BULLETIN of the Bull. Malays. Math. Sci. Soc. (2) 36(1) (2013), 49-62
MALAYSIAN MATHEMATICAL
SCIENCES SOCIETY
http:/math.usm.my/bulletin

Improved Converse Theorems and Fractional Moduli
of Smoothness in Orlicz Spaces

RAMAZAN AKGUN

Department of Mathematics, Faculty of Arts and Sciences, Balikesir University, 10145, Balikesir, Turkey
rakgun@balikesir.edu.tr

Abstract. In the present work converse theorems of trigonometric approximation of func-
tions and its fractional derivatives in certain Orlicz spaces are improved with respect to the
fractional moduli of smoothness. An improved Marchaud inequality is also given.

2010 Mathematics Subject Classification: Primary: 46E30; Secondary: 41A10, 41A17,
41A25, 41A27, 42A10

Keywords and phrases: Orlicz space, polynomial approximation, inverse approximation
theorem, fractional modulus of smoothness.

1. Introduction

There are many results in approximation theory concerning the relationship of the best ap-
proximation of periodic function and its smoothness characteristics. It is well known that
for functions f from Lebesgue spaces L? (T), 1 < p < oo, or C(T) for p = o, the classical
Jackson theorem

. 1 4
(1.1) E.(f), ':Tlél;,,Hf_T”PSC(r)wr (f,n)p, nez
and its weak converse

(1.2) o) (ﬁl) < Cn(,r) Y VB (f),. et
P v=1

n

hold, where r € Z*, @, (f,9),,:= sup [[(T,—1I)" fll, is the rth moduli of smoothness of
0<h<d
the function f € L? (T), T;,f (o) := f (o +h) is translation operator, I is identity operator
and .7}, is the class of trigonometric polynomials of degree not greater than n.
These two inequalities have been generalized to many directions. We shall not mention
all results but we can refer to books [8,9,11,18,21,27,31].
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In 1958, Timan proved [32] that inequality (1.2) be refined as follows

1/q
1 C(I’,p) - rg—1
(1.3) w’(f7n>p<nr{):vq Ei’l(f)p} :

v=1
l<p<o,necZ’, qg=min{2,p}
and the value min{2, p} in (1.3) is optimal [34].
Equivalently the classical Marchaud inequality [20]

< @y (f,u
(1.4) a),(f,t)p SC(r,p)tr{/ k(;fH)Pdu}; 1<p<oyr<kirkneZ ;t>0
t u

improved to

1/a
ol (f,u
a)r(f,t)pSC(r,p)tr{/t kuir_H)pdu} , g=min{2,p}; 1<p<oo;r<k;rkeZ’.

Similar inequalities for the Orlicz spaces were considered in [1, 10, 15, 16,23, 33] and for
Smirnov-Orlicz spaces in [1, 3,4, 12—-14].

In 1977, the concept of fractional moduli of smoothness ®, (f,~)p, r>0, p €[l
defined in the papers [5] and [29]. Inequalities (1.1) and (1.2) with » > 0 were proved
in [5], [29] and inequality (1.4) with r > O was proved in [5].

In [2] some direct and converse inequalities for » > 0 was proved in Ly (T) to obtain
analogues of the these inequalities on complex domains.

In this paper we improve the converse inequality [2, Theorem 2]

wr(fa : ) SC(M’r) i(V+1)r71Ev(f)M,r>O,n€N0
M

n+1 (n+1) =
to
(1.5) @ (f : ) < T8 Y (v L) N
. r 7n+1 Mf(n+1)r = 1% M

in case M (u'/?) is convex for some 1 < g < 2.

Inequality (1.5) with r € Z* was proved in [15] for convex M (1/u) and in [16] under
the condition that M (ul/ ) is a convex function for some 1 < & < 2. These two results
use the Littlewood-Paley theory. In [7] some results about the sharp Jackson and Marchaud
inequalities are proved for classical Lebesgue spaces. Embedding results of some function
classes of periodic functions are considered in [28].

Throughout this work by C (x,y,...) we denote constants which are different in different
places and depends only on the parameters x,y,... given in the brackets.

In this paper we will use the following notations: T := [0,27], R := (—o0,00), R" :=
(0,00),Z":={1,2,3,...},No:=Z " U{0}, Z} :={+1,42,43,...,+n}, Z* := {£1,£2,£3,
o} A(X)=XB(x) <= Je1,c2>0:¢1B(x) <A(x) <caB(x).

2. Preliminaries and results

Let M be an N-function, that is, the mapping M : R — R™ is even, convex and satisfies

M M
M) =0 <= x=0; lim 1) _ oo and lim ™M) _ g

X—oo X x—0 X
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We denote by Ly (T) the class of Lebesgue measurable functions f : T — R satisfying the
condition

[mir@hax<e

for some constant C > 0, depending on f.
The linear space Ly (T) becomes a Banch space with the Luxemburg norm

2.1 (KAl :=inf{r>0:/TM<|i|>dx<l}

or Orlicz norm
@2 Wl =l i=son{ [ 1Fetolar: [ w(shas<1}

where M (y) :=sup,~q (x|y| =M (x)), y € R, is the complementary N-function of M.
Banach space Ly, (T) is called Orlicz space and it satisfies embedding

(2.3) Ly (T) C L' (T).
Norms (2.1) and (2.2) are equivalent since
(2.4) 1 oy < 1 Nar < 2017 W oy -
Also (see [24, p.22)),
. 1 1
5 Iy = ot (41 [ M@Lar).

We note that Ly (T) is reflexive if and only if both of the complementary pair of N-
functions M and N satisfy A, condition. Recall that M € A, if there are constants xy > 0 and
C > 2 such that M (2x) < CM (x) for x > xg.

Let

(2.6) Y o™
k=—oo
be Fourier series of a function f € L' (T).

For a given f € L' (T), assuming

.7 / F0)dx =0,
T
we define a-th fractional (o > 0) integral of f as [35, v.2, p.134]

8) labef)i= T ey e = [ 1) Pae—n)a,

keZ*
where Wo () := Yiezr € (ik)"* and
(ik)™% := [k|7* o~ 1/2)miasignk

as principal value.
Let o > 0 be given. We define fractional (Weyl’s) derivative of a function f € L' (T),
satisfying (2.7), as
(@) d[a]+l
1Y) = mlum[a] (x, f)



52 R. Akgiin

provided the right hand side exists, where [¢(] is the integer part of real number o > 0.
Suppose that x,/ € R and r > 0. The Binomial series

2.9) AL F (x) = i(—l)k<]:)f(x—kh), feLl(T)
k=0

converges in L' (T) and A, f (-) is a measurable function. Since Binomial coefficients (})
satisfy [26, p. 14]

PN r(r=1) . (r—k+1) cs n
()] = i <gam ket
we have
|/ F
(2.10) cw) :I;)Kk)‘ < o,
Therefore
(2.11) AL fllp < C(r) [ f1l5

for any Banach space of Lebesgue integrable functions on T (or R) with norm ||-|| 5 satisfy-
ing | -+ h) | = I ()]} for Vh € R and |[£ (-+h) — £ (| = o (1) for h — 0. Through-
out the paper such spaces will be denoted by B.

Taking into account (2.3), (2.9), (2.10) and (2.11) we can define r-th fractional (r > 0)
modulus of smoothness of a function f € B as

2.12) o (f,0):= sup [A,fllz-
0<h<d

The modulus of smoothness @, (f, ) has the following usual properties:
(i) o, (f,0)p is non-negative and non-decreasing function of 6 > 0,

(ll) 5liI(I)1+wr (fa 8)3 =0and (111) @y (fl +f2> ')B S @y (fl ) ’)B + , (f27 ')B-
Let

2.13 E = inf —Tl|z, fEB,
(2.13) n(f)p Tlél% I lg: f
where 7}, is the class of trigonometric polynomials of degree not greater than n.
Let B, B > 0, be the class of functions f € B such that f (B) e B. B, B > 0, becomes a
Banach space with the norm || f{| g5 := || f||5 + Hf(ﬁ) HB. In case of B = Ly (T) we will use

the notations @, (f,8) := @, (f,8)y; » En (f)p := En (f),, and BF := Wg a (T).
For r,t € R* and f € B we define the fractional K-functional as

K,(f,t,B,B") := inf || f — " || g")
r(fa y Dy ) gléle”f gHB+ g B

Our main results are the following.

Theorem 2.1. Let Ly (T) be a reflexive Orlicz space such that M (ul/ *) is a convex function
Sor some 1 < a <2. Then forn € Ny, r > 0 and f € Ly (T) we have

n 1/a
o (r757), = pp { s
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and equivalently, for r < s (r,s >0) andt >0

o0 o /o
oazcons{ [ 2fiztio "

Theorem 2.2. Let Ly (T) be a reflexive Orlicz space such that M (u]/ 0‘) is a convex function
forsome 1 < a<2.If f € Ly (T) and

Vaﬁ_lEg (Fly <o

s

(2.14)

Il
—_

v

for some B € RY, then f € Wg 5y (T). Furthermore, for n € N we have
hnd B /o
E(fP) < CM.B) (WP Efu+{ ¥ vPEL P} ).
v=n+1

In the particular case for the classical Lebesgue spaces the last inequality was proved
in [28, (90)].
From Theorems 2.1 and 2.2 we have

Corollary 2.1. Under the conditions of Theorems 2.1 and 2.2 we have for n € N and r > 0
o 1 1
T _ a 1 ! _ a
o (1®.2) <cnB((( X v B Py ) o (X0 P EL () )7,
h/m v=n+1 LA P

In the particular case for the classical Lebesgue spaces the last inequality was proved
in [28, (91)].

Theorem 2.3. Ifr > 0and f € Ly (T) then
o (f,1/n)y < Ke (f,1/n,Lyg (T),Went (T).
The following result is a corollary of Theorems 2.1, 2.2 and 2.3
Corollary 2.2. Ifs>r >0 (s,r,A,t € R") and f € Ly (T), then

oo o /o
K (7.t (1) W (1) = C sy { [~ E Ll CO T O g, |
and
@15) 0 A1)y < COLA) A0 () A2 1.

3. Auxiliary results
We shall start with

Lemma 3.1. Suppose thatr >0, T, € J;, and 0 < h < 27 /n. Then

(7) n "lAT
V| < (———— ) |AT,.
B~ <2s1n(nh/2)) 145 Tl

In particular, if h = 7 /n, then

3.1) 7" T,

T/n

<27"n"
B

B'
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Proof. Letn € N and we set

-

t

g(t):z( .h> for —n<t<nandg(0):=h"".
2sin 5t

Then for x € R, i € (0,27/n) we find [29]
> k
7\ (x) = Y, @, <x+ 7” + ;h>
k=—o0

where

g(t) _ Z dkeikm/n
k=—o0

converges uniformly in [—n,n] and (—1)* d; > 0. Hence

n r
=(— ) ||A'T,
(2sin(nh/2)> 144l

and Lemma 3.1 is proved. 1

7"

LS8 T, Y e
k=—o0

Lemma 3.2. Ifr,6 € R" and f € Wy.u (T) then

(32) o (f,8)y <C(r)d"

(r)
f M

Proof. For the function y, (-,h) € L' (T) of [26, (20.15), p.376] we define

L0 0= 2 (M) W) = o [ =02 () du, v T hERT,

Then using Fubini’s theorem we get

%./%f (o —u) r (u, ) dug (x)

63 sl =sw{ [ e: [ lghar<r}

<12 Gy 1l < € [ fllag -
Since [5, (2.5) and (2.12)]

(8.0) () = (A5) O (&) = A, (1) (1)

we have from (3.3) that

sup (15l = sup i [a; (1) <ce||r®
0<h<$ hm 0<h<& ! ( ) M M
and we obtain (3.2). 1

Lemma 3.3. Let {f,} be a sequence such that every f, is absolutely continuous. If the se-
quence {f,} converges to the function f in reflexive Orlicz space Ly (T) and the sequence
of first derivatives { f},} converges to some function g in Ly (T), then f is absolutely contin-
uous and f' (x) = g (x) a.e.
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Proof. Since || f, — fll,; — 0 as n — oo there exists a subsequence { f;, } of {,} satisfying
S, (x) = f(x) a.e. Let xo be a point of convergence. Using generalized Holder’s inequality

24, p.15]
[ rwa- [ e

and since || f;, — g||,; — 0 as n — oo, we have

<C (M) |fn — &l

/xof'/"‘ (t)dt—/xog(t)dt — 0.
Then
[ stord=im [ g1, @de = fim ()~ o (50) = £ )~ £ 30)
and Lemma 3.3 is proved. 1

Lemma 34. Let f,,f € Ly (T), n € Np. IffOr some r > 0 the function I,_, (., fn) is
absolutely continuous on T, (I A (- f,,)) = f ) e Ly (T) forne€ Z" and

o= Pl =0 ¢ [ (i (1)) = 0| =0, asn— oo

for some @ € Ly (T). Then, I,_,; (., f) is absolutely continuous on T and ) e Ly (T).

Proof. We prove thatif f € Ly (T) with Fourier series (2.6) satisfying (2.7), then I,_,; (., f) €
Ly (T) and

(34) 121 (D) |y S C M) 1 fllyg-
By (2.8), Fubini’s theorem and (8.15) of [35, p. 136] we have

Ity Dl = {/ L@ g

— ||f||M 1% Ol 1y

dx:/TM(Lg)dxgl}

< iy [ = )
On the other hand, since
[ fn = Fllyy = 0, asn— o,
from linearity of ¢-th integral and (3.4), we get
12 Co o) =B (s Sy — O s

Hence, we conclude by Lemma 3.3 that I,_|,j (., f) is absolutely continuous and f (r)
Ly (T).

m M

Lemma 3.5. [17, Theorem 2] Let Ly, (T) be a reflexive Orlicz space such that M (xl/ *) is
a convex function for some o > 1. If f € Ly (T) with corresponding Fourier series (2.6),
then the modular inequality

C/M Z’AH dx</M|f dx<C/M i&’)l/z)dx
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hold with a constant C independent of f, where

M1
Api=Ry(x.f)= Y cye™

[v[=2¢-1

4. Proof of theorems

Proof of Theorem 2.1. Let f € Ly (T) be such that f02” f(x)dx = 0 with corresponding
Fourier series Y5 cxe™™ ~ f(x). We choose a ¢ € Z" so that 2°~! <2n+1 < 2 hold.
Let us denote Sy, (x) := S, (x, ) := Y0 cxe™ and S, (x, f) := Y0_ , (—isignk)cre®. Tt
is well known from [25] that
15 () =S () |3y < COM)Ep () g -

Therefore

187.f 13 < CM,r) Bzt (F) g+ 187,520 -1 1]y
andif 0 < h <271/ (2° — 1) then

h 25! vi\"
AZSZG—I <X+ r2> = Z (2151n 2) Cvelvx.
v=—20+1
Since modular inequality is stronger than norm inequality we have from Lemma 3.5 that

N 1/2 N 1/2
@ c (zw) <l <€ (zw)

=1 =1
K M K M

hold. Now using (4.1) we have

2y 1/2
[ 2K —1 vi\’” )
4.2) [ARS20 1l <C(M,r)||S Y <2isin) cpelVt
u=l||y|=2u-1 2
M
Putting ¥ (x) :=M (xl/"‘) and
281 r
.. Vh ;
Oy := Oy (x,h,r) = MEH (2151n 2) cye'*
we get from (4.2), (2.4) and (2.1)
1/2
AL Sro 1|y <2C(M,r)inf¢ T>0: M| ———— |dx<1
h M T
0
/2
2r ‘25:1 5&‘
=C(M,r)inf T>0:/ v e dx<1p=:1.
0

Using inequality
(L) <Yu? 1<a<2
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and (2.4) we find

11<CMr1nf{r>0 / ( \3”| >dx<l}

1
| conn! £ o
(4.3) P N ) r {“Z’l |8, | (\P)}
L 1
O o (e} o o
M”){Zl”auii(m} <CMr{2||6unM} .
u= =1
Since
241 v\’ ‘
|6H|: Z (2sin2> 2Re<cvez(v)c+r7r/2))
y=2#-1
we have
24 —1 vk r
Jeull =2 | T (o) vt
y=2#-1 M
with Uy (x) :=2Re (cvei<‘/x+rﬂ/2))_
By Abel’s transformation we get
2H_2 v
L(v+1D)h
H8#HM<V§I | sin” *_Sm 5 l:;'—lUI(X) M-I-
4.4) (2 o -
+ |sin” 3 Z U (x
|=2H~1 u

and for 24~ <v < 2K — 1, (u € Z*) we have

Z cle cos— —Im Z cle sm—
[=2u-1 [=2u-1

\% \%
2Re Z ce™|| +||2Im Z cre™
[=21~1 J=2k—1

\4

Y U

[=2m-1

=2
M

M

M M

= ||SV (xvf) 752#—171 (xaf)||M+ ||S~V (xaf) 7‘§2ﬂ—171 (xaf)HM'

From [25] we have 3

and hence
v
(4.5) Y Ul < (H+CM0) Sy (x f) =Sy (5 1)y,
[=2m-1 M
(46) S C(M, r)Ezu—l -1 (f)M .
Using [30] for ¢ > 0, k > 0 and h € (0,7/2%], u € Z* we have
M1

)y

y=2#-1

vasin* vh— (v+1)7sin® (v + 1)h‘ < cQhlathpk

57
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and hence from (4.4) and (4.5) we get for u € Z*
18]y < CM. )2 W Eysy () yy-

Therefore using (4.3) we obtain

l/a
183820 1lyy < C(M,r)h {ZZ“”"EM 1 (Fu }

C(M, )W {27 Eg () }®

A.7) o -1 l/a
+C(M7r)hr{2 Yy V“"lEﬁ‘(f)M}

U=2y=01-2

2011

1/a
gC(M,r)h’{ Z (v+1)“"E3‘(f)M} , 0<h<2m/2°.

v=0

On the other hand, using (2.15) and (4.7) we find

/1 2 -
y <fan+1>M <C(M,r)w, (fa 20>M <CM,r) sup [ ALfly,

0<h<2m/20

o 20-1_1 1/a
< COM.1 Bz (D40 () { 3 <v+1>°‘“E3‘<f>M}

v=0

2n

’ 1/a
< C(M,1)Eni1 (f)y +C(M,7) (L) { L (v+)TEY (f>M}

v=0

/o
CM,r) | & ar—1 o
< CENY {ZO(V+1) 'EY (f)M}

and Theorem 2.1 is proved.

Proof of Theorem 2.2. Let T, € 7, such that E,, (f),, = || f — T.,||,, and we take
Uy (x) =Ty (x) — T (x): % (x) i= Tov (x) — Ty (), v € L.

In this case we have

N

Ton (x) = To (x) + Z’o% (x), Ne€Np.

For a given € > 0, by (2.14) there exists ) € Z" such that
4.8) Y vPIEN (i <e
v=21

From Lemma 3.1 we have

|2 )| < c, )27 19 (3) Iy < CM.BY2PEnecr (£)yy vET.
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On the other hand it is easily seen that
o /o

2PEy () <cn2P Y wPTES (f)y e 0 v=2.3,
u=2v-241

For the positive integers satisfying K < N
N
o) -1¢ W= Y U@, xeT
v=K+1
and hence if K, N are large enough we obtain from (4.8)

N N
< Y [@P |, <conp) ¥ 2PEw (Hy

v=K+1 v=K+1
/o

|2 -1,

N 2v-!

<CM,B) ) Y, wPER (N

v=K+1 | p=2v-241

N1 l/a

=C(M,B) Y uPTEX(f)y <Cc(M,B)e'/.
u=2K-141

Therefore {Tz(,\l,3 >} is a Cauchy sequence in Ly (T). Then there exists a ¢ € Ly, (T) satisfy-
ing

On the other hand we have
ITon — fllgg = Exv (f)py — 0, as N — oo,

Then from Lemma 3.4 we obtain that /g_[g) is absolutely continuous on T and f B) e
Ly (T). Therefore f € Wy (T).
We note that

E, <f<ﬁ>>M < Hf(m *S"f(ﬁ)HM

4.9) o
<||Spmsaf® =50 B +|| X [Sseer )P
k=m+2 M
By Lemma 3.1 we get for 2" < n < 2"+!
(4.10) Hszmﬂﬂﬁ) _5, /B HM <C(M,B)2"IPE, (f),, < C(M,B)nPE, (f),,.
By Lemma 3.5 we find
5y 1/2
oo o 2k+l
Y [suar®-suP)| <conp)|y ¥ | L el
k=m+2 M k=m+2 ||v|=2k+1

M
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and therefore

o\ l/a
o o 2k+1
Y [sfP-su @) <cmpy| X | L v)Pee™
k=m+2 M k=m+2 |||v|=2k+1 M
Putting
2k+1 2k+1
!&,! = |5v (x,B)] == Z (iv)ﬁ cyeVt = Z vP2Re (cvei(vx+ﬁ”/2))
[v|=2k41 v=2k41
we have
~ ok+1
18]l = X vPuy ()
v=2k41 M
Uy (x) =2Re (cvei<"x+ﬁ / 2)>) and using Abel’s transformation we get
_ 2k+1_q v B ok+1_q
A Y ORI (I YAt +\(zk+l) Y 0
v=2k41 1=2k+1 M 1=2k41 M

For 2K + 1 < v <21 (k € Z*) we have

Y U

1=2k+1

<C(M,B)Ey (fu

M
and since B
NB_vB <l Bv+1) B=1,
(V1) —v {[5\/131 LO0<B <,
we obtain .
16vl, <CM,B)2PEy_, (f)y-
Therefore
- - /o
. Z ) |:S2k+lf(ﬁ) _Szkf<ﬁ):| S C(Maﬁ) {k Z zzkﬁaE;z,] (f)M}
=m++ M =m+
“4.11) . 1a
< C(M,m{ Yy vPER (f)M}
v=n+1
and using (4.9), (4.10) and (4.11), the proof is complete. 1

Proof of Theorem 2.3. Starting with upper inequality we take a t € (0,27). Then there
exists n € Z* such that 7/n <t < 27/n. Let 1} be the best approximating trigonometric
polynomial to f € Ly (T). Using Theorem 1 of [2] we get

" T
*.12) 1f =3l = Ea (P <C:M) @, (£.)
From (2.11) and (3.1) we have
()

u .

tn t

<27'n"
M

o <@ {COnnlf =il |

<CM,) 1 "o, (f,%)M

;t/nf

)

T/n
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and therefore

Ky (f 1, Lt (T, Wipg (T)) < |1 f =y 41 ||

MgC(M,r)a),(f,t)M.

The lower inequality is straighforward from (iii), (2.11), (4.12) and Lemma 3.2. 1

Acknowledgement. The author would like to thank referees for all precious advices and
very helpful remarks.
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