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Abstract. Necessary and sufficient coefficient bounds and convolution condition for certain
multivalent harmonic functions whose convolution with generalized hypergeometric func-
tions is starlike of order y are investigated. Results on extreme points, convex combination
and distortion bounds using the coefficient condition are also obtained.
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1. Introduction

A complex-valued continuous function f = u+iv in a complex domain £ C C is said to be
harmonic if both u and v are real harmonic in E. There is an interrelation between harmonic
functions and analytic functions. If E is a simply connected domain, then f = h+ g where
h and g are analytic in E; the functions / and g are respectively called the analytic part and
co-analytic part of f. The function f = h -+ g is said to be harmonic univalent in E if the
mapping z — f(z) is orientation preserving, harmonic and univalent in E. This mapping is
orientation preserving and locally univalent in £ if and only if the Jacobian J¢ of f given by
Jr(z) = [W(2)|* — g’ (z)|? is positive in E [16]. From the perspective of geometric functions
theory, Clunie and Sheil-Small [10] initiated the study on these functions by introducing the
class Sy consisting of normalized complex-valued harmonic univalent functions f defined
onD = {z€ C:|z] < 1}. They gave necessary and sufficient conditions for f to be locally
univalent and sense-preserving in ID. Coefficient bounds for functions in Sy were obtained.
Since then, various subclasses of Sy were investigated by several authors [1, 5, 8, 9, 15,
19, 20, 21]. Note that the class Sy reduces to the class of normalized analytic univalent
functions if the co-analytic part of f is identically to zero (g = 0).

Multivalent harmonic functions in D were introduced by Duren, Hengartner and Lauge-
sen [11] via the argument principle. In [2], the class of multivalent harmonic functions
and the class Sj;(p,7) of multivalent harmonic starlike functions of order y, where p > 1,
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0 <7y < 1 were discussed and studied. Motivated by [4], we introduce a class of multivalent
harmonic functions starlike of order ¥ using the Dziok-Srivastava operator. Several related
work using other linear operators can also be found in [3, 14, 26, 24].

Recall that the convolution of two analytic functions @(z) = Y5 (a,z" and y(z) =
Yo obyZ" defined on D is the analytic function given by @(z) * W(z) = Yo anbnz" =
v (z) * ©(z). Let Sy(p) denote the class of multivalent harmonic functions f = i+ g where

oo o

(1.1 hz)=2"+Y anip12?7, g(2) =Y bpppaP

n=2 n=1
For ; € C (i=1,2,...,]) and B; € C\{0,—1,-2,...} (j =1,2,...,m), the generalized
hypergeometric function ;Fy, (¢, ..., q;B1,. .., Bu;z) is given by

oo

1En(ot,...,00:B1,. ... Buiz) = gmzn

(I<m+1;I,meNy:=NU{0};z€ D)

where (1), is the Pochhammer symbol defined, in terms of gamma function, by

()= O

L, n=0,1+#0
I(2)

AA+1D)A+2)A+n—1), n=1273,...

For an analytic function % of the form (1.1), Dziok and Srivastava [12] introduced the linear
operator

Hll;’m [al]h(Z) :Zp lFm(alv'"7al;ﬁ17-"7ﬁm;Z> *h(Z)

which includes well known operators such as the Hohlov operator [13], Carlson-Shaffer op-
erator [7], Ruscheweyh derivative operator [22], the generalized Bernardi-Libera-Livington
integral operator [6], [17], [18] and the Srivastava-Owa fractional derivative operator [25].
For a harmonic function f = h+ g, with & and g given by (1.1), the Dziok-Srivastava oper-
ator is defined by

Hy" [en] (2) = Hy" [oa] (2) + Hy" [on] (2).

where HII,"’" [a1]h(z) =2+ X0y q),,a,Hp,lz"“’*l , H,l,’m [ou]g(z) =YX, ¢nbn+pflz”+”*1
and
(a)n—1-(0)n1
(BUn-1-++ (Bm)n-1(n—1)1"
o,...,04,B,..., By are positive real numbers such that l < m+ 1.
Denote by Sj;(p, o1, 7), the class of multivalent harmonic functions satisfying

(1.2) O =

! /

2 (H" 1ol h(@)) 2 (M} [on]8(2))
(5" fou] 1)) + (Hp" ] 6(2))

for p>1,0<y<1,|z| =r < 1. Note that S;,(1,a;,7) = Sj;(au,7) is the class defined
in [4]. In the case of  =m+ 1 and o = B1,...,0; = B, S;;(p, 1,7) = S (p,7) is inves-
tigated in [2] and S}, (1,1,7) = S} (7) is the class introduced by Jahangiri [15]. Further

(1.3) Re

>pY
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T;(p,0u,7), p > 1 denotes the class of functions f = h+g € S;;(p, a;,y) where h and g
are functions of the form

oo

(1.4) h(z) =7’ — Z |an+p—1|Z”+IFl . glz) = Z |bn+P_l‘Zn+p71 .

n=2 n=1
2. Main results

Necessary coefficient conditions for the harmonic starlike functions and harmonic convex
functions can be found in [10] and [23]. Now we derive sufficient coefficient bound for the

class Sj;(p, o4, 7).

Theorem 2.1. Let f = h+ g be given by (1.1) and [T_ (a),_; > TT}=y (B)),_, (n— 1)L If
= (n+p(1—y)—1 n+p(l+y)—1 ) I—H/

(2.1) <a,, Y LR L ) S W <11 Ib
”g,z p(1—7) | +p 1] p(1—7) | +p s |p|

where |by| < (1—7)/(1+7), 0<vy<1and ¢, is given by (1.2), then the harmonic function
f is orientation preserving in D and f € S;;(p,a1,7).

Proof. The inequality |#'(z)| > |¢'(z)] is enough to show that f is orientation preserving.
Note that

oo

K@) > p P~ =Y (et p = Dlanp|lz"72
n=2

— - n+p-— 1) n—
= plzfP~! (1 - (p|an+p—1IIZI ‘)
n=2
_ = n+p
> plzf? l( Yy —— Ian+p 1|>

n=2

> [ (1— I El - ”|¢n|an+p_1)

n=2 ’}/)
By hypothesis, since |¢,| > 1 and by (2.1),

[ 1+ = (n+p(l+7y)—1
|h'<z>|z|z|ﬂl<1_ZbP+Z( 2Lt )|¢n||bn+p1|>
n=2

p(1=7)
— |Z|I7*1 (i (n+p (1+Y)_1)¢n|bn+p—l|>

=1 p(l_Y)
> [P~ (

> ¢!
n

(n+p—1)|bprp1ll2"P 72 =g (2)]

[ ngk

(n+p- 1)|bn+p—1|>

3
I

[ ngk

(n+p—=1)lbasp-1 IIZI"'>

Mg

n=1

Thus, f is orientation preserving in D.
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Next, we prove f € Sj;(p, o1, 7) by establishing condition (1.3). First, let

/

z (H;»m o] h(z))/ —z (H,’;’" [ou] g(Z>) Az)

w(z) = e

(s [onl(a)) + (B [ons(a)) B

where

AQ) = (H" o] 1))~z (HE" [n)s(2)) . B&) = (H" [en]n@)) + (H5" (o) 5(2)).
Now,

AG)+p (1=7)B()| - [AGR) —p (1+7)B(2)]

=

> (2p—py)l”| - Z (n+2p—py— 1)|¢nan+p711n+p71

n=2
=Y (n+py—1)|ubpsp_127 71| = pyl2|
n=1
= X (=Y = Dlwaneps2 P = Y (20 +pY = Db 12777
n=2 =l
=2p (1—-7)|#|- Z(2n+2p—2p'}/_2)|¢n||an+p_l||zn+pfl|

n=2

o

= Y (2n+2p+2py=2)[9,/[busp-1 |7

n=1

o (n+p—py—1) O
=2p(1-P|L||1-Y ————— |0 llansp—1ll7"
p(1=7)| |< ngé b (=7 |Pnllansp—1]l2"|

v (ntptpy-1)
,,; p(1-7)

— (n+p—py—1
>2p (1= 92| (1 D s et e PR P

oA r—— |>

=2 p(l—’)/)
§W|¢n||bn+pl|>
=2p<1—y>|zﬂ|<1—”y|b| (%{WH
(n+p+py—1)
e GO )

The last expression is non-negative by (2.1). Since Re w > pyif and only if |A(z) +p (1 —
V)B(2)| > |A(z) —p (1+7)B(2)]. f € Sy (p. o1, 7).-
For Yo"y (|%ntp—1]+ [Futp—1]) = 1 and x,, = 0, the function
2. 2)
—7) S il
)=+ X 4 7't
Z n+p1—Y)—1H¢\ e Z n+p1+}’)—1]\¢n|y"+p l
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shows equality in the coefficient bound given by (2.1). For the function f; defined in (2.2),
the coefficients are
p(1-7) p(1—7)
a 1= X, -1 al’ld b -1 =
TP I p( =) = 1lga " TP I p(1+7) = 1](9a]

and since condition (2.1) holds, this implies f € Sj;(p, a1, 7).
To show that the converse need not be true, consider the function

yn+p717

p(1—7) y—1 _
R =

@) =2+
It can be shown that

2 4 i) ]ZpH]/_Z[(V—l) Zp}’

2(1+y)
Re I >pY, (p=1,0<y<1)
?+ g+

thus f € S, (p, a1,7) but

> n+p(l—y) —1 S n+p(l+7y)—1
)y #lamp—l\l%\ + Z (—)|bn+p—1||¢n|

= p(l-v) p(1=7)
:1+p(1—7’)‘ p(1 ’ 1+7’ y—1 ‘
iy | 1ot ) ! !

The next result provide a convolution condition for f to be in the class S}, (p, o1, 7).
Theorem 2.2. f € S}, (p,0u,y) if and only if
2p(1-7)2" + (& —2p+2py + 1)} ]

H[l,’m [061] h(z) * |:

(1-2)?
- 5P — — s
H (] g(2) + [2p(§+7’)z +(<§1_ng 2py+ )2 ] #0, [§|=1z€D.

Proof. A necessary and sufficient condition for f € S};(p, ot1,7) is given by (1.3) and we
have

/!

L ()@ 2 (" o) s()
POV (g (el ne)) + ()" @)

-py| | 20

Since
e (E @) 2 (g e g(0)

p(l—7) (H[’;m [oq]h(z)) er

. 1 P+Z;°:2(”+P— 1)¢nan+p—lzn71 —%Z;o:](n-i-p— 1)¢nbn+p—1Znil
p(1—7) 1+Y ) ¢nan+p712n_1 + % el ¢nbn+p712n_1
=1

/

—-pY

—prY
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at z = 0, the above required condition is equivalent to

1 z (H,[,m [o] h(z))/ -z (H,l,’m [o] g(z)>/ -
PUST (B (o)) + (B [ s2)) Sl

2.3)

‘§|:1,§#—1,0<|Z|<1

Simple algebraic manipulation in (2.3) yields

07 (E+1) (z (i ] h2)) —2 (5" ] 2)) — pyHL™ ] ) — iy [a11g<z>)

— (&= 1)p(1—PH" [ou] h(z) — (€~ 1)p(1 —v)Hy" [e1] (2)
= el (&) (e - (ol ) - PRSP

—f%dg(z)*<<é+1>< z (1”)2”)+(2”“”‘§”)Z”>

1-2?2 (1-2 =
:Hzl;m (o (2) * {ZP(I —Y)ZF+((§1—_2Z§72+21W+1)Zp+1}
— H" o] g(2) * {2”(6“’)?*(5(1_25&23 2m/+1)zp+1} |

The coefficient bound for class Ty (p, 01, ) is determined in the following theorem. Fur-
thermore, we use the coefficient condition to obtain extreme points, convex combination
and distortion bounds.

Theorem 2.3. Let f = h+ g be given by (1.4). Then f € Ty (p, ou,7y) if and only if
> (n+p(1—y)—1 n+p(1+7y) -1 1+7y
(2.4) ( anip—1|+————F——|bntp-1 | <1——|b
n;z p(l_,y) | +p ‘ p(l—V) | +p | |¢| 1_y| P|
where |b,| < (1—7)/(14+7),0<y<1and @, is given by (1.2).

Proof. Since Tj;(p,a1,y) C S5 (p,a1,7y), sufficiency part follows from Theorem 2.1. To
prove the necessity part, suppose that f € T;(p, 04,7). Then we obtain

Re (pzp — Y ot p—1D)anp1]|¢2 P =Y (n+p— 1)|bpypi |d3”zn+pl> > py.
P =Yoo ansp1| P Y By pet | G2 P ! -

and the result follows by letting r — 1~ along real axis. 1

Let clco Ty (p, i, ) denote the closed convex hull of T35 (p, &, y). Now we determine
the extreme points of clco Ty (p, 41, 7).

Theorem 2.4. Let f be given by (1.4). Then f € clco Tj;(p, ou,7y) if and only if f can be
expressed in the form
(2.5) f= Z (Xn+p71hn+p71 +Yn+p71gn+pfl);

n=1
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where

p(1—7) +p—1
hy(2) =727, hpp—1(2) =2 — 7P n=273,..),
P& = PRI R )
p(l_Y) sn+p—1
[+ p(1+7) = 1][n]
¢y is given by (1.2), and ¥y} Xptp—1+Yusp—1) =L, with Xy p—1 > 0,Y,,_1 > 0. In
particular, the extreme points of T (p, o, y) are hyyp—1 and gnip—1.

gn+p—1(z):Zp+ (i’l: 1a2a37"')7

Proof. Let f be of the form (2.5), then we have

B > p(l_Y) n+p—
F@) = Xphp(D) + Y Xaipo1 (ZP‘ P -1l )

n=2
= p(1-7) -+1>
+Y Yepoi (2 Zr
E +p1< [t p(1+7)— 11190]
—7) n+p—1
X n+p1— I
- Y) =n+p—1
2.6 Y, .
(26) rE’l n+P +'}/)_1]|¢n| it
Furthermore, let
(17'}/) p(lf}/)
ntp—1| = X d |bpp-1]|= Yotp-t-
B e L I T (7 N R
Then

o [n+p (1—v) —1]|¢| p(1-7)
n; p(1-7) ([n+p(1— V) — 1]]¢n] - )

s [n+19(1+7’)1}|¢n|< (1-7 >
Ly e p(1+7)— 1] 7!
= an+p71 + iYnerfl = l—Xp <.
n=2 n=1

Thus f € clco T7(p,a1,7).
Conversely, suppose that f € clco Tj;(p,0u,7). Set

Xn+p71*[ +p(1—}’)(—1]|;])n||an+p 1| (n=2,3,...),
Yoip 1= [””(Hyzfuy'f”'b”*’” (n=1.2,..),

and define X, =1 =Y > X;1p—1 — Xy Yasp—1. Then,

f(Z) =7’ - Z |an+P—1 ‘Zn+p71 + Z ‘bVH'P—l |Zn+p7]

n=2 n=1

— P _ - p(l J/)X”""P 1 n+p71 . p(]_'}/)Yn-&-p—l —n+p—1
G D ey e row G DY ey sy sy v
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S p(1—-7) +p—1
=Xz’ + X+_1(z”— 7P
g ;2 r n+p (1=7) = 1][¢a|

. p(1-7) e
+ ZYn+p—1 (ZF+ n+p (1+7)— 1[0 ! )

Z n+p— lhn+p 1+ Yo p—18n+p- l)

n=1

as required.
Theorem 2.5. The class Ty;(p, &1, 7) is closed under convex combination.

Proof. Fori=1,2,3,..., suppose that f;(z) € Tj;(p,a1,7) , where f; is given by

haid (==}
@) =2 = Y lainip 1[4 Y by a2

By Theorem 2.3,

n+p(l—y) - n+p(14+y) -
2.7 n||%in + n bin — Sl
( ) n;z p (1 ,y) |¢ Ha +p— 1‘ Z ( ,y) ‘q) || Jn+p 1|

For Y72 i =1, 0 <t; <1, the convex combination of f; may be written as,

Fust =2 £, (Etower-s) 2o+ £ (E iyt 2t
i=1 i=1

)

|bz n+p— 1|

Then, by (2.7)

i [n+p(1— |¢n (

p(l Ztt|atn+p 1|
n=2

i n+p 1]/¢] <

)

(Z n+p(1—y >y) IS JETILES R n¢n|bl_7n+p_l|>

Hence, Y52 1;fi(z) € Tj5(p, a1, 7).
In the last theorem below we give distortion inequalities for f in the class 5 (p, o4, 7).

Theorem 2.6. If f € Tj;(p, a1, y) with ¢, > ¢, then for |z| =r < 1,

|f<z>|s<1+|bp|>rp+rp+l< p(l-y  _ p<1+y>|bp|>

P (1=v)+1[e2]  [p (1=7)+1]I¢2]

and

. p(l=v)  p(+ylb
|f(@)] = (1—=1bp|)r +1<[p(1_},)+1]|¢2| [p(l—y)+1f¢2|>'
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Proof. Since

p(l—y)+1
p(l ) |¢2|Z |an+p 1|+‘brz+p l|)
= ntp
Z—)<|an+p71|+\bn+p4|>|¢n|
n=2 ’}/)
= (n+p(l—7p)—1 n+p(1+7y)—1 >
< — YV |ap — +—bn — n|s
Z( p(l_,y) | +p 1| p(l_,y) | +p 1‘ |¢|
the result of Theorem 2.3 gives
. p(1—v) ( 1+y )
(2.8) Antp—1|+|bntp— < 1— b
,;2“ +p 1‘ | +p 1|) [p (1_,}/)+1]|¢2| 1— | p|

Next, again since f € Tj;(p, 04, Y), we have from (2.8) and |z| = r that

oo

(=]
2’ — Z |an+p—1 ‘Zneril + Z |bn+p—1 |Zn+p71

n=2 n=1

[f(2)] =

- e o
<121+ Y Nantp-t 2" 4 Y Baspr |27

n=2 n=1

(=) (==}
RS NI
n=2 n=1

< (1 [bp)r” + <Z |an+p1|+|bn+p1)> PPt

p(=y) p+7byl )
p (1= +1]lg2| [P (1=7)+1][¢2]

< (14 |bp|)r? +rPH! (

which gives the first result.
In a similar manner, we obtain the following lower bound.

(=) (==}
1f(2)] >r"— Z |an+p—1‘rn+pi1 - Z |bn+p—1|rn+p7]

n=2 n=1
= (1= by~ i(aw-m [Brspa )77
T T
2= (o e T e) !
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