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Abstract. By using critical point theory, we investigate the existence of homoclinic trav-
elling waves in an one-dimensional infinite lattice with nearest-neighbor interactions and a
on-site potential (density) f. The system is described by the infinite system of second-order
differential equations:

G4j+1'(q;(0) =V'(gj41() = q;(0)) = V'(q;(t) = ;-1 (1)), t€R, jEL,
where £,V € C!(R,R). We establish three new criteria ensuring the existence of non-trivial

homoclinic travelling wave solutions, for any given speed ¢ bigger (or smaller) than some
constant depending on f and V. Relevant results in the literatures are extended.
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1. Introduction

In this paper, we consider an one-dimensional infinite lattice with nearest-neighbor interac-
tions and a potential f:

A0 g+, (ai0) =Vgin () —q;(0)) = V'(gj(t) —qj1 (1), tER, jEL,

where f,V € C!(R,R). The above lattice system with the on-site potential f(x) = K(1 —
cosx),K > 0 is sometimes called the Frenkel-Kontorova model, even if V is not harmonic,
ie. V(x)#ex?/2. If £ =0, (1.1) becomes the usual lattice equation which is called the
Fermi-Pasta-Ulam (FPU) lattice. We are interested in travelling wave solutions to (1.1), that
is, solutions of the form

(1.2) qi() =u(j—cr), jEL,

where u: R — R is the wave profile and ¢ > 0 is the wave speed. For this ansatz (1.2), (1.1)
becomes the following second-order forward-backward differential equation:

(1.3) i —V'(u(t+1) —u(t) + V' (ut) —u(t — 1)) + f'(u) =0,
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where t € R, f,V € C'(R,R). We say that a nontrivial solution u of (1.3) is homoclinic
to zero if u € C>(R,R),u(t) # 0,u(t) — 0 and u(t) — 0 as |t| — oo. In a suitable setting,
equation (1.3) is the Euler-Lagrange equation of the action functional

o2
(1.4) I(M)Z/R {2|u(t)|2—V(u(t—|—1)—u(t))—f(u(t)) dt.

There have been many papers on the study of the existence of travelling waves, periodic
motions and chains of oscillators for FPU by using all kinds of methods, such as bifurcation
theory, numerical methods, the exp-function method, variational techniques, and so on.
We refer the readers to see [1,2,6, 13—-15]. Many authors have also studied the Frenkel-
Kontorova model (see [3,5,7,9]). However, the use of variational methods is quite recent
on the study of homoclinic travelling waves of these models. By using the mountain pass
theorem, Makita [10] investigated the existence of nonconstant periodic travelling waves
and homoclinic travelling waves for (1.1) under growth conditions V (1) = ot? /2 + W (u)
and f(u) = —wu®/2+ g(u). In particular, if g and W satisfy the following so-called global
Ambrosetti-Rabinowitz condition: there is a constant ¢ > 2 such that

(1.5) 0 < W (u) < (u,W'(u))
and
(1.6) 0 < pg(u) < (u,g'(u))

for u € R\ {0}, where (-,-) : R x R — R denotes the standard inner product and |- | is
the induced norm in R, existence of homoclinic travelling waves is obtained as a limit of
periodic waves by letting the period go to infinity. This method is very classical on the study
of homoclinic orbits in Hamiltonian systems (see [8, 12, 17,20-22]).

The aim of this paper is to investigate the existence of homoclinic travelling waves for
(1.1), which is equivalent to the study of homoclinic solutions of (1.3). With the lack of
global compactness due to unboundedness of domain, the Sobolev compact embedding of
H'(R,R) in L?(R,R) is unreasonable. To overcome this difficulty, we use a variant version
of the mountain pass theorem without (PS) condition. Under some reasonable assumptions
about V and f, by using variable structure, which is different from [10] (see also [16, 18,19,
23,24]), we obtain three results on the existence of homoclinic solutions to equation (1.3)
(namely, Theorems 1.1, 1.2, and 1.3). Firstly, in Theorem 1.1, we give negative sign on g,
which is very different from [10, Theorem 1.2]. Secondly, if V is asymptotically quadratic,
we establish Theorem 1.2 to guarantee the existence of of homoclinic solutions for (1.3).
Thirdly, under more relaxed assumptions on g and V, Theorem 1.3 generalizes [10, Theorem
1.2].

We now state our main results.

Theorem 1.1. Assume that V(u) = c3u*/2 + W (u) and f(u) = —diu*/2 — g(u), where
co >0, dy >0, W and g satisfy the following conditions:
(7A): There exists a constant L > 2 such that (1.5) holds for all x € R\{0}.
(5): g(0)=0, ug(u) > (u,g'(u)) and g(u) > 0 for all u € R. Moreover; there exist
positive constants T and 8 € [1,u — 1) such that g'(u) < T|u|® for all u € R.
If

min{c*,d} —c§—2M > M :=max{W(u) : lu| =1}

| —
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and dy is large enough, then problem (1.3) possesses a nontrivial homoclinic solution.

In the assumptions of Theorem 1.1, inequality (1.5) holds but (1.6) does not hold. Hence,
this theorem is a complement of the results of Makita [10].

Theorem 1.2. Assume that f(u) = —dyu® /2 and V (u) satisfy the following conditions:
() V(0) =0, V(u) >0, and if u # 0, V'(u) = o(|ul) as |u| — 0, then there exists
some constant C > 0 such that
V' (u)]
Jul

<C, uck

(A): There exists some constant d > emax{c?,d,} /(e —2) such that
/ J—
Vi) —dal
Jul
(%): LetK(u) = (V'(u),u)/2—V (u) and assume that K (u) > 0, and if u # 0, K (u) —
+oo as |u| — oo, and for any fixed 0 < by < by < +oo,

K(u)

bi<lu<b, |uf?

, as|u| — +oo, where Ine=1.

)

then problem (1.3) has at least a nontrivial homoclinic solution.

Theorem 1.3. Assume that V(u) = c3u®/2 + W (u) and f(u) = —d\u?/2 + g(u), where
co>0,d; >0, Wi(u) =o0(u) as [u| — 0 and for any 0 < ro < 1, (1.5) holds for |u| > ro,
Besides, g satisfies the following condition:
(7%): 2(0)=0,g(u) >0,u e Rand g'(u) = o(|u|) as u — 0. Moreover, for any ay > 0,
there exist K,y > 0 and Y1 < 2 such that

)ﬂ@<(m§WD,IM>aa

0o<((24 ——
K+ ylu|h

If
min{c*,d1} —c§ >0
and dy is large enough, then problem (1.3) possesses a nontrivial homoclinic solution.

Remark 1.1. Indeed, respectively, in the proof of nontrivial solutions in Theorems 1.1 and
1.3, we can deduce that d; in Theorems 1.1 and 1.3 is bounded below.

Remark 1.2. Assumption (.#]) implies that W (u) = o(|u|?) as u — 0, and W(0) = 0.
Moreover, by (.#] ), we have
1
(1.7) 0< V() :/ (V/(Cu),u)dE < Cluf*,u e R
0
and, for any given & > 0, there exists some rg > 0 such that

(1.8) 0<V(u) <Eul, |u| <re.
Remark 1.3. If (1.6) holds, then g(u) = o(|u|?) as u — 0 and by choosing k > 1/(x —2),y >
0,0 <n< 2,

os@+ () < pg(u) < (0, (W), uek.

1
K+ﬂmn>g
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This shows that (1.6) implies (4#3). In addition, (1.5) implies the assumptions of W in
Theorem 1.3. Therefore, Theorem 1.3 generalizes [10, Theorem 1.2] by relaxing (1.5) and
(1.6).

The following three examples is to illustrate our results.

Example 1.1. In (1.3), one can easily check that if

and

for T = u =4, 6 =7/3, then all the assumptions of Theorem 1.1 hold.
Example 1.2. In (1.3), let

V(u) = d'|ul? (1 - ln(e—li-|u|)> ’

where d’ > emax{c?,d;}/2(e —2). By an easy calculation, we have
1 d'|ulu
V/u:2d/<l— )u—i—
. in(e 1)) e Jul) 02+ )

- d’|u|3
) = e e )

Let d = 2d’, then it is clear that all the assumptions of Theorem 1.2 hold.

Example 1.3. In (1.3), take

and

g(u) = [ul*In(1 +[u).
By an easy calculation, we have
(/) =2 in1 4+ 20> (2 LY g
u),u) =2u u > —_ u).
g 1+ |l 111 )8

This shows that (.4%) holds with k¥ = Y=y, = 1. Itis clear that the assumptions of Theorem
1.3 hold when W (1) = u®.

This paper is organized as follows. In Section 2, we present some preliminaries. Section
3 is devoted to the proof of our main results.

2. Preliminaries

In this section, we present some definitions and lemmas that will be used in the proof of our
main results. Let

E={ueH'RR): /R(m\? +{uf)dr < +oo).

Then the space E is a Hilbert space with the inner product

(u,v) =/R[(b't(t)»v(l))+(u(t)7V(f))]dt
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and the corresponding norm ||u||? = (u,u). Note that E is continuously embedded in L¥(R,R)
for all k € [2, +oo]. Therefore, there exists a constant Dy > 0 such that

@.1) lulle < Dillull, VueE.

Here, L*(R,R) denotes the Banach space of functions on R with values in R under the norm

Jalli= ([ futo)an)?
and L*(R,R) is the Banach space of essentially bounded functions equipped with the norm
|||l := esssup{|u(r)| : t € R}.
On E, we define the linear operator
A(u(@)) :=u(t+1)—u(r).

Lemma 2.1. The operator A is continuous from E to L*>(R,R)(L”(R,R) and ||A(u)]]. <
el A () ll2 < (f | >de)* <[]l

The proof of Lemma 2.1 is similar to [14, Proposition 1] and so omitted.

Lemma 2.2. Under the conditions of Theorem 1.1, if uy — u in E, then g'(uy) — g'(u) in
L*(R,R).

Proof. Assume that u; — u in E. It follows from (.543) that
18" (u (1)) — &' (u(®)| < T (Jug (8)[° + |u(2)|®)
< TR Mae(r) —u(0))]® + 27+ Dlu(r)
In view of the Banach-Steinhaus Theorem and (2.1), we have
(2.3) sup|lugll <D, |ull. <D,
keN

2.2) 0

where D > 0 is a constant. Since u; — u in L?(R,R), passing to a subsequence if necessary,
it can be assumed that

Z |l — u|2 < +eo.
k=1

But this implies that u; — u for almost every r € R and
(2.4) Y lu(t) —u(t)| := v(t) € L*(R,R).
k=1
By (2.2), (2.3) and (2.4), we obtain
18" k(1)) — ' (w(r))| < T2°712D)°Hv(0)| + (2°~ + 1)DO Hu(n)]],
which yields that
18" (ux (1)) — &' (w) (1) P < 2T2[22° 22D 2 v (1) P + (2°~ " + 1D u(r) ).
From the above inequality, we have
[ 16/ () = ¢ ) Par < [ 2722202@D)02Yv(o) P+ (20 412020 u(o) Pl
R R
<7221 (2D)*02||v||3 + 272 (2% +1)2D*° 2D ju| .

Using the Lebesgue dominated convergence theorem, g'(;) — g'(u) in L?>(R,R). This
completes the proof of Lemma 2.2. 1
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Under the conditions of Theorem 1.1, the action functional / in (1.4) becomes

2
es) 100 = | S1a0P + 5 W0 -V (au() + g(ul0)] ar
Lemma 2.3. Under the conditions of Theorem 1.1, I € C'(E,R) and
I'(u)v
2.6
B0 = 10, 50) + o) ) — (V' 4(0)), A+ [ (), )

for any u,v € E, which yields

I'(u)u=/R[Cz(ﬂ(t)ﬂl(f))wl (u(t),u(t))—(V'(Au(t)),Au(f))]dt+/R(g'(u(t)),u(t))dt~

Moreover, any critical point u of I on E is a classical solution for (1.3) satisfying u €

C*(R,R),u(t) — 0 and u(t) — 0 as |t| — oo.
Proof. We first show that I € C'(E,R). Rewrite I as
I=IL—-bL+15L,

where

I ::/R[C;u(r)|2+‘;| t |2] (b —/VAu dar, I ::/Rg(u(t))dt

It is easy to check that I; € C'(E,R) and

I (u)y = /R[cz(u(t),v(t)) +d;(u(t),v(r)))dt, veEE.
Moreover, it follows from (.77 ) and [10, Proposition 4.1] that I, € C' (E,R) and

B(u)y = /R (V!(Au(t)),Av(t))dr, vEE.
Therefore, it suffices to show that I3 € C!(E,R). At first, we will see that
@.7) L (w)y = /]R (&' (u(t),v(t)))dt, u,vEE.
For any given u € E, we define J(u) : E — R as follows
Ty = /R(g'(u(t)), v(1))dt, vEE.

It is obvious that J(u) is linear. Now we show that J(u) is bounded. Indeed, for any given
u € E, by (2.1) and the Holder inequality, one gets

vl =1 [ (& o), v < [ 1g/ ) lvlar < [ Tlute) lvto)as
2.8) R
smunsenvnz < 7DD ||

Moreover, for u,v € E, by the mean value theorem, we have

[ stute)+v(e)dr = [ glu)dr = [ (& @(0)+ o)),
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where y; € (0,1). Therefore, by Lemma 2.2 and the Holder inequality, we have

[ (& )+ yir o). v(e)dr ~ [ (& ate))v(0))e

R
= [0+ v 09(0) = (u(e)), (1)) =0

as v — 0 in E. Combining (2.8) and (2.9), we see that (2.7) holds.
It remains to prove that 5 is continuous. Suppose that u — ug in E and note that

sup |5 (u)v — I (uo)v| = sup | | (g'(u(r)) —&'(uo(1)),v(t))dt|
[vii=1 Ivl=1 /R

< Sup Ig'(u(-)) — &' (wo () l2[Ivll2 < D2l (u(-)) — &' (uo () l2-
V=
By Lemma 2.2, we have I3 (u)v — I} (ug)v — 0 as u — ug uniformly with respect to v, which
implies 75 is continuous and I € C '(E,R). Finally, similar to the discussion in the proof
of [24, Lemma 3.1], we see that the critical points of / on E are classical solutions to
equation (1.3) with u € C?(R,R),u(t) — 0 and u(t) — 0 as |t| — oo. This completes the
proof of Lemma 2.3. 1

2.9)

Obviously, under the conditions of Theorem 1.2, the action functional / in (1.4) becomes
T2
d
(2.10) I(u) :/ )2+ Z ) = v (Au(e)) ar.
JR| 2 2
Lemma 2.4. Under the conditions of Theorem 1.2, 1 € C'(E,R) and
(2.11) I'(u)y = / [ (6(2),v(r)) +dy (u(t),v(t)) — (V' (Au(t)),Av(t)))dt
R

for any u,v € E, which yields

I (w)u = /R 12 i(t) 2 + by |ue) 2]t — /]R V/(Au(t)), Au(t))dr.

Moreover, any critical point u of I on E is a classical solution for (1.3) satisfying u €
C2(R,R), u(t) — 0 and i(t) — 0 as |t| — oo.

Proof. By Remark 1.1, we have
V()= o(lu]*), u—0,

and A is a bounded operator. By [10, Proposition 4.1], we know that I € C'(E,R) and
(2.11) holds. Moreover, by [10, Lemma 4.2], then any critical point u of [ on E is a classical
solution for (1.3)) satisfying u € C*(R,R), u(t) — 0 and 1(¢) — 0 as [t| — co. 1

In the following, under the conditions of Theorem 1.3, the action functional / in (1.4)
becomes

.c2
ey = [ SR+ G R - viaue) - eao))| v

Lemma 2.5. Under the conditions of Theorem 1.3, 1 € C' (E,R) and

(y
=P / D) o) v(0) — (V (Aue)) vl — [ (&), v )t
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for any u,v € E. which yields

1'(M)M:/R[Cz(ﬂ(t)ﬂl(t))+d1(u(t),u(t))*(V'(Au(t))vAu(t))]dt*/R(g'(u(t)),u(t))dt-

Moreover, and any critical point of I on E is a classical solution for (1.3) satisfying u €
C*(R,R), u(t) — 0 and i(t) — 0 as |t| — oo.

Proof. By Remark 1.1 and (.5%), we have
W) =o(jul*), g(u)=o(jul*), u—0,

and A is a bounded operator. By [10, Proposition 4.1], we know that / € C'(E,R) and
(2.13) holds. Moreover, by [10, Lemma 4.2], then any critical point u of / on E is a classical
solution for (1.3) satisfying u € C*(R,R),u(t) — 0 and u(¢) — 0 as |t| — oo. i

By the assumption (J#]), we will give the following lemma, which is similar to the proof
of [8, Fact (2.1)].

Lemma 2.6. The following inequalities hold for assumption (F4):

(2.14) W(u)<W<Z|) wuf it 0<|u<1,
(2.15) W(u)2W<Z|) Wt if fu] > 1.

To prove this fact, it suffices to show that for every u # 0, the map (0, +o0) > { — W (" u)H
is nonincreasing. It is an immediate consequence of (F7).

In order to obtain the nontrivial critical points of the functional corresponding to (1.3),
Cerami sequence is employed to instead of (PS) sequence in our situation. A sequence
{u;j} jen C E is called a Cerami sequence at level a if /(u;) — a and

(TNl wplles — 0, j— e,
where E* is the dual space of E.

Theorem 2.1 (Mountain Pass Lemma). [4] Let E be a real Banach space with its dual space
E* and suppose that I € C'(E,R) satisfies

max{/(0),I(e)} <n<a< | iﬁlipl(u)’

forsomen < o, p > 0ande € E with ||e| > p. Let a > a be characterized by

= inf max / ,
@ = inf max (p(s))

whereI'={p € C([0,1],E)|p(0) =0, p(1) = e} is the set of continuous paths joining 0 and
e, then there exists {uy} C E such that I(uy) — a and

(Lt et i) | = — 0, ke — oo,
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3. Proof of main results

Proof of Theorem 1.1. Under the conditions of Theorem 1.1, we are going to complete the
proof for the result in four steps.

Step 1. We show that there exist constants p, & > 0 such that [ satisfies the assumptions of
Theorem 2.1 with these constants. In view of Lemma 2.1, if 0 < |ju|| < 1, then 0 < ||Aul|e <
1. It follows from (2.14) that

Au(t) " w2 ull2
/RW(Au(t))dtg/{IER:Au(t);éO}W<Au(t)l) A (t)|“dt§M/R|A (1)[2dt < M|jul.

This, together with (2.5), implies

e, di 2 2 i 2
1) > [ (SR + )P ) de =Ml = [ D aute) Par
L, . 1
> 3 (min{e?,di} — e~ 280) P > 5 .

Set p = 1, thus, it follows from (3.1) that

Step 2. We shall show that there exists e € E such that ||| > p and I(e) < 0. In view of
Lemma 2.1, if ||Au|| > 1 then ||u|| > 1. Choosing v € E \ {0} such that ||Av|| > 0 and
meas{r € R : |Av(¢)| > b1} > by, which b; and b, are positive constants. By (54), (2.15)
and (2.5), we have

()
A2 c2
< Tmax{cz,dl}Hsz—/RW(AJLv(t))dt—/R?O(Alv(t))zdtJr/Rg(?w(t))dt
2
= %maX{cz’dl}va - /{teRtlAv(t)IZbl}W (m> |AV(Z‘)|”dt+/R§|)Lv(t)|9+1dt
A’z 2 2 / 1% TA’9+1 0+1 0+1
< 2 max{e, dy |~ A4M o} + =Dl

for A > 1/by, M' :== min{W (&) : |u| = 1}. Since 4 > 2 and p > 0 + 1, there exists e :=
Aov € E with Ag > 1 /by such that ||e|| > p and I(e) < 0. In addition, it is clear that /(0) = 0.

Step 3. Based on Steps 1 and 2, Theorem 2.1 implies that there is a sequence {u;} C E
such that /(u;) — a > a > 0 and

(3.2) (Lt N DI (i) [l e= — 0,k — oo,

We now prove the sequence {uy } is bounded. It follows from (3.2), (2.5) and (2.6) that there
exist positive constants C; and C, such that

Cr > 21 (ug) — (I (), ug)
33 = [0V (Au(0). Au(0)) = 2W (a0l + [ (1) = (8' e 0)). 10 0)) s
and
(3.4) H{u(1)) < Co.
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Then it follows from (2.5), (3.3), (3.4), Lemma 2.1, (%) and (/%) that
|
S (min{? 1} 3) s1<uk<r>>+ [ wauedr— [ gl o))

<Gt / (Aug (1)), Aug (1)) — 2W (Aug (1)) i

/ (8 (1), (1))

u— 2
Hence, it is easy to see that {||u ||} is bounded. So we may assume that, up to a subsequence,
uy — u weakly in E as k — oo for some u € E.

Step 4. For any fixed v € Ci (R, R), assume that some R > 0 such that supp(v) C [—R,R].
It follows that

Pla)v = [ [0, 7(0) 4 (0, v(0) (V' (0, AV(6) + (¢ a0, V0.

It is obvious that the operator defined by S: E — H'([-R—1,R+1],R) : u — u|[_g_y g11]
is a linear continuous map. Therefore, u; — uin H'([-R—1,R+ 1],R). Sobolev’s theorem

(see [11]) implies that u; — u uniformly on [-R — 1,R+ 1]. So, we have
[ 10 v0) o), vt — [ [a0) v0) i ), v
-R
[V A 0), AV ) (8 ), v )t — / DAV(E) + (& (ul0)), V)t

as k — 4oo. Thus I'(u)v — I'(u)v as k — +oo, and, in consequence, I’(u)v = 0. Since
Cy(R,R) is dense in E, we get I'(u) = 0.
We are now in the position to prove that u is a nontrivial solution. Since u; — u in
L7 (R,R), uy — uin L*([—R',R',R) for all 0 < R’ < +oo. Hence, it suffices to show there
is a R' > 0 such that u; ~ 0 in L>([—R’,R'],R). We proceed arguing by contradiction.
Assuming that u; — 0 in L>([—~R’,R'],R) for all R’ > 0. Then there exists a constant m > 0,

such that

. 2 m
(3.5) h?f:p ””kHB(R,]R) < a

Indeed, we let

1
2
() = ( [0 + o)
Then it follows from (7)), (%), Lemma 2.1, (2.5) and (2.6) that

(1 - i) /Rdluidt <2I(u) — %(f(uk),uk).

Since (3.4) and (3.2) are satisfied, the above inequality implies that {n(u;)} is bounded
independently of d; . Set m = sup; n*(1;). Consequently,

/

2 _ 2 2
ot 2 g gy = /_ P [ o
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/
m

.R’ 1
_ / g (1) 2dt + 7/ i Jug (1) [Pt g/ g (1) 2t + 2.
Jr di JR\[-R' R R d
By letting k — oo, (3.5) holds. Set
@ = sup |ug -
k
It follows from (%) that |g’(u)| < T|u| for all |u| < 1. Moreover, we know that |g(u)| <
T|u|?,¥|u| < 1. Therefore,
128 () — (&' (u),u)| < 2|g(u)| +g'(w)[u] <3T[uf*, Vul<1.

If @ > 1, then

128 (u) — (8 (u),u)| < 2g(u)| +1g'(w)llu] < (2+ @)Mauf?
for 1 < |u| < @, where My = max ,<g (|g(u)| + |g'(u)]). These lead to
(3.6) 128 (u) — (8 (u),u)| < Ms|ul®

for |u| < @, where M3 = 3T + (2+ @) M.
Since W' (u) = o(u) as |u| — 0, there is pp > 0 such that

(W (1), ) = 2W (u) | < W () ue] + [2W ()| < 3[uf?
for [u| < po. If 20 > po, we let My = max,|<oq |W'(u)| + |W (u)|. Hence, one has
(W (1) 10) = 2W ()| < W' ()] + [2W ()| < 2M4(@ + 1) pg > uf
for po < |u| < 2@. Therefore, there exists Ms > 0 such that
3.7) |(W (), u) —2W ()] < Ms|ul?, |u| < 2@,
where M5 =3 +2My(@ + 1). By (3.2), (3.3), (3.5), (3.6) and (3.7), one has
2 = lim 21(u) — ('), )

= lim [(W’(Auk(f)),f\uk(t))—ZW(Auk(f))}df+/R[28(Mk(f))—(g’(uk(t)%uk(t))]df

k—o JR
. m M3 +4M5
< (Mj +4M5)11msup\|uk||i2(RR) < %
k—o0 ?
This contradicts d; is large enough. Hence, there exists a R’ > 0 such that u; - 0 in
L*([-R',R'],R), that is, u # 0.
So we know that I possesses at least one nontrivial critical point. Therefore, (1.3)
possesses at least one nontrivial homoclinic solution. The proof of Theorem 1.1 is com-
pleted. 1

In order to prove Theorem 1.2, we firstly give Lemmas 3.1 and 3.2, which ensure that
the functional 7 has what is called the mountain pass geometry.

Lemma 3.1. Under the conditions of Theorem 1.2, there exist p > 0 and o > 0 such that

inf{I(u) : u € E with ||u| =p} > a.
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Proof. Choose |[u|| = r¢, where rg > 0 is defined in (1.8). Then, by Lemma 2.1, we have
[|Aul|e < re. It follows from Lemma 2.1, (2.10) and (1.8) that

1= [ [ S0P+ St a1~ [ Veautoyar > Tminte i~ [ viauta

1 1
> S min{e?,di HJul]* = §|Aul3 > 5 min{e,di}u* — & ]

_l\)

= [Emin{c i} — 5]”“”2

Hence, by fixing & € (0,(1/2) min{c?,d,}) and letting [|u|| = p := rg > 0 small enough, it
is easy to see that there is @ > 0 such that the conclusion of this lemma holds. The proof is
completed. 1

Lemma 3.2. Under the conditions of Theorem 1.2, then there exists some ||e|| > p such that
I(e) <0.
Proof. Define
R(u)=V(u)— %d|u\2.
It follows from (1.7) and (.773) that
R(u)

(3.8) R(u) < (C+d)[uf?, lim = =0.
Ju|—-+eo [u]

Define E; := {ae~l : a € R} C E , which is a finite-dimensional subspace of E. An easy
computation shows that

e
(3.9) [lul|? < e_—znAuH%, uckE.
In the following, we show that, for fixed u € E| with ||u| = 1,I(hu) — —oo as h — oo

Assume on the contrary that for some sequence {h;} with iy — +oo as k — oo, there
exists M > 0 such that I(hyu) > —M for all k. By (2.10), we have

gy < | [fu(r)ﬁ#i‘ﬁ(t)] ar— [ VAL

TR I

It is clear that there exists some constant p € [min{c?,d; },max{c?,d, }] such that

2
2 ﬂz 71 2
[ |G 0R + 52w dr = Splul®.

Combining the above equality with (3 10) we get

-M
hi R h
Since u € C(R,R), by (3.8) and Lemma 2.1 we have
R(A(hyu(t)))

A0 < (o d)autn) P
k

and

[R(A(hu()] _ [R(A(u(t))| _ DEIR(A(hu(t)))| _ DEIR(A(hu(t)))]

< < < —0
A A g || Aul |2, A (hru(t))[?
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as k — oo, which yields that

R(A(hyu(1)))

—0, k— oo
I

It follows from the Lebesgue dominated convergence theorem that

R(A(hiu(t
J RO P -
R hi
Hence, by (3.9), (3.11) and (J%3), we have
-M _p e—2
1)=——<=-—d 0, k oo
o) =g S mdmy <0 ke
which is a contradiction. The proof is completed. 1

Based on Lemma 3.1 and 3.2, Theorem 2.1 implies that, under the conditions of Theorem
1.2, there is a sequence {u;} C E such that I(u;) — a > o > 0 and

(.12) (4 eI (i) [ £+ — 0,k — eo.

Lemma 3.3. Assume that the conditions of Theorem 1.2 are satisfied, Then the sequence
{ux} given in (3.12) is bounded.

Proof. Tt follows from (2.10), (2.11) and (3.12) that there exists C3 > 0 such that

1
Cy > Tux) = 51 (e g = / K(Aug(1))dr.
R
This implies that
G.13) G > / K(Aug(1))di + K(Aug(1))dr + K(Aug(1))dt,
¥ (0,c1) Wi (cr,e2) Wy (c,+0)

where Wi (c1,c2) = {t € R:¢) <|Au(t)] < ¢} for 0 < ¢; < ¢p. In fact, assume on the
contrary that ||ug|| — +oo as k — +oo. Obviously, n(ux) — +oo as k — +oo. Set vy =
ur/M (ug), then ||l € [1/y/max{c2,d; },1/1/min{c?,d, }]. Note that, by (2.11) and (3.12),

(1 ) e 17 = ) — [ ABCDAD) gy
which yields that
VA0)An0) oV ARO)LARE)
(3.14) / Yo |Avk(t)\dz—/R e dt —1, k— +oo.

Let 0 < € < 1/3. By 5/, there exists@ > 0 such that
IV/(Au)| < emin{c?,d; }|Au|, |Au| < .
Consequently, since ||v|| < 1/4/min{c2,d;}, by Lemma 2.1 we have

V! (Aug(1))| ) o i
3.15 / W AUKN (2 dt</ e AV A ()t < €.
G W (0.00)  |[Aug(t)] Avir) [t < W, (0, min{c”du HAvi () dr <
For r > 0, set

O(r) :=inf{K(Au(r))|t € R and |Au(t)| > r}.
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By (4), ¢(r) — 40 as r — +oo. According to (3.13), we have

(3.16) meas(Wi(B,+e)) < B — +ee.

G
¢(B)
Therefore, we can take ¢ large enough such that

|Avy (1) |2dl < —
~/\Pk<ﬁs,+oo> C

Hence, by (.77]) we get

V' (Aug(1))| 2 2
(3.17) [Pk(ﬁﬁw) S AP <c/ vy (1) 2dr < e.

Wi (Be, o)
Next, we set
. K(Au(t .
Ce i= 1nf{lf§u(t()|)2) 1t € R with o < |Au(?)] < Bg}

and ‘A

d; := max { Vi(Au(r))

Au(7)]

By (%), we know that ce > 0 and K (Auy (1)) > ce|Aug(t)|* for all £ € Wy (e, Be ). Tt follows
from (3.13) that

1t € R with o < |Au(z)| < ﬁg}

/\\_/

1 G
Avy(t 2dt:7/ Aug(1)|Pdt < ——— — 0, k — +oo,
/ka(asﬁa' @l n?(uz) wk<as,ﬁg>‘ @l cen? (uz)

which implies that
' V' (Auy(t
/ WVAAwOD] s, e < de / Avi(£)Pdt — 0, k — +oo.
We(oefe) A (t)] W (e e
Thus there is kg such that
V! (Au (¢
(3.18) / VAAw, 4, ) 2ae <6, k> ko,
Wi(ce ) [Au(r)]
Now the combination of (3.15), (3.17), and (3.18) implies that for £ > kg

(V' (Au (1)), Avi (1)) V! (Au (1)) 2
/R Sl |dt</ ] (0P <3¢

which contradicts (3.14). The proof is completed. 1

Now we are in the position to give the proof of Theorem 1.2.
Proof of Theorem 1.2. Obviously, I(0) = 0. Similar to Step 4 in the proof of Theorem 1.1,
we know that u; — u in E as k — oo for some u € E and I’ (u) = 0.

We claim that u is a nontrivial solution. To complete the proof of this conclusion, we at
first show that Ji (1) := [ V (Au(t))dt is weakly continuous, that is, if u, — u, weakly in E,
then J{(u,) — Ji(u,) in E*. To this aim, any choose ¢ € E, for fixed t > 0 and let R, > 0

be so large that
/ @ (t)dt <12,
[t[>R:

Since u, — u, weakly in E, u, is bounded in E, i.e., there exists R; > 0 such that [|us | ;2(r g)
<Ry and [u.|[;2g gy < Ri. Then by (') and the Holder inequality, we have

(1 (un) = T3 () @]
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= | [ (V/(Au,(0) =V (A (1)) A (e) |
R, +1 )
<[ VA (0) =V (A (1), Ap (1))

R,1

UV Aw(0) -V (A (1), A0(0)d|
Jt|>Ri+1

R, +1
S/R 1|V/(Aun(t))*V'(Au*(l))HA(P(l)\d”rC (1A (2)| + |Au. (2) ) |A@(1)|dt
—I— [t|>Ri+1

< [ WA 0) V(a0 A D42 ([ (o) + A (0] )

—R—1 25

The first integral tends to zero as n — oo, because u, — u, strongly in Lj? (R); the second
integral is bounded independently of n. The fact that 1 is arbitrary concludes J{ is weakly
continuous.

In what follows, we show that u is nontrivial. Obviously, I'(u;) — 0 as u; — u and
I'(u) = 0. By the definition of 7 and I’, we obtain that

(I (uge) = 1" (), — 1) = /R[Czluk(t) —u(t)* + i g () — (1) )t

— [ V' (Au0) = V' (Au(e)) Au 1) — Au0)
> min {c%,dy i — ul> — (7} (1) — 7} (), g — ).

Combining this with the compactness of J7, we deduce that ||u; — u|| — 0 as k — oo, that is
ur — uin E, So I(u) > a > 0. Therefore, u is nontrivial.

Combining the above with Lemmas 3.1, 3.2, 3.3, and Theorem 2.1, we have that I pos-
sesses at least one nontrivial critical point. Therefore, (1.3) possesses at least one nontrivial
homoclinic solution. The proof is completed. 1

Proof of Theorem 1.3. Similar to the proof of Theorem 1.1, the proof of Theorem 1.3 will
be carried out in four steps.

Step 1. We now show that there exist constants p, & > 0 such that I satisfies the assumptions
of Theorem 2.1 with these constants. In view of (J#3), for any given ¢ > 0, there exists
re > 0 such that

(3.19) lg@)| < ofuf*, Jul <ro.

Since W' (u) = o(u) as u — 0, for the above o, there exists s¢ > 0 such that
(3.20) W) < olul®, |u] < so.

Combining (3.19) with (3.20), we get that

(3.21) (W (u)| < olul?,|g(w)| < oluf*, |u| <min{re,se}.

Choose ||u|| = min{rs,s6}/(1 +Dw). Then, by Lemma 2.1 and (2.1), we have |jul|. <
min{rg,s¢ },||Au||e < min{rg,ss}. It follows from Lemma 2.1, (2.12) and (3.21) that

1<u>/R["22|<>2 | [ viutnar- [ s
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1 2
mein{cz,dl}Hquf/ 0| Au(r) > + W (A(u(r)))| di — /|u )P
2 R| 2
1 .
> E(mlﬂ{c2vd1}*6'(2))||u||2 — o||Aulf5 — o||ul3
1 .
> E(mln{czvdl}*C%)HMHZ* (1+D3)o||ul?

1, .
— |3 min{e.n) =) - 1+ D)o Il

Hence, by fixing o € (0, (min{c?,d\ } — ¢3)/2(1 + D3)) and letting ||u = p := min{rs, 55}/
(14 D) > 0 small enough, it is easy to see that there is & > 0 such that
inf I(u) >«
llull=p

Step 2. We show that there exists e € E such that |le| > p and I(e) < 0. Obviously,
1(0) = 0. Choosing v € E \ {0}, we have ||Av|| > 0 and meas{r € R : |Av(t)| > b3} > ba,
which b3 and b4 are positive constants. By Lemma 2.6 and (2.12), we can get the following
inequality

2 C2
() < %max{cz,dl}Hsz— /]R W (AAV(1))di — /R D(arv(e)di - / 2(Av())dt

AM(7)

2
{reR|Av(r) \>b3} (IMV(t)I

< %max{c{dl}nvntxﬂ/

) O+ D e

)LZ
<7max{c i) - A”M/b4b“+ || [&

for A > 1/b3,A € R. Since u > 2, there exists e:=Av€E,A > 1/bs such that ||e|| > p
and I(e) <0.

Step 3. Based on Steps | and 2, Theorem 2.1 implies that there is a sequence {u;} C E
such that I (ux) —a > a > 0 and

(3.22) U+ Nl DI (i) || g+ — 0, &k — +oo.

We now prove the sequence {u;} is bounded. It follows from (3.22) that there exist
positive constants C4 and Cs such that

Ca > 20 () — (I’ (ur), ug)

(3.23) =/R[(W/(Auk(l))ﬂuk(f))—ZW(AMk(f))]df+A[(g/(uk(t))’uk(l))—2g(uk(l))]df
and
(3.24) (1)) < Cs.

It follows from the conditions of Theorem 1.3 that, for any given ¢’ > 0, (3.21) holds. By
(J5)

(3.25) (g’ (u),u) >2g(u) >0,
and

(3.26) g(u) < (e 7u™)[(g () u) — 28 ()], lul > minfror,so1).
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Then it follows from (2.12), (3.23), (3.24), (3.25), (3.26), (3.21) and Lemma 2.1 that
(3.27)

I, .
5 (min{c?,di} = cf) |

< S 0) — 5l < )+ [ WlAw(o)ar+ [ guxtr))as

<Cs+ / W (Aug (1)) dt + / W (Auwg (1))dt
{feR:\Auk(t)\gmin{ral,scz}} {tE]R:\Auk(t)\zmin{ra/,so./}}

+ glu(0)dr + [ ()t
{teR:|uy (t)|>min{rgs s,/ }} ¢ {teR:|uy (r)|<min{rzs 55 }} ¢

< G (14 D30 P+ 5 [ 10V (Au0)) A 1) =2 (e 1)
+ et M) ()= 2l

< c5+max{“12,<:<+ )} {10V (0. A1) = 2 ()
16 u0)(0) 2l |-+ (14D

gc5+<1+D%>o’uk||2+max{lll_z,(mwmwuw)}a

Hence, by fixing o’ € (0, (min{c?,d;} —c3)/2(1+ D3)), it is easy to see that {||u|} is
bounded. So we may assume that, up to a subsequence, u; — u weakly in E as k — oo for
some u € E.

Step 4. Similarly to Step 4 in the proof of Theorem 1.1, we know that uy — u in E as
k — oo for some u € E and I'(u) = 0.

We claim that u is a nontrivial solutions. To complete the proof of this conclusion,
we show that for R’ sufficiently large, u; ~ 0 in L>([~R’,R'],R). We proceed arguing by
contradiction. Assuming that u; — 0 in L?([—R’,R'],R) for all R > 0. Then there exists
constant m; > 0, such that

. m
(3.28) timsup e[ ) < -

k—o0 ’ di
In fact, since {1} is bounded, (3.27) implies that {1 (u;)} is bounded independently of d;.
Set m; = sup, n°(uz) and @; = supy ||ux||-.. Therefore,

"R . R

2 _ 2 2 2
||uk||L2(R7R)—./7Rl|uk(t)| At [ 1O d;</ (1) + %

By letting k — oo, (3.28) holds. Since W’(u) = o(u) and g'(u) = o(u) as |u| — 0, similarly
to Step 4 in the proof of Theorem 1.1, one has that

(3.29) g ()u—2g(u)| < Mglul*, |u] < @,

(3.30) W (u)u—2W ()| < Malul?,  |u| <28,
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where Mg and M7 are two positive constants independently of d;. By using (3.23), (3.28),
(3.29) and (3.30), one has

2a = lim 21(ug) = (1" (ur) i)
= lim | [(W'(Aug(t)), Auy(1)) _ZW(A“k([))]dt+/R[(3/(“k(l))7”k(t)) —2g(uy(t))]dt

k—o JR
. mi (Mg + 4M7
< (Mg +4M7) limsup H“"”Izﬂ(R,R) < 7( a )
k—o0 :

This contradicts d is large enough. Hence, there exists a R’ > 0 such that u; - 0 in
L*([-R',R'],R), that is, u # 0.

Combining the above with Steps 1-3 and Theorem 2.1, we have that I possesses at least
one nontrivial critical point. Therefore, (1.3) possesses at least one nontrivial homoclinic
solution. The proof is completed. 1

Acknowledgement. This work supported by the NSFC (Grant Nos. 1127115 and 11101304)
and the Hunan Provincial Natural Science Foundation (Grant No. 10JJ1001) and by the Hu-
nan Provincial Innovation Foundation.

References

[1] G. Arioli, F. Gazzola and S. Terracini, Multibump periodic motions of an infinite lattice of particles, Math. Z.
223 (1996), no. 4, 627-642.
G. Arioli and F. Gazzola, Periodic motions of an infinite lattice of particles with nearest neighbor interaction,
Nonlinear Anal. 26 (1996), no. 6, 1103-1114.
S. Aubry and P. Y. Le Daeron, The discrete Frenkel-Kontorova model and its extensions. I. Exact results for
the ground-states, Phys. D 8 (1983), no. 3, 381-422.
1. Ekeland, Convexity Methods in Hamiltonian Mechanics, Ergebnisse der Mathematik und ihrer Grenzgebi-
ete (3), 19, Springer, Berlin, 1990.
[5] N. Forcadel, C. Imbert and R. Monneau, Homogenization of fully overdamped Frenkel-Kontorova models, J.
Differential Equations 246 (2009), no. 3, 1057-1097.
[6] S. Guo, J. S. W. Lamb and B. W. Rink, Branching patterns of wave trains in the FPU lattice, Nonlinearity 22
(2009), no. 2, 283-299.
[7]1 B. Hu, W.-X. Qin and Z. Zheng, Rotation number of the overdamped Frenkel-Kontorova model with ac-
driving, Phys. D 208 (2005), no. 3—4, 172-190.
[8] M. Izydorek and J. Janczewska, Homoclinic solutions for a class of the second order Hamiltonian systems,
J. Differential Equations 219 (2005), no. 2, 375-389.
[9] C.-F. Kreiner and J. Zimmer, Travelling wave solutions for the discrete sine-Gordon equation with nonlinear
pair interaction, Nonlinear Anal. 70 (2009), no. 9, 3146-3158.
[10] P. D. Makita, Periodic and homoclinic travelling waves in infinite lattices, Nonlinear Anal. 74 (2011), no. 6,
2071-2086.
[11] J. Mawhin and M. Willem, Critical Point Theory and Hamiltonian Systems, Applied Mathematical Sciences,
74, Springer, New York, 1989.
[12] P. H. Rabinowitz, Homoclinic orbits for a class of Hamiltonian systems, Proc. Roy. Soc. Edinburgh Sect. A
114 (1990), no. 1-2, 33-38.
[13] B.Rufand P. N. Srikanth, On periodic motions of lattices of Toda type via critical point theory, Arch. Rational
Mech. Anal. 126 (1994), no. 4, 369-385.
[14] D. Smets and M. Willem, Solitary waves with prescribed speed on infinite lattices, J. Funct. Anal. 149 (1997),
no. 1, 266-275.
[15] D. Smets, Travelling waves for an infinite lattice: Multibump type solutions, Topol. Methods Nonlinear Anal.
12 (1998), no. 1, 79-90.
[16] J. Sun, H. Chen and J. J. Nieto, Homoclinic solutions for a class of subquadratic second-order Hamiltonian
systems, J. Math. Anal. Appl. 373 (2011), no. 1, 20-29.

[2

—

[3

=

[4

=



Existence of Homoclinic Travelling Waves in Infinite Lattices 983

[17] X. H. Tang and L. Xiao, Homoclinic solutions for nonautonomous second-order Hamiltonian systems with a
coercive potential, J. Math. Anal. Appl. 351 (2009), no. 2, 586-594.

[18] X. H. Tang and X. Lin, Existence of infinitely many homoclinic orbits in Hamiltonian systems, Proc. Roy.
Soc. Edinburgh Sect. A 141 (2011), no. 5, 1103-1119.

[19] L. Wan and C. Tang, Homoclinic orbits for a class of the second order Hamiltonian systems, Acta Math. Sci.
Ser. B Engl. Ed. 30 (2010), no. 1, 312-318.

[20] L. Xiao, Existence of periodic solutions for second order Hamiltonian system, Bull. Malays. Math. Sci. Soc.
(2) 35 (2012), no. 3, 785-801.

[21] X. Zhang and P. Zhou, An existence result on periodic solutions of an ordinary p-Laplace system, Bull.
Malays. Math. Sci. Soc. (2) 34 (2011), no. 1, 127-135.

[22] L. Zhang and Y. Chen, Existence of periodic solutions of p(z)-Laplacian systems, Bull. Malays. Math. Sci.
Soc. (2) 35 (2012), no. 1, 25-38.

[23] Z. Zhang and R. Yuan, Homoclinic solutions for a class of asymptotically quadratic Hamiltonian systems,
Nonlinear Anal. Real World Appl. 11 (2010), no. 5, 4185-4193.

[24] Z. Zhang and R. Yuan, Homoclinic solutions of some second order non-autonomous systems, Nonlinear
Anal. 71 (2009), no. 11, 5790-5798.






