BULLETIN of the Bull. Malays. Math. Sci. Soc. (2) 35(3) (2012), 679-686
MALAYSIAN MATHEMATICAL
SCIENCES SOCIETY
http:/math.usm.my/bulletin

An Integral-Type Operator from H* to Zygmund-Type Spaces

XIANGLING ZHU

Department of Mathematics, Jiaying University, Meizhou, Guangdong, 514015, China
xiangling-zhu@ 163.com; jyuzxl@163.com

Abstract. Let g € H(ID), n be a nonnegative integer and @ be an analytic self-map of D.
We study the boundedness and compactness of the integral operator Cy , defined by

(Cef)@) = [ 17 (9(E)s(E)aE, €D, S HD),

from H* to Zygmund-type spaces on the unit disk.
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1. Introduction

A positive continuous function ¢ on [0, 1) is called normal if there exist positive numbers s
and?,0 < s <t,and & € [0,1) such that

m is decreasing on [§, 1) and lgr} (I(PE?)‘ =0;
01 ov)

0= is increasing on [8,1) and }EHW =oo

(see, e.g. [11]). From now on we always assume that @ and y are normal functions and
non-negative functions on [0, 1) such that o(t,), 1t(t,) > 0 for some sequence {z,}; C [0,1)
with lim,_,t, = 1.

Let D be the open unit disk in the complex plane C, and H(ID) be the class of all analytic
functions on . We denote by H* = H*(D) the bounded analytic function space on D. An
f € H(D) is said to belong to the Zygmund-type space, denoted by Z,, if

sup u([z))[f" (2)] < oo.
z€D

Under the norm

1£llz, = 1£O)[+1£'(0)] +Slelgu(|Z|)|f”(Z)\7
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it is easy to see that 2, is a Banach space. The little Zygmund-type space 2}, o is defined
to be the subspace of Z, consisting of those f € Z, such that

Jim, u(lzDlf" (@)1 =0
When p(r) = (1 —r?), the induced spaces 2, and 2}, ¢ become the classical Zygmund

space and the little Zygmund space respectively (see [2,4, 6]).
Let ¢ be an analytic self-map of ID. The composition operator Cy, is defined by

(Cof)(2) = f(9(2), feHD).

It will be of interest to provide a function theoretic characterization of when ¢ induces
a bounded or compact composition operator between spaces of analytic functions. The
composition operator has been studied by many researchers on various spaces (see, e.g.,
[1, 18] and the references therein).

Let g € H(D) and ¢ be an analytic self-map of D. In [6], the authors defined and studied
the generalized composition operator as follows

(C51)(z /f £)dE, feH(D), zeD.

The boundedness and compactness of the generalized composition operator on Zygmund
spaces and Bloch spaces were investigated in [6]. In [3], Li studied another type Volterra
composition operator between weighted Bergman spaces and Bloch spaces. In [22], the
author of this paper generalized the operator Cf’;, to the unit ball and studied the boundedness
and compactness of the corresponding operator on some function spaces. Some related
results can be found, e.g., in [5,7-9, 12-17,19-22].

Here we generalize the generalized composition operator Cf,', from another point of view.
Let g € H(D), n be a nonnegative integer and ¢ be an analytic self-map of . We define

9= [ 1M(e@)e(E)aE, €D, feHD)

When n = 1, then C(},,g is the generalized composition operator defined by Li and Stevi¢
in [6]. When n = 0, then Cg’g is the Volterra composition operator defined by Li in [3]. To
the best of our knowledge, the operator Cy , is studied in the present paper for the first time.

The purpose of this paper is to study the operator Cy ,. The boundedness and compact-
ness of the operator Cy , from H” to Zygmund-type spaces are completely characterized.
Throughout the paper, C denotes a positive constant which may differ from one occurrence
to the other.

2. Main results and proofs

In this section, we give the main results and proofs. Before proving the main results, it is
necessary to give some lemmas. By standard arguments (see for e.g. [1, Proposition 3.11]),
the following lemma follows.

Lemma 2.1. Let g € H(D), n be a nonnegative integer and @ be an analytic self-map of
D. Then Cg , : H” — Z,, is compact if and only ifCpq:H” — 2, is bounded and for any
bounded sequence (fi)ren in H* which converges to zero uniformly on compact subsets of
D as k — oo, we have ||Cq . fil| 2, — 0 as k — oo.
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Lemma 2.2. A closed set K in 2, ¢ is compact if and only if it is bounded and satisfies

@2.1) lim sup u(|z])| f"(z)| = 0.
|z —1 ek

Proof. The proof is similar to that of [10, Lemma 1], and the details are omitted here. 1
By the Cauch integral formula, we have

Lemma 2.3. Let f € H”. Then for each m € N, there is a positive constant C independent
of f such that

2.2) sup(1 2™ (2)] < €| f]]eo-

Now we are in a position to state and prove the main results of this paper.

Theorem 2.1. Let g € H(D), n be a nonnegative integer and @ be an analytic self-map of
D. Then Cg , : H* — 2y, is bounded if and only if

1(zDle"(2)l1s(2)] u(zDlg' ()]
2.3) sup <o and SUp —————5—
ep (1=lo@))"! ep (1= [0 (2)[)"
Proof. Suppose that Cg , : H* — Zu is bounded, i.e., there exists a constant C such that

1Co.fll 2, < Cllfllw for all f € H*. Taking f(z) =" and f(z) = "1, and using the
boundedness of the function @(z), we get

< o0

(2.4) sup p(|z])[g' ()| < oo,

zeD
and
(2.5) supu(J2])[g(2)[19'(2)] < eo.

z€eD

For w € D, set

Lol  hl2)2

AT WU

1-wz n+1 (1-wz)? "’
< (2n+6)/(n+1) forevery w € D,

(n) _ (nt1) __nllp@)™!
It follows that

It is easy to check that h,, € H™,

1 > MHOADIEe (Ml
oMz = (] _ ‘(p(l)|2)n+1

2.6) > [|Ch h

for every A € D.
For any fixed r € (0, 1), from (2.6) we have

HOADIsN A ! w(ADIs)lle'(A)ll@(A)]"*!
)

sup < su
o)>r (L=1eQ)P) = i) sr ! (I—]@(a)[2)m+!
Q2.7) < C|IC gl 1= 2, < oo
By (2.5),
A
28  sup m(ADIg(M)lle"(A)] _

S sup w(|AD]g(M)]|@’(A)] < eo.
[p(d)|<r (1—|@(1)]?)r+! (1 —p2)ntl o(h)<r (1AD1g(2)[¢"(2)]
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Therefore, (2.7) and (2.8) yield the first inequality of (2.3).
Next, set f,,(z) = (1 — |w|?)/(1 —Wz). Then f,, € H* and sup,,p || fiw||« < 2. Hence,
o0 > 2||Cy o llr=— 2, > ICq o foa)ll 2,
> Supu(IZI)I(C&gf(p(x))”(Z)\

zeD

= supr([2)| i3} (92829 () + fy3 (#(2))g (2|

g Q@D | (ot 115 ()P0
#AD < Te@Pr T (e
CAEAY ||t Dig(R)e (M) @)
> WAD| G Ty |~ (0 o))y
(ANl (1 DAl ) lp R
(- (MR (0 o)y

for every A € . Therefore

u(ADIg Ml _ 2, (n+Du(A)IgA)]le" (1)]|(A)["!

) <=z o )
G T pmpyr = wl szt (- lo(m)P™
From (6) and (9), we get

n(ADIg ()llo(A)["
(2.10) sup
rep  (I=l@())2)"

Combining (2.10) with (2.4), similar to the former proof, we get the second inequality
of (2.3).

For the converse, suppose that (2.3) holds. For any f € H”, by Lemma 2.3, we have

n(I2DI(Ch o f)" ) = 1(=DI " (9)g) )]

< 1(=DIs @19’ @I () |+ wllz)lg @)1 (9(2)]

MEIRGIE e
= e py T lepy -

Moreover, |(Cg . f)(0)| = 0 and

Ny e

8(0)] .

(Ch ) (0)] =" (9(0))g(0)] < 0= lo0)R)

From (2.3), we see that
1Cp.5f 1l 2, = (Co e ) (0) | +1(Cg o f)'(0)] +Suﬂgu(\ZI)I(C$,gf)’(Z)l < oo
z€
Therefore Cy, , : H” — 2, is bounded. The proof of the theorem is complete. 1

Theorem 2.2. Let g € H(DD), n be a nonnegative integer and ¢ be an analytic self-map of
D. Then Cy o : H® — 2, is compact if and only if Cy o : H” — 2}, is bounded,

oty tim AUDEOUGI o sl )

lim —————=0.

p@)—1 (1—|p()P) 1 o@)—1 (1—|p(z)|?)"
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Proof. Suppose that Cg , : H” — 2, is compact. Then Cg , : H” — 2, is bounded. Let
(zx)ken be a sequence in D such that |@(zx)| — 1 as k — oo. Set

ho) = LT10@E 1 (1-]eG)P)

1—9@)z  nt+l (1-9()2)?

Notice that &y, is a sequence in H* and converges to 0 uniformly on compact subsets of D
as k — oo,

! n+1
W (9(z)) =0 and |h;(<n+1)(¢(zk))|:('||(fif(zzklc))|2)”“'

The compactness of Cg , : H” — 2}, implies limy.. [|Cg o/ 2, = 0. On the other hand,
similar to the proof of Theorem 2.1, we have

1 (lzi]) gz l19" (@) 1@ (i) "+
(1= o))

< ||C$,ghk||ff#7

i.e. we get
- pzDlgolle @lleE) ! o
lgﬂ (1= |@(z) )"+ _klgl;chC(p ol z, =0.
Therefore
(el @l p()lsEle @l e
m e =, im o
12y oG (1—]o(z)?) 0(z0)|—1 (I—]o(z)?)
i Bzl @l
koo (1—|o(z) )+t
Next, set
1— 2
fk(z):M, keN.
1—o(w)z

o

Then fi € H” and fi — 0 uniformly on compact subsets of ) as k — oo. Since Cg , : H
2, is compact, we have limy .. [|Cg , fi || 2, = 0. On the other hand, we have

nlu(lze)) g Elleol"  (n4 1) u(|z))lg(z) 19’ (@)l ()"
(1=le @) P)" (1=]@ ()P ’

1Co o fll 2z, =
which implies that
L e D(aDls@lle @l L p(lad)lg @)oo

(1)1 (1= l(z) )+ el (1= [e(a) )
if one of these two limits exists. From the last equality and (2.12), we have
/ / n
o1 o rlaDl @) slg@lleE)!

ool—1 (1=1@@)P)" le@)l—1  (1—@()[?)"
From (2.12) and (2.13) we obtain the desired results.
Conversely, suppose that Cag : H” — %), is bounded and (2.11) holds. Assume (fi)ren
is a sequence in H~ such that f; converges to O uniformly on compact subsets of D as k — oo.
By the assumption, for any € > 0, there exists a 6 € (0,1),

1Dl @lls(a)] ()¢ )|
@19 (- lp@PrT ~° ™ —je@Pr

<&,
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when & < [¢(z)| < 1. By the boundedness of Cg, , : H* — 2, and the proof of Theorem 2.1,
(2.15) Cr=supu(jz])lg'(z)] <o and  Cy=suppu(lz])|g(2)[¢’(z)] < oo
zeD zeD

Let K ={z€D:|9(z)| < 8}. Then by (2.14) and (2.15), we have that

sup 1 ([z])|(Cy o fi)" ()]

z€D

n+1 n
< sup(z)Ig@) 19 IR (0(2)] +sup (DI @I (9(2))
Z Z

o BDIEIPE) el
O S ot Ml € S (g -

< Crsup | (9(2)| + Crsup £ (9(2))| + Ce |l il
z€K zeK

ie. we get

IG5 efill < € sup A w41 sup |17 (w)]
(2.16) w|<$ w|<8

+Ce| fill=+ 12O 11" (@(0))].

Since f; converges to 0 uniformly on compact subsets of D as k — oo, Cauchy’s estimate
gives that fk(n> — 0 as k — oo on compact subsets of ). Hence, letting k — o in (2.16),
and using the fact that € is an arbitrary positive number, we obtain limy_... [|C , Sl 2, =0.
Applying Lemma 2.1 the result follows. 1

Theorem 2.3. Let g € H(D), n be a nonnegative integer and @ be an analytic self-map of
D. Then Cg , : H™ — 2,0 is compact if and only if

/ !/
o BEBQIPE L BEDEOL
=1 (1=le()) =1 (1=1o()?)
Proof. Assume that Cg , : H” — 2}, o is compact. Then Cj , : H” — 2, is compact and
Cp o H* — 2} is bounded. Taking f(z) =" and f(z) = z"*!, and using the boundedness
of Cy , - H” — 2}, o and the function ¢(z), we get

(2.18) \1|lm u(lzlg ()] =0
and
(2.19) ‘g‘iinlu(\ZI)lg(Z)ll¢'(Z)| =

If ||@|l < 1, from (2.18) and (2.19) we get

1)@l @)] |
T le@P T = (T o2 i

u(lzDlg(@)'(2)] =

and

(Dl ) I
i o < T el i

The result follows.

u(lzh)lg' )] =0.
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Now we assume that || @l = 1. By the compactness of Cg, , : H* — 2, and Theorem 2.2
we have

u(lzDIg(2)1¢' ()|

2.20 =0
(220 oot (1— @) P!

and

o) u(l2lg' )]

lim —2 2 =
lo)=1 (1=]9(2)]?)"
From (2.18) and (2.21), for any € > 0, there exists an r € (0, 1) such that

u(lz])g"(2)]
(1=lo)?)"
when r < |@(z)| < 1 and there exists a o € (0, 1) such that
u(lzh)lg () < e(1—r)"
when 0 < |z| < 1. Therefore, when ¢ < |z] < 1 and r < |@(z)| < 1, we have

<€

u(zDlg' ()]
(2.22) REDIS@L
(I =le@?)
On the other hand, when 6 < |z| < 1 and |@(z)| < r, we have
/
(2.23) u(lz])g'(z)] 1

I—le@P)r = _rz)n“(\ZI)lg ()| <e.

Combining (2.22) and (2.23), we obtain the second equality of (2.17). Similar to the above
proof we get the first equality of (2.17).
Conversely suppose that (2.17) holds. Let f € H”. We have

()G < o FNENIEIA], RN Y, ..

Taking the supremum in this inequality over all f € H® such that || f||~ < 1, apply (2.17)
we obtain

lim sup u([z])|(Cpf)"(z)| = 0.

=1 f]l<1

The result follows from Lemma 2.2. 1
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