fuzzy ideals with thresholds (α, β) of ordered semigroups and investigate some
related properties. Then we give an embedding theorem of the set of all intuitionistic
fuzzy ideals with thresholds of order semigroups. The homomorphism between such
intuitionistic fuzzy ideals are also considered.

For notations, terminologies and applications, the reader is refereed to [3,4,9,13–
15,20].

2. Intuitionistic fuzzy sets and ordered semigroups

Let X be a non-empty set. A mapping µ : X → [0, 1] is called a fuzzy set in X. The
complement of µ, denoted by µc, is the fuzzy set in X given by µc(x) = 1−µ(x) for
all x ∈ X. For any P ⊆ X and r ∈ [0, 1], define a fuzzy set r

P
in X by r

P
(x) = r if

x ∈ P and 0 otherwise for all x ∈ X. In particular, if r = 1, then 1
P

is said to be
the characteristic function of P , and we shall use the symbol κ

P
for 1

P
.

For any fuzzy set µ in X and r ∈ [0, 1], define two sets

U(µ; r) = {x ∈ X|µ(x) > r} and L(µ; r) = {x ∈ X|µ(x) < r},
which are called an upper and lower r-strong level cut of µ, respectively.

As an important generalization of the notion of fuzzy sets, Atanassov introduced
the concept of an intuitionistic fuzzy set as follows.

Definition 2.1. [3] An intuitionistic fuzzy set A in a non-empty set X is an object
having the form

A = {(x, µ
A

(x), λ
A

(x))|x ∈ X}
where the functions µ

A
: X → [0, 1] and λ

A
: X → [0, 1] denote the degree of

membership (namely µ
A

(x)) and the degree of nonmembership (namely λ
A

(x)) of
each element x ∈ X to the set A, respectively, and 0 ≤ µ

A
(x) + λ

A
(x) ≤ 1 for all

x ∈ X.

Definition 2.2. [4, 9] Let A = {(x, µ
A

(x), λ
A

(x))|x ∈ X} and
B = {(x, µ

B
(x), λ

B
(x))|x ∈ X} be intuitionistic fuzzy sets in X and let r, t ∈ [0, 1].

Then
(1) A ⊆ B iff µ

A
(x) ≤ µ

B
(x) and λ

A
(x) ≥ λ

B
(x) for all x ∈ X,

(2) A ∩B = {(x, µ
A

(x) ∧ µ
B

(x), λ
A

(x) ∨ λ
B

(x))|x ∈ X},
(3) A ∪B = {(x, µ

A
(x) ∨ µ

B
(x), λ

A
(x) ∧ λ

B
(x))|x ∈ X},

(4) �A = {(x, µ
A

(x), µc
A

(x))|x ∈ X},
(5) ♦A = {(x, λc

A
(x), λ

A
(x))|x ∈ X},

(6) An = {(x, [µ
A

(x)]n, 1− [1− λ
A

(x)]n)|x ∈ X},
(7) nA = {(x, 1− [1− µ

A
(x)]n, [λ

A
(x)]n)|x ∈ X},

(8) Pr,t(A) = {(x, r ∨ µ
A

(x), t ∧ λ
A

(x))|x ∈ X} for r + t ≤ 1,
(9) Qr,t(A) = {(x, r ∧ µ

A
(x), t ∨ λ

A
(x))|x ∈ X} for r + t ≤ 1,

(10) Fr,t(A) = {(x, µ
A

(x) + r · π
A

(x), λ
A

(x) + t · π
A

(x))|x ∈ X} for r + t ≤ 1,
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(11) Hr,t(A) = {(x, r · µ
A

(x), λ
A

(x) + t · π
A

(x))|x ∈ X},
(12) Jr,t(A) = {(x, µ

A
(x) + r · π

A
(x), t · λ

A
(x))|x ∈ X},

where π
A

(x) = 1− µ
A

(x)− λ
A

(x).

For the sake of simplicity, we use A = (µ
A
, λ

A
) to denote the intuitionistic fuzzy

set A = {(x, µ
A

(x), λ
A

(x))|x ∈ X}. For any r, t ∈ [0, 1], denote A(r,t) = {x ∈
X|µ

A
(x) > r andλ

A
(x) < t}, which is called the (r, t)-strong level cut of A. It is

clear that A(r,t) = U(µ
A

; r) ∩ L(λ
A

; t) for all r, t ∈ [0, 1].
In the sequel, unless otherwise stated, S always denotes an ordered semigroup. A

fuzzy set µ in S is called a fuzzy ideal of S if µ(xy) ≥ µ(x)∨µ(y) and x ≤ y implies
µ(x) ≥ µ(y) for all x, y ∈ S [15].

For two intuitionistic fuzzy sets A and B in S, define the product of A and B,
denoted by A ◦B, by

A ◦B = {(x, (µ
A
◦̌µ

B
)(x), (λ

A
◦̂λ

B
)(x))|x ∈ S},

in which

(µ
A
◦̌µ

B
)(x) =

{ ∨
(y,z)∈Ax

µ
A

(y) ∧ µ
B

(z) if Ax 6= ∅,

0 otherwise.
and

(λ
A
◦̂λ

B
)(x) =

{ ∧
(y,z)∈Ax

λ
A

(y) ∨ λ
B

(z) if Ax 6= ∅,

1 otherwise.
where Ax = {(y, z) ∈ S × S|x ≤ yz}.

Proposition 2.1. Let A and B be intuitionistic fuzzy sets in S. Then so is A ◦B.

Proof. It is straightforward.

3. Fuzzy ideals with thresholds (α, β) of ordered semigroups

Definition 3.1. Let α, β ∈ [0, 1], α < β and µ be a fuzzy set in S. Then µ is called
a fuzzy ideal with thresholds (α, β) of S if it satisfies:

(i) µ(xy) ∨ α ≥ (µ(x) ∨ µ(y)) ∧ β,
(ii) if x ≤ y, then µ(x) ∨ α ≥ µ(y) ∧ β,

for all x, y ∈ S.

Note that any fuzzy ideal of S according to [15] is a fuzzy ideal with thresholds
(α, β) of S. The following example illustrates that a fuzzy ideal with thresholds
(α, β) is not necessarily a fuzzy ideal.

Example 3.1. Let S = {a, b, c} be an ordered semigroup defined by xx = x and
xy = z if x 6= y for x, y, z ∈ S with linear order a ≤ b ≤ c, and µ a fuzzy set in S
such that

µ(a) = 0.5, µ(b) = 0.6, µ(c) = 0.6.
Put 0 ≤ α < β ≤ 0.5 or 0.6 ≤ α < β ≤ 1. It can be easily seen that µ is a fuzzy
ideal with thresholds (α, β) of S, but is not a fuzzy ideal of S, since µ(bc) = µ(a) =
0.5 < 0.6 = µ(b) ∨ µ(c).
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Proposition 3.1. Let µ be any non-empty fuzzy set in S. Then µ(xy) ∨ α ≥
(µ(x) ∨ µ(y)) ∧ β for all x, y ∈ S if and only if (κ

S
◦̌µ ∪ µ◦̌κ

S
) ∩ β

S
⊆ µ ∪ α

S
.

Proof. Assume that µ(xy) ∨ α ≥ (µ(x) ∨ µ(y)) ∧ β for all x, y ∈ S. Let x ∈ S. If
Ax = ∅, then it is clear that

(3.1) 0 = ((κ
S
◦̌µ ∪ µ◦̌κ

S
) ∩ β

S
)(x) ≤ (µ ∪ α

S
)(x).

If µ(x) ≥ β, then

((κ
S
◦̌µ ∪ µ◦̌κ

S
) ∩ β

S
)(x) = (κ

S
◦̌µ ∪ µ◦̌κ

S
)(x) ∧ β ≤ β ≤ µ(x) ∨ α = (µ ∪ α

S
)(x).

Otherwise, we have

((κ
S
◦̌µ ∪ µ◦̌κ

S
) ∩ β

S
)(x)

= ((κ
S
◦̌µ)(x) ∨ (µ◦̌κ

S
)(x)) ∧ β =

 ∨
(a,b)∈Ax

µ(b)

 ∨
 ∨

(c,d)∈Ax

µ(c)

 ∧ β
≤

 ∨
(y,z)∈Ax

µ(y) ∨ µ(z)

 ∧ β =
∨

(y,z)∈Ax

(µ(y) ∨ µ(z)) ∧ β

≤
∨

(y,z)∈Ax

µ(yz) ∨ α ≤
∨

(y,z)∈Ax

µ(x) ∨ α

(since x ≤ yz, we have β > µ(x) ∨ α ≥ µ(yz) ∧ β = µ(yz))

= µ(x) ∨ α = (µ ∪ α
S
)(x).

Summarizing the above arguments, we obtain (κ
S
◦̌µ ∪ µ◦̌κ

S
) ∩ β

S
⊆ µ ∪ α

S
.

Conversely, suppose if possible, let x, y ∈ S and µ(xy) ∨ α < (µ(x) ∨ µ(y)) ∧ β.
Then

((κ
S
◦̌µ ∪ µ◦̌κ

S
) ∩ β

S
)(xy)

= ((κ
S
◦̌µ)(xy) ∨ (µ◦̌κ

S
)(xy)) ∧ β =

 ∨
(a,b)∈Axy

µ(b)

 ∨
 ∨

(c,d)∈Axy

µ(c)

 ∧ β
≥ (µ(y) ∨ µ(x)) ∧ β > µ(xy) ∨ α = (µ ∪ α

S
)(xy),

a contradiction. Therefore, µ(xy) ∨ α ≥ (µ(x) ∨ µ(y)) ∧ β.

Theorem 3.1. Let µ be any non-empty fuzzy set in S. Then µ is a fuzzy ideal with
thresholds (α, β) of S if and only if U(µ; r) (U(µ; r) 6= ∅) is an ideal of S for all
r ∈ [α, β).

Proof. It is straightforward.
As a consequence of Theorem 3.1, we have the following result.

Theorem 3.2. A non-empty set P in S is an ideal of S if and only if κ
P

is a fuzzy
ideal with thresholds (α, β) of S.

Naturally, a corresponding result should be considered when U(µ; r) is an ideal
of S for all r ∈ [1− β, 1− α).
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Theorem 3.3. Let µ be any non-empty fuzzy set in S. Then µ(xy) ∨ (1 − β) ≥
(µ(x) ∨ µ(y)) ∧ (1 − α) and x ≤ y implies µ(x) ∨ (1 − β) ≥ µ(y) ∧ (1 − α) for all
x, y ∈ S if and only if U(µ; r) (U(µ; r) 6= ∅) is an ideal of S for all r ∈ [1−β, 1−α).

Proof. The proof is analogous to that of Theorem 3.1.

4. Intuitionistic fuzzy ideals with thresholds (α, β) of ordered semigroups

Definition 4.1. An intuitionistic fuzzy set A in S is called an intuitionistic fuzzy
ideal with thresholds (α, β) of S if it satisfies:

(i) µ
A

(xy) ∨ α ≥ (µ
A

(x) ∨ µ
A

(y)) ∧ β,
(ii) λ

A
(xy) ∧ (1− α) ≤ (λ

A
(x) ∧ λ

A
(y)) ∨ (1− β),

(iii) if x ≤ y, then µ
A

(x)∨α ≥ µ
A

(y)∧ β and λ
A

(x)∧ (1−α) ≤ λ
A

(y)∨ (1− β),

for all x, y ∈ S.

We first give some characterizations of intuitionistic fuzzy ideals with thresholds
(α, β) of S. Analogous to the proof of Proposition 3.1 and Theorem 3.1, it is not
difficult to see that the following results are valid.

Theorem 4.1. An intuitionistic fuzzy set A in S is an intuitionistic fuzzy ideal with
thresholds (α, β) of S if and only if A satisfies:

(i’) (κ
S
◦̌µ

A
∪ µ

A
◦̌κ

S
) ∩ β

S
⊆ µ

A
∪ α

S
,

(ii’) λ
A
∩ (1− α)

S
⊆ (κc

S
◦̂λ

A
∩ λ

A
◦̂κc

S
) ∪ (1− β)

S
,

(iii’) if x ≤ y, then µ
A

(x)∨α ≥ µ
A

(y)∧ β and λ
A

(x)∧ (1−α) ≤ λ
A

(y)∨ (1− β),

for all x, y ∈ S.

Theorem 4.2. An intuitionistic fuzzy set A in S is an intuitionistic fuzzy ideal
with thresholds (α, β) of S if and only if A(r,t) (A(r,t) 6= ∅) is an ideal of S for all
r ∈ [α, β) and t ∈ (1− β, 1− α].

Next, let us consider the intuitionistic fuzzy ideals with thresholds induced by an
intuitionistic fuzzy ideal with thresholds (α, β) of S.

Proposition 4.1. If A is an intuitionistic fuzzy ideal with thresholds (α, β) of S,
then so are �A, ♦A, Pr,t(A) and Qr,t(A), where r, t ∈ [0, 1] and r + t ≤ 1.

Proof. It is straightforward.

Proposition 4.2. If A is an intuitionistic fuzzy ideal with thresholds (α, β) of S,
then

(1) An is an intuitionistic fuzzy ideal with thresholds (αn, βn) of S,
(2) nA is an intuitionistic fuzzy ideal with thresholds (1− (1−α)n, 1− (1−β)n)

of S.

Proof. It is straightforward.

Proposition 4.3. If A is an intuitionistic fuzzy ideal with thresholds (0, 1) of S,
then so are Fr,t(A), Hr,t(A) and Jr,t(A), where r, t ∈ [0, 1] and r + t ≤ 1.
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Proof. We only show that Fr,t(A) is an intuitionistic fuzzy ideal with thresholds
(α, β) of S. The cases for Hr,t(A) and Jr,t(A) can be similarly proved. Let x, y ∈ S.
Since A is an intuitionistic fuzzy ideal with thresholds (0, 1) of S, we have

µ
A

(xy) ≥ µ
A

(x) ∨ µ
A

(y) and λ
A

(xy) ≤ λ
A

(x) ∧ λ
A

(y),

and so
µc

A
(xy) ≤ µc

A
(x) ∧ µc

A
(y) and λc

A
(xy) ≥ λc

A
(x) ∨ λc

A
(y).

Hence

µ
A

(xy) + r · π
A

(xy) = (1− r) · µ
A

(xy) + r · λc
A

(xy)

≥ (1− r) · (µ
A

(x) ∨ µ
A

(y)) + r · (λc
A

(x) ∨ λc
A

(y))

≥ ((1− r) · µ
A

(x) + r · λc
A

(x)) ∨ ((1− r) · µ
A

(y) + r · λc
A

(y))

= (µ
A

(x) + r · π
A

(x)) ∨ (µ
A

(y) + r · π
A

(y)).

Similarly, λ
A

(xy) + t · π
A

(xy) ≤ (λ
A

(x) + t · π
A

(x)) ∧ (λ
A

(y) + t · π
A

(y)).
Now, let x ≤ y. Then

µ
A

(x) ≥ µ
A

(y) and λ
A

(x) ≤ λ
A

(y),

and so
µc

A
(x) ≤ µc

A
(y) and λc

A
(x) ≥ λc

A
(y).

Hence

µ
A

(x) + r · π
A

(x) = (1− r) · µ
A

(x) + r · λc
A

(x)

≥ (1− r) · µ
A

(y) + r · λc
A

(y)

= µ
A

(y) + r · π
A

(y).

Similarly, λ
A

(x) + t · π
A

(x) ≤ λ
A

(y) + t · π
A

(y). This completes the proof.
Note that Proposition 4.3 does not hold in general for the thresholds (α, β) as

shown in the following example.

Example 4.1. Let S be as in Example 3.1. Put α = 0.5, β = 0.6, r = 0.5 and
t = 0.5. Define an intuitionistic fuzzy set A = (µ

A
, λ

A
) in S as follows:

µ
A

(a) = 0.4, µ
A

(b) = 0.3, µ
A

(c) = 0.3; λ
A

(a) = 0.4, λ
A

(b) = 0.2, λ
A

(c) = 0.4.

Then, it is obvious that A is an intuitionistic fuzzy ideal with thresholds (0.5, 0.6)
of S. Also, we have

(µ
A

(ab) + 0.5 · π
A

(ab)) ∨ 0.5 = (µ
A

(c) + 0.5 · π
A

(c)) ∨ 0.5 = 0.45 ∨ 0.5 = 0.5,

((µ
A

(a) + 0.5 · π
A

(a)) ∨ (µ
A

(b) + 0.5 · π
A

(b))) ∧ 0.6 = (0.5 ∨ 0.55) ∧ 0.6 = 0.55,

(λ
A

(ab) + 0.5 · π
A

(ab)) ∧ (1− 0.5) = (λ
A

(c) + 0.5 · π
A

(c)) ∧ 0.5 = 0.55 ∧ 0.5 = 0.5
and

((λ
A

(a) + 0.5 · π
A

(a)) ∧ (λ
A

(b) + 0.5 · π
A

(b))) ∨ (1− 0.6) = (0.5 ∧ 0.45) ∨ 0.4 = 0.45,

these give that

(µ
A

(ab) + 0.5 · π
A

(ab)) ∨ 0.4 < ((µ
A

(a) + 0.5 · π
A

(a)) ∨ (µ
A

(b) + 0.5 · π
A

(b))) ∧ 0.6
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and

(λ
A

(ab)+0.5·π
A

(ab))∧(1−0.5) > ((λ
A

(a)+0.5·π
A

(a))∧(λ
A

(b)+0.5·π
A

(b)))∨(1−0.6).

Therefore, F0.5,0.5(A), H0.5,0.5(A) and J0.5,0.5(A) are not intuitionistic fuzzy ideals
with thresholds (0.5, 0.6) of S.

From Proposition 4.1, it is easy to verify that the following result is valid.

Theorem 4.3. An intuitionistic fuzzy set A in S is an intuitionistic fuzzy ideal with
thresholds (α, β) of S if and only if �A and ♦A are intuitionistic fuzzy ideals with
thresholds (α, β) of S.

Corollary 4.1. An intuitionistic fuzzy set A in S is an intuitionistic fuzzy ideal
with thresholds (α, β) of S if and only if µ

A
and λc

A
are fuzzy ideals with thresholds

(α, β) of S.

Corollary 4.2. A = (κ
S
, κc

S
) is an intuitionistic fuzzy ideal with thresholds (α, β)

of S.

Combining Theorem 3.3 and Corollary 4.1, we have the following result.

Theorem 4.4. A non-empty set P in S is an ideal of S if and only if A = (κ
P
, κc

P
)

is an intuitionistic fuzzy ideal with thresholds (α, β) of S.

In the sequel, we consider the structural characteristics of the set of all intuition-
istic fuzzy ideals with thresholds (α, β) of S, denoted by IFI(S).

Proposition 4.4. Let A,B ∈ IFI(S). Then so is A ◦B.

Proof. By proposition 2.1, we know that A ◦ B is an intuitionistic fuzzy set in S.
Now, let x, y ∈ S. If Axy = ∅, then so are Ax and Ay. In fact, if Ax 6= ∅, then
there exist a, b ∈ S such that x ≤ ab, and so xy ≤ aby. It follows that Axy 6= ∅, a
contradiction. Similarly, Ay = ∅. In this case, we have

α = (µ
A
◦̌µ

B
)(xy) ∨ α ≥ ((µ

A
◦̌µ

B
)(x) ∨ (µ

A
◦̌µ

B
)(y)) ∧ β = 0

and

1− α = (λ
A
◦̂λ

B
)(xy) ∧ (1− α) ≤ ((λ

A
◦̂λ

B
)(x) ∧ (λ

A
◦̂λ

B
)(y)) ∨ (1− β) = 1.

Otherwise, we have

(µ
A
◦̌µ

B
)(x) ∧ β =

 ∨
(a,b)∈Ax

µ
A

(a) ∧ µ
B

(b)

 ∧ β =
∨

(a,b)∈Ax

µ
A

(a) ∧ (µ
B

(b) ∧ β)

≤
∨

(a,b)∈Ax

µ
A

(a) ∧ (µ
B

(by) ∨ α) ≤
∨

(a,b)∈Ax

(µ
A

(a) ∧ µ
B

(by)) ∨ α

=

 ∨
(a,b)∈Ax

µ
A

(a) ∧ µ
B

(by)

 ∨ α ≤ (µ
A
◦̌µ

B
)(xy) ∨ α.

In a similar way, we may prove that (µ
A
◦̌µ

B
)(y) ∧ β ≤ (µ

A
◦̌µ

B
)(xy) ∨ α, and so

(µ
A
◦̌µ

B
)(xy) ∨ α ≥ ((µ

A
◦̌µ

B
)(x) ∨ (µ

A
◦̌µ

B
)(y)) ∧ β.
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On the other hand,

(λ
A
◦̂λ

B
)(x) ∨ (1− β) =

 ∧
(a,b)∈Ax

λ
A

(a) ∨ λ
B

(b)

 ∨ (1− β)

=
∧

(a,b)∈Ax

λ
A

(a) ∨ (λ
B

(b) ∨ (1− β))

≥
∧

(a,b)∈Ax

λ
A

(a) ∨ (λ
B

(by) ∧ (1− α))

≥
∧

(a,b)∈Ax

(λ
A

(a) ∨ λ
B

(by)) ∧ (1− α)

=

 ∧
(a,b)∈Ax

λ
A

(a) ∨ λ
B

(by)

 ∧ (1− α)

≥ (λ
A
◦̂λ

B
)(xy) ∧ (1− α).

In a similar way, we may prove that (λ
A
◦̂λ

B
)(y)∨ (1− β) ≥ (λ

A
◦̂λ

B
)(xy)∧ (1− α),

and so

(λ
A
◦̂λ

B
)(xy) ∧ (1− α) ≤ ((λ

A
◦̂λ

B
)(x) ∧ (λ

A
◦̂λ

B
)(y)) ∨ (1− β).

Now, let x ≤ y. Then Ay ⊆ Ax. If Ax = ∅, then so is Ay. Hence

α = (µ
A
◦̌µ

B
)(x) ∨ α ≥ (µ

A
◦̌µ

B
)(y) ∧ β = 0

and
1− α = (λ

A
◦̂λ

B
)(x) ∧ (1− α) ≤ (λ

A
◦̂λ

B
)(y) ∨ (1− β) = 1.

Otherwise, we have

(µ
A
◦̌µ

B
)(y) ∧ β ≤ (µ

A
◦̌µ

B
)(y) ∨ α =

 ∨
(a,b)∈Ay

µ
A

(a) ∧ µ
B

(b)

 ∨ α
≤

 ∨
(a,b)∈Ax

µ
A

(a) ∧ µ
B

(b)

 ∨ α = (µ
A
◦̌µ

B
)(x) ∨ α

and

(λ
A
◦̂λ

B
)(y) ∨ (1− β) ≥ (λ

A
◦̂λ

B
)(y) ∧ (1− α) =

 ∧
(a,b)∈Ay

λ
A

(a) ∨ λ
B

(b)

 ∧ (1− α)

≥

 ∧
(a,b)∈Ax

λ
A

(a) ∨ λ
B

(b)

 ∧ (1− α) = (λ
A
◦̂λ

B
)(x) ∧ (1− α).

This proves that A ◦B is an intuitionistic fuzzy ideal with thresholds (α, β) of S.

Note that Proposition 4.4 gives that (IFI(S), ◦) is a semigroup.
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Proposition 4.5. Let {Ai = (µ
Ai
, λ

Ai
)|i ∈ I} be a family intuitionistic fuzzy ideals

with thresholds (α, β) of S, then both
⋂
i∈I

Ai =
(⋂
i∈I

µ
Ai
,
⋃
i∈I

λ
Ai

)
and

⋃
i∈I

Ai =(⋃
i∈I

µ
Ai
,
⋂
i∈I

λ
Ai

)
are intuitionistic fuzzy ideals with thresholds (α, β) of S.

Proof. It is straightforward.

From Proposition 4.5, it is easy to verify that the following result holds.

Theorem 4.5. For an ordered semigroup S, IFI(S) equipped with intuitionistic
fuzzy set inclusion relation “ ⊆ ” constitutes a complete bounded lattice. And for
any A,B ∈ IFI(S), A ∩ B and A ∪ B are the greatest lower bound and least
upper bound of {A,B}, respectively. Its maximal element and minimal element are
(κ

S
, κc

S
) and (κc

S
, κ

S
), respectively. Moreover, it is closed under intuitionistic fuzzy

set intersection and union.

Theorem 4.6. Given any chain of ideals S0 ⊂ S1 ⊂ · · · ⊂ Sn = S of S, there exists
an intuitionistic fuzzy ideal A with thresholds (α, β) of S whose non-empty strong
level cut are precisely the members of the chain with A(β,1−β) = S0.

Proof. Let {ri|ri ∈ (α, β), i = 1, 2, · · · , n} and {ti|ti ∈ (1− β, 1−α), i = 1, 2, · · · , n}
be such that r1 > r2 > · · · > rn, t1 < t2 < · · · < tn and ri + ti ≤ 1 for all
i = 1, 2, · · · , n. Let µ

A
and λ

A
be fuzzy sets in S such that

µ
A

(x) =


r0 > β if x ∈ S0,
r1 if x ∈ S1 − S0,
· · ·
rn if x ∈ Sn − Sn−1,

λ
A

(x) =


t0 < 1− β if x ∈ S0,
t1 if x ∈ S1 − S0,
· · ·
tn if x ∈ Sn − Sn−1,

for all x ∈ S. Then it is easy to see that A = (µ
A
, λ

A
) is an intuitionistic fuzzy

set in S and

U(µ
A

; r) =


S0 if r ∈ [r1, r0),
S1 if r ∈ [r2, r1),
· · ·
Sn if r ∈ [0, rn),

L(λ
A

; t) =


S0 if t ∈ (t0, t1],
S1 if t ∈ (t1, t2],
· · ·
Sn if t ∈ (tn, 1].

Hence, for any r ∈ [0, r0) and t ∈ (t0, 1], there exist i, j ∈ {1, 2, · · ·, n} such that
r ∈ [ri, ri−1) and t ∈ (tj , tj+1]. Without loss of generality, we may assume that i ≤ j,
then U(µ

A
; r) = Si−1, L(λ

A
; t) = Sj and Ar,t = U(µ

A
; r) ∩ L(λ

A
; t) = Si−1 ∩ Sj =

Si−1. Thus, our assumption and Theorem 4.2 give that A is an intuitionistic fuzzy
ideal with thresholds (α, β) of S whose non-empty strong level cut are precisely the
members of the chain. Clearly, A(β,1−β) = S0.
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5. Embedding of (IFI(S), ◦)

In this section, we investigate the embedding problem of (IFI(S), ◦). Denote
by IC(S) the set {(f, g)|f : X → {0, 1}, g : X → {0, 1}} where (f, g)(x, y) =
(f(x), g(y)) for all (f, g) ∈ IC(S) and x, y ∈ S, and IC(S)J the set {(f, g)|(f, g) :
J×J → IC(S)} where J = [0, 1) and (f, g)(r, t) = (f(r), g(t)) for all (f, g) ∈ IC(S)J

and r, t ∈ J .

Definition 5.1. Define the mapping R : IFI(S)→ IC(S)J by

R(A) = (Rµ
A
,Rλ

A
) ∀A ∈ IFI(S),

where

Rµ
A

(r)(x) =
{

0 if µ
A

(x) ≤ r,
1 otherwise.

and

Rλ
A

(t)(x) =
{

0 if λ
A

(x) ≥ t,
1 otherwise.

for all r, t ∈ J and x ∈ S.

Lemma 5.1. The mapping R is injective.

Proof. Assume that R(A) = R(B). Let x ∈ S. Since

R(A)(µ
B

(x), λ
B

(x))(x, x) = R(B)(µ
B

(x), λ
B

(x))(x, x) = (0, 0),

the definition of R gives that µ
A

(x) ≤ µ
B

(x) and λ
A

(x) ≥ λ
B

(x). Similarly, we have
µ

B
(x) ≤ µ

A
(x) and λ

B
(x) ≥ λ

A
(x). Hence A = (µ

A
, λ

A
) = (µ

B
, λ

B
) = B.

Lemma 5.2. Let G = {(f, g) ∈ IC(S)J |∀r, t ∈ J, f(r) = ∪{f(p)|p > r} and g(t) =
∩{g(q)|q < t}} satisfy:

(1) 0 ≤ ∧{r|f(r)(x) = 0}+ ∨{t|g(t)(x) = 0} ≤ 1 for all x ∈ S,
(2) both {x|f(r)(x) = 1} and {y|g(t)(y) = 1} are ideals of S for all r ∈ [α, β)

and t ∈ (1− β, 1− α].
Then Im(R) = G.

Proof. Suppose that (f, g) = R(A) for some A ∈ IFI(S). Then we obtain:

(a) f(r) = ∪{f(p)|p > r} and g(t) = ∩{g(q)|q < t}. The verification is as fol-
lows. Let r, t ∈ J and x, y ∈ S. Then (f, g)(r, t)(x, y) = R(A)(r, t)(x, y) = (0, 0) if
and only if µ

A
(x) ≤ r and λ

A
(y) ≥ t. However, µ

A
(x) ≤ r and λ

A
(y) ≥ t if and

only if µ
A

(x) ≤ p and λ
A

(y) ≥ q for all p > r and q < t, respectively. Therefore,
(f, g)(r, t)(x, y) = (0, 0) if and only if (f, g)(p, q)(x, y) = (0, 0) for all p > r and q < t.
Thus f(r)(x) = ∨{f(p)(x)|p > r} and g(s)(y) = ∧{g(q)(y)|q < t}. Since these equa-
tions hold for all x, y ∈ S, we have f(r) = ∪{f(p)|p > r} and g(t) = ∩{g(q)|q < t}.

(b) 0 ≤ ∧{r|f(r)(x) = 0} + ∨{t|g(t)(x) = 0} ≤ 1 for all x ∈ S. The verification is
as follows. Let r, t ∈ J . Then (f, g)(r, t)(x, x) = (0, 0) if and only if µ

A
(x) ≤ r and

λ
A

(x) ≥ t, and so µ
A

(x) = ∧{r|f(r)(x) = 0} and λ
A

(x) = ∨{t|g(t)(x) = 0} for all
x ∈ S. Hence 0 ≤ ∧{r|f(r)(x) = 0}+ ∨{t|g(t)(x) = 0} ≤ 1 for all x ∈ S.
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(c) Both {x|f(r)(x) = 1} and {y|g(t)(y) = 1} are ideals of S for all r ∈ [α, β)
and t ∈ (1 − β, 1 − α]. The verification is as follows. Let r, t ∈ J and x, y ∈ S.
Then (f, g)(r, t)(x, y) = (1, 1) if and only if µ

A
(x) > r and λ

A
(y) < t, and so

U(µ
A

; r) = {x|f(r)(x) = 1} and L(λ
A

; t) = {y|g(t)(y) = 1}. Hence, by Theorem
4.2, both {x|f(r)(x) = 1} and {y|g(t)(y) = 1} are ideals of S for all r ∈ [α, β) and
t ∈ (1− β, 1− α].

Summing up the above arguments, R(A) = (f, g) ∈ G.
Conversely, for any (f, g) ∈ G, define fuzzy sets µ

A
and λ

A
in S as follows:

µ
A

(x) = ∧{r ∈ J |f(r)(x) = 0} and λ
A

(x) = ∨{t ∈ J |g(t)(x) = 0}
for all x ∈ S. Then we have:

(a’) By the definitions of µ
A

and λ
A

, it is clear that 0 ≤ µ
A

(x) + λ
A

(x) ≤ 1 for all
x ∈ S.

(b’) U(µ
A

; p) = {x|f(p)(x) = 1} and L(λ
A

; q) = {x|g(q)(x) = 1} for all p, q ∈ J . The
verification is as follows. Let y ∈ U(µ

A
; p). Then µ

A
(y) = ∧{r ∈ J |f(r)(y) = 0} > p,

this implies that f(p)(y) 6= 0 and so f(p)(y) = 1. Hence y ∈ {x|f(p)(x) = 1}, that
is, U(µ

A
; p) ⊆ {x|f(p)(x) = 1}. Conversely, let y ∈ {x|f(p)(x) = 1}. Then for any

r ≤ p, f(r)(y) = (∪{f(s)|s > r})(y) = ∨{f(s)(y)|s > r} = 1, hence f(r)(y) = 0
implies that r > p. Thus µ

A
(y) = ∧{r ∈ J |f(r)(y) = 0} ≥ p. In addition, if

µ
A

(y) = ∧{r ∈ J |f(r)(y) = 0} = p, then ∧{r ∈ J |f(r)(y) = 0} < p + ε for any
ε > 0 and so s < p + ε for some s ∈ J with f(s)(y) = 0. Thus 0 = f(s)(y) ≥
f(p+ ε)(x), that is, f(p+ ε)(x) = 0, it follows that f(p)(y) = 0 since ε is arbitrary,
a contradiction. Hence µ

A
(y) = ∧{r ∈ J |f(r)(y) = 0} > p and so y ∈ U(µ

A
; p),

that is, {x|f(p)(x) = 1} ⊆ U(µ
A

; p). Therefore, U(µ
A

; p) = {x|f(p)(x) = 1} for all
p ∈ J . Similarly, we may prove that L(λA; q) = {x|g(q)(x) = 1} for all q ∈ J .

Therefore, by the assumption and Theorem 4.2, A = (µ
A
, λ

A
) is an intuitionistic

fuzzy ideal of S, that is, A ∈ IFI(S).

(c’) R(A) = (f, g). The verification is as follows. Since for any r, s ∈ J and x, y ∈ S,
the following statements are equivalent:

(1) Rµ
A

(r)(x) = 0 (resp. RλA
(t)(y) = 0).

(2) µ
A

(x) ≤ r (resp. λ
A

(y) ≥ t).
(3) ∀ p > r (resp. q < t), µ

A
(x) ≤ p (resp. λ

A
(y) ≥ q).

(4) ∀ p > r (resp. q < t), f(p)(x) = 0 (resp. g(q)(y) = 0).
(5) f(r)(x) = (∪{f(p)|p > r})(x) = 0 (resp. g(t)(y) = (∩{g(q)|q < t})(y) =

0.
Define a binary operation ? on IC(S)J as follows: ∀(f1, g1), (f2, g2) ∈ IC(S)J and

∀r, t ∈ J
((f1, g1) ? (f2, g2))(r, t) = (f1(r)◦̌f2(r), g1(t)◦̂g2(t)).

Lemma 5.3. For any A,B ∈ IFI(S), R(A ◦B) = R(A) ?R(B).

Proof. The desired result follows from the fact that for any A,B ∈ IFI(S), r, t ∈ J
and x, y ∈ S, the following statements are equivalent:

(1) Rµ
A
◦̌µ

B
(r)(x) = 1 (resp. Rλ

A
◦̂λ

B
(t)(y) = 1).
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(2) (µ
A
◦̌µ

B
)(x) > r (resp. (λ

A
◦̂λ

B
)(y) < t).

(3) ∨{µ
A

(x1) ∧ µ
B

(x2)|(x1, x2) ∈ Ax} > r (resp. ∧{λ
A

(y1) ∨ λ
B

(y2)|(y1, y2) ∈
Ay} < t).

(4) There exists (x1, x2) ∈ Ax (resp. (y1, y2) ∈ Ay) such that µ
A

(x1) > r and
µ

B
(x2) > r (resp. λ

A
(y1) < t and λ

B
(y2) < t).

(5) There exists (x1, x2) ∈ Ax (resp. (y1, y2) ∈ Ay) such that RµA
(r)(x1) = 1

and Rµ
B

(r)(x2) = 1 (resp. Rλ
A

(t)(y1) = 1 and Rλ
B

(t)(y2) = 1).
(6) ∨{Rµ

A
(r)(x1) ∧ Rµ

B
(r)(x2)|(x1, x2) ∈ Ax} = 1 (resp. ∧{Rλ

A
(t)(y1) ∨

Rλ
B

(t)(y2)|(y1, y2) ∈ Ay} = 1).
(7) (Rµ

A
(r)◦̌Rµ

B
(r))(x) = 1 (resp. (Rλ

A
(t)◦̂Rλ

B
(t))(y) = 1).

Theorem 5.1. (IFI(S), ◦) is embedded in (IC(S)J , ?).

Proof. From Lemmas 5.1 and 5.3, R is an injective homomorphism of (IFI(S), ◦)
into (IC(S)J , ?) that establishes an isomorphism of IFI(S) with its image Im(R).

6. Homomorphism

Let (S, ·,≤) and (T, ∗,�) be ordered semigroups and f a mapping from S into T .
f is called isotone if x, y ∈ S, x ≤ y implies f(x) � f(y). f is said to be inverse
isotone if x, y ∈ S, f(x) � f(y) implies x ≤ y [each inverse isotone mapping is (1-1)].
f is called a homomorphism if it is isotone and satisfies f(xy) = f(x) ∗ f(y) for
all x, y ∈ S. f is said to be isomorphism if it is onto, homomorphism and inverse
isotone.

Proposition 6.1. Let (S, ·,≤) and (T, ∗,�) be ordered semigroups and f a mapping
from S into T , and let A and B be intuitionistic fuzzy sets in S and T , respectively.
Then the image f(A) = (f̌(µ

A
), f̂(λ

A
)) of A is an intuitionistic fuzzy set in T defined

by

f̌(µ
A

) : T → [0, 1]|x′ →

{ ∨
x∈f−1(x′)

µ
A

(x) if f−1(x′) 6= ∅,

0 otherwise.
and

f̂(λ
A

) : T → [0, 1]|x′ →

{ ∧
x∈f−1(x′)

λ
A

(x) if f−1(x′) 6= ∅,

1 otherwise.

And the inverse image f−1(B) = (f−1(µ
B

), f−1(λ
B

)) of B is an intuitionistic fuzzy
set in S defined by

f−1(µ
B

) : S → [0, 1]|x→ µ
B

(f(x)) and f−1(λ
B

) : S → [0, 1]|x→ λ
B

(f(x)).

Proof. It is straightforward.

Theorem 6.1. Let (S, ·,≤) and (T, ∗,�) be ordered semigroups and f a homomor-
phism from S onto T , and let A and B be intuitionistic fuzzy ideals with thresholds
(α, β) of S and T , respectively. Then

(1) f(A) is an intuitionistic fuzzy ideal with thresholds (α, β) of T , provided f
is inverse isotone.

(2) f−1(B) is an intuitionistic fuzzy ideal with thresholds (α, β) of S.
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(3) The mapping A→ f(A) defines a one-to-one correspondence between the set
of all intuitionistic fuzzy ideals with thresholds (α, β) of S and the set of all
intuitionistic fuzzy ideals with thresholds (α, β) of T , provided f is inverse
isotone.

Proof. We only show (1). (2) can be similarly proved and (3) is the direct conse-
quence of (1) and (2). For any x′, y′ ∈ T , since f is a homomorphism from S onto
T , we have

f̌(µ
A

)(x′ ∗ y′) ∨ α =

 ∨
z∈f−1(x′∗y′)

µ
A

(z)

 ∨ α
≥

∨
x∈f−1(x′),y∈f−1(y′)

µ
A

(xy) ∨ α

≥
∨

x∈f−1(x′),y∈f−1(y′)

(µ
A

(x) ∨ µ
A

(y)) ∧ β

=

 ∨
x∈f−1(x′)

µ
A

(x) ∨
∨

y∈f−1(y′)

µ
A

(y)

 ∧ β
= (f̌(µ

A
)(x′) ∨ f̌(µ

A
)(y′)) ∧ β,

f̂(λ
A

)(x′ ∗ y′) ∧ (1− α) =

 ∧
z∈f−1(x′∗y′)

λA(z)

 ∧ (1− α)

≤
∧

x∈f−1(x′),y∈f−1(y′)

λ
A

(xy) ∧ (1− α)

≤
∧

x∈f−1(x′),y∈f−1(y′)

(λ
A

(x) ∧ λ
A

(y)) ∨ (1− β)

=

 ∧
x∈f−1(x′)

λA(x) ∧
∧

y∈f−1(y′)

λ
A

(y)

 ∨ (1− β)

= (f̂(λ
A

)(x′) ∧ f̂(λ
A

)(y′)) ∨ (1− β).

Let x′ � y′. Since f is reverse isotone, there exist unique x, y ∈ S such that
f(x) = x′, f(y) = y′ and x ≤ y. Thus, we have

f̌(µ
A

)(x′) ∨ α =

 ∨
z∈f−1(x′)

µ
A

(z)

 ∨ α = µ
A

(x) ∨ α

≥ µ
A

(y) ∧ β =

 ∨
z∈f−1(y′)

µ
A

(z)

 ∧ β
= f̌(µ

A
)(y′) ∧ β
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and

f̂(λ
A

)(x′) ∧ (1− α) =

 ∧
z∈f−1(x′)

λ
A

(z)

 ∧ (1− α)

= λ
A

(x) ∧ (1− α) ≤ λ
A

(y) ∨ (1− β)

=

 ∧
z∈f−1(y′)

λA(z)

 ∨ (1− β) = f̂(λA)(y′) ∨ (1− β).

Therefore, f(A) is an intuitionistic fuzzy ideal with thresholds (α, β) of T .
Note that Theorem 6.1(1) may not be true if f is not inverse isotone as shown in

the following example.

Example 6.1. Let S = {x, y, z} and T = {a, b} be ordered semigroups with the
following Cayley tables respectively:

· x y z
x z z z
y x x z
z z z z

“ ≤ ” = {(x, x), (y, y), (z, z), (x, y)}

and
∗ a b
a a a
b a a

“ � ” = {(a, a), (b, b), (a, b)}.

Let f be the mapping from S into T such that x → a, y → a, z → b. Routine
verification gives that f is a homomorphism from S onto T . However, f is not
inverse isotone, since f(x) = a � b = f(z), but x � z. Let A = (µ

A
, λ

A
) be an

intuitionistic fuzzy set in S as follows:

µ
A

(x) = 0.4, µ
A

(y) = 0.4, µ
A

(z) = 0.5; λ
A

(x) = 0.6, λ
A

(y) = 0.6, λ
A

(z) = 0.5.

Set α = 0.4 and β = 0.6, then A is an intuitionistic fuzzy ideal with thresholds
(0.4, 0.6) of S. But f(A) is not an intuitionistic fuzzy ideal with thresholds (0.4, 0.6)
of T , since a � b, while f̌(µ

A
)(a) ∨ 0.4 = µ

A
(x) ∨ µ

A
(y) ∨ 0.4 = 0.4 < 0.5 =

µ
A

(z)∧ 0.6 = f̌(µ
A

)(b)∧ 0.6 and f̂(λ
A

)(a)∧ (1− 0.4) = λ
A

(x)∧ λ
A

(y)∧ (1− 0.4) =
0.6 > 0.5 = λ

A
(z) ∨ 0.4 = f̂(λ

A
)(b) ∨ (1− 0.6).

7. Conclusions

Fuzzifications of algebraic structures play an important role in mathematics with
wide range of applications in many disciplines such as computer sciences, engineer-
ing and medical diagnosis. Thus we have introduced the concept of intuitionistic
fuzzy ideals with thresholds (α, β) in this paper. The obtained results probably can
be applied in various fields such as computer sciences, control engineering, coding
theory, theoretical physics. In our future research, we will consider the character-
ization of regular ordered semigroups in terms of intuitionistic fuzzy ideals with
thresholds (α, β).
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