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Abstract. Let D be a finite and simple digraph with vertex set V(D), and let f: V(D) —
{—=1,1} be a two-valued function. If k > 1 is an integer and ¥,cy-,) f(x) > k for each
v €V (D), where N~ [v] consists of v and all vertices of D from which arcs go into v, then f is
a signed k-dominating function on D. A set {f1, f2, ..., f4} of distinct signed k-dominating
functions of D with the property that ¥4, fi(v) < 1 for each v € V(D), is called a signed
k-dominating family (of functions) of D. The maximum number of functions in a signed
k-dominating family of D is the signed k-domatic number of D, denoted by djs(D). In this
note we initiate the study of the signed k-domatic numbers of digraphs and present some
sharp upper bounds for this parameter.

2010 Mathematics Subject Classification: 05C20, 05C69, 05C45

Keywords and phrases: Digraph, signed k-domatic number, signed k-dominating function,
signed k-domination number.

1. Introduction

In this paper, D is a finite and simple digraph with vertex set V =V (D) and arc set A = A(D).
Its underlying graph is denoted G(D). We write deg;, (v) = deg™ (v) for the outdegree of a
vertex v and degp, (v) = deg™ (v) for its indegree. The minimum and maximum indegree are
67 (D) and A~ (D). The sets N*(v) = {x|(v,x) € A(D)} and N~ (v) = {x| (x,v) € A(D)}
are called the outset and inset of the vertex v. Likewise, N*[v] = NT(v)U{v} and N"|v] =
N~ (v)U{v}. If X CV(D), then D[X] is the subdigraph induced by X. For an arc (x,y) €
A(D), the vertex y is an outer neighbor of x and x is an inner neighbor of y. Note that for
any digraph D with m arcs,
(1.1) Y deg (u)= ) deg(u)=m.
ueV (D) ueV (D)

Consult [6] and [7] for notation and terminology which are not defined here.

For a real-valued function f : V(D) — R the weight of f is w(f) = ¥,ey(p) f(v), and
for S CV(D), we define f(S) =Y,cs f(v), sow(f) = f(V(D)). If k > 1 is an integer, then
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the signed k-dominating function is defined as a function f : V(D) — {—1,1} such that
FIN"V]) = Lyen—py) f(x) = k for every v € V(D). The signed k-domination number for a
digraph D is

Yes(D) = min{w(f) | f is a signed k-dominating function of D}.

A Ys(D)-function is a signed k-dominating function on D of weight Y%s(D). As the as-
sumption 6~ (D) > k — 1 is necessary, we always assume that when we discuss Ys(D), all
digraphs involved satisfy 6 ~ (D) > k— 1 and thus n(D) > k. Then the function assigning +1
to every vertex of D is a SkD function, called the function €, of weight n. Thus Y%s(D) <n
for every digraph of order n with 8~ > k — 1. Moreover, the weight of every SkD function
different from € is at most #n — 2 and more generally, }s(D) = n (mod 2). Hence Ys(D) =n
if and only if € is the unique SkD function of D.

The signed k-domination number of digraphs was introduced by Atapour, Hajypory,
Sheikholeslami and Volkmann [1]. When k = 1, the signed k-domination number ¥;5(D) is
the usual signed domination number Ys(D), which was introduced by Zelinka in [16] and
has been studied by several authors (see for example [8]).

Observation 1.1. ([1]) Let D be a digraph of order n. Then Ys(D) = n if and only ifk—1 <
6~ (D) <k and for each v € V(D) there exists a vertex u € NT[v] such that deg™ (u) =k — 1
ordeg™ (u) =k

A set {fi,/2,...,fa} of distinct signed k-dominating functions on D with the property
that Y, fi(v) < 1 for each v € V(D), is called a signed k-dominating family on D. The
maximum number of functions in a signed k-dominating family on D is the signed k-
domatic number of D, denoted by dis(D). The signed k-domatic number is well-defined
and dis(D) > 1 for all digraphs D in which d, (v) > k—1 for all v € V, since the set con-
sisting of any one SkD function, for instance the function €, forms a SkD family of D.
A dys(D)-family of a digraph D is a SkD family containing dis(D) SKD functions. When
k =1, the signed k-domatic number of a digraph D is the usual signed domatic number
ds(D), which was introduced by Sheikholeslami and L. Volkmann [9] and has been studied
in [13].

Observation 1.2. Let D be a digraph of order n. If Yis(D) = n, then € is the unique SkD
Sunction of D and so dys(D) = 1.

In this paper we initiate the study of the signed k-domatic number of digraphs, and we
present different bounds on dis(D). Some of our results are extensions of well-known
properties of the signed domatic number dg(D) = dy5(D) of digraphs (see for example [9])
as well as the signed k-domatic number of graphs G (see for example [5, 14]).

We make use of the following results and observations in this paper.

Observation 1.3. Let k > 1 be an integer, and let D be a digraph with 6~ (D) > k— 1. If
for every vertex v € V(D) the set N [v] contains a vertex x such that deg™ (x) < k, then
ds(D) = 1.

Proof. Assume that NT[v] contains a vertex x, such that deg™ (x,) < k for every vertex
v € V(D), and let f be a signed k-dominating function on D. Since deg™ (x,) < k, we
deduce that f(v) = 1. Hence f(v) = 1 for each v € V(D) and thus dis(D) = 1. 1

A digraph is r-inregular if each vertex has indegree r.



Signed k-Domatic Numbers of Digraphs 145

Corollary 1.1. If D is an r-inregular digraph and k = r — 1 or r, then ¥s(D) = n and
dis(D) = 1.

Observation 1.4. The signed k-domatic number of a digraph is an odd integer.

Proof. Let {f1,/2,-..,fs} be a signed k-dominating family on D such that d = dis(D).
Suppose to the contrary that dis(D) is an even integer. If x € V(D) is an arbitrary vertex,
then Zl | fi(x) < 1. On the left-hand side of this inequality a sum of an even number of odd
summands occurs. Therefore it is an even number and we obtain Z ", fi(x) <0 for each
x € V(G). If v is an arbitrary vertex, then it follows that

d
d-k= Zk<2 Y fi= Y Y fix)<o0
i=1xeN—y] xEN*[v]i:I

which is a contradiction, and the proof is complete. 1

2. Properties and upper bounds

In this section we present basic properties of the signed k-domatic number, and we find
some sharp upper bounds for this parameter.

Proposition 2.1. If k > p > 1 are integers, then dj,s(D) > dis(D) for any digraph D.

Proof. Let{f1, fa,..., fs} be a SkKD family on D such that d = dys(D). Then { f1, f2, ..., fa}
is also a SpD family on D and thus d,,s(D) > dis(D).

Theorem 2.1. Let D be a digraph and v € V(D). Then

() +1
m if deg™(v) =k (mod 2),
dis(D) < de ]fz;)l_H
gT if deg~(v) =k+1 (mod 2).

Moreover, if the equality holds, then for each function f; of a SkD family {fi, f2,---, fa}
and for every u € N~ [v], Lyen—py) fi(u) = k+ Lif deg™ (v) =k (mod 2), ¥yen-py) fi(u) =k
ifdeg™(v) =k+1 (mod 2) and Z L Silu) =

Proof. Let{fi,f2,...,fs} be a SKD family of D such that d = djs(D). If deg™ (v) = k (mod
2), then

o d ~deg(v)+1
d_21<,lk+1 Z f’ k+1 Z Zf’ le L ==

i=1 ueN— ueN— ueN~—v]
Similarly, if deg™ (v) = k+ 1 (mod 2), then

d 4 1 deg~(v)+1
:Zléxg):ﬁ* ZZﬁ S S SULa)

i=1 i=1" yeN— ueN v]i=
If dys(D) = (deg™ (v) +1)/(k+ 1) when deg™ (v) = k (mod 2) or dis(D) = (deg™ (v) +
1)/ (k) when deg™(v) = k+ 1 (mod 2), then the two inequalities occurring in the proof of

each corresponding case become equalities, which gives the properties given in the state-
ment. I
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Corollary 2.1. Let D be adigraphand 1 <k <8~ (D) + 1. Then

SO+l _ " e (D) =k (mod 2),
dis(D) < 5*123)1—&-1 ﬁJrl
k < z if 07(D)=k+1 (mod?2).

The next corollary is a consequence of Observation 1.4 and Corollary 2.1.

Corollary 2.2. If D is a digraph of minimum degree 8-, then dj5(D) = 1 for every integer
k such that 25 < k < 87 + 1.

Corollary 2.3. Let k > 1 be an integer, and let D be a (k + 1)-inregular digraph of order n.
If k>2ork=1andn#0 (mod 3), then d;s(D) = 1.

Proof. By Corollary 2.1, dis(D) < (k+2)/k. If k > 2, then it follows from Observation
1.4 that dig(D) = 1. Now let k = 1. Then dys(D) = 1 or dys(D) = 3 by Observation 1.4.
Suppose to the contrary that dys(D) = 3. Let f belong to a signed k-dominating family on
D of order 3. By Theorem 2.1, we have Y. cy-(,] f (x) =1 for every v € V(D). This implies

that
ZZf = Y L f@=3w()

veV(D)xeN~[v] xeN~[v]veV(D)

Since w(f) is an integer, 3 is a divisor of n which contradicts the hypothesis n # 0 (mod 3),
and the proof is complete. 1

Corollary 2.4. Let k > 1 be an integer, and let D be a (k +4)-inregular digraph of order n.
If k>2ork=1andn# 0 (mod 5), then dys(D) = 1.

Proof. According to Corollary 2.1, dis(D) < (k+5)/(k+1). If k > 2, then we deduce from
Observation 1.4 that dis(D) = 1. Now let k = 1. In view of Observation 1.4, dys(D) = 1 or
drs(D) = 3. Suppose to the contrary that dys(D) = 3. Let f belong to a signed k-dominating
family on D of order 3. By Theorem 2.1, we have },cy-,) f(x) = 2 for every v € V(D).

This implies that
L Y /=Y Y f)=5wf)

veV(D)xeN~[v] xeN—[v]veV(D)
Thus 5 is a divisor of 7, a contradiction to the hypothesis n Z 0 (mod 5). 1

Corollary 2.5. Let k > 1 be an integer, and let D be a (k + 2)-inregular digraph of order n.
Then dks(D) =1.

Proof. By Corollary 2.1, dys(D) < k T 3. Therefore Observation 1.4 implies that dys(D) =
1. 1
Theorem 2.2. Let k > 1 be an integer, and let D be an r-inregular digraph of order n such
that r > k—1. If r <3k —1, then dys(D) = 1, and if r > 3k — 1 and (n,r+1) = 1, then

oTD)+1 if 6 (D) =k (mod ?2)
dis(D) < 6—]2D)1+ 1

. if 07(D)=k+1 (mod2).
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Proof. If r < 3k — 1, then it follows from Corollary 2.1 that dys(D) < (r+1)/k < 3. There-
fore Observation 1.4 implies that dyg(D) = 1.

Now assume that » > 3k — 1 and (n,r+ 1) = 1. First let r = 6~ (D) = k (mod 2) (if
0~ (D) = k+1 (mod 2), then the proof is similar). Suppose to the contrary that dys(D) >
(6~ (D)+1)/(k+1). Then by Corollary 2.1, dis(D) = (6 (D) +1)/(k+1). Let f belong
to a signed k-dominating family on D of order (0~ (D)+1)/(k+1). By Theorem 2.1, we
have ¥ cy-(,) f(x) = k+ 1 for every v € V(D). This implies that

nk+1)=Y Y @) Z ) f = (r+w(f).
veV(D)xeN~[v] xeN—[v]veV (D

Since w(f) is an integer and (n,r+ 1) = 1, the number »+ 1 is a divisor of k + 1. It follows
from k—1 < 8 (D) = r that r =k — 1 or k = r, a contradiction to the hypothesis that
r>3k—1. i

Theorem 2.3. Let D be a digraph with (D) > k— 1, and let A = A(G(D)) be the maxi-
mum degree of G(D). Then

w it 8 (D) =k (mod2),
dis(D) <
% if 8 (D)=k+1 (mod2).

Proof. First of all, we show that 6~ (D) < A/2. Suppose to the contrary that (D) > A/2.
Then AT (D) <A—§8~ (D) < A/2, and (1.1) leads to the contradiction

A- IV LA VD)
< d _—
Z eg (u) Z deg 5
ueV (D ueV (D
Applying Corollary 2.1, we deduce the desired result. 1

Let D be a digraph. By D~! we denote the digraph obtained by reversing all the arcs of
D. A digraph without directed cycles of length 2 is called an oriented graph. An oriented
graph D is a tournament when either (x,y) € A(D) or (y,x) € A(D) for each pair of distinct
vertices x,y € V(D).

Theorem 2.4. For every oriented graph D of ordernand 1 <k <min{8~(D)+1,6 (D~ ')+

1},
2.1 dis(D) +dis(D™!) < n—]tl

with equality if and only if D is an r-regular tournament of ordern =2r+1and r =k — 1.

Proof. Since §(D)+ 68~ (D~') <n—1, Corollary 2.1 implies that
- —(p-1
1) (D)—|—1+6 (D7) +1 <n—|—1.
k k ok
If D is an r-regular tournament of order n = 2r+ 1 and r = k — 1, then D! is also an
r-regular tournament, and it follows from Observation 1.3 that

2(r+1) n+l
kK k-

dis(D) +dis(D™") <

dis(D) +dis(D™") =2 =
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If D is not a tournament or D is a non-regular tournament, then §~ (D) +8~(D~!) <n—2
and hence we deduce from Corollary 2.1 that

dis(D) +dis(D™1) < .

If D is an r-regular tournament, then n = 2r+ 1. If k— 1 < r < 3k — 1, then Theorem 2.2

leads to +1
2:dkS(D)+dk5(D_1) < 1 k.

Finally, assume that r > 3k — 1. We observe that (n,r+1) = (2r+1,r+1) = 1. Using
Theorem 2.2, we deduce that

5 (D)+1 6 (D H+1 n+l

k * k ok
and the proof is complete. 1
Theorem 2.5. Let D be a digraph of order n and 6~ (D) > k—1 > 0. Then ¥5(D) - dys(D) <
n. Moreover if Ys(D) - dys(D) = n, then for each d = dys(D)-family {f1, f2, -, fa} of D
each function f; is a i5(D)-function and Y'¢_, f;(v) = 1 forallv € V.

Proof. Let{fi,f2,...,fa} be a SKD family of D such that d = dis(D) and let v € V. Then

d d d
d‘VkS(D):ZinS(D)SZZfi(V): YYrm<Yi=n

i=lveV veVi=1 veV

dis(D) +ds(D™') <

If %s5(D) - dys(D) = n, then the two inequalities occurring in the proof become equalities.
Hence for the dis(D)-family { f1, f2,---, fa} of D and for each i, ¥,y fi(v) = Y%s(D), thus
each function f; is a ys(D)-function, and Y4, f;(v) = 1 for all v. 1

Corollary 2.6 is a consequence of Theorem 2.5 and Observation 1.4 and improves Ob-
servation 1.2.

Corollary 2.6. If y5(D) > n/3, then dys(D) = 1.
Corollary 2.7. If D is a digraph of order n, then Ys(D) +dis(D) <n+ 1.
Proof. By Theorem 2.5,

n
(2.2) es(D) +dis(D) < dis(D) + ——.

(D) +dis(D) < dis(D)+ 7
Using the fact that the function g(x) = x+ n/x is decreasing for 1 < x < y/n and increasing
for \/n < x < n, this inequality leads to the desired bound immediately. 1

Corollary 2.8. Let D be a digraph of order n > 3. If 2 < y5(D) < n— 1, then
Yes(D) +dis(D) < n.

Proof. Theorem 2.5 implies that

2.3) Yes(D) +dis(D) < %s(D) + ——.

S( ) S( ) ’YS( ) }/kS(D)

If we define x = y5(D) and g(x) = x+n/x for x > 0, then because 2 < ys(D) <n—1, we

have to determine the maximum of the function g on the interval /: 2 < x < n— 1. It is easy

to see that

max{g(x)} = max{g(2),g(n— 1)} =max {2+ o.n—1+—— b =n—1+—— <n+l,
xel 2 n—1 n—1
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and we obtain Ys(D) + dis(D) < n. This completes the proof. i

Corollary 2.9. Let D be a digraph of order n, and let k > 1 be an integer. If
min{Ys(D),drs(D)} > a > 2,

then "
Yes(D) +dis(D) < a+ e

Proof. Since min{ys(D),dys(D)} > a > 2, it follows from Theorem 2.5 that a < dy,(D) <
n/a. If we define x = dis(D) and g(x) = x+n/x for x > 0, then we deduce from inequality
(2.2) that

Yis(D) +dis(D) < dis(D) + ;< max{g(a),g(n/a)} = a+ g , 1

_n
dis(D
3. Signed k-domatic number of graphs

The signed k-dominating function of a graph G is defined in [15] as a function f : V(G) —
{=1,1} such that ¥ ey f(x) > k for all v € V(G). The sum ¥, cy () f(x) is the weight
w(f) of f. The minimum of weights w(f), taken over all signed k-dominating functions
S on G is called the signed k-domination number of G, denoted by ¥.s(G). In the special
case when k = 1, %s(G) is the signed domination number investigated in [3] and has been
studied by several authors (see for example [2, 4]).

A set {f1,/2,...,fs} of distinct signed k-dominating functions on G with the property
that Y4, fi(v) < 1 for each v € V(G), is called a signed k-dominating family on G. The
maximum number of functions in a signed k-dominating family on G is the signed k-
domatic number of G, denoted by dys(G). This parameter was introduced by Favaron,
Sheikholeslami and Volkmann in [5]. In the case k = 1, we write ds(G) instead of ds(G)
which was introduced by Volkmann and Zelinka [14] and has been studied in [10, 11, 12] .

The associated digraph D(G) of a graph G is the digraph obtained from G when each
edge e of G is replaced by two oppositely oriented arcs with the same ends as e. Since
Np) (v) = Ng(v) for each vertex v € V(G) = V(D(G)), the following useful observation is
valid.

Observation 3.1. If D(G) is the associated digraph of a graph G, then Y.s(D(G)) = Ys(G)
and dys(D(G)) = dis(D).

There are a lot of interesting applications of Observation 3.1, as for example the follow-
ing results. Using Observation 1.4, we obtain the first one.

Corollary 3.1. [14] The signed domatic number ds(G) of a graph G is an odd integer.
Since 6~ (D(G)) = 6(G), the next result follows from Observation 3.1 and Corollary 2.1.
Corollary 3.2. [5] If G is a graph with minimum degree 6(G) > k — 1, then
6(G)+1
k41
k

The case k = 1 in Corollary 3.2 can be found in [14].
In view of Observation 3.1 and Corollary 2.7, we obtain the next result immediately.

if 8(G)=k(mod?2),

if 0(G)=k+1(mod?2).
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Corollary 3.3. [5] If G is a graph of order n and minimum degree §(G) > k— 1, then
%s(G) +dis(G) <n+1.

References

[1] M. Atapour, R. Hajypory, S. M. Sheikholeslami and L. Volkmann, The signed k-domination number of directed
graphs, Cent. Eur. J. Math. 8 (2010), no. 6, 1048-1057.

[2] E.J. Cockayne and C. M. Mynhardt, On a generalisation of signed dominating functions of graphs, Ars Com-
bin. 43 (1996), 235-245.

[3] J. Dunbar, S. T. Hedetniemi, M. A. Henning and P. J. Slater, Signed domination in graphs, in Graph Theory,
Combinatorics, and Algorithms, Vol. 1, 2 (Kalamazoo, MI, 1992), 311-321, Wiley-Intersci. Publ, Wiley, New
York.

[4] O. Favaron, Signed domination in regular graphs, Discrete Math. 158 (1996), no. 1-3, 287-293.

[5] O. Favaron, S. M. Sheikholeslami and L. Volkmann, Signed k-domatic numbers of graphs, Ars Combin. (to
appear).

[6] T. W. Haynes, S. T. Hedetniemi and P. J. Slater, Fundamentals of Domination in Graphs, Monographs and
Textbooks in Pure and Applied Mathematics, 208, Dekker, New York, 1998.

[7] T. W. Haynes, S. T. Hedetniemi and P. J. Slater, (editors), Domination in graphs, Monographs and Textbooks
in Pure and Applied Mathematics, 209, Dekker, New York, 1998.

[8] H. Karami, S. M. Sheikholeslami and A. Khodkar, Lower bounds on the signed domination numbers of di-
rected graphs, Discrete Math. 309 (2009), no. 8, 2567-2570.

[9] S. M. Sheikholeslami and L. Volkmann, Signed domatic number of directed graphs, submitted.

[10] D. Meierling, L. Volkmann and S. Zitzen, The signed domatic number of some regular graphs, Discrete Appl.
Math. 157 (2009), no. 8, 1905-1912.

[11] L. Volkmann, Signed domatic numbers of the complete bipartite graphs, Util. Math. 68 (2005), 71-77.

[12] L. Volkmann, Some remarks on the signed domatic number of graphs with small minimum degree, Appl.
Math. Lett. 22 (2009), no. 8, 1166-1169.

[13] L. Volkmann, Signed domination and signed domatic numbers of digraphs, Discuss. Math. Graph Theory 31
(2011), no. 3, 415-427.

[14] L. Volkmann and B. Zelinka, Signed domatic number of a graph, Discrete Appl. Math. 150 (2005), no. 1-3,
261-267.

[15] C.P. Wang, The signed k-domination numbers in graphs, Ars Combin. (to appear).

[16] B. Zelinka, Signed domination numbers of directed graphs, Czechoslovak Math. J. 55(130) (2005), no. 2,
479-482.



