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Abstract. Let G = (V;,V5;E) be a bipartite graph with | V| |=| V5 |= 4k, where k is a
positive integer. In this paper, it is proved that if the minimum degree of G is at least 3k + 1,
then G contains k vertex-disjoint cycles of order eight such that each of them has at least
two chords.
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1. Introduction

Let G be a simple graph and k > 1 be an integer. The minimum degree of G is denoted
by 8(G). Corradi and Hajanal [2] proved that if G is of order at least 3k and the minimum
degree of it is at least 2k, then G contains k vertex-disjoint cycles. When the order of G
is exactly 3k, then G contains k vertex-disjoint triangles. In [5], Wang considered vertex-
disjoint cycles in a bipartite graph and gave the following conjecture.

Conjecture 1.1. Let G = (V},V,; E) be a bipartite graph with | V| |=|V, |= n = sk, where n,
k and s are integers with s > 2 and k > 1. If the minimum degree of G is at least (s — 1)k + 1,
then G contains k vertex-disjoint subgraphs isomorphic to K ;.

Wang verified this conjecture for k < 4 in [4,5]. For s = 2, Wang [3] proved that if
G = (V},V5;E) is a bipartite graph with | V; |=| V, |= 2k and the minimum degree of G is
at least k+ 1, then G contains k — 1 vertex-disjoint quadrilaterals and a path of order 4 such
that the path is vertex disjoint of all the k — 1 quadrilaterals. For s = 3, Wang [5] proved
that if G = (V,Va; E) is a bipartite graph with | V; |=| V5 |= 3k and the minimum degree of
G is at least 2k + 1, then G contains k vertex-disjoint cycles of order six such that each of
them has at least two chords. When the order of G is large enough, Zhao [6] proved a result
stronger than Conjecture 1.1.
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Theorem 1.1. For each s > 2, there exists ko such that the following holds for all k > ky.
Let G = (V1,Va; E) be a bipartite graph with | Vi |=| Vo |= n = sk such that the minimum
degree

Z4+s5s—1, ifkiseven,
s =41 T
52 -2, ifkisodd

Then G contains k vertex-disjoint subgraphs isomorphic to K.
In this paper, we consider the case s = 4 and show the following result.

Theorem 1.2. Let G = (V},Va;E) be a bipartite graph with | V| |=| Va |= 4k, where k is
a positive integer. If the minimum degree of G is at least 3k + 1, then G contains k vertex-
disjoint cycles of order eight such that each of them has at least two chords.

We will use the following terminology and notation, where any undefined notation fol-
lows that of Bondy and Murty [1]. Let G be a simple graph. The order of G is |V (G)| and its
size is e(G) = |E|. A set of graphs is said to be independent if no two of them have any com-
mon vertex. If Aj,A,,...,A, are subsets of V(G), we use (A],A»,...,A,) to denote the sub-
graph of G induced by A; JA2UJ...UA,. Forx e V(G),let Ng(x) ={y € V(G) | xy € E(G)}.
If H is a subgraph of G, then Ny (x) = Ng(x) \V(H), d(x,H) =| Ny (x) |. Let T be a simple
graph and k be a positive integer, then G DkT means that G contains k independent sub-
graphs isomorphic to 7. Let X and Y be two independent subgraphs of G or two disjoint
subsets of V(G). We define G[X] to be the subgraph of G induced by X, and ¢(X,Y) to be
the number of edges between X and Y. A k-cycle is a cycle of order k and a m-path is a path
of order m, denoted by C* and P™, respectively. Particularly, a quadrilateral is a cycle of
order 4, and a triangle is a cycle of order 3. For a k-cycle C = x1xa...xX1, Xixi+1 1S an edge
in C. For a cycle C of G, a chord of C is an edge of G — E(C) which joins two vertices of C.

The structure of the paper is as follows. First we will show some useful lemmas in
Section 2, then prove the main result in Section 3.

2. Lemmas

In this section, we will prove some useful lemmas. Let G = (V},V; E) be a bipartite graph.

Lemma 2.1. Let Py = a1b1az, P, = y1x2y2x3y3, Py and P, are independent, where {a;,x,} C
Vi. If e(ajaz,y1y3) > 3, then G[P|JP,] contains an 8-cycle with at least a chord.

Proof. These are easily verified. 1
Lemma 2.2. Let P = abiazxbrazbzasbs be an 8-path, C = x1y1x2Y2X3Y3X4Y4X1 be an §-

cycle, P and C are independent, where {ay,x1} CVy. Ife(P,C) > 25, d(a;,C) >0, d(bs,C)
> 0, then G[P\JC] contains two independent 8-cycles.

Proof. Suppose on the contrary that G[P|JC] 2 2C8. Since e(P,C) > 25, there exists a
vertex x € V(C), such that d(x,P) = 4. W.lo.g., say d(x1,P) = 4. Since G[P —a; +x;1] D
C®, G[C — x| +a;] 2 C8. Therefore, d(a;,C) < 3 and {aiyi,a1ys} € E. We distinguish
three cases: d(a;,C) =1, d(a1,C) =2 ord(a;,C) = 3.

Case 1. d(a;,C) = 1. By symmetry, we distinguish two cases: a1y; € E or a;y; € E.

Case 1.1. a1y, € E. Since d(a;,C) =1, we have ajy, € E, ayy3 ¢ E and a;y4 ¢ E. Then
{bax3,a3y3} € E, for otherwise G[P|JC] contains two independent 8-cycles a;yxay2x3bras
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biay and azbzasbax) ysxaysas. If {baxy,asys} C E, then G[P|JC] contains two indepen-
dent 8-cycles asbaxryrx3 y3xaysas and aibiarbrazbszxiyiay, a contradiction. Therefore,
{baxy,asys} € E. With the same proof, we can get {b3xp,a4y2} L E, {b1xa,a0y4} L E.

Suppose byxy € E. Then (brazbzashy,x4ysx1) D C® and therefore (a1byay,y1x2y2x3y3) 2
C8. This implies ayy3 ¢ E. Therefore, we get e(x2y2x4y4,P) < 11 and e(x3y3,P) < 5. Thus,
e(P,C) < 24, a contradiction.

Hence bax4 € E. Thus e(x2y2xay4,P) < 10 and e(x3y3, P) < 6. This implies e(P,C) < 24,
a contradiction.

Case 1.2. a;y; € E. Since d(a;,C) = 1, it follows that a1y; € E, ajy3 € E, a1ys ¢ E. Since
(a1brazby,x1y1x2 y2) 2 C® and G[PUJC] 2 2C8, we have {asy4,x3bs} € E. Similarly, we
can get {azy1,bsxp} L E.

If a3y; € E, then d(X3,b3b4) =0as <a|b1a2b2a3,y1x2y2> 2 Cc8.If arys € E, then d(XQ,
b2b4) =0as <a1b1a27y2x3y3X4y4> D) C8. Therefore, if {a3y1,a2y4} C E, then d(x3, b3b4) =
0and d(x2,b2b4) = 0. This implies e(P,C) < 25. Since e(P,C) > 25, d(x2,P) =2, d(y4,P) =
3 and d(x4,P) = 4. In particular, x,b3 € E, a3ys € E, asys € E and byxy € E. Therefore,
G[P|JC] contains two independent 8-cycles y1xpb3a3ysasbax;y) and a1byarbyxs y3x3y201,
a contradiction. So {asy,a2y4} € E and d(y;,P) +d(ys,P) <5.

Suppose byxy € E. Then {b3x2,a3y3} Z E, for otherwise (a1bjazbrasz,yrx3y3) 2 C®
and (b3agbg, x2y1x1y4x4) O C8. Since e(P,C) > 25, we have e(y1x2x3y3y4, P) = 13. This
implies either azy; € E or ays € E. If azy; € E, then d(x3,b3bs) = 0; if apys € E, then
d(x2,byb4) = 0. In each case, ¢(P,C) < 24, a contradiction.

Therefore, byxy ¢ E. Similarly, if azy; € E, then d(x3,b3bs) = 0; if arys € E, then
d(x3,b2b4) = 0. In each case, e(P,C) < 24, a contradiction. Therefore, aszy; ¢ E and ayys &
E. Thus e(P,C) < 24, a contradiction.

Case 2. d(a;,C) = 2. By symmetry, we divide the proof into three cases: a1y; € E, ajy; €
E;aiy,€E,aiys€Eoraiyi €E, ajy3 €E.

Case 2.1.a;y; €E, a1y, € E. Since d(a;,C) =2, it follows that a;y3 € E, a1y4 ¢ E. Since
a1y1x1yaxaysxsyra; is an 8-cycle in G[P|JC], we have {x;b;,x,b4} Z E. Similarly, we get
{bzxg,a3y3} Z E and {a3y47X3b4} g E.

If a3y; € E, we have d(x3,b3b4) = 0. Since (a1bjarbraz,y1x2y2) 2 C. If ayyy € E,
we have d(xp,bybs) = 0. Since (aibias,yrx3y3x4ys) O C8. Therefore, if {asy1,arys} C
E, we have d(x2,P) =2, d(x4,P) =4 and d(y4,P) = 3 as e(P,C) > 25. In particular,
aszys € E, baxy € E and bgxy € E. Then G[P|JC] contains two independent 8-cycles
arbiazbrazysxiyray and byasbixayrx3y3xaby, a contradiction. Therefore, {a3y1 s a2y4} g E.

Suppose bsxs € E. Since <b2a3b3a4b4,x1y4X4> D (8, we have arys E. Ase(P,C) > 25,
either azy; € E oraxys € E. If asy; € E, thend(x3,b3b4) = 0; if azys € E, then d(x3,b2bs) =
0. In each case, e(P,C) < 24, a contradiction.

Now we may assume bsxq ¢ E. Since e(P,C) > 25, it follows that either asy; € E or
arys € E. Similarly, in each case, we can get e(P,C) < 24, a contradiction.

Case 2.2. ajy; € E, ajys € E. Since d(a;,C) =2, we have ajy; € E, ajys € E. 1If
{azyl,b4x2} C E, then <a2b2a3b3a4b4, yixz) 2 C? and <a1b1,x1y4x4y3x3y2> D (8, a con-
tradiction. Therefore, {ayy,baxs} € E. Similarly, {asys,baxs} € E and {x3b;,x3b4} L E.

If azy; € E, we have d(X37b3b4) = 0. Since <a1b1a2b2a3,y1x2y2> ) cs. It axys € E,
we have d(xa,baby) = 0. Since {a1b1ay,y2x3y3x4y4) 2D C8. Therefore, if {a3y1,a2y4} C E,
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it follows that d(x2,P) = 2 and d(x4,P) 4+ d(ys,P) = 6. Since e(P,C) > 25. In partic-
ular, asys € E, b3xy € E, x4bp € E and asys € E. Then G[P|JC] contains two inde-
pendent 8-cycles a1biazbrxaysxsyra; and yyxpb3azysasbaxiyy, a contradiction. Therefore,
{asy1,a2y4} Z E.

Similarly, if asy4 € E, we have d(x3,b3b4) = 0. Since (a1bjasbraz,ysxq4ys) 2 C8. If
ary) € E, we have d(x4,babg) = 0. Since (ajbias,y1x2y2x3y3) 2 C8. Therefore, if {a3ys,
azyl} C E, then d(x3,b3bs) = 0 and d(x4,b2b4) = 0. Note that {a3y1,a2y4} ¢ E and
{axy1,baxr} € E, we have e(P,C) < 24, a contradiction. Thus {azys,az2y,} Z E.

If axy, € E, then d(X4,b2b4) = 0. Note that {agyl,b4x2} ,(Z E and {a3y4,a2y1} Z E, then
baxy € E and azys ¢ E. Therefore, e(P,C) < 24, a contradiction. Thus, ayy; ¢ E. With the
same proof, we can get arys € E.

Suppose aszy; € E and aszys ¢ E. Since e(P,C) > 25, we have d(xy,P) = d(y2,P) =
d(y3,P) =d(x4,P) = 4. By Lemma 2.1, (x2y1x1y4X4, b3asbs) D C® and (yrx3y3,a1byazbras
) D (8, a contradiction.

Now we have either asy; € E or azys € E. By symmetry, say azy; € E. Then d(x3,b3b4)
= 0as we proved before. If {byxy,box2} C E, then (asbzasby, x4ysx1y1) 2 C® and (a1 bazbs,
x2y2x3y3) D C8, a contradiction. Therefore, {byxy, brx2} € E. Since e(P,C) > 25, d(x3,P) +
d(x4,P) =7 and d(y,,P) = d(y3,P) = 4. This implies e(xpx4,b3b4) > 3 and e(y2y3,a1a3) =
4. Then (yax3y3,a1biasbyaz) O C® and (bzasby,x2y1x1y4x4) O C® by Lemma 2.1, a contra-
diction.

Case 2.3. a1y; € E, ajy3 € E. Since d(a;,C) =2, we have ajy, € E and a1y, € E. If
{a3y1,bax3} C E, then G[P|JC] contains two independent 8-cycles aszbzasbaxszyrxayiaz
and abjazbyx1ysxay3a;, a contradiction. This implies that {asy;,bsxs} € E. Similarly,
{b2x3,a3y3} Z E, {asys,bax2} Z E.

If a3y, € E, we have d(x3,b3by) = 0. Since (a1b1asbyaz, ysxays) O C8. If d(as,y1y3) >
0, we have d(x4,b2b4) = 0. Since (a1bjaz,yi1x2y2x3y3) D C8. Therefore, if a3y, € E and
d(az,y1y3) > 0, then d(x3,b3bs) = 0 and d(x4,b2b4) = 0. Thus, e(P,C) < 24, a contradic-
tion. This implies either azys ¢ E or d(az,y1y3) = 0.

Suppose d(az,y1y3) = 0. Since e(P,C) > 25, it follows that d(x,,P) + d(y4,P) = 6 and
d(y2,P) = 3. In particular, x,b3 € E and yay € E. Therefore, (ajbyazbrazbs,yi1x;) 2 C8
and (asby,x1y4x4y3x3y2) 2 C8, a contradiction.

Now we may assume asys € E and d(az,y1y3) > 0. As we proved before, d(x4,b204) =0.
Therefore, e(P,C) < 24, a contradiction.

Case 3. d(al,C) = 3. Since {a1y17a1y4} ,@ E, W.l.O.g., say {aly],alyz,a1y3} - E, airy4 §_Z
E. Then {x2b1,xb4} € E, for otherwise G[P|JC] contains two independent 8-cycles
a1y1x1yaxaysxsyra; and xpbiazbrazbzasbaxy. If {xpb3,y2a4} C E, then G[P|JC] contains
two independent 8-cycles a1bjaybraszbsxyyia; and asbaxiysxsy3xsyras, a contradiction.
Thus, {x2b3,y2a4} € E. With the same proof, we can get {x3b;,x3b4} L E, {x4b1,ys0a2}
E. If d(a27y1y3) > 0, then d(X4,b2b4) = 0, for otherwise (alblaz,y1x2y2x3y3> D) C® and
(byazbzagby, x1y4xs) O CB. Therefore, either d(az,y1y3) = 0 or d(x4,bybs) = 0. Since
e(P,C) > 25, d(y1,P) +d(y3,P) +d(x4,P) +d(ys,P) = 12 and d(x3,P) = 3. In particular,
aszys € E and byxs € E. Then (a3b3asbs,x1ysxsy3) 2 C8 and (a1b1azby, y1x2y2x3) 2 % a
contradiction. This completes the proof of Lemma 2.2. 1
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Lemma 2.3. Let P = aibiaxbrazbzasbsasbs be a 10-path, C = x1y1X2y2X3Y3X4y4X] be an
8-cycle, P and C are independent, where {a),x1} C Vy. If e(P,C) > 31, then GIPUC —
{a1,b1}] D 2C8, or GIPUC — {as,bs}] D 2C8, or G[PUC — {ay,bs}] D 2C8.

Proof. Suppose on the contrary that the lemma fails. Let A =P —a; — by, L =P—as —
bs, Py =P —a| — bs.

Suppose that e(Ps,C) > 25. Since G[P;|JC] 2 2C%, we have either d(b;,C) = 0 or
d(as,C) =0 by Lemma 2.2. W.lo.g., say d(b1,C) = 0. This implies ¢(P;,C) < 28 and
therefore e(a;1bs,C) > 3. Since e(P;,C) > 25, we have d(x,C) > 1 for all x € V(P; — by).
Thus, e(P;,C) > 31 —d(a;,C) > 27. Note that G[P;|JC] 2 2C® and d(ap,C) > 1, we
get d(bs,C) = 0 by Lemma 2.2. This implies d(a;,C) > 3 and e(P,,C) > 27. Note that
d(b4,C) > 0, then G[P,|JC] 2 2C? by Lemma 2.2, a contradiction. Hence e(P;,C) < 24
and e(a;bs,C) > 7. The following proof is divided into two cases.

Case 1. Either ¢(P;,C) > 25 or e(P,,C) > 25. By symmetry, say e(P;,C) > 25. Since
e(a1bs,C) >, we have d(bs,C) > 3 and d(a;,C) > 3. Then d(ay,C) = 0, for otherwise
G[P,UC] 2 2C® by Lemma 2.2. Since e(P;,C) > 25, it follows that d(u,C) > 0 for every
u€ V(P —ay). As d(a;,C) >0, d(bs,C) >0 and G[P,|JC] 2 2C8, we get e(P,C) < 24
by Lemma 2.2.

Since d(a;,C) >3 and d(b3,C) > 1, w.lo.g., we may say {aiyi,a1y2,b3x1} CE. If
{a4y4,b4x2} C E, then G[P,|JC] contains two independent 8-cycles a1bjaxbrazbsxiyia)
and aqbaxpyrx3y3xaysas, a contradiction. Therefore, we have {asys4,bsxp} ¢ E. Similarly,
{bax3,asy>} € E, for otherwise G[P, | JC] contains two independent 8-cycles abjazbrazy,
xoy1a1 and b3asbaxzysxaysxibs.

Suppose b3x; € E. Then {asy,,bsx; } € E, for otherwise G[P» | JC] contains two indepen-
dent S—CyCICS a1b1a2b2a3b3x2y1a1 and a4y2x3y3x4y4x1b4a4. Similarly, {a4y1,b4x3} g E.
Since e(P;,C) > 25, we have d(a3,C) =d(by,C) =d(b3,C) =4 and d(a4,C) +d(bs,C) =5.
In particular, {a3y3,a3ya,asys3,brx3,bsxa,baxs} C E. Thus G[P,|JC] contains two indepen-
dent 8-cycles ajy1xayox3brazbra; and baxsbszx)ysasyzasby, a contradiction.

So bsx, ¢ E. Since e(Py,C) > 25, d(by,C) =4, d(b3,C) =3 and d(a4,C) +d(bs,C) +
d(a3,C) = 10. In particular, bax| € E, azy3 € E, x3by € E. Then G[P,|JC] contains two
independent 8-cycles a1byarbrx3y2x2y1a1 and bax1ysxayzazbzaabs, a contradiction.

Case 2. ¢(P,C) <24 and e(P,,C) <24. Since ¢(P,C) > 31, we have e(a;b;,C) >, e(a; bs,
C) >7and e(asbs,C) > 7. Wlo.g.,say d(a;,C) =4, d(bs,C) > 3. If x; € N(b;,C) N (b4,
C) for some i € {1,2,3,4}, then (xi,b1a2b2a3b3a4b4> D) C8 and <a1,V(C) —x,-) D) CS, a
contradiction. Therefore, we have N(b;,C)(N(bs,C) =0 and d(b;,C) +d(b4,C) < 4.

Suppose d(bs,C) = 4. Just as the same proof before, if N(az,C)(\N(as,C) # 0, then
G[P, (] contains two independent 8-cycles, a contradiction. Therefore, we have N(ay,C)
NN (as,C) = 0 and d(az,C) +d(as,C) < 4. Since e(P,C) > 31, it follows that d(b,,C) +
d(a3,C)+d(b3,C) +d(as,C) > 15. This implies either e(bya3,C) = 8 or e(bzas,C) =8,
w.lo.g., say e(bras,C) = 8. Therefore, d(by,C) = d(a3,C) = 4, e(bzas,C) > 7. Since
d(b1,C) > 3 and d(as,C) > 3, we have e(b1by,x1x3) > 3 and e(azas,ysys) > 3. There-
fore, (b1azby, x1y1x2y2x3) O C¥ and (y3x4y4,a3b3asbsas) O C¥ by Lemma 2.1. This implies
G[P;UC] contains two independent 8-cycles, a contradiction.

Now we have d(bs,C) = 3. Since d(as,C)+d(bs,C) > 7, we have d(as,C) = 4. Since
d(b;,C) > 3, wlo.g., say N(b],C) D) {X17X27X3}. If d(b3,)€1)€2) > 0, then (byaxbrazbs,
x1y1%2) 2 C8 and therefore (yyx3y3x4ys,asbsas) 2 C8. This implies that d(ay, y2v4) =
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0. Similarly, if d(b3,x3x4) > 0, then d(as,y1y3) = 0. Therefore, we have d(b3,C) +
d(as,C) < 4. Since e(P,C) > 31, it follows that d(a3,C) = d(b2,C) = d(as,C) =4 and
d(b1,C)+d(bs,C) = 4. Therefore, e(b1by,x1x3) = 4 and e(azas,ysys) = 4. By Lemma
2.1, (byazby, x1y1x2y2x3) D C8 and (y3x44,a3b3asbsas) D C8, a contradiction. 1

Lemma 2.4. Let C; = a1biaxbyazbzasbsar, Cy = x1y1x2Y2X3Y3X4Y4X1 be two independent
8-cycles, where {a1,x;} CVy. If e(C1,Ca) > 25, then G[C1|JC3] contains two independent
8-cycles C', C" such that each of them has a chord.

Proof. Suppose on the contrary that the lemma fails. Since e(C,C) > 25, we have d(u,C;)
=4 and d(v,C;) = 4 for some u € V(C1), v € V(Ca). If {u,v} CV; for some i € {1,2},
then C; —u+v, C; — v+ u contain two independent 8-cycles with each having a chord, a
contradiction. Therefore, we may assume

d(Cl],Cz) =4, d(yl,Cl) =4,

d(b;,C2) <3, d(x;,C)) <3 foreveryiec{1,2,3,4}

Suppose d(a3,C>) > 3. Then e(ajaz,Cy) > 7. Therefore, e(ajaz,yiy2) > 3 and e(ajas,
y1y4) > 3. By Lemma 2.1, both (a1 by azbas, y1x2y2) and (a1byazbyasz,y1x1y4) contain an 8-
cycle with each having a chord. Therefore, neither (bzaaba, x3y3x4y4x1) nor (bzasba,x2y:x3
y3x4) contain an 8-cycle with each having a chord. This implies e(b3bg,x1x3) < 2 and
e(b3ba,xpx4) <2 by Lemma 2.1. In particular, e(bsbs,Cz) < 4. Similarly, we have both
(a1bsasbsaz, y1x2y2) and {a1bsasbsas, y1x1y4) contain an 8-cycle with each having a chord.
This implies e(b1ba,C,) < 4. Then Y2, d(b;,C,) < 8 and therefore e(Cy,C) < 24, a con-
tradiction.

Now we have d(a3,C,) < 2. With the same proof, if e(ayas,Cy) > 7, then e(Cy,C,) < 24,
a contradiction. Thus, e(azas,Cy) < 6. This implies that Zj‘:l d(a;,Cy) < 12. Note that
d(b;,Cy) < 3 forevery i€ {1,2,3,4}, then ¢(C;,Cz) < 24, a contradiction. This completes
the proof of Lemma 2.4. 1

Lemma 2.5. Let C = a1byaxbrazbsay be a 6-cycle, P = x1y; be a 2-path, C and P are
independent, where {ay,x1} CVi. If d(x1,C) > 2, d(y1,C) > 0, then G|[C\JP] contains an
8-cycle with at least two chords.

Proof. If d(x1,C) = 3, obviously G[C|JP] contains an 8-cycle with at least two chords.
Now we may assume d(x;,C) = 2, w.l.o.g., say N(x1,C) = {b1,bp}. Since d(y;,C) >0,
we have either a1y € E, or ay; € E, or azy; € E. If ajy; € E, then G[C|JP] contains
an 8—cycle aibzazbrarbix1y1a; with two chords a1b; and byxy; if azy; € E, then G[CUP]
contains an 8-cycle x;b1a1bzazbrazy1x1 with two chords aby and x1b,; if azy; € E, then
G[CJP] contains an 8-cycle yjazbsa;bjazbaxy; with two chords byx; and azb;. In each
case, G[CJP] contains an 8-cycle with at least two chords. 1

Lemma 2.6. Let Py = aibiaxbyas be a 5-path, P, = y1x2y2 be a 3-path, P; and P> are
independent, where {ay,x,} C Vy. Then the following two statements hold.

(1) Ife(ajas,y1y2) =4, then G[P;UP,] contains an 8-cycle with two chords.
(2) If e(a1a3,y1y2) > 3 and a\by €E, then G[P;\JP,] contains an 8-cycle with two
chords.

Proof. Easy to check. 1
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Lemma 2.7. Let C and Cy be two independent 8-cycles in G such that each of them has a
chord. If e(C1,Cy) > 25, then G[C\JCs] contains two independent 8-cycles such that each
of them has at least two chords.

Proof. For simplicity, we will use K to denote an 8-cycle with two chords in the following.
Suppose on the contrary that the lemma fails. Let C; = a1byaxbrazbzasbaa; with chord a1 by
and Cp = x1y1x2y2x3y3x4y4x] With chord x1y,, {a1,x1} C Vi, wlo.g. Ase(Cy,Cr) > 25, we
can assume d(a;,C>) =4 for some i. If d(x;,C1) = 4 for some j, then C; —a; +x;j, Co —x; +
a; contain two independent 8-cycles with each having at least two chords, a contradiction.
Therefore, d(x;,C1) <3 forevery j € {1,2,3,4}. Similarly, if d(b;,C>) = 4 for some 7, then
d(y;,Cy) < 3 for every j € {1,2,3,4}. This implies that ¢(C;,C>) < 24, a contradiction.
Thus, we get d(b;,C>) < 3 for every t € {1,2,3,4}.

As G[C,UC,] doesn’t contain two independent 8-cycles such that each of them has at
least two chords, then either (axb;,C, —xp —y1) 2 K or {(xpy1,C1 —ax —b;) 2 K, w.lo.g.,
say (x2y1,C1 —az —by) 2 K. The following proof is divided into three cases.

Case 1. d(x2,Cy —ay —by) <2and d(y;,C; —az —by) < 2. Since (xpy1,C1 —ax —b1) 2 K,
we have e(xzy1,C) —ap —by) < 2 by Lemma 2.5. This implies d(x;,Cy) +d(y1,Cp) < 4.
Since e(Cy,Cr) > 25, d(y2,C1) = d(y4,C1) = 4 and d()C3,C1) = d(X4,C1) =3.1If e()C3X4,
b2b4) > 3, then <b4a1b|azbz,x3y3x4> DO K and <a3b3a4, y4x1y1xzy2> D K by Lemma 2.6, a
contradiction. Thus, e(x3x4,b2b4) < 2. Note that d(x3,C1) = d(x4,C;) = 3, then e(x3x4,
b1b3) = 4. By Lemma 2.6, (x3y3x4,b1a2b2a3b3) O K and (a1bsas,ysx1y1x2y2) 2 K, a con-
tradiction.

Case 2. d(xp,C; —ay — by) = 3. Since (xpy1,C1 —ap —b1) 2 K,d(y1,C1 —az —b;) =0 by
Lemma 2.5. This implies that d(y;,C;) < 1. Since e(C;,C,) > 25, it follows that d(y,,C1) =
d(y4,Ci) =4 and d(x3,C1) = d(x4,C1) = 3. The rest of the proof is just same as that in Case
1.

Case 3. d(y;,C; —ay —b;) = 3. Obviously, a1y; € E, azy; € E and asgy; € E. Since
{xoy1,C1 —ap — b1) 2 K, we have d(xp,C; —ap —by) = 0 by Lemma 2.5. This implies
bez §f E, XQb3 ¢ E and XQb4 € E.

Suppose x;b; € E. Then d(x,,C;) = 0. Since e(C1,Cy) > 25, d(y2,C1) =d(y4,C1) =4
and d(x3,C1) = d(x4,C1) = 3. The rest of the proof is just same as that in Case 1.

Now we get x,b1 € E and d(x,Cy) = 1. Since e(Cy,C,) > 25, we have e(y;y2y3y4,C1) >
15. Since xpb1a1bsasbzazyix, is an 8-cycle in G with two chords a;y; and a4y, <a2b2,xly2
x3ysxays) 2 K. Note that e(y;yoy3y4,C1) > 15, then d(ay,y>ysys) > 2. By Lemma 2.5,
d(by,x1x3x4) = 0. This implies x1by & E, x3by ¢ E and x40, € E. Since e(y1y2y3y4,C1) >
15, we have e(ysys,a1a3) > 3. By Lemma 2.6, (a1bjazbras,y3xays) 2 K and therefore
<b3a4b4,x1y1x2y2X3> Zﬁ K. This implies e(b3b4,x1x3) < 2. Note that x; by €E and x3b, g E,
then e(x;x3,C;) < 4. Since d(x,C1) =1 and d(x4,Cy) < 3, we have ¢(C1,C,) < 24, a
contradiction. 1

3. Proof of Theorem 1.2

In this section, we will prove the Theorem 1.2. Let G = (V;,V;; E) be a bipartite graph with
| Vi |=| V2 |= 4k and the minimum degree §(G) > 3k + 1, where k is a positive integer.

We first claim that G D kC®. Suppose on the contrary that this is not true. We can
assume that G is a maximal counterexample, i.e., G+ xy D kC® for every edge xy € E(G).
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Then G contains k — 1 independent 8-cycles Cy,Cy,- - ,Cy—1 and an 8-path P such that P is
independent of H = Uff:—ll C;. Denote P = a\biazbrazbszasby with ay € V1. AsG 2 kC8, we
have G[V (P)] 2 C8. Then e(GI[P]) < 16 —3 = 13 and e(a; b4, P) < 4. Hence, e(aiby, H) >
6(k— 1) +4. Then there exists an 8-cycle C; C H such that d(a;b4,C;) > 7. W.lo.g., say
d(a1b4,C1) > 7, C1 = X1Y1X2Y2X3Y3X4Y4X] with X1 € V1. We may assume d(al,Cl) =4
and d(by,Cy) > 3. In particular, w.l.0.g., let {x1,x2,x3} C N(b4,C). Denote P’ =y Px;.
Since G[PUC1] 2 2C8, we have e(P,Cy) < 24 by Lemma 2.2. Thus, Yeev(pyd(x,PUC) <
50. Since e(x;y1,PUC1) < 16, it follows that erwp/)d(x,PUC]) < 66. Then we have
e(P',H—Cy) > 10(3k+1) — 66 = 30(k — 2) + 4. This means that there exists an 8-cycle
Cj € H—C; such that ¢(P',C;) > 31. W.lo.g., say j =2. Since GIPUGC,)] 2 208, we
have either G[P'|JC, — x| — by] D 2C® or G[P'|JC> —a; —y1] D 2C® by Lemma 2.3. In the
former case, x1bax2y2x3y3x4y4x1 is an 8-cycle in G. In the latter case, a;y1x2y2x3y3x4y4a;
is an 8-cycle in G. Therefore, G[PUC; UC,] D 3C8, a contradiction. This proves our claim.

Now we choose k independent 8-cycles in G with as many having a chord as possible.
Let C1,Cy,- -+ ,Ci be such a choice. We claim that C; has a chord for every i € {1,2,--- ,k}.
If not, assume C; has no chord for some i, say i = 1. This implies ¢(C;) = 8. Thus,
Yeev(c)d(x, U, C) > 8(3k+1) — 16 = 24(k — 1) + 16. Therefore, there exists an 8-cycle
Cj(j # 1), such that e(Cy,C;) > 25. By Lemma 2.4, G[C; | JC|] contains two independent
8-cycles with each having a chord. This contradicts to our choice of C;,Cy, -+ ,Cy.

Finally, we choose k independent 8-cycles in G such that each 8-cycle has a chord.
Subject to this, we choose k independent 8-cycles in G with as many having at least two
chords as possible. Let C;,C,---,C; be such a choice. If C; does not have two chords for
some i € {1,2,---,k}, say i = 1. This implies ¢(C1) = 9. Thus, Y cy(c,)d(x, UL, c) >
8(3k+1) — 18 =24(k — 1) + 14. Therefore, there exists an 8-cycle C;(j # 1), such that
e(C1,C;) > 25. By Lemma 2.7, G[C;|JCj] contains two independent 8-cycles with each
having at least two chords. This contradicts to our choice of Cy,Cy,--- ,Cy. This completes
the whole proof.

Acknowledgement. We are grateful to the referees for valuable suggestions and hints that
helped to improve this paper.

References

[1] J. A. Bondy and U. S. R. Murty, Graph Theory with Applications, American Elsevier Publishing Co., Inc.,
New York, 1976.

[2] K. Corradi and A. Hajnal, On the maximal number of independent circuits in a graph, Acta Math. Acad. Sci.
Hungar. 14 (1963), 423-439.

[3] H. Wang, On the maximum number of independent cycles in a bipartite graph, J. Combin. Theory Ser. B 67
(1996), no. 1, 152-164.

[4] H. Wang, On vertex-disjoint complete bipartite subgraphs in a bipartite graph, Graphs Combin. 15 (1999),
no. 3, 353-364.

[5] H. Wang, Vertex-disjoint hexagons with chords in a bipartite graph, Discrete Math. 187 (1998), no. 1-3,
221-231.

[6] Y. Zhao, Bipartite graph tiling, SIAM J. Discrete Math. 23 (2009), no. 2, 888-900.



