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1. Introduction

There are many results in approximation theory concerning the relationship of the best ap-
proximation of periodic function and its smoothness characteristics. It is well known that
for functions f from Lebesgue spaces Lp (T), 1 ≤ p < ∞, or C (T) for p = ∞, the classical
Jackson theorem

(1.1) En ( f )p := inf
T∈Tn

‖ f −T‖p ≤C (r)ωr

(
f ,

1
n

)
p

, n ∈ Z+

and its weak converse

(1.2) ωr

(
f ,

1
n

)
p
≤ C (r)

nr

n

∑
ν=1

ν
r−1Eν−1 ( f )p , n ∈ Z+

hold, where r ∈ Z+, ωr ( f ,δ )p := sup
0<h≤δ

‖(Th− I)r f‖p is the rth moduli of smoothness of

the function f ∈ Lp (T), Th f (◦) := f (◦+h) is translation operator, I is identity operator
and Tn is the class of trigonometric polynomials of degree not greater than n.

These two inequalities have been generalized to many directions. We shall not mention
all results but we can refer to books [8, 9, 11, 18, 21, 27, 31].
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In 1958, Timan proved [32] that inequality (1.2) be refined as follows

ωr

(
f ,

1
n

)
p
≤ C (r, p)

nr

{
n

∑
ν=1

ν
rq−1Eq

ν−1 ( f )p

}1/q

,

1 < p < ∞, n ∈ Z+, q = min{2, p}

(1.3)

and the value min{2, p} in (1.3) is optimal [34].
Equivalently the classical Marchaud inequality [20]

(1.4) ωr ( f , t)p ≤C (r, p) tr
{∫

∞

t

ωk ( f ,u)p

ur+1 du
}

; 1≤ p≤ ∞; r < k; r,k,n ∈ Z+; t > 0

improved to

ωr ( f , t)p≤C (r, p) tr

{∫
∞

t

ω
q
k ( f ,u)p

uqr+1 du

}1/q

, q = min{2, p} ; 1≤ p < ∞; r < k; r,k∈Z+.

Similar inequalities for the Orlicz spaces were considered in [1, 10, 15, 16, 23, 33] and for
Smirnov-Orlicz spaces in [1, 3, 4, 12–14].

In 1977, the concept of fractional moduli of smoothness ωr ( f , ·)p, r > 0, p ∈ [1,∞],
defined in the papers [5] and [29]. Inequalities (1.1) and (1.2) with r > 0 were proved
in [5], [29] and inequality (1.4) with r > 0 was proved in [5].

In [2] some direct and converse inequalities for r > 0 was proved in LM (T) to obtain
analogues of the these inequalities on complex domains.

In this paper we improve the converse inequality [2, Theorem 2]

ωr

(
f ,

1
n+1

)
M
≤ C (M,r)

(n+1)r

n

∑
ν=0

(ν +1)r−1 Eν ( f )M , r > 0, n ∈ N0

to

(1.5) ωr

(
f ,

π

n+1

)
M
≤ C (M,r)

(n+1)r

{
n

∑
ν=0

(ν +1)rq−1 Eq
ν ( f )M

}1/q

in case M
(
u1/q

)
is convex for some 1 < q≤ 2.

Inequality (1.5) with r ∈ Z+ was proved in [15] for convex M (
√

u) and in [16] under
the condition that M

(
u1/α

)
is a convex function for some 1 < α ≤ 2. These two results

use the Littlewood-Paley theory. In [7] some results about the sharp Jackson and Marchaud
inequalities are proved for classical Lebesgue spaces. Embedding results of some function
classes of periodic functions are considered in [28].

Throughout this work by C (x,y, . . .) we denote constants which are different in different
places and depends only on the parameters x,y, . . . given in the brackets.

In this paper we will use the following notations: T := [0,2π], R := (−∞,∞), R+ :=
(0,∞), Z+ := {1,2,3, . . .}, N0 := Z+∪{0}, Z∗n := {±1,±2,±3, . . . ,±n}, Z∗ := {±1,±2,±3,
. . .}, A(x)� B(x) ⇐⇒ ∃c1,c2 > 0 : c1B(x)≤ A(x)≤ c2B(x).

2. Preliminaries and results

Let M be an N-function, that is, the mapping M : R→ R+ is even, convex and satisfies

M (x) = 0 ⇐⇒ x = 0; lim
x→∞

M (x)
x

= ∞ and lim
x→0

M (x)
x

= 0.
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We denote by LM (T) the class of Lebesgue measurable functions f : T→ R satisfying the
condition ∫

T
M (C | f (x)|)dx < ∞

for some constant C > 0, depending on f .
The linear space LM (T) becomes a Banch space with the Luxemburg norm

(2.1) ‖ f‖(M) := inf
{

τ > 0 :
∫

T
M
(
| f |
τ

)
dx≤ 1

}
or Orlicz norm

(2.2) ‖ f‖LM(T) := ‖ f‖M := sup
{∫

T
| f (x)g(x)|dx :

∫
T

M̃ (|g|)dx≤ 1
}

where M̃ (y) := supx≥0 (x |y|−M (x)), y ∈ R, is the complementary N-function of M.
Banach space LM (T) is called Orlicz space and it satisfies embedding

(2.3) LM (T)⊂ L1 (T) .

Norms (2.1) and (2.2) are equivalent since

(2.4) ‖ f‖(M) ≤ ‖ f‖M ≤ 2‖ f‖(M) .

Also (see [24, p.22]),

(2.5) ‖ f‖M = inf
k>0

(
1
k

+
1
k

∫
T

M (k | f |)dx
)

.

We note that LM (T) is reflexive if and only if both of the complementary pair of N-
functions M and N satisfy ∆2 condition. Recall that M ∈ ∆2 if there are constants x0 > 0 and
C > 2 such that M (2x)≤CM (x) for x≥ x0.

Let

(2.6)
∞

∑
k=−∞

ckeikx

be Fourier series of a function f ∈ L1 (T).
For a given f ∈ L1 (T), assuming

(2.7)
∫

T
f (x)dx = 0,

we define α-th fractional (α > 0) integral of f as [35, v.2, p.134]

(2.8) Iα (x, f ) := ∑
k∈Z∗

ck (ik)−α eikx =
1

2π

∫
T

f (t)Ψα (x− t)dt,

where Ψα (u) := ∑k∈Z∗ eiku (ik)−α and

(ik)−α := |k|−α e(−1/2)πiαsignk

as principal value.
Let α > 0 be given. We define fractional (Weyl’s) derivative of a function f ∈ L1 (T),

satisfying (2.7), as

f (α) (x) :=
d[α]+1

dx[α]+1 I1+α−[α] (x, f )
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provided the right hand side exists, where [α] is the integer part of real number α > 0.
Suppose that x,h ∈ R and r > 0. The Binomial series

(2.9) ∆
r
h f (x) :=

∞

∑
k=0

(−1)k
( r

k

)
f (x− kh) , f ∈ L1 (T)

converges in L1 (T) and ∆r
h f (·) is a measurable function. Since Binomial coefficients

( r
k

)
satisfy [26, p. 14] ∣∣∣( r

k

)∣∣∣= ∣∣∣∣ r (r−1) . . .(r− k +1)
k!

∣∣∣∣≤ c8

kr+1 , k ∈ Z+,

we have

(2.10) C (r) :=
∞

∑
k=0

∣∣∣( r
k

)∣∣∣< ∞.

Therefore

(2.11) ‖∆r
h f‖B ≤C (r)‖ f‖B

for any Banach space of Lebesgue integrable functions on T (or R) with norm ‖·‖B satisfy-
ing ‖ f (·+h)‖B = ‖ f (·)‖B for ∀h ∈ R and ‖ f (·+h)− f (·)‖B = o(1) for h→ 0. Through-
out the paper such spaces will be denoted by B.

Taking into account (2.3), (2.9), (2.10) and (2.11) we can define r-th fractional (r > 0)
modulus of smoothness of a function f ∈ B as

(2.12) ωr ( f ,δ )B := sup
0<h≤δ

‖∆r
h f‖B .

The modulus of smoothness ωr ( f ,δ )B has the following usual properties:
(i) ωr ( f ,δ )B is non-negative and non-decreasing function of δ ≥ 0,
(ii) lim

δ→0+
ωr ( f ,δ )B = 0 and (iii) ωr ( f1 + f2, ·)B ≤ ωr ( f1, ·)B +ωr ( f2, ·)B.

Let

(2.13) En ( f )B := inf
T∈Tn

‖ f −T‖B , f ∈ B,

where Tn is the class of trigonometric polynomials of degree not greater than n.
Let Bβ , β > 0, be the class of functions f ∈ B such that f (β ) ∈ B. Bβ , β > 0, becomes a

Banach space with the norm ‖ f‖Bβ := ‖ f‖B +
∥∥∥ f (β )

∥∥∥
B

. In case of B = LM (T) we will use

the notations ωr ( f ,δ )B := ωr ( f ,δ )M , En ( f )B := En ( f )M and Bβ := Wβ ,M (T).
For r, t ∈ R+ and f ∈ B we define the fractional K-functional as

Kr ( f , t,B,Br) := inf
g∈Br
‖ f −g‖B + tr

∥∥∥g(r)
∥∥∥

B
.

Our main results are the following.

Theorem 2.1. Let LM (T) be a reflexive Orlicz space such that M
(
u1/α

)
is a convex function

for some 1 < α ≤ 2. Then for n ∈ N0, r > 0 and f ∈ LM (T) we have

ωr

(
f ,

π

n+1

)
M
≤ C(M,r)

(n+1)r

{
n

∑
υ=0

(υ +1)αr−1 Eα
υ ( f )M

}1/α
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and equivalently, for r < s (r,s > 0) and t > 0

ωr ( f , t)M ≤C(M,s,r)tr
{∫

∞

t

ωs ( f ,u)α

M
urα+1 du

}1/α

.

Theorem 2.2. Let LM (T) be a reflexive Orlicz space such that M
(
u1/α

)
is a convex function

for some 1 < α ≤ 2. If f ∈ LM (T) and

(2.14)
∞

∑
ν=1

ν
αβ−1Eα

ν ( f )M < ∞

for some β ∈ R+, then f ∈Wβ ,M (T). Furthermore, for n ∈ N we have

En( f (β ))M ≤C(M,β )
(

nβ En( f )M +
{ ∞

∑
υ=n+1

υ
αβ−1Eα

υ ( f )M

}1/α)
.

In the particular case for the classical Lebesgue spaces the last inequality was proved
in [28, (90)].

From Theorems 2.1 and 2.2 we have

Corollary 2.1. Under the conditions of Theorems 2.1 and 2.2 we have for n ∈ N and r > 0

ωr

(
f (β ),

π

n

)
M
≤C (M,β ,r)

(( ∞

∑
ν=n+1

ν
αβ−1Eα

ν ( f )M

) 1
α +

1
nk

( n

∑
υ=1

υ
α(r+β )−1Eα

υ ( f )M

) 1
α
)

.

In the particular case for the classical Lebesgue spaces the last inequality was proved
in [28, (91)].

Theorem 2.3. If r > 0 and f ∈ LM (T) then

ωr ( f ,1/n)M � Kr ( f ,1/n,LM (T) ,Wr,M (T)) .

The following result is a corollary of Theorems 2.1, 2.2 and 2.3

Corollary 2.2. If s > r > 0 (s,r,λ , t ∈ R+) and f ∈ LM (T), then

Kr ( f , t,LM (T) ,Wr,M (T))≤C (M,r,s) tr
{∫

∞

t

Ks ( f ,u,LM (T) ,Wr,M (T))α

usα+1 du
}1/α

and

(2.15) ωr ( f ,λ t)M ≤C (M,r)λ
r
ωr ( f , t)M , λ ≥ 1.

3. Auxiliary results

We shall start with

Lemma 3.1. Suppose that r > 0, Tn ∈Tn and 0 < h < 2π/n. Then∥∥∥T (r)
n

∥∥∥
B
≤
(

n
2sin(nh/2)

)r

‖∆r
hTn‖B .

In particular, if h = π/n, then

(3.1)
∥∥∥T (r)

n

∥∥∥
B
≤ 2−rnr

∥∥∥∆
r
π/nTn

∥∥∥
B

.
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Proof. Let n ∈ N and we set

g(t) :=

(
t

2sin h
2 t

)r

for −n≤ t ≤ n and g(0) := h−r.

Then for x ∈ R, h ∈ (0,2π/n) we find [29]

T (r)
n (x) =

∞

∑
k=−∞

dk∆
r
hTn

(
x+

kπ

n
+

r
2

h
)

where

g(t) =
∞

∑
k=−∞

dkeikπt/n

converges uniformly in [−n,n] and (−1)k dk ≥ 0. Hence∥∥∥T (r)
n

∥∥∥
B
≤ ‖∆r

hTn‖B

∞

∑
k=−∞

∣∣∣dkeikπ

∣∣∣= ( n
2sin(nh/2)

)r

‖∆r
hTn‖B

and Lemma 3.1 is proved.

Lemma 3.2. If r,δ ∈ R+ and f ∈Wr,M (T) then

(3.2) ωr ( f ,δ )M ≤C (r)δ
r
∥∥∥ f (r)

∥∥∥
M

.

Proof. For the function χr (·,h) ∈ L1 (T) of [26, (20.15), p.376] we define

(Ar
h f )(x) := ( f ∗χr (·,h))(x) =

1
2π

∫
T

f (x−u)χr (u,h)du, x ∈ T, h ∈ R+.

Then using Fubini’s theorem we get

(3.3) ‖Ar
h f‖M = sup

{∫
T

∣∣∣∣ 1
2π

∫
T

f (x−u)χr (u,h)dug(x)
∣∣∣∣dx :

∫
T

M̃ (|g|)dx≤ 1
}

≤ ‖χr (·,h)‖L1(T) ‖ f‖M ≤C (r)‖ f‖M .

Since [5, (2.5) and (2.12)]

(∆r
h f )(x) = hr (Ar

h f )(r) (x) = hrAr
h

(
f (r)
)

(x)

we have from (3.3) that

sup
0<h≤δ

‖∆r
h f‖M = sup

0<h≤δ

hr
∥∥∥Ar

h

(
f (r)
)∥∥∥

M
≤C (r)δ

r
∥∥∥ f (r)

∥∥∥
M

and we obtain (3.2).

Lemma 3.3. Let { fn} be a sequence such that every fn is absolutely continuous. If the se-
quence { fn} converges to the function f in reflexive Orlicz space LM (T) and the sequence
of first derivatives { f ′n} converges to some function g in LM (T), then f is absolutely contin-
uous and f ′ (x) = g(x) a.e.
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Proof. Since ‖ fn− f‖M → 0 as n→ ∞ there exists a subsequence
{

fnk

}
of { fn} satisfying

fnk (x)→ f (x) a.e. Let x0 be a point of convergence. Using generalized Hölder’s inequality
[24, p.15] ∣∣∣∣∫ x

x0

f ′nk
(t)dt−

∫ x

x0

g(t)dt
∣∣∣∣≤C

(
M̃
)∥∥ f ′nk

−g
∥∥

M

and since ‖ f ′n−g‖M → 0 as n→ ∞, we have∣∣∣∣∫ x

x0

f ′nk
(t)dt−

∫ x

x0

g(t)dt
∣∣∣∣→ 0.

Then ∫ x

x0

g(t)dt = lim
k→∞

∫ x

x0

f ′nk
(t)dt = lim

k→∞

(
fnk (x)− fnk (x0)

)
= f (x)− f (x0)

and Lemma 3.3 is proved.

Lemma 3.4. Let fn, f ∈ LM (T), n ∈ N0. If for some r > 0 the function Ir−[r] (., fn) is

absolutely continuous on T,
(
Ir−[r] (., fn)

)′ = f (r)
n ∈ LM (T) for n ∈ Z+ and

‖ fn− f‖M → 0 ;
∥∥∥(Ir−[r] (., fn)

)′−ϕ

∥∥∥
M
→ 0, as n→ ∞

for some ϕ ∈ LM (T). Then, Ir−[r] (., f ) is absolutely continuous on T and f (r) ∈ LM (T).

Proof. We prove that if f ∈LM (T) with Fourier series (2.6) satisfying (2.7), then Ir−[r] (., f )∈
LM (T) and

(3.4)
∥∥Ir−[r] (., f )

∥∥
M ≤C (r,M)‖ f‖M .

By (2.8), Fubini’s theorem and (8.15) of [35, p. 136] we have∥∥Ir−[r] (., f )
∥∥

M = sup
{∫

T

∣∣∣∣ 1
2π

∫
T

f (t)Ψr−[r] (x− t)dtg(x)
∣∣∣∣dx :

∫
T

M̃ (|g|)dx≤ 1
}

≤ 1
2π
‖ f‖M

∥∥Ψr−[r] (·)
∥∥

L1(T)

≤ C (M)
2π
‖ f‖M

∫
π

0
ur−[r]−1du = C (r,M)‖ f‖M .

On the other hand, since

‖ fn− f‖M → 0, as n→ ∞,

from linearity of α-th integral and (3.4), we get∥∥Ir−[r] (., fn)− Ir−[r] (., f )
∥∥

M → 0, as n→ ∞.

Hence, we conclude by Lemma 3.3 that Ir−[r] (., f ) is absolutely continuous and f (r) ∈
LM (T).

Lemma 3.5. [17, Theorem 2] Let LM (T) be a reflexive Orlicz space such that M
(
x1/α

)
is

a convex function for some α > 1. If f ∈ LM (T) with corresponding Fourier series (2.6),
then the modular inequality

C
∫
T

M
(( ∞

∑
µ=1

∣∣∣∆̄µ

∣∣∣2)1/2)
dx≤

∫
T

M(| f (x)|)dx≤C
∫
T

M
(( ∞

∑
µ=1

∣∣∣∆̄µ

∣∣∣2)1/2)
dx
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hold with a constant C independent of f , where

∆̄µ := ∆̄µ (x, f ) :=
2µ−1

∑
|ν |=2µ−1

cν eiνx.

4. Proof of theorems

Proof of Theorem 2.1. Let f ∈ LM (T) be such that
∫ 2π

0 f (x)dx = 0 with corresponding
Fourier series ∑

∞
k=−∞

ckeikx ∼ f (x). We choose a σ ∈ Z+ so that 2σ−1 ≤ 2n+1 < 2σ hold.
Let us denote Sn (x) := Sn (x, f ) := ∑

n
k=−n ckeikx and S̃n (x, f ) := ∑

n
k=−n (−isignk)ckeikx. It

is well known from [25] that

‖ f (x)−Sm (x)‖M ≤C(M)Em ( f )M .

Therefore
‖∆r

h f‖M ≤C(M,r)E2n+1 ( f )M +‖∆r
hS2σ−1‖M

and if 0 < h < 2π/(2σ −1) then

∆
r
hS2σ−1

(
x+

rh
2

)
=

2σ−1

∑
ν=−2σ +1

(
2isin

νh
2

)r

cν eiνx.

Since modular inequality is stronger than norm inequality we have from Lemma 3.5 that

(4.1) C

∥∥∥∥∥∥
(

∞

∑
µ=1

∣∣∆̄µ

∣∣2)1/2
∥∥∥∥∥∥

M

≤ ‖ f‖M ≤C

∥∥∥∥∥∥
(

∞

∑
µ=1

∣∣∆̄µ

∣∣2)1/2
∥∥∥∥∥∥

M

hold. Now using (4.1) we have

(4.2) ‖∆r
hS2σ−1‖M ≤C(M,r)

∥∥∥∥∥∥∥∥


σ

∑
µ=1

∣∣∣∣∣∣
2µ−1

∑
|ν |=2µ−1

(
2isin

νh
2

)r

cν eiνx

∣∣∣∣∣∣
2


1/2
∥∥∥∥∥∥∥∥

M

.

Putting Ψ(x) := M
(
x1/α

)
and

δµ := δµ (x,h,r) :=
2µ−1

∑
|ν |=2µ−1

(
2isin

νh
2

)r

cν eiνx

we get from (4.2), (2.4) and (2.1)

‖∆r
hS2σ−1‖M ≤ 2C(M,r) inf

τ > 0 :
∫ 2π

0
M


∣∣∣∑σ

µ=1 δ 2
µ

∣∣∣1/2

τ

dx≤ 1


= C(M,r) inf

τ > 0 :
∫ 2π

0
Ψ


∣∣∣∑σ

µ=1 δ 2
µ

∣∣∣α/2

τα

dx≤ 1

=: I1.

Using inequality (
∑u

)α/2 ≤∑uα/2, 1 < α ≤ 2
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and (2.4) we find

I1 ≤C(M,r) inf

{
τ > 0 :

∫ 2π

0
Ψ

(
1

τα

σ

∑
µ=1

∣∣δµ

∣∣α)dx≤ 1

}

= C(M,r)

∥∥∥∥∥ σ

∑
µ=1

∣∣δµ

∣∣α∥∥∥∥∥
1/α

(Ψ)

≤C(M,r)

{
σ

∑
µ=1

∥∥∥∣∣δµ

∣∣α∥∥∥
(Ψ)

} 1
α

= C(M,r)

{
σ

∑
µ=1

∥∥δµ

∥∥α

(M)

} 1
α

≤C(M,r)

{
σ

∑
µ=1

∥∥δµ

∥∥α

M

} 1
α

.

(4.3)

Since ∣∣δµ

∣∣= 2µ−1

∑
ν=2µ−1

(
2sin

νh
2

)r

2Re
(

cν ei(νx+rπ/2)
)

we have ∥∥δµ

∥∥
M = 2r

∥∥∥∥∥ 2µ−1

∑
ν=2µ−1

(
sin

νh
2

)r

Uν (x)

∥∥∥∥∥
M

with Uν (x) := 2Re
(

cν ei(νx+rπ/2)
)

.
By Abel’s transformation we get

2−r ∥∥δµ

∥∥
M ≤

2µ−2

∑
ν=2µ−1

∣∣∣∣sinr νh
2
− sinr (ν +1)h

2

∣∣∣∣
∥∥∥∥∥ ν

∑
l=2µ−1

Ul (x)

∥∥∥∥∥
M

+

+
∣∣∣∣sinr (2µ −1)h

2

∣∣∣∣
∥∥∥∥∥ 2µ−1

∑
l=2µ−1

Ul (x)

∥∥∥∥∥
M

(4.4)

and for 2µ−1 ≤ ν ≤ 2µ −1, (µ ∈ Z+) we have∥∥∥∥∥ ν

∑
l=2µ−1

Ul (x)

∥∥∥∥∥
M

= 2

∥∥∥∥∥Re

(
ν

∑
l=2µ−1

cleilx cos
rπ

2

)
− Im

(
ν

∑
l=2µ−1

cleilx sin
rπ

2

)∥∥∥∥∥
M

≤

∥∥∥∥∥2Re
ν

∑
l=2µ−1

cleilx

∥∥∥∥∥
M

+

∥∥∥∥∥2Im
ν

∑
l=2µ−1

cleilx

∥∥∥∥∥
M

=
∥∥Sν (x, f )−S2µ−1−1 (x, f )

∥∥
M +

∥∥S̃ν (x, f )− S̃2µ−1−1 (x, f )
∥∥

M .

From [25] we have ∥∥S̃n (·, f )
∥∥

M ≤C‖Sn (·, f )‖M , n ∈ Z+

and hence ∥∥∥∥∥ ν

∑
l=2µ−1

Ul (x)

∥∥∥∥∥
M

≤ (1+C(M,r))
∥∥Sν (x, f )−S2µ−1−1 (x, f )

∥∥
M(4.5)

≤ C(M,r)E2µ−1−1 ( f )M .(4.6)

Using [30] for q≥ 0, k > 0 and h ∈ (0,π/2µ ], µ ∈ Z+ we have
2µ−1

∑
ν=2µ−1

∣∣∣νq sink
νh− (ν +1)q sink (ν +1)h

∣∣∣≤ c2µ(q+k)hk
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and hence from (4.4) and (4.5) we get for µ ∈ Z+∥∥δµ

∥∥
M ≤C(M,r)2µrhrE2µ−1−1 ( f )M .

Therefore using (4.3) we obtain

‖∆r
hS2σ−1‖M ≤C(M,r)hr

{
σ

∑
µ=1

2µrα Eα

2µ−1−1 ( f )M

}1/α

≤C(M,r)hr {2αrEα
0 ( f )M}

1/α

+C(M,r)hr

{
σ

∑
µ=2

2µ−1−1

∑
ν=2µ−2

ν
αr−1Eα

ν ( f )M

}1/α

≤C(M,r)hr

{
2σ−1−1

∑
ν=0

(ν +1)αr−1 Eα
ν ( f )M

}1/α

, 0 < h≤ 2π/2σ .

(4.7)

On the other hand, using (2.15) and (4.7) we find

ωr

(
f ,

π

n+1

)
M
≤C(M,r)ωr

(
f ,

2π

2σ

)
M
≤C(M,r) sup

0<h≤2π/2σ

‖∆r
h f‖M

≤C(M,r)E2n+1 ( f )M +C(M,r)
(

2π

2σ

)r
{

2σ−1−1

∑
ν=0

(ν +1)αr−1 Eα
ν ( f )M

}1/α

≤C(M,r)E2n+1 ( f )M +C(M,r)
(

π

n+1

)r
{

2n

∑
ν=0

(ν +1)αr−1 Eα
ν ( f )M

}1/α

≤ C(M,r)
(n+1)r

{
n

∑
ν=0

(ν +1)αr−1 Eα
ν ( f )M

}1/α

and Theorem 2.1 is proved.

Proof of Theorem 2.2. Let Tn ∈Tn such that En ( f )M = ‖ f −Tn‖M and we take

U0 (x) := T1 (x)−T0 (x) ; Uν (x) := T2ν (x)−T2ν−1 (x) , ν ∈ Z+.

In this case we have

T2N (x) = T0 (x)+
N

∑
ν=0

Uν (x) , N ∈ N0.

For a given ε > 0, by (2.14) there exists η ∈ Z+ such that

(4.8)
∞

∑
ν=2η

ν
αβ−1Eα

ν ( f )M < ε .

From Lemma 3.1 we have∥∥∥U (β )
ν (x)

∥∥∥
M
≤C(M,β )2νβ ‖Uν (x)‖M ≤C(M,β )2νβ E2ν−1 ( f )M , ν ∈ Z+.
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On the other hand it is easily seen that

2νβ E2ν−1 ( f )M ≤C(M)22β

 2ν−1

∑
µ=2ν−2+1

µ
αβ−1Eα

µ ( f )M


1/α

, ν = 2,3, . . . .

For the positive integers satisfying K < N

T (β )
2N (x)−T (β )

2K (x) =
N

∑
ν=K+1

U (β )
ν (x) , x ∈ T

and hence if K,N are large enough we obtain from (4.8)∥∥∥T (β )
2N (x)−T (β )

2K (x)
∥∥∥

M
≤

N

∑
ν=K+1

∥∥∥U (β )
ν (x)

∥∥∥
M
≤C(M,β )

N

∑
ν=K+1

2νβ E2ν−1 ( f )M

≤C(M,β )
N

∑
ν=K+1

 2ν−1

∑
µ=2ν−2+1

µ
αβ−1Eα

µ ( f )M


1/α

= C(M,β )

 2N−1

∑
µ=2K−1+1

µ
αβ−1Eα

µ ( f )M


1/α

< C(M,β )ε1/α .

Therefore
{

T (β )
2N

}
is a Cauchy sequence in LM (T). Then there exists a ϕ ∈ LM (T) satisfy-

ing ∥∥∥T (β )
2N −ϕ

∥∥∥
M
→ 0, as N→ ∞.

On the other hand we have

‖T2N − f‖M = E2N ( f )M → 0, as N→ ∞.

Then from Lemma 3.4 we obtain that Iβ−[β ] is absolutely continuous on T and f (β ) ∈
LM (T). Therefore f ∈Wβ ,M (T).

We note that

En

(
f (β )
)

M
≤
∥∥∥ f (β )−Sn f (β )

∥∥∥
M

≤
∥∥∥S2m+2 f (β )−Sn f (β )

∥∥∥
M

+

∥∥∥∥∥ ∞

∑
k=m+2

[
S2k+1 f (β )−S2k f (β )

]∥∥∥∥∥
M

.
(4.9)

By Lemma 3.1 we get for 2m < n < 2m+1

(4.10)
∥∥∥S2m+2 f (β )−Sn f (β )

∥∥∥
M
≤C(M,β )2(m+2)β En ( f )M ≤C (M,β )nβ En ( f )M .

By Lemma 3.5 we find

∥∥∥∥∥ ∞

∑
k=m+2

[
S2k+1 f (β )−S2k f (β )

]∥∥∥∥∥
M

≤C (M,β )

∥∥∥∥∥∥∥∥


∞

∑
k=m+2

∣∣∣∣∣∣
2k+1

∑
|ν |=2k+1

(iν)β cν eiνx

∣∣∣∣∣∣
2


1/2
∥∥∥∥∥∥∥∥

M
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and therefore∥∥∥∥∥ ∞

∑
k=m+2

[
S2k+1 f (β )−S2k f (β )

]∥∥∥∥∥
M

≤C (M,β )

 ∞

∑
k=m+2

∥∥∥∥∥∥
2k+1

∑
|ν |=2k+1

(iν)β cν eiνx

∥∥∥∥∥∥
α

M

1/α

.

Putting ∣∣δ̄ν

∣∣ :=
∣∣δ̄ν (x,β )

∣∣ :=
2k+1

∑
|ν |=2k+1

(iν)β cν eiνx =
2k+1

∑
ν=2k+1

ν
β 2Re

(
cν ei(νx+βπ/2)

)
we have ∥∥δ̄ν

∥∥
M =

∥∥∥∥∥ 2k+1

∑
ν=2k+1

ν
βUν (x)

∥∥∥∥∥
M

(Uν (x) = 2Re
(

cν ei(νx+βπ/2)
)

) and using Abel’s transformation we get

∥∥δ̄ν

∥∥
M ≤

2k+1−1

∑
ν=2k+1

∣∣∣νβ − (ν +1)β

∣∣∣∥∥∥∥∥ ν

∑
l=2k+1

Ul (x)

∥∥∥∥∥
M

+
∣∣∣∣(2k+1

)β
∣∣∣∣
∥∥∥∥∥2k+1−1

∑
l=2k+1

Ul (x)

∥∥∥∥∥
M

.

For 2k +1≤ ν ≤ 2k+1, (k ∈ Z+) we have∥∥∥∥∥ ν

∑
l=2k+1

Ul (x)

∥∥∥∥∥
M

≤C (M,β )E2k ( f )M

and since

(ν +1)β −ν
β ≤

{
β (ν +1)β−1 , β ≥ 1,
βνβ−1 , 0≤ β < 1,

we obtain ∥∥δ̄ν

∥∥
M ≤C (M,β )2kβ E2k−1 ( f )M .

Therefore ∥∥∥∥∥ ∞

∑
k=m+2

[
S2k+1 f (β )−S2k f (β )

]∥∥∥∥∥
M

≤C (M,β )

{
∞

∑
k=m+2

2kβα Eα

2k−1 ( f )M

}1/α

≤C (M,β )

{
∞

∑
ν=n+1

ν
αβ−1Eα

k ( f )M

}1/α
(4.11)

and using (4.9), (4.10) and (4.11), the proof is complete.
Proof of Theorem 2.3. Starting with upper inequality we take a t ∈ (0,2π). Then there
exists n ∈ Z+ such that π/n < t ≤ 2π/n. Let t∗n be the best approximating trigonometric
polynomial to f ∈ LM (T). Using Theorem 1 of [2] we get

(4.12) ‖ f − t∗n‖M = En ( f )M ≤C (r,M)ωr

(
f ,

π

n

)
M

.

From (2.11) and (3.1) we have∥∥∥t∗(r)n

∥∥∥
M
≤ 2−rnr

∥∥∥∆
r
π/nt∗n

∥∥∥
M
≤ (π/t)r

{
C (M,r)‖ f − t∗n‖M +

∥∥∥∆
r
π/n f

∥∥∥
M

}
≤C (M,r) t−r

ωr

(
f ,

π

n

)
M
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and therefore

Kr ( f , t,LM (T) ,Wr,M (T))≤ ‖ f − t∗n‖M + tr
∥∥∥t∗(r)n

∥∥∥
M
≤C (M,r)ωr ( f , t)M .

The lower inequality is straighforward from (iii), (2.11), (4.12) and Lemma 3.2.
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