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1. Introduction

The concept of intuitionistic fuzzy sets was first introduced by Atanassov in 1986
[3]. Then Biswas [7] applied this concept to develop the theory of intuitionistic
fuzzy subgroups of a quasigroup. The concept of intuitionistic fuzzy ideals of a
semigroup was due to Kim and Jun [16]. Jun [12] further studied intuitionistic fuzzy
bi-ideals of ordered semigroups. Dudek et al. [11] and Davvaz et al. [8] considered
the intuitionistic fuzzy hyperquasigroups and intuitionistic fuzzy H,-submodules,
respectively. Akram and Dudek [1] described the structure of intuitionistic fuzzy
left k-ideals of semirings and also see Dudek [10]. On the other hand, Akram and
Shum [2] considered the bifuzzy ideals of nearrings, and the intuitionistic (T, S)-fuzzy
ideals of nearrings were studied by Shum and Akram in [19].

Using the notion “belongingness (€)” and “quasi-coincidence (g)” of a fuzzy point
with a fuzzy set introduced by Pu and Liu [17], the concept of («, 8)-fuzzy subgroups
where «, 8 are any two of {€, ¢, € V¢, € Aq} with a £€ Agq was introduced by Bhakat
and Das [6] in 1992, in which the (€, € Vq)-fuzzy subgroup is an important and useful
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generalization of Rosenfeld’s fuzzy subgroup [18]. The detailed study with (€, € Vq)-
fuzzy subgroup has been considered in Bhakat [5]. As a generalization of Rosenfeld’s
fuzzy subgroup [18] and Bhakat and Das’s fuzzy subgroup [6], the fuzzy subgroups
with thresholds were studied in Yuan et al. [21]. Tt is now natural to investigate
similar type of generalizations of the existing fuzzy subsystems with other algebraic
structures. With this objective in mind, we first introduce the concept of intuition-
istic fuzzy ideals with thresholds (o, 3) of ordered semigroups and investigate some
related properties. Then we give an embedding theorem of the set of all intuitionistic
fuzzy ideals with thresholds of order semigroups. The homomorphism between such
intuitionistic fuzzy ideals are also considered.

For notations, terminologies and applications, the reader is refereed to [3,4,9,13—
15,20].

2. Intuitionistic fuzzy sets and ordered semigroups

Let X be a non-empty set. A mapping u: X — [0,1] is called a fuzzy set in X. The
complement of u, denoted by u€, is the fuzzy set in X given by u¢(z) = 1 — u(x) for
all z € X. For any P C X and r € [0, 1], define a fuzzy set r,, in X by r,(x) =r if
x € P and 0 otherwise for all x € X. In particular, if » = 1, then 1, is said to be
the characteristic function of P, and we shall use the symbol x,, for 1.

For any fuzzy set p in X and r € [0, 1], define two sets

Upsr) = {x € X|u(z) >r} and  L(p;r) = {x € X|u(z) <r},

which are called an upper and lower r-strong level cut of u, respectively.
As an important generalization of the notion of fuzzy sets, Atanassov introduced
the concept of an intuitionistic fuzzy set as follows.

Definition 2.1. [3] An intuitionistic fuzzy set A in a non-empty set X is an object

having the form

A={(z,p,y (), A, ()| € X}
where the functions p, : X — [0,1] and A\, : X — [0,1] denote the degree of
membership (namely p,(x)) and the degree of nonmembership (namely A, (x)) of
each element © € X to the set A, respectively, and 0 < u,(x) + X, (x) <1 for all
reX.

Definition 2.2. [4,9] Let A = {(x,pn, (), ,(x))|x € X} and
B ={(z,uy(x), A\, (x))|x € X} be intuitionistic fuzzy sets in X and let r,t € [0,1].
Then

(1) ACB iff u,() <pgz(x) and X, (z) > A, (z) forallz € X,

(2) ANB = {(z,p,(z) Apy(z), A ( )V A, ( )|z € X},

(3) AUB = {(z, p,(z) V g (), A, (2) A Ag(2))]z € X},

(4) 0A = (QS‘,ILJ,A@S'),/LZ((K)HZ’GX},

(5) OA={(z, A (), . (z))]x € X},

(6) A" ={(z, [, (@)]", 1= [1 = A, (2)]")|]x € X},

(1) nA={(z,1-[1—p,(z )]”,P\ (2)]")|x € X},

(8) Pri(A) ={(z,7V p,(x),t AN, (x))|z € X} forr+1t <1,

(9) Qra(A) = {( A iy (@), £V X (2))l € X} Jor 7+ < 1,

(10) Fra(A) = {(@ o (@) £ 77, (2, Mg (2) + 17, (@) 2 € X} forr+1<1,
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(1) Hy i (A) = {(2,7 - py(2), A, (2) + 8- 7, (2))[e € XY,
(12) JTyt(A) = {(xaﬂA(x) T, (’I),t ’ )\A(x))|x € X}7
where m,(x) =1—p,(x) — A, (x).

For the sake of simplicity, we use A = (p1,,A,) to denote the intuitionistic fuzzy
set A = {(z,p,(x),\,(2))]z € X}. For any r,t € [0,1], denote A" = {2 €
X|p,(x) > rand X\, (x) < t}, which is called the (r,t)-strong level cut of A. Tt is
clear that A" = U(u,;r) N L(\,;t) for all r,t € [0,1].

In the sequel, unless otherwise stated, S always denotes an ordered semigroup. A
fuzzy set p in S is called a fuzzy ideal of S if p(xy) > p(x) V p(y) and 2 < y implies
w(x) > p(y) for all x,y € S [15].

For two intuitionistic fuzzy sets A and B in S, define the product of A and B,
denoted by A o B, by

Ao B = {(x, (y01,)(x), (A 0A,;)(x))|z € S},

in which
(.50 )(2) ( \)/A pa(y) Apg(2) if Ay #0,
W ous)(x) = Y,2)EAL
K 0 otherwise.
and
U B SR AT
o B xr) = Y,2)EAL
! 1 otherwise.

where A, = {(y,2) € S x S|z < yz}.
Proposition 2.1. Let A and B be intuitionistic fuzzy sets in S. Then so is Ao B.
Proof. 1t is straightforward. 1

3. Fuzzy ideals with thresholds (o, 3) of ordered semigroups

Definition 3.1. Let o, 5 € [0,1], a« < B and p be a fuzzy set in S. Then p is called
a fuzzy ideal with thresholds (o, B) of S if it satisfies:

(i) plzy) Vo = (u() Vuy) AB,
(ii) if <y, then p(z) Va = u(y) A B,
forallz,y € S.

Note that any fuzzy ideal of S according to [15] is a fuzzy ideal with thresholds
(o, B) of S. The following example illustrates that a fuzzy ideal with thresholds
(a, B) is not necessarily a fuzzy ideal.

Example 3.1. Let S = {a,b,c} be an ordered semigroup defined by xz = 2 and
xy = z if © # y for x,y,z € S with linear order a < b < ¢, and p a fuzzy set in S
such that

u(a) =0.5, wu®d)=0.6, p(c)=0.6.
Put 0 <a<f<050r06<a<f<1 Itcan be easily seen that u is a fuzzy
ideal with thresholds (a, 8) of S, but is not a fuzzy ideal of S, since u(bc) = p(a) =
0.5 < 0.6 = p(b) V u(e).
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Proposition 3.1. Let p be any non-empty fuzzy set in S. Then p(zy) V o >
(@) vV u(y) AB for all z,y € S if and only if (kgdp U pudk,) N By C pU ay.

Proof. Assume that p(xy) Vo > (u(x) V u(y)) AQ for all z,y € S. Let x € S. If
A, = 0, then it is clear that

(3.1) 0 = (5,50 U 165,) 1 8,)(2) < (U ) (@),
If u(x) > B, then

((’%séuuﬂéns) mﬁs)(gj) = ("fséHUﬂéﬂs)(I) ANB<B< [L(SC) Va= (UUQS)(m)'

Otherwise, we have

((rsop U porg) N Bs)(x)

— ((keom)(@) v (uor @) As= [ |\ w®) | v V we] | s

(a,b)eA, (c,d)eA,

< V wvuee | rs= "\ (W VvuE)rs

(y,2)€A: (y,2)EAL
<V wwx)va<s \/ @) va
(y,2) €A (y,2)€EAs

(since x < yz, we have 8 > u(x) Va > u(yz) A 8 = u(yz))
— pl@) Vo = (pUay) ().

Summarizing the above arguments, we obtain (koo U pudk,) NGB, C pUay.
Conversely, suppose if possible, let z,y € S and p(zy) V a < (u(x) V pu(y)) A B.
Then

((rgdp U pskg) N By )(zy)

= ((rs3p)(wy) V (pory ) (zy)) A B = Vo ouw®) v \ we] | B
(a,b)€EALy (c,d)EALy
> (uy) V () A B> play) Va = (pUag)(zy),
a contradiction. Therefore, pu(zy) V a > (u(z) V u(y)) A B. 1

Theorem 3.1. Let p be any non-empty fuzzy set in S. Then p is a fuzzy ideal with

thresholds (o, ) of S if and only iof U(p;r) (U(w;r) # 0) is an ideal of S for all

r € a, ).

Proof. 1t is straightforward. 1
As a consequence of Theorem 3.1, we have the following result.

Theorem 3.2. A non-empty set P in S is an ideal of S if and only if K, is a fuzzy
ideal with thresholds (a, 3) of S.

Naturally, a corresponding result should be considered when U(y;r) is an ideal
of Sforallr € [1—5,1—a).
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Theorem 3.3. Let p be any non-empty fuzzy set in S. Then u(xzy) vV (1 — () >
(@) vV u(y)) A1 —a) and x < y implies pu(z) vV (1 — 8) > u(y) A (1 — a) for all
x,y €S if and only if U(w;r) (U(u;r) #0) is an ideal of S for allr € [1—3,1— ).

Proof. The proof is analogous to that of Theorem 3.1. 1

4. Intuitionistic fuzzy ideals with thresholds («, ) of ordered semigroups

Definition 4.1. An intuitionistic fuzzy set A in S is called an intuitionistic fuzzy
ideal with thresholds (a, 3) of S if it satisfies:

() pa(xy) Va = (pa(x) Vi, y) A B,
(i) Ay(zy) A1 —a) < (A (@) AA,(Y) V(1= B),
(ili) if x <y, then p,(2)Va = p,(y) AB and A, (z) AN(1—a) <A, (y)V(1-75),
forallz,ye S.

We first give some characterizations of intuitionistic fuzzy ideals with thresholds
(o, B) of S. Analogous to the proof of Proposition 3.1 and Theorem 3.1, it is not
difficult to see that the following results are valid.

Theorem 4.1. An intuitionistic fuzzy set A in S is an intuitionistic fuzzy ideal with
thresholds («, B) of S if and only if A satisfies:

(1) (kgOp, Up,0k,) NGBy Cp, Uag,
(i) A, N(1—a); C (KON, NA,06KE)U(1— ),
(i) if 2 <y, then i, (£)Va >, (y) AB and A, (2) A (1—a) < A, () V (1- B),
forallz,y € S.
Theorem 4.2. An intuitionistic fuzzy set A in S is an intuitionistic fuzzy ideal

with thresholds (a, ) of S if and only if ATY (A8 £ () is an ideal of S for all
refo,f) andte (1-05,1—aql.

Next, let us consider the intuitionistic fuzzy ideals with thresholds induced by an
intuitionistic fuzzy ideal with thresholds («, 8) of S.

Proposition 4.1. If A is an intuitionistic fuzzy ideal with thresholds («,3) of S,
then so are JA, OA, P.4(A) and Q,(A), where r,t € [0,1] and r+t < 1.

Proof. 1t is straightforward. 1

Proposition 4.2. If A is an intuitionistic fuzzy ideal with thresholds («, 8) of S,
then
(1) A™ is an intuitionistic fuzzy ideal with thresholds (™, ™) of S,
(2) nA is an intuitionistic fuzzy ideal with thresholds (1 — (1 — )™, 1—(1—5)")
of S.

Proof. 1t is straightforward. 1

Proposition 4.3. If A is an intuitionistic fuzzy ideal with thresholds (0,1) of S,
then so are F,1(A), Hy+(A) and Jr+(A), where r,t € [0,1] and r+1¢ < 1.
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Proof. We only show that F, ;(A) is an intuitionistic fuzzy ideal with thresholds
(c, B) of S. The cases for H, ;(A) and J,;(A) can be similarly proved. Let z,y € S.
Since A is an intuitionistic fuzzy ideal with thresholds (0, 1) of S, we have

Ha (.’L‘y) >y ("E) N (y> and A, (my) <A, (m) ANA, (y)7

and so
s (wy) < pf (@) ApS(y) and XS (zy) = A (2) V AS ()
|
Hence
palzy) +r-my(zy) =1 —r) - p,(zy) +71- A (zy)
> =r) (pa@) Vi, (y) +r- (A (2) VAL (Y)
2 (M =r)pu(@)+7- A (@) V(A =7) - p,(y) +7r- A5 ()
(

Similarly, A, (zy) +t -7, (zy) < (A, (x) +t-7,(2))
Now, let x < y. Then
fa(x) 2 pu(y) and A (z) <AL (y),

and so

Hence
pa) +remy(@) =0 —=r) p,(x)+r- A (2)
2 (L=7r)pa(y) +7-A(y)
:NA(y) +T'7TA(y)'

Similarly, A, (z) +t-7,(x) < X, (y) +t-7,(y). This completes the proof.
Note that Proposition 4.3 does not hold in general for the thresholds («, ) as
shown in the following example.

Example 4.1. Let S be as in Example 3.1. Put a = 0.5, = 0.6, = 0.5 and
t = 0.5. Define an intuitionistic fuzzy set A = (u,,A,) in S as follows:

w,(a) =04, p,(0) =03, u,(c) =0.3; A, (a) =04, A, (b) =0.2, A, (c) = 0.4.

Then, it is obvious that A is an intuitionistic fuzzy ideal with thresholds (0.5, 0.6)
of S. Also, we have

(e, (ab) +0.5-7,(ab)) V0.5 = (u,(c)+0.5-m,(c)) V0.5 =045V 0.5 =0.5,
((n,(a)4+0.5-7,(a))V (u,(b)+0.5-7,(b)) A0.6=(0.5V0.55) A0.6 =0.55,
(A, (ab) +0.5 -7, (ab)) A (1—0.5)= (A, (c)+0.5-7,(c)) AN0.5=0.550.5=0.5
and

(A (a)4+05-7,(a)) N(A(b)+0.5-7,(b))V(1—-0.6)=(0.5A0.45) V0.4 =0.45,
these give that

(pt,(ab) +0.5-7,(ab)) V0.4 < ((p,(a) +05-7,(a))V (u,(b) +0.5-7,(b))) A0.6
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and
(A, (ab)4+0.5-7, (ab))A(1=0.5) > (A, (a)+0.5-7 , (a))A(N, (b)+0.5-7, (b)) V(1-0.6).

Therefore, Fo5,0.5(A), Hos,05(A) and Jy5,0.5(A) are not intuitionistic fuzzy ideals
with thresholds (0.5, 0.6) of S.

From Proposition 4.1, it is easy to verify that the following result is valid.

Theorem 4.3. An intuitionistic fuzzy set A in S is an intuitionistic fuzzy ideal with
thresholds (o, B) of S if and only if OA and QA are intuitionistic fuzzy ideals with
thresholds («, 3) of S.

Corollary 4.1. An intuitionistic fuzzy set A in S is an intuitionistic fuzzy ideal
with thresholds (c, B) of S if and only if p, and X are fuzzy ideals with thresholds

(a, ) of S.

Corollary 4.2. A = (kg, k%) is an intuitionistic fuzzy ideal with thresholds (c, 3)
of S.

Combining Theorem 3.3 and Corollary 4.1, we have the following result.

Theorem 4.4. A non-empty set P in S is an ideal of S if and only if A = (k,,KS,)
is an intuitionistic fuzzy ideal with thresholds (a, 5) of S.

In the sequel, we consider the structural characteristics of the set of all intuition-
istic fuzzy ideals with thresholds (o, 3) of S, denoted by ZFZ(S).

Proposition 4.4. Let A,B € ZFI(S). Then so is Ao B.

Proof. By proposition 2.1, we know that A o B is an intuitionistic fuzzy set in S.
Now, let z,y € S. If A,, = 0, then so are A, and A,. In fact, if A, # 0, then
there exist a,b € S such that x < ab, and so zy < aby. It follows that A,, # 0, a
contradiction. Similarly, A, = (. In this case, we have
o= (pySpg ) (wy) Va = (s Sps) () V (p4005)(y)) A =0
and
L—a=(A,0;)(zy) AL —a) < ((A,0A5)(@) A (A 0A5)(y)) vV (L-5) =1

Otherwise, we have

(adpp)@)AB={ \ ma@)Ap0) | A=\ (@) A(ug (b)) AB)

(a’b)EAz (a,b)eAz
<V m@A(pyve)< \/ (n.(a)Ap,(by)Va
(a,b)EA, (a,b)EA,

=V @ np,y) | Va<(u,du,)(@y) Vo,
(a,b)EA,

In a similar way, we may prove that (1,04,)(y) A B < (61, )(zy) V o, and so
(aopp)(@y) Va = ((1y005) (@) V (14005) () A B-
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On the other hand,

(/\Aé/\B)(x)\/(l—ﬁ)=< A )\A(G)VAB(b)>V(1—ﬂ)

(a,b)EA,

= A M@V, vi-p)

(a,b)eA,

> N M@V by A (L -a)
(a,b)EA,

> AN Q@ VA, ) A(l-a)
(a,b)EA,

= ( /\ )\A (a) \ /\B (by)) A (1 - a)

(a,b)eA,
> (Aa0A,)(zy) A (1 — ).

In a similar way, we may prove that (A, 06X, )(y) V(1 —03) > (A, 08X, )(xy) A (1 — a),
and so

(/\Aa)‘B)(xy) A (1 - a) < ((AAé)\B)('r) N ()‘Aa)‘B)(y)) \ (1 - 6)
Now, let  <y. Then A, C A,. If A, =0, then so is A,. Hence
a = (o) (x) Va = (pyous)(y) AB =0
and
L—a=(A0;)(@) A1 —a) <(A0A)(y) VvV (L-5) =1

Otherwise, we have

(uAéuB)(y)/\ﬁS(uAéuB)(y)Va=( \/ uA(a)AuB(b)>Va

(a,b)eA,

S( V MA(a)AuB(b)) Va = (uop,)(x) Vo

(a,b)eA,

and

(Aa0As)(y) V(1= B) = (A 0A5)(w) A (1 —a) = ( A /\A(a)\//\B(b)) A(l—a)

(a,b)eA,

z( A AA<a)vAB<b>)A(l—a)z(AAaxB)(xM(l—a»

(a,b)eA,

This proves that Ao B is an intuitionistic fuzzy ideal with thresholds (a, 3) of S. 1
Note that Proposition 4.4 gives that (ZFZ(S),0) is a semigroup.
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Proposition 4.5. Let {A; = (u, , A, )|i € I} be a family intuitionistic fuzzy ideals
with thresholds («, 8) of S, then both (| A; = (ﬂ r, U )\Ai) and | 4; =
i€l el T del iel
(UI Ha,s ﬂl )\Ai) are intuitionistic fuzzy ideals with thresholds (o, ) of S.
i€ ic
Proof. 1t is straightforward. 1
From Proposition 4.5, it is easy to verify that the following result holds.

Theorem 4.5. For an ordered semigroup S, TFZI(S) equipped with intuitionistic
fuzzy set inclusion relation “ C 7 constitutes a complete bounded lattice. And for
any A,B € IFI(S), AN B and AU B are the greatest lower bound and least
upper bound of {A, B}, respectively. Its maximal element and minimal element are
(ks,KS) and (K, k), respectively. Moreover, it is closed under intuitionistic fuzzy
set intersection and union.

Theorem 4.6. Given any chain of ideals Sy C S1 C --- C S, =S of S, there exists
an intuitionistic fuzzy ideal A with thresholds (o, B) of S whose non-empty strong
level cut are precisely the members of the chain with AP1=0) = S,

Proof. Let {r;|r; € (a,),1=1,2,--- ,;n} and {t;|t; € 1—-3,1—a),i =1,2,--- ,n}
be such that vy > r9 > - > 1y, t1 < to < -+ < t, and r; +¢; < 1 for all
1=1,2,--- ,n. Let p, and A, be fuzzy sets in S such that

T0>B ifa)‘ESo, t0<1—ﬁ ifl’ESo,
MA(CL') _ 7‘1 if © €S — S, >\A(33) _ tl if x €S — S,
Tn Zf S Sn - Snfl» tn Zf RS Sn - Snfla

for all x € S. Then it is easy to see that A = (u,,A,) is an intuitionistic fuzzy
set in S and

S() Zf re [7’1,7‘0), S() ’Lf te (to,tl],
Sy if relry,r), Sy if t e (ty,ta],
Ulairy =4 5 el Loty = o et
Spif rel0,r), S, if t € (ty,1].

Hence, for any r € [0,79) and t € (tg, 1], there exist 7,5 € {1,2,- - -,n} such that
r € [ri,ri—1) and t € (¢5,¢;41]. Without loss of generality, we may assume that ¢ < j,
then U(u,;r) = Si—1, L(A,5t) = Sj and A" = U(p,;r) N L(A,;t) = S;c1nS; =
Si—1. Thus, our assumption and Theorem 4.2 give that A is an intuitionistic fuzzy
ideal with thresholds (a, 3) of S whose non-empty strong level cut are precisely the
members of the chain. Clearly, A®1=8) = 5. |
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5. Embedding of (ZFZ(S5),0)

In this section, we investigate the embedding problem of (ZFZ(S),o). Denote
by ZC(5) the set {(f,g)If : X — {0,1},9 : X — {0,1}} where (f,g)(z,y) =
(f(x),g(y)) for all (f,g) € ZC(S) and z,y € S, and ZC(S)” the set {(f,9)|(f,9) :
JxJ — ZC(S)} where J = [0,1) and (f, g)(r,t) = (f(r), g(t)) for all (f,g) € ZC(S)”’
and r,t € J.

Definition 5.1. Define the mapping R : ZFIZ(S) — IC(S)” by
R(A)=(Ryu,.Rx,) VA€IFI(S),

where
_J 0 p, ()<,
R, (r)(w) = { 1 otherwise.
and
0 A (x) >0,
R, (1)) = { 1 otherwise.
forall r,te Jand x € S.
Lemma 5.1. The mapping R is injective.
Proof. Assume that R(A) = R(B). Let x € S. Since

R(A) (1 (), A (2)) (2, 2) = R(B) (115 (), Ay (2)) (2, ) = (0,0),
the definition of R gives that p, (z) < pu,(z) and A, (z) > A, (z). Similarly, we have
,LLB(x) < MA(x) and )\B(m) > /\A(x)' Hence A = (/’LA7>‘A) = (/J’B’AB) = B. 1

Lemma 5.2. Let G = {(f,g) € ZC(S)’|Vr,t € J, f(r) = U{f(p)lp > 7} and g(t) =
N{g(9)lg < t}} satisfy:
(1) 0 < AL () = O} + V{tlg(t)(x) = 0} < 1 for all z € S,
(2) both {z|f(r)(z) = 1} and {y|g(t)(y) = 1} are ideals of S for all r € [a, B)
andt € (1-p5,1—al.
Then Im(R) = G.

Proof. Suppose that (f,g) = R(A) for some A € ZFZ(S). Then we obtain:

(a) f(r) = U{f(p)lp > r} and g(t) = N{g(¢)lg < t}. The verification is as fol-
lows. Let r,t € J and z,y € S. Then (f,g)(r,t)(z,y) = R(A)(r,t)(z,y) = (0,0) if
and only if pu,(x) < r and A, (y) > t. However, u,(x) < r and A, (y) > t if and
only if u,(x) < pand X\, (y) > ¢ for all p > r and ¢ < ¢, respectively. Therefore,
(f,9)(r,t)(x,y) = (0,0) if and only if (f, g)(p,q)(z,y) = (0,0) for all p > r and g < t.
Thus f(r)(z) = V{/(p)(@)lp > r} and g(s)(y) = A{g(a)(y)lq < }. Since these equa-
tions hold for all z,y € S, we have f(r) = U{f(p)lp > r} and ¢(t) = N{g(q)|q < t}.

(b) 0 < A{r|f(r)(x) = 0} + V{t|g(t)(x) = 0} < 1 for all x € S. The verification is
as follows. Let r,t € J. Then (f,g)(r,t)(z,z) = (0,0) if and only if u, (z) < r and
A (z) > ¢, and so p, () = AN{r|f(r)(z) = 0} and A, (z) = V{t|g(t)(x) = 0} for all
x € S. Hence 0 < A{r|f(r)(x) =0} + V{tlg(t)(z) =0} < 1forall x € S.



Generalized Intuitionistic Fuzzy Ideals of Ordered Semigroups 659

(¢) Both {z|f(r)(z) = 1} and {y|g(¢)(y) = 1} are ideals of S for all r € [«, )
and t € (1 — 8,1 — a]. The verification is as follows. Let r,¢t € J and z,y € S.
Then (f,g)(r,t)(z,y) = (1,1) if and only if p,(z) > r and A,(y) < t, and so
Ulpysr) = {z|f(r)(z) = 1} and L(A,;t) = {y|lg(t)(y) = 1}. Hence, by Theorem
4.2, both {x|f(r)(x) = 1} and {y|g(t)(y) = 1} are ideals of S for all r € [, §) and
te(1-06,1-aqal.

Summing up the above arguments, R(4) = (f,g) € G

Conversely, for any (f,g) € G, define fuzzy sets pu, and A, in S as follows:

pa(x) =Ar e Jf(r)(z) =0} and A, (z) = V{t € J[g(t)(z) = 0}
for all z € S. Then we have:

(a’) By the definitions of p, and A, it is clear that 0 < p, (z) + A, () < 1 for all
zeS.

(b") Ulpasp) = {z[f(p)(z) = 1} and L(A,; q) = {z]g(q)(z) = 1} for all p,q € J. The
verification is as follows. Let y € U(p,;p). Then u, (y) = AN{r € J|f(r)(y) =0} > p,
this implies that f(p)(y) # 0 and so f(p)(y) = 1. Hence y € {z|f(p)(z) = 1}, that
is, U(p,;p) C {z|f(p)(z) = 1}. Conversely, let y € {x|f(p)(x) = 1}. Then for any
r < p, F)() = U{F6)ls > D) = VIFS)Wls >} = 1, hence £(r)(y) = 0
implies that » > p. Thus p,(y) = A{r € J|f(r)(y) = 0} > p. In addition, if
iay) = A{r € JIf()(y) = O} = p, then A{r € JIf(r)(y) = O} < p+¢ for any
€ > 0and so s < p+ ¢ for some s € J with f(s)(y) = 0. Thus 0 = f(s)(y) >
f(p+e)(x), that is, f(p+e)(x) =0, it follows that f(p)(y) = 0 since ¢ is arbitrary,
a contradiction. Hence p,(y) = A{r € J|f(r)(y) = 0} > p and so y € U(u,;p),
that is, {z|f(p)(x) = 1} € U(p,;p). Therefore, U(pu,;p) = {z[f(p)(z) = 1} for all
p € J. Similarly, we may prove that L(Aa;q) = {z|g(q)(x) =1} for all ¢ € J.

Therefore, by the assumption and Theorem 4.2, A = (u,,A,) is an intuitionistic
fuzzy ideal of S, that is, A € ZFZ(S).

(¢)) R(A) = (f,g). The verification is as follows. Since for any r,s € J and x,y € S,
the following statements are equivalent:

(1) Ry, ()7’)(56) =0 (resp. R, (t)(y) = 0).

(2) p,(x) <7 (resp. A, (y) >1).

(3)V > (resp. ¢ <t), p,(z) <p (resp. A, (y) > q).

(4) ¥V p>r (resp. ¢ <t), ( )(x) = 0 (resp. g(q)(y) =0).

(5) ( J(@) = (U{f(p)lp > r})(z) = 0 (resp. g(t)(y) = (N{g(a)la < t}H(y) =

Deﬁne a binary operation x on ZC(S)” as follows: V(f1,91), (f2,92) € ZC(S)” and
vr.teJ

((f1:91) * (f2,92))(r,1) = (f1(r)5 fa(7), 91 (£)092(t))-
Lemma 5.3. For any A, B € ZFZ(S), R(Ao B) = R(A) x R(B).

Proof. The desired result follows from the fact that for any A, B € ZFI(S), r,t € J
and x,y € 5, the following statements are equivalent:

(1) Ry, on, (r)(@) =1 (vesp. Ry ax, (t)(y) =1).
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(2) (1a805)(@) > 1 (resp. (\100,) (1) < 1.

(3) V{1ia(21) A pin (@)l (21,70) € Ak > 7 (resp. ADNL (010) Y A (92)I (31, 32) €
Ay} <t).

(4) There exists (x1,x2) € Ay (resp. (y1,y2) € Ay) such that p, (z1) > r and
pp(xa) > 1 (resp. A, (y1) <t and A, (y2) < t).

(5) There exists (x1,x2) € Ay (resp. (y1,y2) € Ay) such that R, (r)(z1) =1
and Ry, (r)(xz2) =1 (resp. Rx, (t)(y1) =1 and R, (t)(y2) = 1).

(6) ViR, (1)) A Ry, ()(a)l(Fren) € Ag) = 1 (resp. AR, (B)(u1) V
R, (O(y2)l(y1,y2) € Ay} =1).

(7) (R, (r)sRy, (r))(z) =1 (resp. (Rx, (£)oRx, (£))(y) = 1). I

Theorem 5.1. (ZFZ(S),0) is embedded in (ZC(S)”7, ).

Proof. From Lemmas 5.1 and 5.3, R is an injective homomorphism of (ZFZ(S), o)
into (ZC(S)”, ) that establishes an isomorphism of ZFZ(S) with its image Im(R). 1

6. Homomorphism

Let (S,-, <) and (T, *, <) be ordered semigroups and f a mapping from S into T.
f is called isotone if z,y € S,z < y implies f(x) =< f(y). f is said to be inverse
isotone if z,y € S, f(z) < f(y) implies x < y [each inverse isotone mapping is (1-1)].
f is called a homomorphism if it is isotone and satisfies f(zy) = f(z) * f(y) for
all z,y € S. f is said to be isomorphism if it is onto, homomorphism and inverse
isotone.

Proposition 6.1. Let (S, -, <) and (T, *, <) be ordered semigroups and f a mapping
from S into T, and let A and B be intuitionistic fuzzy sets in S and T, respectively.
Then the image f(A) = (f(i,), f(X,)) of A is an intuitionistic fuzzy set in T defined
by
V , Vo nae) i ) A0,
Fua) s T = (0,12’ — { ser)
0 otherwise.

and
A , A @) i FE) £,
FO) T = 012" = { aer )
1 otherwise.
And the inverse image f~Y(B) = (f (), f~1(\,)) of B is an intuitionistic fuzzy
set in S defined by

FHup) 2 8 = [0, 1z — py(f(2) and  fHA,) 2 S — [0, 1]z — Ay (f(@)).
Proof. 1t is straightforward. 1

Theorem 6.1. Let (S,-, <) and (T, *,=X) be ordered semigroups and f a homomor-
phism from S onto T, and let A and B be intuitionistic fuzzy ideals with thresholds
(o, B) of S and T, respectively. Then

(1) f(A) is an intuitionistic fuzzy ideal with thresholds (o, 8) of T, provided f
18 tnverse isotone.
(2) f7Y(B) is an intuitionistic fuzzy ideal with thresholds («,3) of S.
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(3) The mapping A — f(A) defines a one-to-one correspondence between the set
of all intuitionistic fuzzy ideals with thresholds (cv, B) of S and the set of all
intuitionistic fuzzy ideals with thresholds («, B) of T, provided f is inverse
150tone.

Proof. We only show (1). (2) can be similarly proved and (3) is the direct conse-
quence of (1) and (2). For any 2,4y’ € T, since f is a homomorphism from S onto
T, we have

flu)@ «y')va= Vw2 | va
zE€f~ 1 (x'*y’)
> \V 1 (zy) Vo

zef=t(z)yef~1(y')

\V (s () V 11, () A B

zef~1(x')yef~1(y")

\%

Vo om@v \ ww|rB

z€f~1(x’) yef~1(y")

= (flu) @)V Fra) ) A B,

FOOE *y) A (L= a) = AR VTE)N RYC )

zEf~H(a xy")

IN

Ma(zy) A1 —a)
zef~1(x'),yef~1(y")

A @) AA () V(=05

zef~1(a'),yef 1 (y')

IA

ARV AP W)} RECEE)

zef~1(a’) yef~Hy’)
= (fO@E) A FODE)) V(1 =)

Let ' < ¢'. Since f is reverse isotone, there exist unique z,y € S such that
f(z) =2, f(y) =y and < y. Thus, we have

Fu)a)va= \/ )| va=u,(@)va
z€f~1 (")
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and
FONE)A (1 —a) = A L@ A0-
zef~1(a")
=M@)A1-a)< Ay V(IA-P)
= AN ra@) | v =8)=FOa)E) V(- 5).
zef~1(y)
Therefore, f(A) is an intuitionistic fuzzy ideal with thresholds («, 8) of T. |

Note that Theorem 6.1(1) may not be true if f is not inverse isotone as shown in
the following example.

Example 6.1. Let S = {x,y,2z} and T = {a,b} be ordered semigroups with the
following Cayley tables respectively:

lz oy =z
x|z 2 =z “
T e {0, () )
z|z z =z
and
x|a b
‘ala a “=<7 ={(a,a),(b,b),(a,b)}.
bla a

Let f be the mapping from S into T such that x — a, y — a, z — b. Routine
verification gives that f is a homomorphism from S onto T. However, f is not
inverse isotone, since f(z) = a <X b = f(z), but © £ z. Let A = (u,,A,) be an
intuitionistic fuzzy set in S as follows:

w,(x)=04, p,(y) =04, u,(z) =0.5; A\, (x) =0.6, \,(y) =0.6, A, (z) = 0.5.

Set @« = 0.4 and = 0.6, then A is an intuitionistic fuzzy ideal with thresholds
(0.4,0.6) of S. But f(A) is not an intuitionistic fuzzy ideal with thresholds (0.4, 0.6)
of T, since a < b, while f(u,)(a) V04 = p,(z)Vp,(y) V04 =04 < 05 =
pa(2) N6 = f(p,)(b) A 0.? and f(A,)(a) A(1—04) = A, () AXN, (y) A (1—0.4) =
06>05=X,(2)v04=f(A,)0b)V(1-0.6).

7. Conclusions

Fuzzifications of algebraic structures play an important role in mathematics with
wide range of applications in many disciplines such as computer sciences, engineer-
ing and medical diagnosis. Thus we have introduced the concept of intuitionistic
fuzzy ideals with thresholds (a, 3) in this paper. The obtained results probably can
be applied in various fields such as computer sciences, control engineering, coding
theory, theoretical physics. In our future research, we will consider the character-
ization of regular ordered semigroups in terms of intuitionistic fuzzy ideals with
thresholds (a, 3).
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