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1. Introduction

The theory of fuzzy sets proposed by Zadeh [30] in his classic paper of 1965, deal with
the applications of fuzzy technology in information processing. The information processing
is already important and it will certainly increase in importance in the future. Mordeson,
Malik and Kuroki gave a systematic exposition of fuzzy semigroups in [23], where one can
find theoretical results on fuzzy semigroups and their use in fuzzy coding, fuzzy finite state
machines and fuzzy languages. The monograph by Mordeson and Malik [24] deals with
the applications of fuzzy approach to the concepts of automata and formal languages. After
the introduction of fuzzy sets by Zadeh, there have been a number of generalizations of
this fundamental concept. Atanassov [5] introduced the notion of intuitionistic fuzzy sets
which is a generalization of fuzzy sets. The fuzzy sets give the degree of membership of an
element in a given set while the intuitionistic fuzzy sets give both a degree of membership
and a degree of non-membership. As for fuzzy sets, the degree of membership is a real
number between 0 and 1, this is also the case for the degree of non-membership, and the
sum of these two degrees is not greater than 1. For more details on intuitionistic fuzzy sets,
we refer the reader to [5,6,7]. Fuzzy sets are intuitionistic fuzzy sets but the converse is not
necessarily true [5]. Infect, there are situations where intuitionistic fuzzy set theory is more
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appropriate to deal with [9]. Intuitionistic fuzzy set theory has been applied in different
fields, that is, logic programming, decision making problems, etc. De et al. [12] studied
the Sanchez’s approach for medical diagnosis and extended this concept with the notion
of intuitionistic fuzzy set theory. Some authors applied this concept to generalize some
notions of algebra, for example Davvaz et al. [11], applied this concept in H,-modules.
They introduced the notion of an intuitionistic fuzzy H,-submodule of an H, -module, and
studied related properties. Kim et al. [20], considered the intuitionistic fuzzification of the
concept of sub-hyperquasigroups in a hyperquasigroup. In [21, 22], Kim and Jun introduced
the concept of intuitionistic fuzzy (interior) ideals of semigroups. Shabir et al. in [26],
introduced the concept of prime bi-ideals, strongly prime bi-ideal and semiprime bi-ideals
of a semigroup and studied those semigroups for which each bi-ideal is semiprime and
strongly irreducible.

In this paper we introduce the concept of intuitionistic fuzzy prime, strongly prime and
semiprime bi-ideals of semigroups and give characterizations of semigroups in terms of
these notions. We characterize those semigroups for which each intuitionistic fuzzy bi-ideal
is semiprime and strongly irreducible.

2. Basic concepts of semigroups

A semigroup is a non-empty set S together with an associative binary operation “”. An
element O of a semigroup S with at least two elements is called a zero element of S if
x0=0x=0 forall xin S. A semigroup which contains a zero element is called a semigroup
with zero. If a semigroup S has no zero element then it is easy to adjoin a zero element 0
to the set by defining Ox = x0 = 0 = 00 for all x in S. We shall use the notation S° with the
following meanings:

§0 S, if S has a zero element
| Su{0}, otherwise.

For A,B C S, we denote AB := {ab | a € A,b € B}. A non-empty subset A of a semigroup S
is called a subsemigroup of Sif ab € A for all a,b € A. A subsemigroup B of a semigroup
S is called a bi-ideal of S if BSB C B. A non-empty subset A of a semigroup S is called left
(right) ideal of S if SA C A (AS C A). A is called two sided ideal of S if it is both a left and
a right ideal of S. Every left (right) ideal of a semigroup is a bi-ideal but the converse is
not true. It is well known that the intersection of any number of bi-ideals of a semigroup S
is either empty or a bi-ideal of S. Also the product of two bi-ideals of a semigroup S is a
bi-ideal of S. Let a € S. Then intersection of all bi-ideals of S which contain a is a bi-ideal
of S containing a. Of course this is the smallest bi-ideal of S containing a and is called the
bi-ideal generated by a. We shall denote this bi-ideal by B(a). Clearly B(a) = aUa* UaSa.

A bi-ideal B of a semigroup S is called prime (strongly prime) if B1B, C B (BiBaN
B;B; C B) implies By C B or B, C B for any bi-ideals B; and B of S (cf.[26]). A bi-ideal
B of a semigroup S is called semiprime if B% C B implies B; C B for any bi-ideal B; of
S (cf.[26]). An element a of a semigroup S is called a regular element if there exists an
element x in S such that axa = a. A semigroup S is called regular if every element of S is
regular. An element a of a semigroup S is called intra-regular if there exist elements x and y
in S such that xa’y = a. A semigroup S is called intra-regular if every element of § is intra
regular.
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A function f from a non-empty set A to the unit interval [0, 1] of real numbers is called
a fuzzy subset of A. A fuzzy subset f of a semigroup S is called a fuzzy subsemigroup
of Sif f(xy) > min{f(x), f(y)} for all x,y € S. A fuzzy subsemigroup of S is called a
fuzzy bi-ideal of S if f(xyz) > min{f(x),f(z)} for all x,y,z € S (cf. [23]). A fuzzy subset
f of a semigroup S is called a fuzzy left (right) ideal of S if f(xy) > f(y) (f(xy) > f(x))
for all x,y € S. Every fuzzy left (right) ideal is a fuzzy bi-ideal but the converse is not
true. For any two fuzzy subsets f,g of a non-empty set A we define the fuzzy subsets
(fAg)a)=fla)rg(a), (fVg)(a) = fla)Vg(a) forall a € A. Also f < g means that
f(a) <g(a) forall a € A.

3. Intuitionistic fuzzy bi-ideals

As an important generalization of the notion of fuzzy set in S, Atanassov (cf. [5]) introduced
the concept of an intuitionistic fuzzy set (/F'S for short) defined on a non-empty set S as
objects having the form A = {(x, ta(x), ya(x))|x € S},where the functions fi4 : S — [0, 1]
and ¥4 : S — [0,1] denote the degree of membership (namely 4 (x)) and the degree of
non-membership (namely Y4 (x)) of each element x € S to the set A respectively, and 0 <
Ha(x) +ya(x) <1 for all x € S (cf.[5]). In particular, 0. and 1. denote the intuitionistic
fuzzy empty set and the intuitionistic fuzzy whole set in a set X defined by 0. (x) = (0, 1)
and 1. (x) = (1,0) for each x € X, respectively. We shall write /F'S for intuitionistic fuzzy
sets.

For simplicity we use A = (U4, ¥4) for IFS instead of A = {(x, ua(x), ya(x))|x € S}. For
any two IFSs A = (Us,Ya) and B = (up, ¥s) of a semigroup S we define:

(1) A C Bifand only if ps(x) < pp(x) and 4 (x) > y5(x) forall x € S,
(2) A= {(x,7a(x), ua (x))|x € S} = (72, Ha),
(3) ANB = { {x,min{py (x), up(x) },max{ys (x), ¥(x) })|x € S} = (Ha A g, Ya V V3),
(4) AUB = {(x;max{pa (x), up(x) },min{ya(x), v5(x)})|x € S} = (Ha V Up, Ya A\ VB),
(5) 1. =(1,0) and 0. = (0, 1).
For any two intuitionistic fuzzy sets A = (U4, y4) and B = (Up, ¥5) of a semigroup S, define
AoB = (Uaop, Yaon) (cf. [19]) where:

V' min{pa(y), up(2)} if @ = yz,
Pacp(a) :=q a=x

0 otherwise

and

a=yz
0 otherwise.

{ A max{ys(y), y8(z) if a = yz,
Yaop(a) :=

If IFS(S) denotes the set of all intuitionistic fuzzy sets of a semigroup S. One can easily see
that the multiplication “o ” on IFS(S) is associative. It is clear that for any IF'S, A,B,C of a
semigroup S if BC C,then AoBC AoC and BoA C CoA. (cf. [1])

Lemma 3.1. Let S be a semigroup and A, B,C be any intuitionistic fuzzy subsets of S then,

(1) Ao(BUC)=(AoB)U(AoC), (BUC)oA = (BoA)U(CoA).
(2) Ao(BNC)C (AoB)N(AoC), (BNC)oA C (BoA)N(CoA).
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Let {A;}ics be a family of intuitionistic fuzzy subsets of S then () A; is an intuitionistic
i€l

fuzzy subset of S where (N A; = (A t4;, V 74,) and

icl iel el
/\uA,. 0§ —[0,1]]x — /\HA,- (x) := infie;{pa, (x)|x € S},
il iel
V1 oS — [0, 1]lx — \/ 74, (x) := sup;e; {1, (x)|x € S}
icl iel

Let A be a non-empty subset of a semigroup S, the intuitionistic characteristic function
XA = (My,, Yy, ) is defined as [19]:

) lifxeA, . OifxeA,
Pul) =9 gitxga ™ W)= icgal

Definition 3.1. Let S be a semigroup and let A = (U4, Ya) be an intuitionistic fuzzy subsets
of S then A is called an:

(1) Intuitionistic fuzzy subsemigroup of S, if s (xy) > min{ s (x), s (y)} and y4 (xy) <
max{ys(x),ya(y)} for all x,y € S.

(2) Intuitionistic fuzzy bi-ideal of S, if A is an intuitionistic fuzzy subsemigroup of S and
Ha(xyz) = min{pia(x), pa(2)} and ya(xyz) < max{ya(x),a(z)} for all x,y,z € S.

(3) Intuitionistic fuzzy left (right) ideal of S, if ua(xy) > ua(y) (ua(xy) > pa(x)) and
() < () (nly) <)) forall xy,z €5.

Every intuitionistic fuzzy left (right) ideal is intuitionistic fuzzy bi-ideal but the converse
is not true.

Lemma 3.2. [20] Let A be a non-empty subset of a semigroup S. Then
(1) A is a subsemigroup of S if and only if xa = (Uy,,Yy,) is an intuitionistic fuzzy
subsemigroup of S.
(2) A is a bi-ideal of S if and only if xa = (Uy,,Yy,) IS an intuitionistic fuzzy bi-ideal
of S.
Lemma 3.3. [1] Let S be a semigroup and A,B C S then
(I) AC B ifand only if xa < X5.
(2) Xxa0xB = Xa0B-
Lemma 3.4. [1] Let S be a semigroup and 0. # A be an intuitionistic fuzzy subset of S.
Then
(1) A is an intuitionistic fuzzy subsemigroup of S if and only if Ao A C A.
(2) A is an intuitionistic fuzzy bi-ideal of S if and only if AcA CAand Ao1.0A C A.

Lemma 3.5. [1] Every intuitionistic fuzzy left (right) ideal of a semigroup is intuitionistic
fuzzy bi-ideal.

Lemma 3.6. [1] A semigroup S is regular if and only if Ao B = AN B for each intuitionistic
Sfuzzy right ideal A and each intuitionistic fuzzy left ideal B of S.

Lemma 3.7. [1] A semigroup S is intra regular if and only if ANB C BoA for each intu-
itionistic fuzzy right ideal A and each intuitionistic fuzzy left ideal B of S.
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4. Intuitionistic fuzzy Prime (strongly prime and semiprime) bi-ideals

In this section we define intuitionistic fuzzy prime (resp. strongly prime and semiprime)
bi-ideals of a semigroup S.

Definition 4.1. Let S be a semigroup and A = (Ua,Ya) an intuitionistic fuzzy bi-ideal of
S. Then A is called an intuitionistic fuzzy prime (strongly prime) bi-ideal of S if, for any
intuitionistic fuzzy bi-ideals B = (ug,vg) and C = (U¢,¥:) of S, BoC C A (resp. BoCnN
CoB C A) implies BC A or C C A. An intuitionistic fuzzy bi-ideal A = (s, Ya) of S is
called an intuitionistic fuzzy semiprime bi-ideal of S if, for any intuitionistic fuzzy bi-ideal
B = (up,¥s) of S, BoB C A implies B C A.

Obviously every intuitionistic fuzzy strongly prime bi-ideal is an intuitionistic fuzzy
prime bi-ideal and every intuitionistic fuzzy prime bi-ideal is semiprime but the converse is
not true is general.

Theorem 4.1. A bi-ideal B of a semigroup S is prime if and only if the intuitionistic char-
acteristic function X = (Wyy, Yyz) Of B is an intuitionistic fuzzy prime bi-ideal of S.

Proof. Suppose B is a prime bi-ideal of S, then by Lemma 3.2, xp is an intuitionistic fuzzy
bi-ideal of S. Let A, C be any intuitionistic fuzzy bi-ideals of § such that Ao C C yp but
A ¢ xp and C € xp, then there exist x,y € S such that 4 (x) # 0,7 (x) # 1 and p.(y) #
0,7(5) # 1 but 41z, (x) = 0,77, (¥) = 1 and fyy (») = 0,7, () = 1. Hence x ¢ B and y ¢ B.
Since B is a prime bi-ideal of S, therefore we have B(x)B(y) € B.

Since pa(x) # 0,74 (x) £ 1 and pie(y) # 0,3(y) # 1, therefore min{a (x), pc(y)} 7
0 and max{ys (x),%(y)} # 1. Since B(x)B(y) € B, therefore there exists a € S such that
a € B(x)B(y) but a ¢ B. Thus we have iy, (a) =0, ¥y, (a) = 1 and hence psoc(a) =0 and
Yaoc(a) = 1. Since a € B(x)B(y) we have a = x;y; for some x| € B(x) and y; € B(y). Thus

tacc(a) = \/ min{pa(x1), te(y1)} > min{pa (x1), e (1)}
a=x1yy
and
Yoc(a) = N\ max{ya(x1),7(1)} <max{ya(x1),7(1)}
a=x1y1

Since, x; € B(x) = {x} U {x*} UxSx, we have x; = x or x; = x> or x; = xyx for some y

€ S. If x; = x, thenpta (x1) = pa(x), and ya(x1) = ya(x) If x; = x2, then pa(x1) = pa (x*) >
min{ia (x), fa (x)} = pa(x) and ya(x1) = ya(¥*) < max{7a(x), ¥a(x)} = 1 (x). If x1 = xyx,
then s (x1) = ua (xyx) > min{pa (x), i ()} = aa (x) and 7 (x1) = 7 () < max{7 (x),
Y(3)} = %a(x). Also since yi € B(y) = {3} U {3} UySy, we have yj — y or y = 12 or
y1 = yxy for some x € S. If y; = y then uc(v1) = pc(y),and ¥ (y1) = ye(y). If y; = ¥, then
pe(yr) = pe(y?) > min{pc(y), pe(v)} = pe(v) and 1o (y1) = 1 (»*) < max{¥c (), 1c(y)} =
Ye(y)- If yr = yxy, then pc(y1) = pe(yxy) = min{fic(y), He(y)} = pe(y) and ye(y1) =
Ye(xy) < max{ye(y), we(v)} = 1e(y)- Thus pacc(a) > min{s (x1), e(y1)} > min{giy (x),

te(y)} # 0 and Yaoc(a) < max{ya(x1),%(v1)} < max{ys(x),%(y)} # 1 which is a con-
tradiction to the fact that psoc(a) = 0 and Ysoc(a) = 1. Thus for any intuitionistic fuzzy

bi-ideals A,C of S,AcC C yp =—=A C ypor C C 5.

Conversely, assume that yp is an intuitionistic fuzzy prime bi-ideal of S. Let By, B, be
any bi-ideals of S such that B{B> C B, then by Lemma 3.2, yp,and X, are intuitionistic
fuzzy bi-ideals of S. By hypothesis, ¥p,0p, C xp. By Lemma 3.3, xp,0, = XB, © X8, Thus
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XB, ©XB, € Xp- Since yxp is prime, we have xp, C xp or ¥p, C xp. By Lemma 3.3, we have
B, CBorBy CB. 1
Similarly we can prove the following:

Theorem 4.2. A bi-ideal B of a semigroup S is semiprime if and only if the intuitionistic
characteristic function Xp of B is intuitionistic fuzzy semiprime bi-ideal of S.

Theorem 4.3. A bi-ideal B of a semigroup S is strongly prime if and only if the intuitionistic
characteristic function X = (Hy,, Vy) of B is an intuitionistic fuzzy strongly prime bi-ideal
of S.

Proof. Suppose B is a strongly prime bi-ideal of S then by Lemma 3.2, yp is an intuitionistic
fuzzy bi-ideal of S. Let A, C be any intuitionistic fuzzy bi-ideals of S such that AocCNCoA C
x but A € xp and C ¢ xp, then there exist x,y € S such that pa(x) # 0,7 (x) # 1 but
Myp(x) = 0,%,(x) =1 and iy, (y) = 0,7, (v) = 1. Hence x ¢ B and y ¢ B. Since B is a
strongly prime bi-ideal of S, we have B(x)B(y) N B(y)B(x) ¢ B.

Since pa(x) # 0,74 (x) # 1 and pe(y) # 0,7 (y) # 1 we have min{u4 (x), uc(y)} # 0
and max{yx(x),Yc(y)} # 1. Since B(x)B(y) N B(y)B(x) € B, so there exists a € S such that
a € B(x)B(y) and a € B(y)B(x), but a ¢ B. Thus we have iy, (a) = 0,¥y,(a) = 1 and hence
Uaoc(a) A tcoa(a) =0 and Yaoc(a) V Yeon (a) = 1. Since a € B(x)B(y) and a € B(y)B(x), we
have a = x1y; and a = y,x; for some xj,x, € B(x) and y;,y» € B(y). Thus

Waoc(a) = \/ min{pa (x1), te(yr)} > min{pia (1), pre(y1)}

a=xyy]
and
Tec(@) =\ max{y(x), %)} < max{va(x), (1)}
a=xyyi
Since, x; € B(x) = {x} U {x*} UxSx, we have x; = x or x; = x” or x| = xyx for some y € S.
If x; = x, then /,LA(xl) = ,UA()C), and }/A(xl) = ’)/A(x). If x; :xz, then [JA(Xl) = ,LLA(XZ) >
min{ia (x), fa (x)} = pa(x) and 34 (x1) = 1 (+*) < max{7a(x), ¥a(x)} = va(x). If x1 = xyx,
then fu (x1) = pa(xyx) = min{pia (x), pa (x) } = pa(x) and 4 (x1) = ya(xyx) < max{y (x),
74(x)} = 74(x). Also since y; € B(y) = {y} U {y*} UySy, we have y; =y or y; =y or
y1 = yxy for some x € S. If y; =y then pic(y1) = pc(v), and 1 (v1) = ¥ (y). If y; = ¥, then
pe(yr) = pe(y?) > min{ e (y), pe(v)} = pe(v) and e (y1) = 1 (*) < max{¥c (), 1c(y)} =
Ye(y). If y1 = yxy, then pc(y1) = pe(yxy) > min{uc(y),uc(y)} = pe(y) and ye(y1) =
Ye(yxy) < max{yc(y), e (y)} = ¥ (). Thus pacc(a) > min{ s (x1), e (y1)} > min{pa (x),

te(y)} # 0 and Yaoc(a) < max{ya(x1), % (1)} < max{ya(x), %e(y)} # 1.
Similarly we can show that ficos (@) > 0 and Yeoa (@) # 1. Thus, taoc(a) A Ucoa(a) >0

and Yaoc(a) V Yeoa (@) # 1 which is a contradiction to the fact that pisoc(a) A teoa (@) = 0 and
Yaoc (@) V Ycoa(a) = 1. Thus, for any intuitionistic fuzzy bi-ideals A,C of S, AcCNCoA C
xp =—=>AC yporCC xp.

Conversely, assume that Yz is an intuitionistic fuzzy strongly prime bi-ideal of S. Let
B1,B; be bi-ideals of S such that BiB> N BBy C B, then by Lemma 3.2, xp,and xp, are
intuitionistic fuzzy bi-ideals of S. By hypothesis, ¥p,08, N XB,08, € X5- By Lemma 3.3, we
have X 0B, = XB, © X8, Thus, X, © X, N X8, © XB, < XB. Since xp is strongly prime, we
have x5, C xp or xp, C xp.- By Lemma 3.3, we have By C Bor B, C B.

2

Definition 4.2. An intuitionistic fuzzy bi-ideal B of S is called idempotent if B = B> =
BoB, that is, lgop = Ug © g = Up, YsoB = V8O VB = VB-
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Lemma 4.1. [21] Let {A;}ie; be a family of intuitionistic fuzzy bi-ideals of S, then () A; is
icl

an intuitionistic fuzzy bi-ideal of S.

Definition 4.3. Let S be a semigroup and A = (U, Ya) an intuitionistic fuzzy bi-ideal of S.

Then A is called an intuitionistic fuzzy irreducible (resp. strongly irreducible) bi-ideal of S

if, for any intuitionistic fuzzy bi-ideals B = (ug,¥s) and C = (U¢,Y:) of S, BNC = A (resp.

BNCCA)impliesB=AorC=A (resp. BCAorCCA).

The proof of the following lemma is straight forward, so we omit it.

Lemma 4.2. A bi-ideal B of a semigroup S is an irreducible (resp. strongly irreducible) if
and only if the intuitionistic characteristic function Xg = (U, Vy,) of B is an intuitionistic
fuzzy irreducible (resp. strongly irreducible) bi-ideal of S.

5. Semigroup in which each intuitionistic fuzzy bi-ideal is strongly prime

In this section we study those semigroups in which each intuitionistic fuzzy bi-ideal is
semiprime and also those semigroups in which each intuitionistic fuzzy bi-ideal is strongly
prime.

Lemma 5.1. Let S be a semigroup. Then the intersection of any family of intuitionistic fuzzy
prime bi-ideals of S is an intuitionistic fuzzy semiprime bi-ideal of S.

Proof. Straight forward. 1

Proposition 5.1. An intuitionistic fuzzy strongly irreducible, semiprime bi-ideal of a semi-
group S is an intuitionistic fuzzy strongly prime bi-ideal of S.

Proof. Let A be an intuitionistic fuzzy strongly irreducible, semiprime bi-ideal of S. Let B
and C be intuitionistic fuzzy bi-ideals of S such that BoCNCoB C A. Since (BNC)?> C BoC
and also (BNC)? C CoB, so (BNC)?> C BoCNCoB CA. Since A is an intuitionistic fuzzy
semiprime bi-ideal, so (BNC) C A. As A is irreducible so B C A or C C A, that is A is an
intuitionistic fuzzy strongly prime bi-ideal. 1

Proposition 5.2. Ler A = (s, Y4) be an intuitionistic fuzzy bi-ideal of a semigroup S with
pa(a) =t and ya(a) =1—t where a € S andt € (0,1], then there exist an intuitionistic
fuzzy irreducible bi-ideal B = (Uug,Yg) of S such that A C B and ug(a) =t, yg(a) =1 —1t.

Proof. Let X = {C|C is an intuitionistic fuzzy bi-ideal of S, uc(a) =1, yc(a) =1—1t and
A C C}, then X # ¢ because A € X. Then the collection X is a partially ordered set un-
der inclusion. If Y is any totally order subset of X, say ¥ = {C;|i € I}, then |JC; is an

i€l
intuitionistic fuzzy bi-ideal of S. Indeed: Let x,y € S, then

(V ) () =V (e, (x9)) = (e, () A e, ()

iel iel iel
=\ (ke () AV (e, () = (V ke ) @) AV 1) ()
iel iel icl iel

and

(A ) () = Al () < A () V1, (v)

icl iel iel
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= A1)V A ) = (A1) 0V (Ar) )
iel iel i€l iel
Hence (J C; is an intuitionistic fuzzy subsemigroup of S. Let x,y,z € S, then
il

(V 1e,) (wyz) = \/ (e, (xy2)) > \/ (e, (x) A e, (2)

iel iel iel
=V (e, () AV (e (2) = (V k) () AV e (2)
icl icl icl icl
and
(A1) @vz) = A, (02)) < A1 () Ve (2))
icl icl icl
= A1)V A (2) = (A1) )V (A1) 2)-
iel iel iel iel
Thus, |J C; is an intuitionistic fuzzy bi-ideal of S. As A C C; foreachic€l,so A C |JC;.
icl i€l
Also, (V te,)(@) = V pi (@) =t and (A 716,)(@) = A ¥, (a) = 1 —. Thus, U C; is the upper
il icl icl icl icl

bound of Y. Thus, by Zorn’s lemma, their exists an intuitionistic fuzzy bi-ideal B = (ug, ¥s)
of S which is maximal with respect to the property that A C B and pug(a) =1,v(a) = 1 —t.
We now show that B is an intuitionistic fuzzy irreducible bi-ideal of S. Suppose B=B; N B,
where By and B, are intuitionistic fuzzy bi-ideal of S. Then B C By and B C B,. We
claim that B = By or B = B;. Suppose on the contrary B # B; and B # B;. Since B is a
maximal bi-ideal with respect to the property that pg(a) =t and yg(a) =1 —¢ and B # B
and B # By, it follows that g, (a) #t or ¥, (a) # 1 —t and up,(a) #t or y,(a) # 1 —1.
Hence t = pg(a) = up,r,(a) = up, (a) A\ up,(a) # t textorl —t = yg(a) = ¥,vB,(a) =
Y8, (a) V 18,(a) # 1 —t, which is a contradiction. Hence either B = B or B = B;. Thus, B
is an irreducible intuitionistic fuzzy bi-ideal of S. 1

Theorem 5.1. [1] A semigroup S is regular if and only if for every intuitionistic fuzzy bi-
ideal A of S we have,A =Ao1.0A.

Lemma 5.2. Let S be a semigroup and A, B be intuitionistic fuzzy bi-ideals of S. Then Ao B
is an intuitionistic fuzzy bi-ideal of S.

Proof. Let A and B be intuitionistic fuzzy bi-ideals of S. Then
(AoB)o(AoB)=(AoBoA)oB < (Aol.oA)oB<AoB.

Also,
(AoB)ol.o(AoB)<(Aol.)ol.o(AoB)=Ao(l.ol.)o(AoB)
<Aol.o(AoB)=(Aol.o0A)oB<AoB.
Thus A o B is an intuitionistic fuzzy bi-ideal of S. 1

Next theorem characterizes those semigroups in which each intuitionistic fuzzy bi-ideal
is semiprime.
Theorem 5.2. Let S be a semigroup. Then the following are equivalent:

(1) S is both regular and intra-regular.
(2) AoA = A for every intuitionistic fuzzy bi-ideal A of S.
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(3) ANB = (AoB)N(BoA) for every intuitionistic fuzzy bi-ideals A and B of S.

(4) Each intuitionistic fuzzy bi-ideal of S is intuitionistic fuzzy semiprime.

(5) Each proper intuitionistic fuzzy bi-ideal of S is the intersection of irreducible intu-
itionistic fuzzy semiprime bi-ideals of S which contain it.

Proof. (1) = (2) Let S be both regular and intra-regular semigroup and A = (14, 3) be an
intuitionistic fuzzy bi-ideal of S. Let a € S. Since S is regular and intra-regular, so there exist
x,¥,z € § such that @ = axa and a = ya®z. Thus we have a = axa = axaxa = ax(ya’z)xa =
(axya)(azxa). Hence,

Haca(a) = \/ min{ua(y), pa(2)} > min{pa(axya), pa (azxa)}

a=yz
= min{(ta(a) Apa(a)), pa(a) A pa(a)t = pa(a).
and

Yaoa(a) = A max{1a(y), 74 ()} < max{y(axya), ya(azxa)}

< max{(ya(a)Vya(a)),(va(a) vV ya(a))} = va(a).

Hence ppoa(a) > Ua(a) and Yaoa(a) < ya(a). Thus A C Ao A. For the reverse inclusion,
since A is an intuitionistic fuzzy subsemigroup of S, we have pgo4 < 4 and Ys04 > 74, that
isAoA C A. Therefore, AocA = A.

(2) = (3). Let A, B be intuitionistic fuzzy bi-ideals of S, then A N B is an intuitionistic
fuzzy bi-ideal of S. By (2), we have ANB = (ANB)o(ANB) C AoB. Similarly, ANB C
BoA. ThusANBC AoBNBoA.

For the reverse inclusion, since Ao B and Bo A are intuitionistic fuzzy bi-ideals of S, so
AoBNBoA is an intuitionistic fuzzy bi-ideal S. Hence by hypothesis, we have, by Lemma
3.4 and BoB =B,

AoBNBoA=(AocBNBoA)o(AoBNBoA) CAoBoBoA
=Ao(BoB)oA=AoBoACAol_ocA=A.

Hence AcBNBoA C A. Similarly, we can prove that AcBNBoA C B. Hence AcBNBoA C
ANB. Therefore, AoBNBoA =ANB.

(3) = (4). Let A and B be intuitionistic fuzzy bi-ideals of S such that AcA C B. Then
by hypothesis, A =ANA =A0ANAocA =Ao0A. Thus A C B. Hence each intuitionistic
fuzzy bi-ideal of S is semiprime.

(4) = (5). Let A be a proper intuitionistic fuzzy bi-ideal of S and {A; : i € I'} be the
collection of all irreducible intuitionistic fuzzy bi-ideals of S which contain A. Proposition
5.2 guarantees the existence of such irreducible intuitionistic fuzzy bi-ideals. Hence A C
NicsAi- Let a € S, then by Proposition 5.2, their exist an irreducible intuitionistic fuzzy bi-
ideal Ay of S such that A C Ay and s (a) = Ua, (@), ya(a) < ya,(a) . Thus Aq € {A;:i €1}
Hence _eﬂ[A,- C Aq, that is 'e/\luAi(a) < Ky = My and _E\/IyAi (a) > Y@ = Ys@- Hence

i i a i L
(N A; CA. Consequently, (| A; = A. By hypothesis, each intuitionistic fuzzy bi-ideal of
ngIis semiprime, so each in;fllitionistic fuzzy bi-ideal of S is the intersection of irreducible
semiprime intuitionistic fuzzy bi-ideals of S which contain it.

(5) = (2). Let A be an intuitionistic fuzzy bi-ideal of S . Then A oA is also an intuition-
istic fuzzy bi-ideal of S by Lemma 5.5. Then Ao A C A, because A is an intuitionistic fuzzy



992 M. Shabir, M. S. Arif, A. Khan and M. Aslam

subsemigroup of S. Also AoA C AoA, by hypothesis A oA is semiprime so A C AoA. Thus
AocA=A.

(2) = (1). Let A be an intuitionistic fuzzy right ideal and B an intuitionistic fuzzy left
ideal of S, Ao B C AN B. On the other hand, AN B is an intuitionistic fuzzy bi-ideal of S, so
by hypothesis ANB = (ANB)o(ANB) C AoB. Thus ANB = Ao B, which implies that S is
regular. Also ANB = (ANB)o(ANB) C BoA which implies that S is intra regular. 1

Proposition 5.3. Let S be a regular and intra regular semigroup. Then the following asser-
tions for an intuitionistic fuzzy bi-ideal A of S are equivalent.

(1) A is strongly irreducible.

(2) A is strongly prime.

Proof. (1) = (2). Let S be a regular and intra regular semigroup and A be a strongly
irreducible intuitionistic fuzzy bi-ideal of S. Suppose B, C are intuitionistic fuzzy bi-ideal of
S such that (BoC)N(CoB) C A. Since S is both regular and intra regular so by Theorem
5.2, (BoC)N(CoB) =BNC. Hence BNC C A. Since A is strongly irreducible, we have
BCAorCCA.

(2) = (1). Suppose A is strongly prime intuitionistic fuzzy bi-ideal of S. Let B, C be
any intuitionistic fuzzy bi-ideals of S such that BNC C A. As BoCNCoB=BNC C A and
A is strongly prime, so we have B C A or C C A. Thus A is strongly irreducible intuitionistic
fuzzy bi-ideal of S. 1

Theorem 5.3. Each intuitionistic fuzzy bi-ideal of a semigroup S is strongly prime if and
only if S is regular and intra regular and the set of intuitionistic fuzzy bi-ideals of S is totally
ordered, by inclusion.

Proof. Suppose that each intuitionistic fuzzy bi-ideal of a semigroup S is strongly prime,
then each intuitionistic fuzzy bi-ideal of the semigroup S is semiprime, then by Theorem
5.2, § is both regular and intra regular. We show that the set of intuitionistic fuzzy bi-ideal
of § is totally ordered by inclusion. Let B,C be intuitionistic fuzzy bi-ideal of S, then by
Theorem 5.2, (BoC) N (CoB) = BNC. As each intuitionistic fuzzy bi-ideal of S is strongly
prime so BN C is strongly prime, hence either B C BNC or C C BNC, that is either BC C
orC CB.

Conversely, assume that S is regular and intra-regular and the set of intuitionistic fuzzy
bi-ideals of S is totally ordered under inclusion, then we show that each intuitionistic fuzzy
bi-ideal of the semigroup S is strongly prime. Let A be an intuitionistic fuzzy bi-ideal of §
and B, C any intuitionistic fuzzy bi-ideals of S such that (BoC) N (CoB) C A. Since S is both
regular and intra-regular, so by Theorem 5.2, (BoC)N(CoB) = BNC. Hence BNC C A.
Since the set of intuitionistic fuzzy bi-ideals of S is totally ordered, so either BC C or C C B,
that is either BNC = B or BNC = C. Thus either BC A or C C A. 1

Theorem 5.4. If the set of intuitionistic fuzzy bi-ideals of a semigroup S is totally order
by inclusion, then S is both regular and intra regular if and only if each intuitionistic fuzzy
bi-ideal of S is intuitionistic fuzzy prime bi-ideal of S.

Proof. Suppose S is both regular and intra regular and A any intuitionistic fuzzy bi-ideal
of S. Let B,C be intuitionistic fuzzy bi-ideals of S such that BoC C A. Since the set of
intuitionistic fuzzy bi-ideal of § is totally ordered, therefore either B C C or C C B. Suppose
that BC C then BoB C BoC C A. By Theorem 5.2, A is semiprime, so B C A. Hence A is
a prime intuitionistic fuzzy bi-ideal of S.
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Conversely, assume that every intuitionistic fuzzy bi-ideal of § is prime. Since every
prime intuitionistic fuzzy bi-ideal is semiprime, so by Theorem 5.2, S is both regular and
intra-regular. 1

Theorem 5.5. For a semigroup S,the following assertion are equivalent.

(1) Set of intuitionistic fuzzy bi-ideals of S is totally ordered by inclusion.
(2) Each intuitionistic fuzzy bi-ideal of S is strongly irreducible.
(3) Each intuitionistic fuzzy bi-ideal of S is irreducible.

Proof. (1) = (2). Let A be an arbitrary intuitionistic fuzzy bi-ideal of S. Let B,C be
intuitionistic fuzzy bi-ideals of S such that BNC C A. Since the set of intuitionistic fuzzy
bi-ideals of S is totally ordered by inclusion, so either B C C or C C B. Thus either BC A
or C C A. Hence A is strongly irreducible.

(2) = (3). Let A be an arbitrary intuitionistic fuzzy bi-ideal of S. Let B, C be intuition-
istic fuzzy bi-ideals of S such that BNC = A. Then A C B and A C C. By hypothesis either
BCAorCCA. Thuseither B=AorC =A.

(3) = (1). Suppose each intuitionistic fuzzy bi-ideal of § is irreducible. Let A,B be
intuitionistic fuzzy bi-ideals of S, then AN B is an intuitionistic fuzzy bi-ideal of S. Also
ANB =ANB. By hypothesis either A =ANB or B=ANB, thatis either A C B or B C A.
Hence the set of intuitionistic fuzzy bi-ideals of S is totally ordered by inclusion . 1

The next example shows that if each bi-ideal of a semigroup is prime, then it is not
necessary that its each intuitionistic fuzzy bi-ideal is prime.

Example 5.1. Consider the semigroup S = {0,a,b}

O|lal|b
00100
al0|ala
b|0|b|b

It is evident that S is both regular and intra regular. Bi-ideals in S are {0},{0,a},{0,b}
and S. All bi-ideals are prime and hence semiprime bi-ideals.

Fact 5.1. Each intuitionistic fuzzy subset of S is an intuitionistic fuzzy subsemigroup of S.

Fact 5.2. Each intuitionistic fuzzy subset A = ({ts,%4) of S is an intuitionistic fuzzy bi-ideal
of S if and only if s (0) > pa(x) and y4(0) < y4(x) forall x € S.

Proof. Suppose A = (U4, 7s) is an intuitionistic fuzzy bi-ideal of S, then by definition
14 (0) = pa(x0x) = pa(x) A pa(x) = pa(x) and 74(0) = 74 (x0x) < %a(x) V 7a(x) = 1 (x)
forall x € S.

Conversely, assume that 14 (0) > pa(x) and y4(0) < y4(x) for all x € S. Then xyz = x
if x,y,z € {a,b} and xyz = 0 if one of them is zero. Thus p4(xyz) > pa(x) A pa(z) and
1 (02) < )V (). !
Fact 5.3. Since S is regular and intra regular, so every intuitionistic fuzzy bi-ideal of S is
intuitionistic fuzzy semiprime bi-ideal.

Consider the intuitionistic fuzzy bi-ideals A, B,C of S,
1a(0) =0.7, pa(a) = 0.6, us(b) = 0.4 andyy(0) =0.3, ya(a) =04, 14 (b) =04
us(0) = 1.0, up(a) = 0.5, pg(b) = 0.4 andyp(0) =0, yz(a) = 0.5, yz(b) =0.4
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uc(O) =0.7, pic(a) = 0.65, pe(b) = 0.3 andy(0) = 0.3, yc(a) = 0.35 yc(b) = 0.7

tpoc(0) = \/ {up() Apc(y)} = \/ {1A0.7,1A0.65,1A0.3,0.510.7,0.4A0.7} = 0.7
O=xy 0=xy
tpoc(@) = \/ {us(x) Apc(n)} = \/ {0.510.65,0.500.3} =0.5
a=xy a=xy
tgoc(b) = \/ {us(x) Apc(y)} = \/ {0.410.65,0.4703} =0.4
b=xy b=xy
1oc(0) = A\ {1 V()= A {0v0.3,0v0.35,0v0.7,0.5v0.3,0.4V0.3} =0.3
0=xy 0=xy
Yoc(@) = N\ A{mE)VreH}r= /A {05v0.3505Vv0.7} =05
a=xy a=xy
Teoc(d) = N\ BV} = A {04V0.35,0.4V0.7} = 0.4
b=xy b=xy

Thus Up.c < Ua and Ypoc > Y4, thatis BoC C A but neither B C A nor C C A. Thus A is not
intuitionistic fuzzy prime bi-ideal of S.

Example 5.2. Consider the semigroup S = {0,x,1}
x |1
0 00
X x| x
110 |x|1
It is evident that S is both regular and intra regular. Bi-ideals in S are {0},{0,x} and S. All
bi-ideals are strongly prime.

(=) Nl Nen]

Fact 5.4. Each intuitionistic fuzzy subset of S is an intuitionistic fuzzy subsemigroup of S.

Fact 5.5. Each intuitionistic fuzzy subset A = (Us, Y1) of S is an intuitionistic fuzzy bi-ideal
of S'if and only if pa (0) > pa(x) > pa(1) and 4(0) < 7a(x) < ya(1).

Proof. Suppose A = (Ua,74) is an intuitionistic fuzzy bi-ideal of S, then by definition
14(0) = pa(x0x) > pa (x) A pa(x) = pa(x) and 4 (0) = ¥4 (x0x) < ya(x) V 74 (x) = 7a(x).
Also pia(x) = pa(1x1) = pa(1) A pa(1) = pa(1) and 7 (x) = 1a(lxl) < (1) V(1) =
Ya(1). Hence 14 (0) > pia(x) > pa(1) and y4(0) < 7a(x) < ya(1).

Conversely, assume that 14 (0) > pa(x) > pa(1) and 74 (0) < 74 (x) < 1a(1).

Then by Fact 5.4 A = (4, 74) is an intuitionistic fuzzy subsemigroup of S. Also abc = x
if one of a,b, c is x and non of them is 0, and abc = 1 if all of a,b, c are 1 and non of them
is 0 and abc = 0 if one of them is zero. Thus p4(abc) > pa(a) A ua(c) and 4 (abe) <
Ya(a) V ya(c). Hence A = (U4, y4) is an intuitionistic fuzzy bi-ideal of S. 1

Fact 5.6. Since S is regular and intra regular, so every intuitionistic fuzzy bi-ideal of § is
intuitionistic fuzzy semiprime bi-ideal.

Consider the intuitionistic fuzzy bi-ideals A, B,C of S,
1a(0) =0.7, pa(x) = 0.6, us(0) =0.5 andys(0) = 0.3, y4(x) = 0.4, 14(1) =0.5
[.LB(O) = 1.07 [.LB()C) = 05, ,LLB(l) =04 andyB(O) = 0, ’)/B()C) = 0.57 ’)/B(l) =047
Uc(0) =0.7, pe(x) =0.65, uc(1) =0.3 andy(0) = 0.3, y(x) =0.35, %(1) =0.7
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tgoc(0) = \/ {us(a) Apc(b)} = \/ {1A0.7,110.65,1A0.3,0.510.7,0.4A0.7} =0.7
O0=ab

0=ab
tsoc(x) = \/ {us(a) Auc(b)} = \/ {0.510.65,0.5A0.3,0.410.65} =0.5
x=ab x=ab
tgoc(1) = \/ {us(a) Auc(b)} = \/ {04703} =04
1=ab 1=ab
Yoc(0) = N {ys(a)Vyc(b)} = ) {0v0.3,0v0.35,0v0.7,0.5v0.3,0.4V0.3} =0.3
0=ab O=ab
Yooc(x) = N\ {18(a)Vyc(b)} = ) {0.5v0.35,0.5v0.7,0.4v0.65} = 0.5
x=ab x=ab

Toc(1) = N\ {m@Vyc®)}= A {04v0.7} =07
1=ab 1=ab

Thus tp.c < Ua and Ygoc > Y4 , that is, BoC C A, but neither B C A nor C C A. Thus A is
not intuitionistic fuzzy prime bi-ideal of S.

Example 5.3. Let S be a group. Then by [21] every intuitionistic fuzzy bi-ideal of S is
constant. Since every group is regular and intra regular, so S is regular and intra regular.
Since the set of all intuitionistic fuzzy bi-ideals of S is totally ordered, so by Theorem 5.3
every intuitionistic fuzzy bi-ideal of S is strongly prime.
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