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1. Introduction and main results

In this paper, we consider the following Josephson-type system with unbounded nonlinear-
ities
(L { i(r) + Au(t) —?F(t,u(t)) = h(t),a.e. t €[0,T],
u(0) —u(T) = u(0) —u(T) =0,
where A is a (N x N)—symmetric matrix, h € L' (0, T;RY), T >0, and F : [0,T] x RN — R
satisfies the following assumption:
(A) F(t,x) is measurable in # for every x € RY and continuously differentiable in x for
a.e. t € [0,T], and there exist a € C(R*,R*) and b € L' ([0, T],R") such that
|[F(t,)] < allx)b(2), [VF(1,x)| <a(lx)b()
for all x € RY and a.e. ¢ € [0,T].
Moreover, we assume that
(C1) dim N(A) =m > 1 and A has no eigenvalue of the form k’@?(k € N/{0}) where

o=2r/T,
(C2) There exist linearly independent vectors a; € RV(1 < j < m) such that N(A) =
span{ o, +, Qy}.

When A = 0 and /(¢) = 0, it has been proved that problem (1.1) has at least one solution
by the least action principle and the minimax methods (see [1,6-14,19-21,26,27]). Many
solvability conditions are given, such as the coercive condition (see [1]); the periodicity
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condition (see [19]); the convexity condition (see [6]); the subadditive condition (see [11]).
Recently, by using the variational methods, lots of people have also concerned with the
existence of periodic solutions for p-Laplacian systems (see [16,22,24,25]), p(¢)-Laplacian
systems (see [18] and [23]), and discrete p-Laplacian systems (see [3] and [5]).

For the case that A # 0 and A(t) # 0, Mawhin and Willem [7] obtained that system (1.1)
has at least one solution by using the saddle point theorem under the following bounded
condition: there exists g € L' (0, 7;R*) such that

(1.2) |F(t,u)| < g(t),|VF(t,u)| < g(t),YucR" ae.r€[0,T].
They obtained the following result:
Theorem 1.1. [7, Theorem 4.9] Suppose that F satisfies (C1), (C2) with fOT(h(t),Ocj)dt
=0(m>1),(1.2) and

(F1) there exist T; > 0 such that F(t,u+Tjo;) = F(t,u)(1 < j<m),VueR", ae.

r€[0,T].

Then system (1.1) has at least one solution.

In 2006, Feng and Han generalized Mawhin and Willem’s result and they obtained the
following results:
Theorem 1.2. [2, Theorem 2.1] Suppose that F satisfies (C1), (C2) with fOT(h(t),ocj)dt
=0(m > 1), (FI) and the following conditions: there exist a,b € L'(0,T;RT),0 < o < 1
such that
(1.3) |VF(t,u)| < a(t)|u]* +b(t).
Then system (1.1) has at least one solution.

Theorem 1.3. [2, Theorem 2.2] Suppose that F satisfies (C1), (C2) with fOT(h(t),ocj)dt
=0m=>1),(1.3) and

T
Jall 2 [ Pt — oo, as ] = oo, € H°

or r
Jull 2 [ F(t,ydt — =, as [l = o H.

where H is defined before (2.2). Then system (1.1) has at least one solution.

Condition (1.3) is usually called sublinear growth condition. Such condition has been
used extensively (see [4,11-15,17,26,27]). In 2010, Wang and Zhang [17] generalized the
condition (1.3). They assumed that

(f1) There exists constants Co > 0, K; > 0, K, >0, a € [0,1), a € L'(0,T;R") and

b€ L'(0,T;R") and a nonnegative function w € C([0, +), [0, 4-0)) with the prop-
erties:
i) w(s) <w(r),Vs <t,s,1€[0,40),

(i) w(s+1) < Co(w(s)+w(t)),V s,t € [0,4o0),
(i) 0 <w(t) <Kit*+ Ky, V1 €[0,40),
(iv) w(t) — +oo,ast — oo,

such that

[VE(1,x)] < a(t)w(|x]) +b(1)
for all x € RN and a.e. t € [0,T].
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If we let w(t) =1, it is easy to see that (f1) generalizes (1.3). Wang and Zhang con-
sidered the special case A = 0,A4(¢) = 0 for (1.1). By using the least action principle and
saddle point theorem, they obtained system (1.1) with A =0 and &(z) = 0 has at least one
solution. In our paper, similarly, we will use the condition (f1) to replace (1.3) and by using
saddle point theorem, we will generalize Theorem 1.3. Our main results are the following
theorems.

Theorem 1.4. Suppose that F satisfies (C1), (C2) and (fl). Assume that one of three fol-
lowing conditions holds:

(1)
Jul 1T
(1.4) limsup — = < +oo, lim 27/ F(t,u)dt = —co,
e W2 (Ju]) == w2 (|ul) Jo
UEN(A) ueN(A)
where | - | is the standard norm defined in RV
(1)
2 T
1
(1.5) 1imsupw (Jul) < oo, lim — [ F(t,u)dt = —co,
e | i |u] Jo
ueN(A)
or furthermore,
2 T T
1
(1.6) limsupw () =0, lim —/ F(t,u)dt < —/ |h(2)|dt;
e Y] == |1 Jo 0
uEN(A) ueN(A)
(iii)

T 1 T
1.7 / h(t),o;)) =0,(1<j<m), lim 7/Ft,udt:—oo.
( ) o ( ( ) ]) ( J ) |u|—ooueN(A) W2(|M|) 0 ( )
Then system (1.1) has at least one solution.

Theorem 1.5. Suppose that F satisfies (Cl), (C2) and (fl). Assume that one of three fol-
lowing conditions holds:

()
(1.8) lim sup LI /TF(t )dt =+
. 1 u o, U = o0}
PR < T ) o
UEN(A) ueN(A)
(i1)
2 1 T
(1.9) 1imsupw|(||u|) < oo ‘l‘im ﬁ/ F(t,u)dt = +oo,
| —o0, u U= |U| JO
LE‘N(A) ueN(A)
or furthermore,
2 T T
1
(1.10) timsup 0D _ o tim 7/ F(t,u)dt>/ Ih(r)|d.
e U] == |1t Jo 0
UEN(A) ueN(A)
(iii)

T T
(1.11) /0 (h(r),0) = 0,(1 < j < m), /3 F(t,u)dt = +oo.

g

ul)

m 5
Ju| o ueN(A) W2 (
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Then system (1.1) has at least one solution.

Remark 1.1. Theorem 1.1 and Theorem 1.2 generalize Theorem 1.3 from two aspects.
First, obviously, (f1) generalizes (1.3). Second, we consider the case that fOT(h(t)7 oj)dt =
0 (m > 1) in (C2) in Theorem 1.3 is deleted.

2. Preliminaries
Let
H} = {u:R — RN |u is absolutely continuous, u(t) = u(t +T) and it € L*(0,T;R)}.

Then H} is a Hilbert space with the inner product and the norm defined by

(v = [ /O " () v(0))de + /O T(u(t),v(t))dt] .
= [ [ opar [ acopa]

T/ $)dt,and (1) = u(t) — i,

and

for each u,v € H}-. Let

Then one has

il|s < u(r Zdt ,(Sobolev’s inequality)
12

||zl||%2 < 47[2/0 |ii(¢)|>dr. (Wirtinger’s inequality)
(see Proposition 1.3 in [3]) which implies that
2.1 [[ulee < Clluf

for some C > 0 and all u € Hy, where ||ul|.. = max,c[o 7 |u(z)]. It follows from assumption
(A) that the functional @ on H}. given by

2/ i zdtff/T(A(t)u(t),u(t))dt+/0TF(t,u(t))dt+/OT(h(t) u(t))dt
is continuously differentiable. Moreover, one has
(9'(w),v) = /OT[(ﬂ(t),V'(t)) — (A@)u(r),v(1)) + (VE(t,u(t)),v(t)) + (h(2), v(1)))d1

for u,v € H}. It is well known that the solutions of system (1.1) correspond to the critical
points of ¢ (see [3]).
Let

_ %/OT ()2 — (A@)u(e), u(r))] d.

Then it is easy to see that

11 r N I d 1
q(u) = S lull” =5 | () +Du(),u(t))dt = 5

Il
|
—
—~
~
|
=
N—
=
<
N—
=
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where K : H} — H} is the self-adjoint operator defined, using Riesz representation theorem,
by

/OT((A(I) +Du(t),v(t))dt = ((Ku,v)),¥ u,v € Hy.

The compact imbedding of H}. into C(0,T;R") implies that K is compact. By classical
spectral theory, we can decompose H} into the orthogonal sum of invariant subspaces for
I-K

Hi=H ®H®HT,

where H’ = Ker(I — K) and H~ and H™ are such that, for some § > 0,
O, 0. .
(2.2) q(u) < —EHMH ifucH",
&, +
(2.3) q(u) > §||u|\ ifueH".

Moreover, by (C1), it is known that H = Ker(I — K) = N(A) (see [3]).
We will use the following lemma to obtain the critical points of ¢.

Lemma 2.1. [10, Theorem 4.6] Let X = X| & X,, where X is a real Banach space and
X1 # {0} and is finite dimensional. Suppose I € C'(X,R), satisfies (PS), and

(I1) there is a constant & and a bounded neighborhood D of 0 in X, such that I|3p < «
and
(I12) there is a constant B > o such that I|x, > .

Then I possesses a critical value ¢ > 3. Moreover, ¢ can be characterized as

¢ = inf maxI(h(u)),
hel’ yeD

where

' ={heC(D,X)h=id on dD}.

3. Proofs of theorems
For convenience, we will denote various positive constants as Cj,i = 1,2,---, or D;,i =
1,2,--- orE;i=1,2,---,0rG;,i=1,2,---.

Lemma 3.1. Assume that (f1) holds. Then for any (PS) sequence {u,} C H} of the func-
tional @, there exists C; > 0 such that

w7 |17 < C1w? ([un]) + €1,
g 1> < Cow? (Jup]) + €.
Proof. Assume that {u,} is a (PS) sequence in H}. Then there exists a constant C; > 0 such
that
9 ()| < C, |9 (un)] < G2,V €N,
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It follows from (f1), (2.1) and Young’s inequality that
[ F o). e

0

T
< [ IVF () (o)l
0

T

< [ Galeywlun o))+ b(0)) i 1)

IN

= [ @t 0) 4 ) 480 +50)) g 0t
< [ a1Co(Co-+ 1)t 004wty 00+ w481 b Ol + [ o 0
T T

<l o) s [ al)CO(Cor+ Vit (it )] [ ale)Co(Co -+ 1)

.T T
w(al)) - [ Co(Cot Vate)de+ | [ ble)ar
< (K3l 18+ K)o | al)Co(Cot 1)
0 124K e [ a)ColCo+

T T

w(al) - [ Co(Co+ Vate)de+ | [ ble)ar

< Csllu |+ Callagf ||+ Cs oy ||l | +w (|l | CCo(Co + 1)/0Ta(f)dt
< elluy I +C3(e) +ellw |* +Ca() +Cs(&) |l |I** + el | + Co(€)w? Jup]) + ]| ||
< defluy |* +Cs(e)luy 2% +Co(e)w(|upl) +C5 (e),
where € > 0 and Cj(€) >0 (i =1,---,7) are constants dependent on €. Thus, we have
Coluy || = (@' (1n), 1)
- <(17K)un,u,“:>+/OT(VF(t7un(t))+w(t),u (1))t
> 8luy |[* —4elluy | —Cs(e)luy | — Co(e)w? (Jup|) — C1(€) — Cluy |
> (8 —5€)Juy | = Cs(&)|luy |I** — Co(&)w? (luy]) — Co e).-
If we fix € < 8/5, then
(3.1) s 1> < Crow? (lug]) + Crt [l 1> +Cr2.
Similarly, we can get
(32) (1> < Craw?(Juy]) + Cra|uf |7* + Cis.
It follows from (3.1) and (3.2) that

2
e 17 < Crow? (Jup]) + Cr6w?® (up) + Cra [ ||** +Cis.
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Since 20> < 2a < 2, by using Young’s inequality again, we have
5 11> < Crow? (Jup]) + Coo.-
Similarly, we can get
it 11> < Corw? (Jup]) + o2

Let C; = max{Cj9,C20,C21,C2}. Then we complete the proof. |

Proof of Theorem 1.1. We will use Lemma 2.1 to prove this Theorem. First, we prove ¢
satisfies (PS) condition when one of case (i), case (ii) and case (iii) holds, respectively. Let
{u,} € H} be a (PS) sequence, that is ¢(u,) is bounded and ¢'(u,) — 0. Then there exists
E; > 0 such that

|9 (un)| < Ev, || @' (un)l| < Er.

By Lemma 3.1, we know that

(3.3) lluf |[> < Crw? (|ud]) +Ci,
(3.4) lluy |I* < Crw?([ud]) +C.

It follows from the above two inequalities and Young’s inequality, we can obtain that
(3.5)

‘/TF(t,un(t))dt—/TF(nug)dt

/ (VF(t,u +s(uw! (t) +uy (1)), u) (1) +u, (1))dsdr

< [ VP st )4 0) 4 )l )+ s
< [ tatepwtisnt )+ sz 0+ )+ b0t )+ 0 s
< [ [ at06oCo+ 1) 0wt 00D+ wlst () + D o 0) -+, ) st
[ b0t 0+ 0l
() O o+t ) )€ 10ty o) o+ 1)
[ a)1C0(Co+ 1y ) e+l ) [ aCo(Co + 1)

T
(1 o+ 1ty ) [ bl0)c
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< (Killuy 1% + K2) [ ||oo / (£)Co(Co + 1)dr + (K [|uy & + K2)[Ju™ ||oo

T T
a(t)Co(Co + 1)dt (K, ||u,, |1 + Kz)\lu+||oo/ (1)Co(Co + 1)dr

S—

+ (K|, |12 + K2)[[u™ || / 1)Co(Co + Ddr([[uy [l + [l |l--)

<./0Tb<l)dt - w(luﬂ\)./o a(t)Co(Co + 1)dt>

< Dy lluy | + Dafluy || + Dl | + Dallu |
+ D[l |1 aty 1|oo Dl |26 11D3 ([l ||+ lagy |[)w(|e )
< Dyllu; |I* + Ds|luy ||* + Dew? (Juy]) + D7
< Eyw*(|ud]) + Es.
Since A(#) is continuous in ¢ and T-periodic, it is easy to see that there exists E4 > 0 such
that
1
S0 = Kyuif k) = qf) < Eallf |
Hence, by the above inequality, (2.1), (3.3), (3.5), (3.6) and (2.2), we have

(3.6)

—E1 < o(u,) = %((I—K)uj,u,ﬂ + %((I—K)u;,u,ﬂ +/(;TF(t,un(t))dt—./O.TF(t,ug)dt

T T
/0 F(t,u0)dt + /O (h(t).1c! (0) + i (1) + )t
< Eygl|u|)? + Exw?(Jul]) + E3
T T T T
| Faddic [t |+l [ )+ ) [ acolar
T T
(G.7) < Esw?(ul]) + | F(tadddi-+ Eop(ull)+Ey+1uf] [ V(o).

Case (i): assume that

3.8 limsup ——— 2(‘ D < oo,
it
Note that

T T
ESWZ(\u2|)+/O F(t,ug)dt+Ef,w(|u2)+E7+\u2|/0 ()| dt

WO (T
= w2l |)<E5+ e 7n>dt+W>+Eﬁw(u2|>+E7.

It follows from (1.4) and (3.8) that {u0} is bounded. By (3.3) and (3.4), we know that
{uy} is bounded in H}. Similar to the argument to [7, Proposition 4.1], ¢ satisfies the (PS)
condition.
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Case (ii): assume that

2
(3.9) lim sup - |(|”|) < oo
U|—o0 u
L!E‘[V(A)
Then
(3.10) lim sup W(“l‘) —0.
oo u
u‘E‘N(A)
Note that

T T
Esw? () + [ Flo,u)dr+ Eowl(ud)+ By + 1) [ |h(o)las
0 0

T 1 T 201,,0 E 0
) ([ e+ e [ Pl ) Bl )

3] )]

It follows from (1.5) and (3.10) that {0} is bounded. Furthermore, if

2
limsup M =0,
- (U]
ueN(A)

by (1.6), we also obtain that {u)} is bounded. By (3.3) and (3.4), we know that {u,} is
bounded in H}. Similar to the argument to [7, Proposition 4.1], ¢ satisfies the (PS) condi-
tion.

Case (iii): if [y (h(t), a;j)dt =0,(1 < j <m), we have

1 < Q) = 5 (1~ K ) + 50— Ky + [ Flosn(o)ae— [ Fedar

T T
[P+ [ (o). 0+ ) + )
0 0
< Eslluf |1 + Exw? (|up]) + Es
T T T
| P [l |+l [l
5 T
< Esw?(uf))+ | PG+ Eow(ud) +Er

1 T
< wA(|u)) <E5+W2(|MO|) /0 F(t,uS)dt) + Egw(|u)|) + E7
7).

It follows from (1.7) that {«%} is bounded. By (3.3) and (3.4), we know that {u,} is bounded
in H}. Similar to the argument to [7, Proposition 4.1], ¢ satisfies the (PS) condition.

Next, we verify ¢ satisfies (i) in Lemma 2.1. Decompose H} = (H~ ® H*) © H*. Let
X, = (H ®H"),X, = H*. We know that dim(H~ @ H’) < 4. ForVu e X, =H ®©H",
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u=u® +u, it follows from (f1), (2.1) and Young’s inequality that

‘/OTF(t,u(t))dt/OTF(t,uo)dt

T 1
/ (VE(t,u” +su (1)),u (¢))dsdr
0 Jo

< /T/1 V(1,1 + su™ (1) ||u~ (1) |dsd
/ / w(lu® -+ su (1)) + () [~ (1) dsdr
< (a1 /0 alr)Cor
Wl o) o [ ale)Codr 4 o [ o010
T
WDl | ate)Codr

T T
(K ||u7||g+K2)||u7Hw/O a(t)Codt + ||Lwa/0 b(t)dt
< Esw([u|)|[u” || + Eollu” || **" + Eyolju” |
(3.11) <Enw?([u]) +ellu ||* +Eollu || “" + Evollu||.

Case (1): if imsup ;e yen(a |u|/(w2(|u|)) < oo, then
1
o(u)= 2((11{ +/Ftu dt—/Ftu dt+/Ftu dt+/
5. ) ) )
< 5 llu 12+ Enw? ([u®]) + ellu||? + Eg|lu™ | “*! + Eno|u |
T T T
/()F(t,uo)dt-i-CHu’H/O |h(t)|dt+\u°|/0 ()| dt
5 . ) )
< (-3 +e) P+ Bl 4 £l

0] S |h<z>dr>

1 T
WD (E“+w2<|u0>/o P+ =)

Choosing € < §/2, by (1.4) and o < 1, we have
@(u) — —oo,as|[ul| — oo, u € Xi.

Case (ii): if limsup . w?(|u|)/(|u|) < 4o, then
ueN(A)

5 ) . .
<P(M)S*§HM 12+ Eniw? (Ju]) + €l|u™ || + Eo|lu || %! + Eyolu ||
T T T
/OF(t,uO)dt+C||u_||/O \h(t)|dt+|u0\/0 o

o _ _ -
< (=3 +e) I P+ Bl 14+ Bl |
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E 2 0
1 ([ o+ o [ Patars B )
Choosing € < §/2, by (1.5) and (3.10), we have

@(u) — —oo,as|uf| — oo.

Furthermore, if

2

lim sup w-{Jul) =
e Ul
ueN(A)

then by (1.6), we also obtain that
@(u) — —oo,as|ul| — .

Case (iii): if [y (h(t), a;j)dt =0,(1 < j <m), then
1
o(u) = 2((11( +/Ftu dt—/Ftu dt—|—/Ftu dt+/
5, ) ) .
< =l 12+ Enw? ([u®]) +llu||* + Eg|lu™ | “! + Exo|u” |
T T
/F(t,uo)dt+C||u_H/ ()| dt
0 0
5 ) ) .
< (-3 +e) P+ Bl o 4 Bl

w?(u°)) <E11 +w2(1uo|)/0TF(t,u0)dt)

Choosing € < §/2, by (1.7), we have
@(u) — —oo, asul| — oo, u € X.

Finally, we verify that ¢ satisfies (ii) in Lemma 2.1. In fact, forVu € X, = H", u = u™, by
(f1) and (2.1), we have

T T
/OF(t,u(t))—/O F(1,0)dt
_ /T/I(VF(t,su(t)),u(t))dsdt
0 0

< /OT/O1 VE (¢, su(t)||u(r)|dsd
</ " (altywlule) + b)) u(r) | dsds

T T
<l el | a0+l | b0y

< (Kl + o)l [ ate)an + - [ bt
(3.12) < Ep3|ul| ™ 4 Erglul|.
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Hence, for V u € X, = H", we have

0u) = 5 (1~ K)uu) —&-./O‘TF(t,u(t))dt —./O.TF(t,O)dt—l—./O‘TF(t,O)dt—&-/()T(h(t),u(t))dt

) T T
> Ellqu—ElsHullo‘“—EmlluH—CHull/0 Ih(t)ldﬂr/0 F(1,0)dr

it is easy to see ¢ is bounded from below in X;. Hence there exists R > 0 and @ < f3 such
that

(p(u) <a,uc JdBRNE| =0dD.
Thus by Lemma 2.1, we know that ¢ has at least one critical point. We complete the
proof. 1
Proof of Theorem 1.2. First, we prove ¢ satisfies (PS) condition when one of case (i), case
(ii) and case (iii) holds, respectively. Let {u,} C H} be a (PS) sequence, that is @(uy) is
bounded and ¢’(u,) — 0. Then there exists G| > 0 such that

¢ (un)| < G

Since A(t) is continuous in ¢ and T-periodic, it is easy to see that there exists G, > 0 such
that

1
(3.13) S (=K ) = () > =Galluy |

Hence, by the above inequality, (2.1), (2.3), (3.4), (3.5), (3.13) and (2.2), we have
1 1 o T T
~G1 > ¢(uy) = §<(I—K)u,f7u:[> + E<(1—1<)un ) +/0 F(t,u,(t))dt —/0 F(t,ud)dt
T T
/ F(t,u0)dt + / ()t (1) + u; () + u2)dlt
0 Jo
1) _
> EIIM,TIIz—GzIIun 1> — Exw? (|up]) — Es

T T T T
| Feaar—c [l | =l [l 1) [ 1a)ar
0 0 0 0

T T
G4 =G+ [ F(ul)dr— Gaw((ud]) ~ Gs — ] [ Ihie)lar
0 0

Case (i): assume that

(3.15) limsup 14

< oo,
|u|—oo,ueN(A) W2(|u|)

Note that
271,,0 g 0 0 0 g
—Gan?(uf]) + | F(tadt = Ganw([uf]) = Gs = uf] [ Jn(e)

_o20n [ 1 T 0 7|“2|f0T|h(f)|df _ oy
w(|un|)< G3+7W2(‘u2|)/0 F(t,u,)dt 7w2(|u2\) > Gaw(|uy,|) — Gs

It follows from (1.8) and (3.15) that {«?} is bounded. By (3.3) and (3.4), we know that
{uy} is bounded in H}. Similar to the argument to [7, Proposition 4.1], ¢ satisfies the (PS)
condition. For case (ii) and case (iii), combining case (i) with the argument of Theorem 1.1,
it is easy to see that ¢ also satisfies (PS) condition.
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Next, we verify ¢ satisfies (i) and (ii) in Lemma 2.1. we will let Ey = H ,E, = H'g
H™, which is different from the decomposition of Theorem 1.1. Obviously, dimE; < +oo.
Similar to (3.12), we can obtain that for u € H~,

T T
(3.16) /()F(t,u(t))—/o F(1,0)dt < G||ul|*+' + G7|u].

Hence, for V u € H—, we have

o) = %((IfK)u,w+/OTF(t,u(t))dtf/OTF(t,O)dt+/OTF(t,0)dt+/()T(h(t),u(t))dt

) T T
< = Sl + Gl “* 4G +Clul [ o)+ [ F(0.0)d

Since o < 1, we have
@(u) — —oo, as|[ul| — oo, u € X;.
Similar to (3.11), we can obtain that for u € HO®H,u = u® +ut,
(3.17)
T T
’/ F(t,u(t))dt—/ F(t,u)dr
Jo 0

< Gew? ([u°) + &l|u™ |I* + Gol|u™ |+ + Grofu ™.

Case (i): if imSUP|| o0 yen(a) lu|/(w?(|u])) < oo, then by (2.1), (2.3) and (3.17), for V u €
HaH" u=u'+ut,

() = <(I—K)u+,u+>+/OTF(t,u(t))dt—/OTF(t,uO)dtJr/OTF(t,uO)dt+/OT(h(t),u(t))

™1 = Gsw? ([u°]) = €]|u™ ||* = Gol[u™ ||+ — Guo|u” |

T T T
F(t,a)de —Clu| [ 1n(e)la = 1u] [ (o]
0 0

S— N[ NI =

o
> (5 ) It = Goll [+ Gur |

1 T W] [ |h(t)|d
v <_G”w2<|u°|>/o Foaai— = b t)

Choosing € < §/2, by (1.8), we have
@(u) — +oo, asul] — o0, u € X.

For case (ii) and case (iii), combining case (i) with the argument of Theorem 1.1, it is easy
to see that

@(u) = oo, asflul| — oo, u € Xs.

Thus we complete the proof. 1
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4. Examples
In this section, we give some examples to verify our theorems. At first, let 7 = 1 and

1 00
A= 0 0 O
0 00

Then dim N(A) =2 and N(A) = span{a;,0n }, where a; = (0,1,0) and o = (0,0,1). So

(C1) and (C2) hold.
Example 4.1. (i) Let
F(t,x) = (04T — 1) |x|"/*, Vx e RN, 1 € [0, T].
Then
|VF(1,x)| = % 0.47 — 1] |x]3/*.

Let w(|x|) = |x|*/*. Then it is clear that (f1) holds. Moreover,

[ul [ul

limsup = limsup =0 < 4o
e WR(U) e |32 ’
ueN(A) ueN(A)
—0.172|u|7/*
F(t,u)dt= lim ———— = —
e \ﬂm u\ / e, |u)3/2
ueN(A) ueN(A)

Hence, (1.4) holds and then by Theorem 1.1, system (1.1) has at least one solution.
(ii) Let

I1e; 5/2
F(t,x) = (0.5T —1) |x|>/* — % VxeRN, tel0,T],

where [ € C([0,T);R*) with [ 1()dt > [ |h(t)|dt. Then there exists C > 0 such that

1a 1(0)(31x72 + 31x[*/2)
1422+ |x]*

5
VF(1,2)] < Z10.5T —1| by

5
< 1057 1] x|+ +ci(r)

Let w(|x|) = |x|'/4. Then it is clear that (f1) holds. Moreover,

2 1/2

limsupw (|MD :]imsup|u| =0 < oo,

e U] e U]

ueN(A) ueN(A)

[ T 1)t / /
F(t,u)dt = lim ——>=—F— = — [ (t)dt < — h(t)|dt.

[ue “’“ |M|1/2/ [u|—oo, ‘u|1/2+|u‘5/2 0 ( ) 0 | ( )|
ueN(A ueN(A)

Hence, (1.6) holds and then by Theorem 1.1, system (1.1) has at least one solution.
(iii) Let

(4.1)  F(t,x) = (04T —)In*?(1 + |x]*) +d(1) In(1 + |x|*), Vx e RN, 1 € [0,T],
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and h satisfy [ h(t)dr =0, where d € C([0,T];R*). Then [ (h(r),a;)dr =0, j = 1,2 and
|VF(t,x)] < = \o AT —t|In'2(1 + |x?) +d(2).

Let w(|x|) = In'/?(1 4 |x2). Similar to the argument in [18], we know that (f1) holds.
Moreover,

[1e] —eo,

ueN(A) ueN(A)

1 T
lim ——— | F(t,u)dr= lim —0.17%In"/2(1+[ul*)+d(t) = —c.
fim s [ F(adi = Jim 0172 2(1-¢ )+ d()

Hence, (1.7) holds and then by Theorem 1.1, system (1.1) has at least one solution. More-
over, note that H = N(A) (see [3]) and for any o € (0, 1),

F(t, =0.
\u|~o« |u\2°‘/ u)d

ueHO

So (4.1) does not satisfy Theorem 1.3.
Example 4.2. (i) Let
F(t,x) = (0.6T —1)|x|"/*, VxRN, r € [0,T].
Then
|VF(1,x)| = % 0.6T — 1] |x]3/*.

Let w(|x|) = [x|*/4. Then it is clear that (f1) holds. Moreover,

[ul [ul

limsup = limsup =0 < oo
e W2l el Tu 7
ueN(A) ueN(A)
0.172u7/*
F(t,u)dt = lim ————— = +oco.
\uwm u| / e, |uf3/2
ueN(A) ueN(A)

Hence, (1.8) holds and then by Theorem 1.2, system (1.1) has at least one solution.
(ii) Let

1(t 5/2
F(t,x) = (0.5T —1) x|5/4+§l|)|€)|€|2, VxeRN re(0,T],

where [ € C([0,T);R") and ] 1(t)dr > [ |h(r)|dt. Then there exists C > 0 such that
1) (Gl + 3 |xP*?)
14 2[x|? + [x]*

5
IVE(1.0)] < 7 10.5T x| /4 4

5
< 71057 —| lx|'/4 +CI(t).

Let w(|x|) = |x|'/4. Then it is clear that (f1) holds. Moreover,

2 1/2
limsupw (Jul) zlimsup|u| =0 < Hoo,
= 1] —ee |1
ueN(A) ueN(A)

1T ul>2 J 10yde T T
li F(t,u)dt = lim :/ltdt>/ h(t)|dt.
e \H; |u|1/2/ (t,) \ug\lﬂw [ulV/2+ul52 Jo ) Jo ol

ueN(A
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Hence, (1.10) holds and then by Theorem 1.2, system (1.1) has at least one solution.
(iii) Let
(42)  F(t,x) = (0.6T —1)In*>(1+ |x*) +d(1) In(1 + |x*), VxeR", t€]0,T],
and h satisfy fOT h(t)dt =0, where d € C([0,T];R™). Then fOT(h(t), o;)dt =0,j=1,2and

3
VF(t.2)]| < 3 |0.6T —t|In'2(1+ |x]?) +d ().

Let w(|x|) = In'/?(1 4 |x|2). Similar to the argument in [17], we know that (f1) holds.
Moreover,

1 T
lim 7/ F(t,u)dt = lim 0.17*In"?(1+4 [u?) +d(t) = +oo.
i W2 ([al) Jo (t,u) Jim (L+[ul?) +d(1) =+

ueN(A) uEN(A)

Hence, (1.11) holds and then by Theorem 1.2, system (1.1) has at least one solution. More-
over, similar to Example 4.1 (iii), (4.2) does not satisfy Theorem 1.3.
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