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Abstract. We study a nonlinear elliptic problem with Dirichlet boundary condition involv-
ing an anisotropic operator with variable exponents on a smooth bounded domain Q C RV,
For that equation we prove the existence of at least two nonnegative and nontrivial weak
solutions. Our main result is proved using as main tools the Mountain Pass Theorem and a
direct method in Calculus of Variation.
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1. Introduction

Equations involving variable exponent growth conditions have been extensively studied in
the last decade. The large number of papers studying problems involving variable exponent
growth conditions is motivated by the fact that this type of equations can serve as models in
the theory of electrorheological fluids (see, e.g. [15]), image processing (see, e.g. [3]), the
theory of elasticity (see, e.g. [18]) or biology (see, e.g. [10]). In this context, we just refer
to the survey paper [11] and the references therein.

Typical models of elliptic equations with variable exponent growth conditions appeal to
the so called p(x)-Laplace operator, that is

Ayou = div(|VuPO2vy)

p(x)
where p(x) is a function satisfying p(x) > 1 for each x. Recently, Mihiilescu-Pucci-Radulescu
extended in [13] the study involving the p(x)-Laplace operator to the case of anisotropic
equations with variable exponent growth conditions, where the differential operator consid-
ered has the form

N

(1.1) Y 04, (19|29 u)

i=1
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with p;(x) functions satisfying inf, p;(x) > 1 for each i € {I,...,N}. Undoubtedly, in the

particular case when p;(x) = p(x) for each i € {1,...,N} the above differential operator be-
N

comes Y. 9y, (|9, u|P™)"29,.u) and has similar properties with the p(x)-Laplace operator. On
i=1

=

the other hand, the anisotropic equations with variable exponent growth conditions enable
the study of equations with more complicated nonlinearities since the differential operator
(1.1) allows a distinct behavior for partial derivatives in various directions.

In this paper we study the existence of nontrivial solutions of an nonhomogeneous anisotropic
problem of type

N
-y 8xi(\8xiu|pf(x)’28xiu) =Af(x,u), forxeQ,
i=1

u=0, forx € 0Q,
u>0, forx € Q,

(1.2)

where Q C R;N(N > 3) is a bounded domainﬁwith smooth boundary, p; are continuous
functions on Q such that 2 < p;(x) forany x € Q and i € {1,...,N}.

2. Preliminary results

Set
C+(Q)={h; he C(Q), h(x) > 1 forall x € Q}.
For any h € C(Q) we define
h = suph(x) and h™ = inf h(x).
x€Q xeQ

For any p € C1(Q), we define the variable exponent Lebesgue space
L") (Q) = {u; u is a measurable real-valued function such that / |u(x)[PX) dx < oo}
Q

We define a norm, the so-called Luxemburg norm, on this space by the formula

p(x)
|u|p(.y = inf ,u>0;/ dx<1p.
Q

Variable exponent Lebesgue spaces resemble classical Lebesgue spaces in many respects:
they are Banach spaces [12, Theorem 2.5], the Holder inequality holds [12, Theorem 2.1],
they are reflexive if and only if 1 < p~ < p™ < e« [12, Corollary 2.7] and continuous func-
tions are dense if p < o [12, Theorem 2.11]. The inclusion between Lebesgue spaces also
generalizes naturally [12, Theorem 2.8]: if 0 < |Q| < o0 and py, p; are variable exponents,
so that p; (x) < pa(x) almost everywhere in Q, then there exists the continuous embedding
LP20)(Q) — L")(Q), whose norm does not exceed Q|+ 1.

We denote by L?()(Q) the conjugate space of LP()(Q), where 1/p(x) + 1/q(x) = 1 for
any x € Q. For any u € LP()(Q) and v € L90)(Q) the Holder type inequality

11
uvdx| < +) Ul [V gt
/Q <p = [l [V]g()

u(x)
U

@2.1)

holds true.
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An important role in manipulating the generalized Lebesgue-Sobolev spaces is played
by the modular of the LP() (Q) space, which is the mapping Pp(y LP1)(Q) — R defined by

s = [ P

If (1), u € LP1)(Q) and p* < oo then the following relations hold true

- +
(2.2) |u|p(-) >1 = Mﬁ(.) < pp(»)(”) < Mﬁ(.)

n _
(2.3) |“|p(~) <l = ‘“|§(.) < pp(»)(“) < ‘“|$(.)
(2.4) |t —ulpy =0 & Py (un—u) —0.

Spaces with pT = co have been studied by Edmunds, Lang and Nekvinda [4].
Next, we define Wol’p 0 (€2) as the closure of Cy’ () under the norm

lull = [Vl .-

The space wlrO(q o)l -1|) is a separable and reflexive Banach space. We note that if
0

g € C.(Q) and g(x) < p*(x) for all x € Q then the embedding WOI’”(')(Q) — L10)(Q) is
compact and continuous, where p*(x) = Np(x)/(N — p(x)) if p(x) < N or p*(x) = +oo if
p(x) > N. We refer to [5, 6, 7, 8, 12] for further properties of variable exponent Lebesgue-
Sobolev spaces.

Finally, we introduce a natural generalization of the variable exponent Sobolev space

WO1 P “(Q) that will enable us to study with sufficient accuracy problem (1.2). For this
purpose, let us denote by 7’ : @ — RV the vectorial function p’ = (py,..., py), where pi,...,

pn : Q — (1,00) are continuous functions. We define WOI"p (')(Q), the anisotropic variable
exponent Sobolev space, as the closure of Ci’ () with respect to the norm

N
||“||?(~) = Z |axiu‘l7i(‘)'
i=1

WO1 70 (Q) endowed with the above norm is a reflexive Banach space (see [13]).

On the other hand, in order to facilitate the manipulation of the space Wol‘p (')(Q) we
introduced ?+, ?, inRY as
—_— — _ _
PJr:(pTa"'vp]t)? P*:(pla"'apN)a
and P, PT P~ e R as
P =max{p],...p5}, PT=max{p;,...py}, P~ =min{p;,...,py}
Throughout this paper we assume that
1
1 Pi

2.5) >1

=

1
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and define P* € R" and P_ ., € R" by

N
PP=—— P .=max{PT,P}.

L
1 Pi

™M=

l

Next, we recall Theorem 1 in [13], regarding a compactness embedding of WOl P ('>(Q)
into variable exponent Lebesgue space:

Theorem 2.1. Assume that Q C RY (N > 3) is a bounded domain with smooth boundary.

Assume relation (2.5) is fulfilled. For any q € C(Q) verifying
(2.6) 1 <g(x) <P forall xeQ,
the embedding

Wo]’?(.)(g) — L10)(Q)
is continuous and compact.
3. The main result
In this paper we study problem (1.2) in the particular case

flox,r) =901 B0 >0 xeQ,
where o : Q — R, B : Q — R are continuous functions such that
1<B <P <ax)<at <P <P <P . forxeQ

and there exists xg € Q such that
B(x0) < a(xo).

More precisely, we consider the following problem

N
— Y 3 (|05 uP 29 ) = A(ueD -1 — D) forxe Q,

i=1
(-1 u=0, forx € 0Q,
u>0, forx € Q.

We seek solutions for problem (3.1) belonging to the space WOI‘?(') (Q) in the sense below.

Definition 3.1. We say that u € Wol’g(')(Q) is a weak solution for problem (3.1) if u > 0
almost everywhere in Q and

/Q {ﬁ‘{ <|ax[u|Pi(X>*28x[u %V) _a (utx(x)fl b P v)} dx =0,

Lp(:
Sorallv e Wo'p()(Q).
The main result of this paper is given by the following theorem.

Theorem 3.1. There exists A > 0 such that  problem (3.1) has at least two distinct nonneg-
ative, nontrivial weak solutions for all A > A.

Theorem 3.1 supplements [14] with the case of anisotropic spaces.
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4. Proof of Theorem 3.1

We start by introducing the energy functional corresponding to problem (3.1) which is de-
fined as Jj, : Wol’p(')(Q) SR,

@.1) Jl(u)/gig"l;”w 4/ der)L/ B
s 1

where u (x) = max{u(x),0} for each x € Q. Standard arguments assure that J; € C' (Wol’?( )(Q) ,R)
and the Fréchet derivative is given by
4.2) (J5(u /Z|8 u|”' ~20, U O,V dx— l/ u+ B vdx—i—?t/ u€<x)7lvdx,

Q

forallu, ve WJ’F(')(Q).
We prove some auxiliary results.

Lemma4.1. Ifuc Wol’?(')(Q) then uy,u_ € WOI‘?(')(Q) and

au+_ (()9,“ lf[MSO], au__ %u 1f[u20},
dx; Et if [u> 0], ox; E if [u<0],

where uy (x) = max{£u(x),0} for all x € Q.

Proof. The proof of this lemma runs similarly with the proof of Lemma 3.3 in [14] without
any particular complication. Because of that fact we will omit it. 1

Lemma 4.2. Ifu is a critical point of functional J) then u > 0.

Proof. If u is a critical point of J) then using Lemma 4.1 we obtain

0 =(J (u),u)

. N
:/ Y 19, P20 udu_ dx—A / ui(x)ilu, dx+
Q= Q

Py / L=
Q

N
— / Y (9 PO 20gu dgu_ dx
Q=
N
:/ Z |0y, u,\pi(x)_zaxl.u, Ox,u— dx
Q=1
N
:/ Y [0y u |t

that is

N
4.3) / Y [0k u_|Pi® dx = 0.
Q=
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Applying Jensen’s inequality to the convex function g : [0,e0) — [0,0) defined by g(s) =

it follows that for all u € W, " 0)(Q) we have

B N
P X [9qu—|p )
(4.4) : =l

Foreachi € {1,...,N} we define

é‘ _ Pi, if |8xl.u_\pl.(,) <1,
! P, if |8xl.u,\pl.(.) > 1.

Thus, using relation (2.2), (2.3) and (4.4) we get

. N ( ) N 5
A INEREREED MR

SP,

By above pieces of information and relation (4.3) we deduce that ||u_|| ;) = Y 10gul )=

0 which means that u > 0.
We consider the functional [ : WOI" ) (Q) — R defined by

N o1 ylpitx)
= / ) |95 ulP™ dx
o pily)
for every u € WO1 7
IeC! (WO1 Pl (Q),R) and the Fréchet derivative is given by

N
- / Y |0qul D2 9w v dx
Q=]

for all u,v € Wol’?(')(Q).

Lemma 4.3. The functional I is weakly lower semicontinuous.

b (')(Q). Standard arguments assure that  is well-defined on WO1 ’?(')(Q),

Proof. The conclusion of this lemma is obvious since we deal with a functional / which is

continuous and convex on the Banach space WO1 P (Q).

Lemma 4.4. There exists a positive constant &/ such that

Z/ |axlu‘ ded/ \u|P:dx
i=1 Q

forallueS::{veWol’p()( D Pvll5e >N}

Proof. We fix arbitrary u € S. Since [lul|;() > N it follows that there exists j € {1,...

such that [Jx;ul,, () > 1. Then we deduce that

|9, M\ 1 P
4.5) / —————dx> H'af‘ju|pj(~) .

N}
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On the other hand, since u € WOI’?(') (Q) we infer that dy;u € LPi0)(Q). Since P~ < p;(x) for

every x € Q we get that L) (Q) is continuously embedded in L~ (Q) and consequently,
there exists a positive constant, say C; > 0, such that

|9yl p- < CjlOulp()

or

4.6) Duul) cP /\8x,u|” dx.

Now, using similar arguments as those used in the proof of relation (11) in [9] we obtain the
existence of a positive constant, say D; > 0, such that

@.7) / EWiS deDj/ P~ dx.
o Q
Relations (4.5), (4.6) and (4.7) imply the existence of a positive constant
D .
&/ = min J

ie{l,...N P-
JELT, } PIC,-
for which the conclusion of Lemma 4.4 holds true. 1

Remark 4.1. By Lemma 4.4 we deduce that there exists A* > 0 such that

/ 9y, i) u|p1
(4.8) A* = inf =L

uES / |M|P dx

where S:= {v € WOL’?(')(Q) V5o >N}

Lemma 4.5.
1° The functional J), is coercive and bounded from below.
2° The functional J), is weakly lower semicontinuous.

Proof. 1°. By relation 1 < = < B(x) < o(x) < a™ < P~ for every x € Q and B(xo) <
o(xp), we get that
_ L
Law Bm

f—o0 tP*

for every x € Q. Then for any A > 0 there exists a positive constant C; such that

1 1 A
Py ,a<x)_tﬁ(>)<t i,
(ﬂw B(x) 2 *

for all # > 0 and x € Q, where A* is given by relation (4.8).
The above inequality shows that for any u € WO1 P 0) () with [[u[|5() > N we obtain

,Z{/ |8xlu| dx—?L/Q (Oczx) ui(x) —ﬁ(lx)uﬁ(x)> dx
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N
|ax,”| B / | e R S 10
2L e o (e e g ) @
N
zZ/w”| r—/wpw<JM|
N 3xu
1

N
Z/ 10,4l dx—C; -1,

In order to go further, we define for each i € {1,...,N} and each u € WOI’FO(Q) with
lull5¢) >N

3

o = P_t, if |8xl.u\pi(.) <1,
bt P, if |8xl,u\p[(,) > 1.

Using relations (2.2) and (2.3) we infer that for each u € WJ’?(')(Q) with [lul| ) > N we
have

%./ 9 > Y
2P dx > Y (9ul
i=1/Q i=1 #i()

N
Pz P- Pt
= ; |ax"u‘ﬂi(~) - Z (|axiu|pi(-) - |ax,'”|p:r(.))

{i: K‘,"U=PI}
1 P-
> —=ul5, =N
N _

From the above pieces of information we find that for each u € WO1 P (Q) with [|ul| ) >N
the following estimate holds true

B> el )~ 5

—G e
2P+NP 2P el

This inequalities show that J; is coercive and bounded from below.
2°. By Lemma 4.3 we have that the functional [ : WO1 Pl (Q) — R defined by

N pi(x)
:/ Y 19 ul"™ dx
Q5 pi(x)

forevery u € WO1 Pl (Q) is weakly lower semicontinuous. Next, we prove that J, is weakly
lower semicontinuous. Let {u,} C WOI" ) (Q) be a sequence that converges weakly to u in

WO1 70 (Q). Since I is weakly lower semicontinuous we deduce that

(4.9) I(u) < liminf I(uy).

On the other hand, as W1’7<') (Q) is continuously and compactly embedded in L*()(Q) and
LPO)(Q) (by Theorem 2.1) it follows that { (1) } converges strongly to u in L*")(Q) and
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LPU)(Q). This fact and relation (4.9) imply that
J/'L (M) < liminf Jl (un),
n—o0
that is the functional J is weakly lower semicontinuous. The proof of Lemma 4.5 is com-
pleted. 1

By Lemma 4.5 and Theorem 1.2 in [16], we deduce that there exists vy € Wol’pH(Q) a
global minimizer of J,, thus vi > 0 in Q by Lemma 4.2.

Lemma 4.6. There exists A > 0 such that Ll}f)‘ Jy <0, forall A > A.
wy P (@)

Proof. Since B(xp) < ot(xg) we can choose a small neighborhood Q) C Q of xp and we
deduce that there exists an element vy € WO1 Pl (Qp) C WOI’ () (Q) such that
o) BR)
/ (VO - V) dx > 0.
a\al) B

Consequently, there exists A > 0 such that Jj (vo) < 0 for any A > A. 1

Remark 4.2. By Lemma 4.6 and the fact that v; is a global minimizer of J; it follows that
J(vi) < 0forany A > A and thus, we find that v; is a nontrivial weak solution of problem
(3.1) for A > 0 large enough.

We fix A > A and consider function 4 : Q x R — R defined by

0, if 1 <0,
h(x,t) = { 19071 BT if 0<r<v(x),
v?<x)7l (x)— vlf(x%l (x), if t>vi(x)
and function H : Q xR — R,

H(x,t) :/Ot h(x,s) ds,

that is the primitive of function A with respect to the second variable.
Define the functional K : Wl’ b H(Q) — R by

0. v|Pilx
/ Z 195 vIPTH v| dx—l/ H(x,v) dx.
i=1 Q

Standard arguments assures that K, € C! (WO1 70 (Q),R) and its Frechét derivative is given
by

(K3 (v) /Z|8 VP29 v 9w dx— l/ (x,v) w dx,

for all v,wEWOI’p()(Q).

Remark 4.3. We point out that if v € WOl P (')(Q) is a critical point of functional K, then
v > 0. The proof is similar with the one considered in the case of J .

Lemma 4.7. Ifv is a critical point of functional K), then v < vy.
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Proof. We have

=K (), (v=vi)4) = (2 (), (v =v1)+)

N
/Z[\a AP 20,0~ D1 P29, | 0 (v = 1) s

Qi

/ h(x ( _l—vf(x)_lﬂ (v—v1)4+dx

N
/ Z [|axiv|Pf<x>*ZaX,.v— 90179720, ] 9 (v = w1 )dx,

>V|] _

that is

4.10) /[ Z 01729 21 P20, | (9 — A dx =0,

v>vi] =

Next, we recall that the following elementary inequality

(Inl=?n =828 (n &) = 27" [n — [ forall n,{ € RY
which is valid for all # > 2. By equality (4.10), applying the above inequality we get

N
Z/ 10y — A1 |70 dx =0,

i=1 /v>v1]

$0 dy, v(x) = dy, vi(x) forallie {1,... ,N}andx € Q :={y e Q: v(y) >vi(y)}.

Hence
N
y / 10,y — a7 dx=0
i=1 /0
and thus,

N
Y / |0 (v—v1) [P dx=0
i=1 /@

By relations (2.2) and (2.3) we obtain [|(v —v1)+ |5y = 0. Since v—v; € Wol"?(')(Q)

by Lemma 4.1 we have that (v—v;) € WOI’?(') (). Thus, we obtain that (v—v;)4+ =01in
Q which means that v < v; in Q. 1

Next, we will determinate a nontrivial critical point for functional K, using as a main
tool the Mountain Pass Theorem. In order to do this, we prove the following lemma.

Lemma 4.8. There exist two constants 8 € (0,[[vi]|5.)) and a > 0 such that

Ky (v) = aforall v e Wy 7 (@) with V]|, = 6.
Proof. We fixv e WOI’?(') (Q) arbltrary with [[v[| () < 1. Obviously we have that

1
@) — _—_ $P() <0 forany s € [0,1] and any x € Q.

s
o(x) ( )
We define Q3 := {x € Q: v(x) > min{1,v(x)}}.
If x € Q\ Q3 we have that v(x) < v;(x) and v(x) < 1 and we deduce that
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If x € Q3N {x € Q; vi(x) <v(x) < 1} we have that

I aw 1 B, -1 B-1
H(x,v)= % —— V + (v —V (v—vp) <O0.
( ) Ol(x) 1 ﬁ(x) 1 ( 1 1 ) ( 1)
Therefore, we conclude that H(x,v) <0on (Q\ Q3)U(Q3N{x e Q; vi(x) < v(x) < 1}).
We define the set

Qf =3\ {x e Q; vi(x) <v(x) < 1}.

By relation (2.3), for all w € Wol’p(') (©) with [[w5() < 1, we obtain using Jensen’s in-
equality

4.11)
Pf - -
”WHg’—(.) igl |axiw|17i(‘) N Py N p Noor pi(x)
e S MERTFIES MENTHIE ;/Q D wP ) di.

Provided that [|v| ) <1 by relation (4.11) we get

(4.12) Ky (v) > E NP -1 o H(x,v) dx.

We choose a constant r such that 1 < Pj < r < P_.. By Theorem 2.1 it follows that

WO] 70 (Q) is continuously embedded in L"(Q) that means there exists a positive constant
¢ such that

4.13) V@) < € [Vl for all vewy”Y(@).
Using the definition of functional H and (4.13) we have

S B
l/ H(x,v)dx=A — dx+
o =2 o \ 0~ B

A (v‘f‘(x)fl —v?(x>7] Y(v—vi)dx+
. Qgﬂ [v>v1]
a(x) B(x)

7L/ S dx

ynan] \ o(x)  B(x)

Sii . v(lx(x)dx—i—l . v']x(x%]vdx—i—

a— Jaohnv>v] JQAN[>vq]
i va<x) dx

™ Join [v<vy] +
<A @2/ vi(x) dx
o

<7LQ:/ Vv dx
= 29/3 +

<A s o,

where ¢, and €3 are positive constants.
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By the above inequalities we deduce that for a 8 € (0,min{L, |[vi[|.,)}) small enough
we get

ko) > (=& V) VI
AlV) = P«t NPI—] 3V 7() v 7()
Since r > Pj the proof of Lemma 4.8 is completed. 1

Lemma 4.9. Functional K, is coercive.
Proof. This proof can be carried out in a similar manner as the proof of Lemma 4.5 and for
that reason we shall omit it. 1

Proof of Theorem 3.1. By Lemma 4.8 and the Mountain Pass Theorem (see [1] with the
variant given by [17, Theorem 1.15]), we deduce that there exists a sequence {v,} C

WOI’F(')(Q) such that
4.14) K)(va) — ¢ >0 and Kj(v,) — 0,

where

= inf Ky (y(t))>a>0,
¢ = Inf max A (Y1) > a

with a given by Lemma 4.8 and
L7
= {yec((o,1,w; ""(@): 7(0)=0, 7(1) =w}.
By relation (4.14) and Lemma 4.9, we obtain that {v,} is a bounded sequence and thus,
passing eventually to a subsequence of {v,}, still denoted by {v,} we may assume that
there exists vy € W " )(Q) such that {v,} converges weakly to v, in w,” Q).

We will show that {v,} converges strongly to v, in WOl 70 (Q).
By relation (4.14) we have that

(4.15) lim (K} (va),vn —v2) = 0.

n—oo

We get
(4.16)

(I'(vn) =I'(v2),vn = v2) = <Ki(vn)—Ki(V2)>+/1/Q [1(x,va) = h(x,v2)] (va —v2) dx.

Since by Theorem 2.1 the anisotropic variable exponent space WOI’F(')(Q) is continu-
ously and compactly embedded in the Lebesgue spaces L*()(Q) and LB() (Q), we conclude
that {v, } converges strongly to v, in L*")(Q) and L) (Q).

Then by (4.15) and (4.16) we deduce that

(I'(va) =I'(v2),va —v2) = 0(1)

which is equivalent with
N
“4.17) lim Z / [|(9xivn|l7i(x)*2 Oy v — |axiV2|Pf(x)*2 3 va| (9evn — dev2) dx=0.
n—oo =1 Q

Next, we recall again the inequality

(Inl2n =182 (n &) = 27" [n— ([ forall m, L € RY
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which is valid for all # > 2. Applying the above inequality in equality (4.17), we get

lim i / | O, vn — 8xiV2|P"<x) dx =0,
S A
and, consequently, the sequence {v, } converges strongly to v, in WO1 70 (Q).
Since K € CI(WOI’?(')(Q),R) and relation (4.14) holds true, we find K; (v2) =¢ >0
and Kj (v2) =0in (W(;’?(')(Q))*, the dual space of Wol"?(')(Q).
By Lemma 4.7 and Remark 4.3 we deduce that 0 < v, < v; in Q. Therefore, h(x,v2) =

vg(x%l - vg(x)fl and

S B0

alx) B

H(x,v) =

and thus
K) (v2) =J),(v2) and K;L (») = ‘];L (v2).

We conclude that v is a critical point of functional J; and thus a weak solution of Prob-
lem (3.1).

Moreover, since Jj (v2) = ¢ > 0 = J; (0) it follows that v, is nontrivial. On the other
hand, by relation Jj (v2) = ¢ > 0 > J) (v;), where the latter inequality is given by Remark
4.2, we have that vy # vy.

In conclusion, we proved that problem (3.1) has two distinct nonnegative and nontrivial
weak solutions for A large enough. The proof of our main result is complete. 1
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