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1. Introduction

Let H(B,) be the class of all holomorphic functions on B, and S(B,,) the collection of all the
holomorphic self-maps of B,, where B,, is the unit ball in the n-dimensional complex space
C". The Bloch space & (see, e.g. [22]) is defined as the space of holomorphic functions
such that
£l = sup {(1 = [z*)|Rf(2)] : 2 € By} < oo.
For each o > 0, we define a weighted-type spaces H,; (see, e.g. [11]) as follows:
Hy = {f €H(B,): sup (1—r)*M.(f,r) < 00},

0<r<1
where Mo(f,r) = supp_,|f(z)]. It is easy to see that f € H if and only if sup g (1 —
12>)¥|f(z)| < o0, so we define the norm

1f 1t = sup (1= [z*)*|f (2)]
€8,

and H; with this norm is a Banach space. It is sometimes called Bers-type space which is
a special case of the weighted-type space Hj; (see, e.g. [4]). When o = 0, the space Hy is
just H* (see, e.g. [8, 9, 18]), which is defined by

H™ = f€H By : || fll = sup[£(2)| <o
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A positive continuous function p on [0,1) is called normal [12], if there exist three
constants a,b (0 <a < b < o), and § (0 < § < 1), such that for r € [§,1)

u(r) u(r)
A-nit® =™

as r — 1. In the rest of this paper we always assume that y is normal on [0, 1), and from
now on if we say that a function y : B — [0,0) is normal we will also assume that it is radial
on By, that is, u(z) = (|z]),z € By.

Now f € H(B,) is said to belong to Bloch-type space A, (see, e.g. [10, 14]), if

/]

p1 = sup 1(z)|V£(z)] <o,
z€By,

where Vf(z) = (0f/9z1(2),...,0f/9za(z)) is the complex gradient of f. It is clear that
%, is a Banach space with norm [|f||z, = |f(0)| + || f|lu.1- For f € H(B,), we denote

1 fllu2 = sup.cp, 1(2)|Rf(2)] and || f]|3 = sup.cp, O} (2), where

mf(Z)=<Vf(z)7Z>=i]zj§£(z), P = sp VL0

OO} G ()

GH () = — {‘f(z) P+ (1 - ”2<Z’><Z’”>'2} (c £0),

1> (z) | oa(lal) op(lzh)” Izl

2 1 1 ! dt

G )= and - +/ 0<t<1).

0= 135 ™ @ T wO b (om0

It was proved that || f||1, |/ f||u,2 and || f||x,3 are equivalent for f € %, in [1] and [21].
Let ¢ € S(By,) and y € H(B,). The weighted composition operator Ty, , is defined by

Tyo(f)=wfop, feH(B,).

We can regard this operator as a generalization of a multiplication operator My, and a com-
position operator Cy (see, e.g. [1, 2, 5, 6, 15, 25, 26]). That is when ¢(z) = z we ob-
tain Ty, ¢ f(z) = My f(z) = w(2) f(z) and when y(z) = 1 we obtain Ty o f(z) = Co f(2) =
F(@(2)).

Recently, Stevi¢ characterized the boundedness and compactness of the weighted compo-
sition operators between mixed-norm spaces and H, spaces in the unit ball in [7]. Moreover,
Zhang and coauthor discussed the conditions for which the weighted composition operator
is bounded or compact from Bergman space to p-Bloch space in [19] and [21]. Zhou and
Chen discussed weighted composition operators from F(p, g, s) to Bloch type spaces on the
unit ball in [20]. For some recent related results, see also [13, 16, 17, 23, 24] and the refer-
ences therein. Now in this article, we give some necessary and sufficient conditions for the
weighted composition operator Ty, to be bounded and compact from weighted-type spaces
Hg; to Bloch-type space 8, on the unit ball of C".

Throughout the remainder of this paper, C will denote a positive constant, the exact value
of which may vary from one appearance to the next. The notation A < B means that there is
a positive constant C such that B/C < A < CB. The symbol N stands for the set of positive
integers.
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2. Some lemmas

To begin the discussion, let us state a couple of lemmas which will be used in the proof of
the main results. The following lemma was proved in [3].

Lemma 2.1. Let o > 0 and m be a positive integer. Then for every f € H(By,) it holds
sup (1—r2)*Me(f,r) =< [£(0)]+ sup (1—r?) "M (R" f,r).

0<r<l1 0<r<l1
Lemma 2.2. Let o > 0. Then for every f € H(B,) it holds
I1.f |
R <C—72—.
RFQ) < C e

Proof. Using Lemma 2.1 with m = 1 we obtain
I fllg = sup (1=r*)*Mw(f,r)>C sup (1=r*)*"' M (Rf,r) > C(1—|z)* T [Rf(2)].
0<r<1 0<r<l1
From which the desired estimate follows. 1
From Lemma 2.2 we can easily obtain f € Z*! and ||f|| gar1 < C||f||uz for f € Hy.
For z € B,,, u € C", denote

(1= [zP)luf* +[{z,w)*
(1—=1[z)? '

It is well-known that H, (u, u) is the Bergman metric of B, (see, e.g. [22]).
Lemma 2.3. Let o > 0, v(r) = (1—r*)**! and ¢ € S(B,). Then

‘ CHo(o) (J9(2)2,J9(2)2)
Gy (J9(2)2,J0(2)2) < (p((1)7|(p(z)|2)2°‘

Sor all 7 € By, where J(z) denotes the Jacobian matrix of ¢(z) and
T
a(pl a(Pn
Z_<Z 9z Ko Z oz X
Proof. Tf @(z) = 0, the desired result is obvious. If @(z) # 0, for the definition of o,, we

have o
1 ’ dt (1—r%)
=1 = 0<r<l.

GV(r) +-/ (17[)1/2(171‘2)05_9_1 V(V) 5 Sr<

H, (u,u) =

Thus,

L De@D s n (o 20D 0@ I
= 20D Lo PP *(1 o&<|<p<z>>> 0GP ]
1 (o) s 10EI9EILY | 0().JoE)P
= 2@ 20 (J‘D(Z)Z' rok >+ reL }
c o[ s 19,0 | (9. JoR)
< 2o [ ""(Z)')<J"’(Z>Z 0GP >+ rEk }

—————[(1= o)) ([To(2)z]* + [{9(z),J@(2)2)*]
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(- ()R  Ho (U920 0(2)2)
= T R(eR)) e eRI0R) = C T

From which the desired result follows. |

Lemma 2.4. Assume that f € H(B,,) and ¢ € S(B,). Then
R(fo@)(z) = (V/(0(),J0(2)z).

Proof.
v . 9(fe9) v 9(fop)de
Si(fo(p)(z)—;z, 7% —;zz; o, 8z,]
_ v 9(fo0) - 99; T
=L 5 L — (V07902 '

By Montel theorem and the definition of compact operator, the following lemma follows.
The interested reader can also see the Lemma 2.1 in [5]. Hence we omit it.

Lemma 2.5. Assume that 0 < o < oo, U is a normal function on [0,1), ¢ € S(B,) and
Vv € H(B,). Then Ty o : Hy — %, is compact if and only if for any bounded sequence
{fi}ken € Hy which converges to zero uniformly on compact subsets of B, as k — o, we
2z, — 0as k — oo,

3. The boundedness and compactness of 7y,  : Hy — %),.

In this section we characterize the boundedness and compactness of the operator Ty ¢ :
Hy — A,

Theorem 3.1. Suppose that 0 < o < oo, W is a normal function on [0,1),¢ € S(B,) and
Y €H(B,). Then Ty o : Hy — %, is bounded if and only if

1) Ry(2)|

G-D M= e
and

o p(2)|y(2) 1/2
(3.2) My = Sggm {Hor)(J@(2)2,J9(2)2) } '~ < oo.

Proof. Assume that (3.1) and (3.2) hold. Then for any f € Hg, if J9(z)z # 0, for z € B,,.
By Lemma 2.4, Lemma 2.3 and Lemma 2.2 we have

1(2)[R(Ty,0/) ()
< @Ry (@) +1E@)YE)IR( o 0)(2)|

MOV (oo 0() T0R)

Cu ()Y (@) {Hy: <J<p< 12 9()2)} 2 (V/(9(2) T0(2)2)]
(=19 /Gy 19(2)2.10()2)
(3 <Milflluz +CMal g, s < Cllf

< Mi||fllmg +
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When z € B, and J@(z)z = 0, from (3.1) we can easily obtain that

(3.4 1 (@) R(Ty.p(N)) (@) < Mi[lf |-
Combining (3.3) with (3.4) it follows that

1Ty.ofl2, = sup 1@ R(Ty.pf)(2)| < Cllf |-
Z&bn

From which the boundedness of Ty  : Hy — %, follows.

For the converse direction, we suppose that Ty o : Hy — 28, is bounded. First, we
assume that w € B, and ¢(w) = r,e;, where r,, = |@(w)]| and e is the vector (1,0,0,...,0).
If /(1=r2)(Im? + ... +[Ma]?) < |m1|, where Jo(w)w = (N1,...,n,)". We consider the

function
l—ryzv 21— Tw
fW(Z)_{(l_erl)z} l_rwzl
Then
1=z P)* [1-2"
sup (1= 2|2 £, (z gsu( WL <49,
AP DR NS 8 e Vi,
It shows that f,, € Hy and || f,,||zz < C. Note that f,,(¢(w)) = 0 and

V190) = e 00,

It follows from Lemma 2.4 that
| Typfull iz, = 1O0)[R(Yfoo @) (w)]
= Lw)[ww)[|[R(fwo @) (w)| — w(w)[ Ry (w)][ fiu(@(w))]
= pW)|[yW)[[(VA(p(w)),Jp(w)w)]

_ KOy (w)l[m ]|
(3.5) = By
By the definition of Hy,) (J9(w)w,J¢(w)w) and (3.5), it follows that
KOy )| )
(1 Jo(m)p)e Het U0 Ip(ww)}

OO0 (1 = 900 P @02 + (@), Jp () P} 2
(1= Tp(mP)T
O WO = 2) (1P + o [f?) + 2}
(1= lo(nP)
56 _ Y200l () i

(1—r2)a+! < ClTy.pfwllz,-

This shows that when /(1 —r2)(|m2|> + .... +[14[2) < |m1], the result (3.2) holds.
On the other hand, if \/(1—7r2)(|N2>+ ...+ Na|?) > M. For j =2,...,n, let §; =
argn;and a; = = ¢ when n; # 0 or a; = 0 when n; = 0. Taking

fw(Z) =

arzy + ... +anz,
(1 *I‘wzl)o‘ﬂ :
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It is easy to check that

n—1
sup (1 — |z[))¥| f(z)| < sup (1 —|z|*)* <C,
ZG}E( |2I)* [ fw(2)] Zelg( 12]%) === r)

which implies that f,, € Hy and || f,,||zz < C. Notice that f,(¢(w)) = 0 and

ap an

wistoto) = (0. Gz (=)

Similar to the proof of (3.5), we obtain that

RODY (o] + .+ 1]
(1=r)e

(3.7)

< C||Ty.ofwllzu-

It follows from (3.7) that

((lfp'(‘”()lz’)'{ﬂqw(w( YT ()}
)W) {1~ o) )T ()] + | (@(w). Tp(wpw) 2} /2
(1 Jp(w) )
OO {(1 = ) (T2 + oo 4 |muf2) + [ 2}12

(1=lp(w)[2)et!
_ HYy W20 =) (M + -+ 1)}
- (1=lp(w)[2)et!
(3.8) < M) W(w)lﬂjlnzljt...ﬂnn) < CITy o fulln.

Therefore, when /(1 —r2)(|1n2]> + ... + [Na|?) > |M1|, we can also obtain (3.2). Combin-
ing the two cases we know that (3.2) holds.

For the general situation, we can use the unitary transform U,, to make @ (w) = r,,e1U,.
In order to prove (3.2), we first give a proposition.

Proposition 3.1. Suppose that 0 < a < oo, il is a normal function on [0,1), ¢ € S(B,) and
v € H(B,). Let §(z) = U, ¢(z), and g = fo U, for any f € H. Then

(@) Hg(,)(J9(2)2,J9(2)2) = Hy(r) (J9(2)2,9(2)2);
(b) ||gHHa | £ Eze s
© [Ty 58llzu = 1 Ty.of 20

Proof.
(a) Note that J@(z)z = U,.J(9)(z)z and |@(z)|*> = |@(z)|%, we have

(1-19)[") [79@)z|" +](9()./()2)[*

Hg)(J9(2)2,J9(2)2) = 1= p@P)
_ (=le@P)Ve@):zf +[(9(2),Jo(2)z)|?
(1-lp(z)]*)?

= Hy(;)(J9(2)2,J9(2)2)-
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(b)
lgllzg = sup (1—2[*)“|g(z)| = sup (1 —[z|*)“|f(U, " (2))]
zEBy, Z€By,
= sup (1—[21*)“f(2)] = || fllme-
Z€B,

In the last equality, we use the linear coordinate translation w = U,, 'z and |w| =
Uy 'zl = Izl
(©)

1Ty 58l 2n = sup 12w (2)l1g(@(2))l = sup u(2) (21 / (@) = I Ty.pf 1

Z€By,

Now we return to prove that (3.2) holds in general situation. In fact, taking the function
gw=fwolU, . By Proposition 3.1, (3 6) and (3.8), it follows that

p(w)ly(w)] 12
w)w,J
(1 _ |(P |2 { 90( ) )}
p(w )Ill/( \ ~
= Hg(,) (JO(w)w, J@(w)w)
(1= p0m)P)e s
< CHTw,(ﬁgWHVéu = CHTW.,(waH%u <C.
This means that (3.2) holds.
Next we prove (3.1). Set the function

_ [ 1-lemP
hw(z)‘{<1—<z,<p<w>>>2} . WEEs

1/2

Since
L2y w (LR (1= le(w)P ‘L
sup(1 <))< s e (T oy ) <4
it follows that h,, € Hg and ||hy||zg < C. Moreover h,,(¢(w)) = 1/((1—|@(w)[*)¥) and
. (PI(W) (Pn(w)
Vhelp(w)) =2e <<1 To(n P (I |<p<w>|2>a+1> |
Thus
1 Ty0 (hw)ll 3, > 1(W)|R(Why 0 @) (w)]
= U(W)| Ry (w)hy(@(w)) + Y (W) R (Ao @) (w)]
(39) > BOORVOOL )1y )] 98 0 9) )

~(I=lp(w)2)e
From (3.2) and Vh,,(¢(w)) we have
ww)[w(w)[|R(hy o @)(w)| = w(w)[w(w)[[ (Vi (@(w)),T@(w)w)]
_ 2ouw)ly(w)[[{@(w),J@(w)w)|
(1—lp(w)[2)et!

2au(w)|y(w)l 1/2
< = oD {Hp() (JQ(W)w,J@(w)w) }
(3.10) < CM, < oo.
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Combining (3.9) and (3.10) we obtain (3.1). This completes the proof of Theorem 3.1. 1

Theorem 3.2. Suppose that 0 < @ < oo, U is a normal function on [0,1), ¢ € S(B,) and
v € H(B,). Then Ty : Hy — %, is compact if and only if the followings are all satisfied:

(@) veByand yo € B, forl € {1,...,n};

(b)
L@ Ry(z)|
G-1h loG)I—-1 (1—[e(z)?)*
©
(3.12) l@(l;)r‘rLl %{H“’(Z) (Jo(2)z.J9(x)2)}' /> =0.

Proof. First suppose that (a), (b) and (c) hold. Then from (b) and (c) we have for any € > 0,
there is a § > 0, such that

p(2)|[Ry(z)|
G139 (- loP)e = °
and
(3.14) m{%@ (J9(2)z.J9()2)}/* <,

when |@(z)| > 6. Let { fi }ren be any sequence which converges to 0 uniformly on compact
subsets of B, satisfying || f¢||zz < 1. Then f; and V fj converge to 0 uniformly on K = {w €
B, : |w| < 8}. Since

sup U (2)|R(Ty,ofi) ()| = sup w(2)|R(Ty,ofi)(2)|

2E€By o(z)eK

+ sup p(R)|R(Typfo)()-
(P(Z)EBn\K

If |@(z)| > 6 and J@(z)z # 0, by Lemma 2.4, Lemma 2.3 and Lemma 2.2 we have
1 (@) R(Typfe) ()] < @)W ER)R(fio @) ()] + () IRy ()| fi(o(2))]
< Cu@)Iv()[{Hy() (J9(2)2,J9(2)2)} 2 [(Vfi9(2)), /9 (2)z)]
- (1=19@))* /Gy (T0(2)2.T0(2)2)

(.16 < Celfilln, xpn +elfiluz < Ce.

When J¢(z)z =0,

(3.15)

+ el fiell g

(3.17) L) R (Ty,p fi) ()| < el fiellag < e

Combining (3.16) and (3.17) we obtain that

(3.18) sup - 1 (2)[R(Typfi)(2)] < Ce.
9(z)€B\K

If |@(z)| < 8, it follows from (a) that

1) R(Ty i) (2))|
< @Y RIR(fio ) @)+ ()R ()] fi(@(2))]

<u@YRIVAile(2), Jo()2)] + | fi(e()[| V]2,
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<[Vl i( @I1%01(2)) + LA V],

< [Vilo lz (L@ YR - 1RV 91(2)]+ () Ry ()]
+1fido( >|||w|uu

<|Vfilo |z( (R (2) + Ry @u()| + 1(2) Ry (2)])

+fe(0@)llvlz,

(.19 <|Viile |2( a0+ W, ) + @)W, =0, ko

Then from (3.15), (3.18), (3.19) and Lemma 2.5 we get the compactness of Ty o : Hy — %),
For the converse direction, we assume that Ty, o : Hy — 98, is compact. Then the bound-
edness of Ty o : Hy — %, is obvious. Taking f(z) = 1 € H,, we obtain

1Ty.of |5, = sup 1(@)[R(Tyof) ()]
= sup u( )Ry (2)f(0() +w(@)R(fe@)(2)] = Sup 1) Ry (2)] <ee.
This shows that y € ;.
On the other hand, for [ € {1,...,n}, taking the functions f(z) = z; € H;, we can obtain
1Ty f 2, = ZSELEM(Z)IE’W(Z)J‘UP(Z)) Ty (@)R(fo0) ()]

= sup 1 (2)|RY(2) @i (2) + ¥(2)Rei(2)| = sup p(2)[R(wer) (2)].

ZEBy, Z€By,

Then we obtain that w¢; € %), for I € {1,...,n}. The desired result (a) follows.

Next we prove (3.12). Let {z; hren be a sequence in B, such that |@(zz)| — 1 as k — oo (If
such a sequence does not exist then (3.12) obviously holds). We can suppose that ¢(z;) =
rie1, where rp = |@(zx)], e1 is the vector (1,0,0,...,0). Thus |r;| — 1 as k — oo.

If \/(1 —r)(Im?+ ...+ |ma[?) < |m|, where J@(zx)zx = (M1,...,Mn)". Defining the

function
pg={ od Vasn oy
)= (1—rez1)? 1—nz’ '

From Theorem 3.1 we know that f; € Hy with || f¢||zz < C, and notice that f; converges to
0 uniformly on compact subsets of B, when k — . From the compactness of Ty o : Hy —
2B, we have that klim Ty fkll 8, = 0. Then from the similar proof of (3.3) in Theorem

3.1 we have

B (z) [y (z) |||
(3.20) (e

And by the similar proofs of (3.6) and (3.20) we have

u(z) |y ( Zk |
(1—lo(z)?

<\ Tyefillz, =0, k—eco

A o) o)z T 2
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_ V2u(oly()lm|

(3.21) < e

—0, k— oo,

On the other hand, if \/(1—r%)(\n2\2+....+|nn|2) > |mi|. For j =2,...n, let 6; =
argn; andaj:e’ief',when n; # 0 or a; = 0 when n; = 0. Taking

(@22t Fanza)(1 —r?)
fk(z)_ (lfrkZI)a+2

Then from Theorem 3.1 we know f; € H; ,k € N and f; converges to 0 uniformly on com-
pact subsets of B, when k — co. Since the compactness of Ty o : Hy — %), we have that
limy oo [| Ty ¢ fk|| 2, = 0. We notice that fi(¢(zx)) = 0 and

ar ay
Vfw =10, -
fw(@(z)) ( (l—V/%)OH_l (1—r,%)0‘+1)
Using the similar proof of (3.7) we obtain
1z (@)l (m2] + -+ (1)

(3.22) (1 <\ Tyofillz, =0, k— oo
k
And by using (3.8) we obtain
u(z Z
(1—]|(<p|w 2, A Ho() (T (z1) 2, J@(21)2) 12
1z [z [y 21 =) (Im2| + ..+ [ma])
(3.23) <C — 0, k— oo

(1 _ r}%)aﬂ
Combining (3.21) and (3.23) we obtain (3.12) under two cases. For the general situation,
we can use the unitary transform Uy to make @(z;) = rye1Uy and we can prove (3.12) by
taking the function gy = fyo U, !
Next we prove (3.11). We still let {z; }xen be a sequence in B, such that |@(zx)| — 1 as
k — oo (If such a sequence does not exist then (3.11) obviously holds). Choosing

[ 1-|e(z))? *
“@—{u—@mv}

From Theorem 3.1 we know that i, € Hy and h; — O uniformly on the compact subsets of
B, when k — oo. By the compactness of Ty o : Hy — 98, and by the similar proof of (3.9)
we obtain that

1 (z) | Ry (2x) |
(3.24) 1Tyl 2 7o ome ~

Since from (3.12) we have that

1 () [y (2[R (Ao 0 @) (21|

(i) W (2 [| R (7o @) (zx) |-

2004 (zx) [ (zx) | 1/2
. < —F— — — o0,
(3.25) T o@D o« 1Ho(:) (V0 ()2 J0(z)z) } '~ — 0, k
Combining (3.24) and (3.25) we obtain (3.11). 1

Remark 3.1. When y/(z) = 1,Ty o = Cyp, we obtain the next two Corollaries about compo-
sition operator from Theorems 3.1 and 3.2.
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Corollary 3.1. Suppose that 0 < a < o0, [ is a normal function in [0,1) and ¢ € S(By,).
Then Cy : Hy — 9By, is bounded if and only if
up g0 U 0(2)2.J P(2)2)}'/?
2€B, (1-[o(z)[*)*
Corollary 3.2. Suppose that 0 < o < oo, W is a normal function in [0,1) and ¢ € S(B,).
Then Cy : Hy — 9By, is compact if and only if

LE@){Hp (T2 T9()2)}? 0

lim
lp(2)—1 (1=le@)P)*
and @; € B, forany l € {1,...,n}.
Remark 3.2. When ¢(z) = z,Ty,p = My, we obtain the next two Corollaries about multi-
plication operator from Theorems 3.1 and 3.2.

Corollary 3.3. Suppose that 0 < o < oo, U is a normal function on [0,1) and y € H(By).
Then My, : Hy — 98, is bounded if and only if
1 (2)| Ry ()| 1)y ()
SUp ————— < oo and SUp —
e, (1= [P)* e, (1= )
Corollary 3.4. Suppose that 0 < o < oo, U is a normal function on [0,1) and y € H(B,).
Then My : Hy — 9, is compact if and only if
(a) v € By and 1y € By, foranyl € {1,...,n};

® ()Y ()|
. 1@ Ry(z
e

< o

«© @)
. u@w(z)|
T gyeet =
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