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Abstract. In this paper, we are concerned with oscillation of the nonlinear difference equa-
tion A(cy [A(dnAx)]") +gnf (Xg(m) =0, 1> no, where ¥ > 0 is the quotient of odd pos-
itive integers, ¢,, d,, and g, are positive sequences of real numbers, g(n) is a sequence of
nonnegative integers and f € C(R,R) such that uf(u) > 0 for u # 0. We establish some
new sufficient conditions for oscillation by employing the Riccati substitution and the anal-
ysis of the associated Riccati difference inequality. Our results extend and improve some
previously obtained ones. Some examples are considered to illustrate the main results.
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1. Introduction

In recent years, the asymptotic properties and oscillation of difference equations and their
applications have been and still are receiving intensive attention. In fact, in the last few
years several monographs and hundreds of research papers have been written, see for ex-
ample the monographs [1, 3, 6, 11]. Determination of oscillatory behavior for solutions of
first and second order difference equations has occupied a great part of researchers’ interest.
Compared to the first and second order difference equations, the study of third order differ-
ence equations has received considerably less attention in the literature, even though such
equations arise in the study of economics, mathematical biology, and other areas of math-
ematics which discrete models are used (see for example [4]). For contributions, we refer
the reader to the papers [2,5,7,8,13-19] and the references cited therein. For completeness
and comparison, we present below some of these results.
In this paper, we are concerned with oscillation of the nonlinear difference equation

(1.1 A(cn [A(dnAxn)]") + qnf (Xg(ny) =0, 1> no,
where ¥ > 0 is quotient of odd positive integers. Throughout this paper, we will assume the
following hypotheses:

(h1). cn, dy, gy are positive sequences of real numbers, g(n) : N — Z, lim,,_. g(n) = oo,
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(h2). f: R — Ris continuous, f(—u) = —f(u), foru # 0, and f(u)/u? > K > 0.

Equation (1.1) is called a delay equation if g(rn) < n and is called an advanced equation
if g(n) > n. Since, we are interested in oscillation and asymptotic behavior of solutions near
infinity, we make a standing hypothesis that the equation under consideration does possess
such solutions and the solutions vanishing in some neighborhood of infinity will be excluded
from our consideration. Our attention is restricted to those solutions of (1.1) which exist on
[y, =) and satisfy sup{|x,| : n > n;} > 0 for any n; > ny. A solution x, of (1.1) is said
to be oscillatory if it is neither eventually positive nor eventually negative, otherwise it is
nonoscillatory. The equation (1.1) is said to be oscillatory in case there exists at least one
oscillatory solution.

Here are a few background details that serve the readers and motivate the contents of this
paper. For oscillation of linear difference equation Smith in [16] considered the equation of
the form

(1.2) Ay = puXni2 =0, 1> ng,
and proved that if
(1.3) Y pa=e,

n=ng

then (1.2) is oscillatory. The main investigation depends on the value of the functional
G(x,) = (Ax,)? — 2x,4 1 A%x,,, which is the discrete analogy of the function defined by Lazer
[12] for third order differential equations. Further in [16] the author considered the quasi-
adjoint difference equation

(1.4) Ay + ppxni1 =0,  n>no,

where p, > 0 for n > ng and proved that (1.2) is oscillatory if and only if (1.4) is oscillatory.
But one can easily see that the results cannot be applied if p, = n~% for oc > 1.
In [14] the authors considered the difference equation of the form

(1.5) A’xy+ paxn =0, 1> no,
and proved that if p, is a positive sequence and
(1.6) pn>1, for n>ng,

then (1.5) is oscillatory. In [15] the author considered the equation (1.4) where p,, > 0 for
n > ng and proved that if

o [1-1 t—1
(1.7) Z Z Z ps‘| = oo,

[:no _t:n() S=n(

and there exists a positive sequence p, such that,

. al (Apy)°
1.8 lim su sPs— ——F———~ | =,
o AP X | PP g {5

then the solution x,, of (1.4) is oscillatory or satisfies lim,,_,..x,, = 0. One can easily see that
the results established in [15] provided substantial improvement for those obtained in [16]
and [14].

In [17] the author considered the linear difference equation

(1.9) Asxn + Pni1 A2 + guxn2 =0,  n>ny,
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where p, and g, are real sequences satisfying

(1.10) Pn>0, g, <0and Y (Ap,—2¢gy) = e,
s=ng
and proved that if p,11 +¢g, < 0forn > ngy, then (1.9) has both oscillatory and nonoscillatory
solutions. Further it was proved that if there is a solution x,, of (1.9) such that F(x,) > 0, then
x, is oscillatory where the functional F (x,) is defined by F(x,) := (Ax,)* — 2%, 1A%x, —
pnx2.,,. However one can easily see that the condition depends on the solution itself whose
determination might not be possible.
In [18] the author considered the equation

(1.11) A(Azxn - p11+1xn+1) —qn2Xn42 = 0, n > ny,

where p, and g, are nonnegative real sequences and satisfying (1.10). The author proved
that if x,, is a nonoscillatory solution then there exists an integer N for which either x,Ax,, > 0
or x,Ax, < 0 for all n > N and proved that the equation (1.11) is oscillatory if and only if
the equation

(1.12) Axy = Pps 1t A%t + Gui1Xns1 =0, 1> no,

is oscillatory. Further the author gave a connection between the behavior of solutions of
(1.12) and (1.11) by proving that if u, is a solution of (1.12), then the two independent
solutions of (1.11) satisfy the self-adjoint second order difference equation

Ax Ay —
(1.13) A( n> T ( Un+1 Pn+1un+2)xn+l —0.
Un Up+1Un+2

Also in [18] the author proved that if v, is a nonoscillatory solution of (1.11), then the two
independent solutions of (1.12) satisfy the self-adjoint second order equation

: A2v,_y — puv,
(1.14) A(Axl>+(v’”p”v’>xn+1=o.

Vn VnVn+1

Specifically the author proved that the equation (1.11) is oscillatory if and only if (1.13)
is oscillatory and also (1.12) is oscillatory if and only if (1.14) is oscillatory. In fact these
results can be considered as the discrete analogy of the results that has been given for third
order differential equations by Jones [10] where he considered the equation

(1.15) X (6) + p(0)x (1) +q(0)x(t) =0, 1>,

and gave a relationship between oscillation of (1.15) and nonoscillation of its self-adjoint
equation

(1.16) X () + p(0)x (1) + (p () — q(1))x(t) = 0,

and proved that if N is a nonoscillatory solution of the adjoint equation (1.16), then there
are two independent oscillatory solutions of (1.15) satisfying the equation

L0\ (N @)+ pON)
(1.17) <N(I)> + <N2(z)> x(t) = 0.

In [13] the authors considered the difference equation of the form

(1.18) Y43+ aYnt2 + Gnyni1 + ppyn =0,
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where r,,, pn, g, are sequences of real numbers such that p, # 0. The authors proved that
if p, <0, g, <0 and r, < 0 then equation (1.18) admits two oscillatory solutions and if
pn <0, g, >0and r, > 0 then equation (1.18) admits a nonoscillatory solution. In [8] the
authors studied the oscillation of the nonlinear difference equation

(1.19) A(an(dnA(xn))) +an(xn—6+1) =0, n>no,
where o is a nonnegative integer, f : R — R is continuous such that uf(u) > 0 for u # 0,
and
(1.20) fw)—fv) =g(u,v)(u—v), foru,v#0 and g(u,v) > u >0,
and c,,, d,, are positive sequences of real numbers such
= 1 = 1

(1.21) Y <) =) () =oo, and Ac, > 0.

n=ny Cn n=ny d”

For the linear case they used the Riccati transformation technique and established some
sufficient conditions which ensure that every solution of (1.19) is oscillatory. They proved
that if f(u) = u and there exist real valued sequences &, H : N x N — R such that H(n,n) =0,
H(n,s) >0 forn >s>ny, —AyH(n,s) = h(n,s)\/H(n,s) and

) 1 csds_gh® (ms)}
lim sup —— H(n,s)gs — —————"2| = oo,
"ﬂg’H(”v”l) s;'l [ 5)4: 4(s—0o—no)
Ty (]
qi — — > 1,
& " imndj \i=ck

then every solution of (1.19) is oscillatory. In the nonlinear case some oscillation criteria
are given by reducing the oscillation of the equation to the existence of positive solution of
a Riccati difference inequality. But one can easily see that the condition (1.20) cannot be
tested when f(u) = u? for ¥ > 0 and the results are valid only when Ac,, > 0. They proved
that if (1.20) and (1.21) hold and there exists a positive sequence such that

> csds— o (AP 2
Y |pwas— Csdy—o (Apy)” | _ o,
s=n 4:“'(5_6_”0)

and
n+m—1 i 1 i 1
lim sup Z qi de Z* = oo,

n—oeo =, j=n j k=j Ck
then every solution of (1.19) is oscillatory. Note that these results cannot be applied on the
equation

n+12

(n—oc+1)(1+(n—0+1)?))
where o is an odd positive integer, f(u) = u(1+u*) > u satisfies f(—u) = —f(u). Note
that this equation has an oscillatory solution x,, = (—1)"n. So one of our aims in this paper

is to establish some sufficient conditions bypass these restrictions.
In [7] the authors considered the nonlinear delay difference equation

(1.23) Alen (A%x)") + quf (x(gn)) =0, 1> no,

(1.22)  Ax,+ X1 (14X 51) =0, forn > ny,
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where ¢, g,, qn are sequences of nonneagtive real numbers, g, < n, Y is quotient of odd
positive integers, f: R — R is continuous such that uf(u) > 0 for u # 0, f (x) > 0, and
—f(=xy) = f(xy) = f(x)f(y) for xy > 0 and

oo 1\7
(1.24) y (> < oo,

n=ny Cn

The main approach of proving the results in [7] is the reduction of the oscillation of (1.23)
to the oscillation of first order delay difference equation. They proved that if both of the two
difference equations

gn—1 k 1
Ayn+cqnf<2 )f(w(gn))=0,

1
k=n c? (n)

n(m)—1
Ay +qnf(&(n gnf( Z )

k=E(n) c%’ (n)

1 -1 oo 1 %’
E(tEawr(E)) -
I=ny \ ! k=n, s=g cY(n)

then equation (1.23) is oscillatory. But the results can be applied only in the case when
gn < n. Also the restriction f(x) > 0 is required. This condition does not hold and cannot be
applied in the case when f(x) =x(1/941/(1+x?)), since f'(x) = (x> —2)(x* —5)/9(1 +
x?)? changes sign four times. Note that in this case we have f(—x) = —x(1/9+1/(1+
x?)) = — f(x) which means that condition (h;) is satisfied.

We note that the equation (1.19) is a special case of (1.1) when ¥ = 1 and the equation
(1.23) is also a special case of (1.1) when d,, = 1. Also the results that has been established
for the equation (1.19) in [8] depend on condition (1.21) and the results that in [7] has been
established in the special case when d,, = 1. Therefore it will be great of interest to establish
oscillation criteria for (1.1) when

R £

n=n n=nq

are oscillatory, and

The main aim of this paper is to establish some sufficient conditions which guarantee that
the equation (1.1) has oscillatory solutions or the solutions tend to zero as n — co. The
paper is organized as follows: In Section 2, we state and prove some useful lemmas that
will be used in the proofs of the main results. In Section 3, we consider the case when
(1.25) holds. In the Subsection 3.1, we consider the advanced case when g(n) > n and
in the Subsection 3.2, we consider the delay case when g(n) < n. The main investigation
of the main oscillation results depends on the Riccati substitution and the analysis of the
associated Riccati difference inequality. Our results improve the results improve the results
in [8] in the sense that the results do not require the conditions (1.21) and (1.20). Also the
results complement the results in [7] in the sense that the results do not require the condition
£ (x) >0 and d, = 1 and can be applied on the case when g(n) > n. Some examples and
applications are considered throughout the paper to illustrate the main results.
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2. Some preliminary lemmas

In this section, we state and prove some fundamental lemmas that will be used in the proofs
of the main results. For the solution x,, of the equation (1.1), we define the quasi differences
by

Y
e ey, Mg, P=c, [Ax,[}q . and A= ( [2])
We note that if x,, is a solution of (1.1) then z = —x is also solution of (1.1), since from
(h2), f(—u) = —f(u) for u # 0. Thus, concerning nonoscillatory solutions of (1.1), we can
restrict our attention only to the positive ones. We start with the following Lemma which
provides the signs of the quasi differences of the solution x, of (1.1).

Lemma 2.1. Assume that (hy) — (ha) hold. If x, is a nonoscillatory solution of (1.1), then
there exists N > ng such that xLl] #0fori=0,1,2forn>N.

Proof. Without loss of generality, we may assume that x,, be an eventually positive solution
of (1.1) and there exists a n; > ng such that x,, > 0 and Xg(n) > 0 for n > n;. Then, since
qn > 0, x,[f] < 0, and there exists ny > n; such that x,[f] is either positive or negative for

(1]

n > np. Thus x;, " is either increasing or decreasing for n > ny and so there exists N > np
(1]

such that x;,* is either positive or negative for n > N. The proof is complete. 1

In view of Lemma 2.1, we deduce that all nonoscillatory solutions of (1.1) belong to the
following classes:

Co ={x: 3 N such that x,,xLl] <0, xnxLZ] > 0forn> N},
C) ={x: 3 N such that xnxLl] >0, x,,xLLZ] <0forn> N},
C, ={x: 3 N such that x,,x,[,l] >0, x,,x,[lz] >0forn> N},

={x: 3 N such that xnxLl] < O,xnxllz] <0forn>N}.

Lemma 2.2. Assume that (h) — (hy) and (1.25) hold. If x, be a nonoscillatory solution of
(1.1), then x, € CoUC,.

Proof. Without loss of generality, we may assume that x, is an eventually positive solution
of (1.1). Then there exists n; = ng such that x, and xg(,) > 0 for n > n;. Then in view

Lemma 2.1, xL }, xLl] and xL] are monotone and eventually of one sign. So to complete the

proof, we prove that the possible cases are the following two cases for n > n; sufficiently
large:
Case (I): x >0 x[ ] >0, x[z]
Case (II): x> 0, x <0, xm

This means that it is enough to claim that there exists n, > n; such that xLz] > 0 for
n > ny,. Suppose to the contrary that xLz] <0 forn > ny. From (1.1) and (h;), we see that
xﬁf] < 0 for n > n; and then xLz] is decreasing. Therefore there exist a negative constant C
and n3 > n, such that xLz] < C for n > n3. So that

—_

n—

A <Al

10
s=n3 (Cx) Y
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[ _

which implies by (1.25) that lim,,_,. X, = —oo. Thus, there is an integer nq > n3 such that
for n > n4, dpA(xn) < dp,A(xn,) < 0. This implies that after summing from n4 to n— 1, that
n—1 1
— X, < dy A x,,4 an: a4’
3

which implies by (1.25) that x,, — —oo as n — oo. This is a contradiction with x,, > 0. Then
x,[qz] > 0. The proof is complete. 1
Remark 2.1. We note that most of the results that has been presented in the introduction
are obtained under some conditions on the coefficients which ensure that the solutions are
of type Cp and C,. In the following Lemma, we give a condition which ensure that C3 = 0
and we will consider it in the reminder of the paper. So it would be great of interest to find
new conditions for oscillation of (1.1) when (2.2) does not hold and this will be left to the
interested reader.

Lemma 2.3. Assume that (hy)—(hy) hold. If

= 1
(2.2) Z 7.

then C3 is empty.

Proof. To prove that C3 is empty, we prove that if there is a positive solution x, of (1.1),
then

xxL]<O xnx[]<0, for n>N > ny,

is impossible. Assume for the sake of contradiction that there exists n; > ng such that x,, and

Xg(n) > 0, x,[, ] < 0and x[l] < 0 forn > ny. Denote ag = x,[ﬂ] < 0. Then, since x,[lz] is decreasing

(1]

we have ¢, (Ax;,")? < ag for n > n; and thus by summation from n; to n — 1, we have

n—1

1
1 .
A <l a z

1
)7

(1]

Now, since x;; < 0, we see after summation from 7n; to n — 1, that

n—1 1 "=
Xp < Xp, +ag Z 7 Z

n=ny "N s=n (cs)’/

Letting n — oo, we get by (2.2) that lim,,_,.. X, = —oo, which contradicts the positivity. 1

Remark 2.2. In the proof [7, Theorem 2.1] the authors assumed that the case x, > 0, Ax, <
0 and A’x, < 0 cannot hold (this equivalent to the case C3 = 0). In fact this is not the case,
since to prove this we should assume that A2y, is decreasing. From the equation (1.23),
we see that the term which is decreasing is ¢,(A%x,)? (not A%x,) and then ¢, (A%x,)? <
Cny (A%xy,)7 for n > ny. Then, we get A%x, < Ac ', where A = Cny (A%xy, )7 < 0. This
1mphes that Ax, — Ax,, < AZ / ¥, and since Ax,, <0, we get Ax, < AC, where C,, =

Yo 1/ 7. After summing, we get x, < X, — A):Z]_1 C,. So to get a contradiction with the

oo 1 -1
positivity of x,, we have to assume that )7 | C=Y,, . ;‘:,11 Cs g
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Lemma 2.4. Assume that (hy) — (hy) hold. Let x,, is a nonoscillatory solution of (1.1) such
that x, € Cp. If

(h3) ):n no d, Zt =ng (ct ZS noqs>l7 — oo,

Then lim,, oo x, = 0.

Proof. Without loss of generality, we may assume that x, > 0, x,(,) > 0 for n > n; where
np > ng is chosen sufficiently large. Since x, € Cp, then there exists n; > ng such that

x,[,] <0, xm > 0 for n > ny. From (1.1), we obtain
(2.3) Alen [A(dnxy)]") + Kgux(, <O, n>n.

Since x, is positive and decreasing it follows that lim,_..x, = b > 0. Now we claim
that b = 0. If not then x;/(n) — bY > 0 as n — oo, and hence there exists ny > n; such that
x;(n) > b?. Therefore from (2.3), we have

A(cn [A(dpAx,)]Y) +Kgnb? <0,  n>no.
Define the sequence u, = ¢, [A(d,Ax,)]" for n > n,. Then Au, < —Aq,, where A = KbY > 0.
Summing the last inequality from n; to n — 1, we get u, < u,, —A ;",12 qs. In view of (h3),

it is possible to choose an integer n3 sufficiently large such that u, < —(A/2) Y~ ,,2 gs for
all n > n3. Hence
Al "= 1
[A(dnAxy )]y < 5 4qs-
Cn g= ny

Summing the last inequality from n3 to n — 1, we obtain

1 1
A\ 7 n—1 1 t—1 Y
dnAxn S dn3Axn3 - (2> Z ( Z CIS) .

t=nj Cr s=ny

Since Ax,, < 0 for n > np, the last inequality implies that
1

| 1
AN7 1 n—1 ltfl Y
Ax, < —| = — — B .
" (2> d" t§3 <Ct Sznzqs>
Summing from n3 to n — 1, we have

) 1
y n=1 1 -1 1 = 1 Y
wsn(5) LoL (s Le) -

lllg = I s= =ny

Condition (h3) implies that x, — —co as n — e which is a contradiction with the fact that

X, is positive. Then b = 0 and this completes the proof. 1
To prove the next lemma we will use the functions % (n,s) which are define by
—s)®
2.4) hi(n,s) = % k=0,1,2,...,

where 18) = ¢(t —1)--- (t —k+ 1) is the so-called falling function (cf. Kelley and Peterson
[11]). The summation and difference of the functions in (2.4) are defined by

n—1
hiey1(ny8) Z hi(T,8), Athi(n,s) = 1 (n,s) and  Aphi(n,s) = —h_1(n,s),

T=8
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where A; denotes the difference with respect to n and A, denotes the difference with respect
to 5. As a special case when n = 2, we see that n(2) = n(n—1) and we can prove easily that
An® =2n. Also one can easily see that A(1/n(®)) = —2/(n+ 1) and then deduce that

iy (2/ (4 1)) = 1/n.
This lemma will be used in the proof of delay case.

Lemma 2.5. Assume that g(n) < n, and

2.5) X, >0, Ax, >0, A’x, >0, and Ax, <0, for n>ny.
Then
(2.6) liminf —— 21 >,

n—ee iy (n,n0)Ax, ~
and there exists N > ng such that

Axgm) _ g(n) =N
Axyp 1~ n+1—=N’

Proof. First, we prove that (2.6) holds. To do this we define G, by

2.7

n—N)®
Gn = (l’l _N)xn — %Axn.
Then Gy =0, and
1-N)®@
AGy =(n+1—N)Ax, +x, — %A%H — (n—N)Ax,
1-N)?)
=Ax, +x, — %AZ%
n+1-N)®
=Xnt+1— %Azxn
n
=Xp41 — Z (T—N)Ax,.
T=N

By the discrete Taylor’s Theorem [1, Theorem 1.113] of the sequence f;,

m—1 n—m
foim Y i @A F(0) + ——— Y Iy, 5+ DA F(2),
k=0 T=a

(m—1)! =
where h,(t,s) be as defined by (2.4). Putting f,, = x,4+1 and m = 2, we have

2—1 n+1-2
Xptl = th(n—Fl,N)AkxN—#; Z h2,1(n+1,T+I)A2xr
k=0 (2_1)! =N
n—1
=xy+(n+1=N)Axy+ Y hi(n+1,7+ 1A%,
=N

n—1
>xn+(n+1—N)Ay+A%x, Y hi(n+1,7+1),
=N
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since from (2.5) A2x,, is decreasing. It would follow that AG, > 0 on [N, o) provided,

we can prove that
n

nihl(n—i—l,r—&—l): Y (z—N).
=N =N

To see this, we use the summation by parts formula [1, Theorem 1.77],

b b
Y, f(z+1)Ag(r) = f(D)g(D)let — Z Af(7)g(1),

T=a
to get
Y mn+1Lt+ ) =m(n+1,7)(c-N)Zh" = Y (-1)(t—N)= Y (t=N),
=N =N =N

which is the desired result. Hence AG, > 0 for n > N. Since Gy = 0, we get that G, > 0
for n > N. This implies that

(n—N)x,
(2.8) ng, for n > N.
Therefore, since
nxy ~ (n—=N)x, n  hyn,N)
ha(n,ng)Ax,  hy(n,N)Ax, n— N hy(n,ng)’

and since

lim =1=lim M,

n—eop — N n—es iy (n,np)
we get that

limint— Uy

n—eo h2 (l’l, no)Axn

which proves (2.6). Next, we prove that (2.7) holds. From (2.5), since A%x,, is decreasing,
we have

Ax, — Axy > A’x,(n—N).
Dividing by Ax,Ax,+1, we get
Ax,, — Axy — A*x,(n—N)

>0.
Aanxn+1 h
This implies that
n—N
s(%m) 2o
which proves that ((n — N) /Ax,) is a nondecreasing function. Then, since g(n) <n <n+1,
we have
(n+1-N) _ (¢(n) =N)
Axpi - Axg(n)
Hence ,
(Axg(n))y > (M) (Axni1)”,

which proves (2.7). The proof is complete. 1



Oscillation of a Certain Class of Third Order Nonlinear Difference Equations 661

3. Main oscillation results

In this section, we consider that case when (1.25) holds and establish some sufficient con-
ditions which guarantee that the solution x,, of (1.1) oscillates or satisfies lim,_,.. x,, = 0. In
view of Lemma 2.2, it is clear that if x,, is a solution of (1.1), then the solution x,, € Co U C5.

3.1. The case when g(n) >n
To simplify the presentation of the results, we introduce the following notations:

1 Y

D e)7C n—1 _1 g(")—ll

Qn:an<(n )|( ") n) N ¢s 'y Dp= Z 4
c)7Cp+1 =

s=N s=n s
oW . w1
r:=liminf —~, R :=limsup ——+,
n—e0 Cn n—oo n
n—1 S}Url

’y oo
0, poi=liminf = Y 0,

ns:N Cs n—ee Cp s=n+1

Theorem 3.1. Assume that (hy), (hz) and (1.25) hold. Furthermore assume that g(n) > n.
Let x,, be a solution of (1.1) such that x,, € C, and make the Riccati substitution

£
3.1 Wy 1= (XLI])Y.
Then w, > 0, and
(3.2) AW+ O+ L (wni1) 7 <0, for ne[N,o).

(cn)?

Proof. Let x,, be as in the statement of this Theorem and without loss of generality, we may

assume that there is n; > ng such that x,, > 0 and Xg(n) > 0. Since x;,, € C,, then there exists

N > n; such that xLO] >0, xLl] >0, xLz] >0, x,[f] < 0. By the difference quotient rule, we have

o (A

Aw, =A =
(xl1)" (o) (xpl )7
ENEOIRY 1\’ 2
X, (xg(”)) A(xn ) Xn

() () WDy
(x[O] ) ! A (xi,”) nyZ]
(3.3) <~ Kgpy i = e
(xLlJ]rl ) (x,[1 ] )Y(XLL )Y
Using the inequality ( [9, p. 39]),
3.4 ' T x—y) >V —y" > yy" 1 (x—y) for allx #yand y> 1,

we have
A(xL]]>y= (xﬂl)y— (xLl])y > y(xy])%l (AxL]]) , wheny > 1.
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1

iy 2 _ Y m_ (27
From the definition of x;," = ¢, (Axn ) , we see that Ax;,” = = - So that

i
(3.5) A(XL”) >y( ”)y_ (x'[g])y
Cn
Using the inequality ( [9, p. 39]),
(3.6) ' x—y) >V —y" > ¥ N(x—y) for allx #yand 0 < y <1,
we have, when 0 < y < 1, that
2]

1
67 A = ()= () ()" () = o ()" <XC>7

From (3.5) and (3.7), since xLl] is increasing and x® s decreasing, we get

A (xl,”) YxLz] YXLZ] (xnz])

(Y (LY

1
S T (Wns1)7 T, for y> 0.
(cn)?
Substituting in (3.3), we have
Y
X 1
(3.8) Aw, < —Kq, ( fﬁ’”) — L )
xn+1 (Cﬂ) 4
Next, we consider the coefficient of g, in (3.8). Since xﬂl = xLl] + A(xLl] ), we have

_1 L
xﬂl/xi,l] = 1—|—A(x[l])/xy] =1+¢,” (xL2]> 4 /xLl]
Also since xLLZ] is decreasing, we get

69 nl=y +Z(m)ly Lol ()

(cs)%' s=N (cs)%’ s=N (cs)%’ .

It follows that

1
(3.10) X/ (xn )7 >
Hence

(o) o’ =1+ (A<x[u>/<x£,”>):1+< L)’ /x,gu>§<cmcln+1,
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Hence, we have

So that

1
(3.11) Xem) _ <xg<n)> (xw ) > (xg(m) () 7Ca
. = 1 .
s Al Sl ) T\l ) @)rei

(1]

Now, since g(n) >n and x, ' is increasing, we have

g(n)— [1] g(n)—1 1
xg(n) _xn_ Z A}C - Z 7>x Z
s=n s s=n 5

This and (3.11) show that

1
Fetn) > Dy(cn)?Cy

1 = 1 ’
Xt (Cn)ndJrl

Substituting from (3.12) into (3.8), we have the inequality (3.2) and this completes the

(3.12)

proof. 1
In order for the definition of p, to make sense, we assume that
(3.13) Y, 05 <o
s=n(

which is different from the assumption that has been posed in all the above mentioned results
in the introduction.
Now, we are ready to state and prove the main oscillation theorem in the advanced case.

Theorem 3.2. Assume that (h))— (h3), and (1.25) hold. Furthermore assume that g(n) > n
and Ac,, > 0. Let x,, be a solution of (1.1). If

o
(3.14) P> T
or
(3.15) Pet g, > 270D,

Then either x,, oscillates or lim,,_...x,, = 0.

Proof. Suppose the contrary and assume that x,, is a nonoscillatory solution of equation
(1.1). Without loss of generality, we may assume that x, > 0, xg(,) > 0 for n > n; where
np is chosen so large. We consider only this case, because the proof when x,, < 0 is similar,
since f(—u) = —f(u). From Lemma 2.2, since (1.25) holds, we see that x, € Co UC;.
If x,, € Cp, then since (h3) holds, we are back to the proof of Lemma 2.4 to show that
lim, .. x, = 0. Next, we consider the case when x,, € C; and define the sequence w, be
as given by (3.1) in Theorem 3.1. Then from Theorem 3.1, there exists ny > n; such that
wy, > 0 and satisfies the difference inequality

1
( )l (Wn+l)l+7 forn > ny.
cp)?

(3.16) Awp < =0 —
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Also from Theorem 3.1, since

n—1

0o (x,[f])%
s=N

£ < | )
Wy = —— —_— .
(x,[ql]) 4 s=N (C‘Y)%

Then from (1.25), we have lim,_,.w, = 0. First, we assume that (3.14) holds. Summing
(3.16) from n+ 1 to e and using that lim,_,. w,, = 0, we get

N
<=

we see that

1 1

3.17) Wt1 > Z QsH/ch Y (We1) T Wt
n+1 n+1

It follows from (3.17) that

n 1 1
(3.18) ULTESRLE N IRV Y

C" ntl Cnnt1 (cy)7
Let € > 0, then by the definition of p, and r we can pick N > nj, sufficiently large, so that
v Y
3.19) n—ZQ‘sz*—e, and %Zr—e, forn > N.
nt1 Cn

From (3.18) and (3.19) and using the fact Ac,, > 0, we get that

1

n'w n' & g s(wepq)? sTw
n+1 Z(P*—€)+ 72 y—f-l ( s+ll) s+1
Cn Cnni1 S (cs) Y Cs
111 n? Yes
>(p«—€)+(r—g) ¥ —
e+ Y I
e
(3.20) > (po—&)+(r—e)Ta ¥ s”%
n+1

Using the inequality (3.4), we have

=1\ _ (DY =s" _ s+ 1)) Y Y
3.21 Al — ) = < = ——,y>1
(3-21) ( 57 ) Tt ) = et 4D s e
Using the inequality (3.6), we have

-1 (s+ 1) —sY y(s)7! y ¥
(s?’) sSY(s+1)7 — s¥(s+1)7  s(s+1)7 < y+1,0<y<

So that for y > 0, we have

= —1 1
(3.22) Z ) ; (ﬂ)z(n_H)y'

n+1

Then from (3.20), (3.21) and (3.22), we obtain

14 ! 14
L o) -0 () oy >0,

Cn
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Taking the liminf of both sides as n — oo, we get that

1
r>p—e+(r—e)' 7.

Since € > 0 is arbitrary, we get
1

(3.23) ps < r—rty.
Using the fact that
7l < 4
u—u v < W,
we have ,
Y
$ S
P ey
which contradicts (3.14). Next, we assume (3.15) holds. Multiplying both sides of (3.16)
), we get
n—1 sl n—1 SyWs+1 &yl
Y —Aw < o-rY\——) -
s=N s=N Cs
Using summation by parts, we obtain
+1
nHw,  NYtly nl srH s7’+1 n=l /gy, =2
< N+ZA< >ws+1 VZ( “) :
Cn CN s=N Cs s=N

By the quotient rule, we have

y+1 y+1 v+1 Y Y
(3.24) A(S > :A(s ) ST Acy < (y+1)(s+1) < (y+1)(s+1) .
Cs Cs+1 CsCs41 Cs+1 Cs
Hence
n7+lw Ny+lw n—1 gerl n—1 s+1 Tw
n < N Z Qs+ Z ')/‘|'1 (( ) s+]>
Cn CN s—N ©Cs Cs

_ y r+l
STWyg Y
_YZ< +1) )

Now, since s > ng > 0 we can assume for s sufficiently large that (s+ 1) < Ls < 2s. Using
this and the last inequality, we obtain

ny+1wn - NJ/-HW n—1 y+1

y+1
+Z{ }’+1L7Ws+1 '}/ s+1 }

Cn N s=N
where W1 1=
7+l ;y')/ B}’*‘rl
AT S e A
we have
ner]W NVJerN n—1 sy+1 n—1 Y +1 LY y+1
n o Yor Y }’Hl[(?’ )y]
Cn CN s—N Cs s=N (}/+ 1) Y



666 S. H. Saker

Z

NY+] Wy s]/+ 1

)(n—N).

It follows from this that
nywn NT+ly 1=l grtl

wN ) (1_NY
Cn n s n

Since w41 < w,, we get

nYWnH Ny+1 Wy 1= 1sy+1 ( )(1 N>
s - .

Taking the lim sup of both sides as n — oo, we obtain

R< —q. +L7(Y+1) =—q. +LY(7+1)’

Cn

which implies that
R< —q. +21rHD,
Using this and the inequality (3.23), we get
pe <r—rtT <r<R< —g 420D,

Therefore
PsxTqx < 2)/()/+l)7
which contradicts (3.15). The proof is complete. 1
From Theorem 3.2, we have the following results immediately.

Corollary 3.1. Assume that (hy)— (h3) and (1.25) hold. Furthermore assume that g(n) >n
and Ac,, > 0. Let x,, be a solution of (1.1). If

nY
(3.25) liminf - Z Q, > 27t

nee Cpog n+1

then either x, oscillates or lim;,—..x, = 0.

Corollary 3.2. Assume that (hy)— (h3) and (1.25) hold. Furthermore assume that g(n) > n,
and Ac, > 0. Let x,, be a solution of(] 1) If

).

(3.26) 11rn1nf Z

n—oo n
then either x, oscillates or lim;_..x, = 0.

3.2. The case when g(n) <nandd, =1

For the delay case we introduce the following notations:

n’ 17 7’*' h Y
A, = liminf = Z A, B, :=liminf - Z An= Kqn (2(57(”)’”0)> .

n—e  Cp s=n+1 n—oo n = Cy I’l+1

If x,, is a solution of (1.1) such that x, € C;, d, = 1 and Ac,, > 0, then we can deduce that if
x, > 0, then

(3.27) Ax, >0, A’x,>0, andA’x, <0,
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and the quasi differences in this case defined by

yl[’lO] :xn > 07 )’Ll] :Axn, }’LZ] :Cn [Azxn]y, )’1[13] :A(yl[’IZ])

In order for the definition of A, to make sense, we assume that
Y Aj<eo
s=n+1

Theorem 3.3. Assume that (hy) — (hy) and (1.25) hold. Furthermore assume that d, = 1,
Ac, >0, and g(n) < n. Let x, be a solution of (1.1) such that x, € C; and make the Riccati
substitution

2l
L
» .
(')
Then u, > 0, and
1
(3.28) Attn +Ap + ——(uns1)' 77 <0, for n>N.

1
(cn)?
Proof. Let x,, be as in the statement of this Theorem and without loss of generality, we may

assume that there is n; > ng such that x, > 0 and Xg(n) > 0. Now, since x, € C, then there

exists N > n; such that x,, > 0, ym =Ax, >0, yLz] =cy [Azxn] S 0, yf] <0. Since, Ac, >0

then (3.27) is satisfied. From the definition of u,, by quotient rule and continue as in the
proof of Theorem 3.1, we get

Y
(3.29) Aty < —Kqy (xff]”)> L )
yn+1 (C’l

<

Now we consider the coefficient of ¢, in (3.29). This coefficient can be written in the form

1]
Xg(n) _ Xg(n) Yg(n)
1] DIND
yn+1 g(n) yn+1

(3.30)

From Lemma 2.5, since lim,_,., g(n) = oo, we can choose N; > N such that

Yat) _ 80Xt e (8(n),m0)

Ax

3.31
( ) g(n) g(n)

, for n > Ny,

and
(1]

Vo) _ Mgy _ 1 g(n)
3.32 £ = > — ,for0< k< 1.
532 W B = VR )

Then from (3.30)-(3.32), we have
(3.33) Xg(n) > hZ(g(n)7n0) g(}’l) _ /’lz(g(f’l),l’lo).
Al = gn)  n+l (1)
Substituting from (3.33) into (3.29), we have the inequality (3.28) and this completes the
proof. 1
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The following theorem gives sufficient conditions for oscillation of (1.1) in the delay
case.

Theorem 3.4. Assume that (hy) — (h3) and (1.25) hold. Furthermore assume that d, = 1,
Acy, >0, f(u)/u” > K >0 and g(n) < n. Let x, be a solution of (1.1). If

3.34 A il
(3.34) x> W7
or

(3.35) A, +B, >2Yr+D),

then x,, is oscillatory or lim,_,.x,, = 0.

Proof. The proof is similar to the proof of Theorem 3.2, by replacing w,, by u,, and Q, by
A,, and hence is omitted. 1

From Theorem 3.4, we have the following results.

Corollary 3.3. Assume that (hy) — (h3) and (1.25) hold. Furthermore assume that d,, =1,
Acy, >0, and g(n) < n. Let x,, be a solution of (1.1). If

n—1 y+1

(3.36) liminf — A > 270D,

Then x,, is oscillatory or lim,_..x, = 0.

Corollary 3.4. Assume that (hy) — (h3) and (1.25) hold. Furthermore assume that d,, =1,
Acy, > 0, and g(n) < n. Let x,, be a solution of (1.1). If

y oo
(3.37) liminf 2 Z A, > 21D,
e Cn s=n+1
Then x, is oscillatory or lim, .. x, = 0.

For more illustration, we consider the following example with explicit values of the roots
of the characteristic equation.

Example 3.1. Consider the difference equation
8n+12
n(1+n?)

It is clear that (A1) — (h3) and (3.36) hold. Then the conditions of Corollary 3.3 are satisfied
and then the solution x, of (3.38) is oscillatory or converges to zero. In fact x, = (—1)"n is
such a solution.

(3.38) Ax, + xu(14x2) =0, where g(n) =nforn> 1.
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