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1. Introduction

In this paper, we consider the fractional boundary value problem (BVP for short) of the
following form

. jt(; OD:B<M'<r>>+;,D;‘*u/(r))) +VF(u(0) =0, ae1e[0,T],

u(0) =u(T)=0,

where oD, P and Dy P are the left and right Riemann-Liouville fractional integrals of order
0 < B < 1 respectively, F : [0,7] x R¥ — R satisfies the following assumptions:

(A) F(t,x) is measurable in ¢ for every x € RY and continuously differentiable in x for

a.e. t € [0,T], and there exista € C(R*,R*),b € L'(0,T;R ™), such that
[F(6,x)| < a(lx)b(),  [VF(,x)] < al|x])b(7)

for all x € RN and a.e. ¢ € [0,T]. In particular, if § =0, BVP (1.1) reduces to the standard
second-order boundary value problem.

Fractional calculus and fractional differential equations can find many applications in

various fields of physical science such as viscoelasticity, diffusion, control, relaxation pro-
cesses and modeling phenomena in engineering, see [1,2,8,11,13,14,17,21,23,25,28,33].
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Recently, many results were obtained dealing with the existence and multiplicity of solu-
tions of nonlinear fractional differential equations by use of techniques of nonlinear analy-
sis, such as fixed point theory (including Leray-Schauder nonlinear alternative) (see [4,30]),
topological degree theory (including coincidence degree theory) (see [5, 15]) and compari-
son method (including upper and lower solutions methods and monotone iterative method)
(see [18,31]) and so on. However, it seems that the popular methods mentioned above are
not appropriate for discussing BVP (1.1), for the equivalent integral equation is not easy to
be obtained.

It should be noted that variational methods have turned out to be a very effective analyti-
cal tool in determining the existence of solutions for integer order differential equation. The
idea behind them is trying to find solutions of a given boundary value problem by looking
for critical (stationary) points of a suitable energy functional defined on an appropriate func-
tion space. The classical critical point theory was developed in the sixties and seventies for
C! functional. The celebrated and important result in the last 30 years has been Mountain
Pass Theorem due to Ambrosetti and Rabinowitz [3] in 1973. Since then, a series of new
theorems in the minimax form have appeared via various linking, category and index the-
ories. Now these results become a wonderful tool in studying the existence of solutions to
differential equations with variational structures. We refer readers to the books (or surveys)
due to Mawhin and Willem [20], Rabinowitz [24], Brézis and Nirenberg [9], Nirenberg [22],
Schechter [26], Willem [29], and the papers [10, 19,27,32] and the references therein.

Recently, Jiao and Zhou [16] introduced some appropriate function spaces as their work-
ing space and set up a variational functional for BVP (1.1), then they gave two existence
results of solutions for problem (1.1) by using the least action principle and Mountain Pass
Theorem in critical point theory. It is interesting to ask whether problem (1.1) has infi-
nite solutions under suitable conditions. Motivated by the excellent results of [16], we give
definite answer to this question by using Fountain Theorem and Dual Fountain Theorem.
Fountain Theorem and its dual form were established by Bartsch in [6] and by Bartsch-
Willem in [7] respectively. They are effective tools for studying the existence of infinitely
many large or small energy solutions. It should be noted that the (PS). condition and its
variants play an important role in these theorems and their applications.

The structure of the paper is the following. In the next section, we present the necessary
preliminary knowledge. In Section 3, using variational methods we prove the multiplicity
results for the solutions of problem (1.1). Finally in Section 4, two examples are presented
to illustrate our results.

2. Preliminaries and variational setting

In this section, we recall some related preliminaries and display the variational setting which
has been established for our problem.

Definition 2.1. [17] Let f(¢) be a function defined on [a,b] and vy > 0. The left and right
Riemann-Liouville fractional integrals of order ¥ for function f(t) denoted by ,D; " f(t) and
,D;y f(¢), respectively, are defined by

Dy TF (1) = ﬁ [=syswyas, e ol
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and

b
,Db’yf(t)=ﬁ [a=97 s, 1€lap)

provided the right-hand sides are pointwise defined on [a,b], where T is the gamma function.

Definition 2.2. [17] Let f(t) be a function defined on [a,b]. The left and right Riemann-
Liouville fractional derivatives of order ¥ for function f(t) denoted by D/ f () and zDZ f(),
respectively, are defined by

DI0) = 10 = ot ([ as)

and

n n b
D0 = (1) D)0 = s 1 g (= o).

wheret € [a,b], n—1 <y<nandné€N.

Property 2.1. [17] The left and right Riemann-Liouville fractional integral operators have
the property of a semigroup, i.e.

oD (D P f(0) =aD R f() and (DD RS () =D, (1), Y, >0

The left and right Caputo fractional derivatives are defined via the above Riemann-
Liouville fractional derivatives. In particular, they are defined for the function belong-
ing to the space of absolutely continuous functions, which we denote by AC(|a,b],RY).
AC*([a,b],RN)(k = 1,---) is the space of functions f such that f € C*~!([a,b],R") and
f*&=1 € AC([a,b],RN). In particular, AC([a,b],RY) = AC' ([a, b], RN).

Definition 2.3. [17] Let y> 0 and n € N. If y € [n— 1,n) and f(t) € AC"([a,b],RY),
then the left and right Caputo fractional derivative of order 'y for function f(t) denoted by
¢D!'f(t) and ¢D]f(t), respectively, exist almost everywhere on [a,b). <D!f(t) and ¢D]f(t)
are represented by

c _ —n r(n _ 1 ! n—y— n
SDI0) = aDF " 10 = e ([ =7 0 )as)

and

A0 = D0 = g ([ oy ),

respectively, where t € |a,b].

Definition 2.4. [16] Define 0 < a < 1and 1 < p < oo. The fractional derivative space Eg‘ P
is defined by the closure of C3 ([0,T],RN) with respect to the norm

T T o l/p o, p
@.1) lallap = ([ luoar+ [ speuyrar) . vue g,

where C3 ([0, T],RY) denotes the set of all functions u € C*([0,T],RY) with u(0) = u(T) =
0. It is obvious that the fractional derivative space E(()x P is the space of functions u €
LP(0,T;RN) having an a-order Caputo fractional derivative {D¥u € LP(0,T;RY) and
u(0) =u(T)=0.



1086 J. Chen and X. H. Tang

Proposition 2.1. [16] Let 0 < & < 1 and 1 < p < oo. The fractional derivative space Eg P
is a reflexive and separable space.

Proposition 2.2. [16] Let0 < o < 1and 1 < p < oo. Forallu € Eg‘”’, we have

o
2.2 < —|I§D* .
e2) il < gy I50Fulls
Moreover, if a > 1/pand 1/p+1/q =1, then
Tafl/p o
(2.3) [l < 10D/ ullr-

" T(a)((a@—1)g+1)"

According to (2.3), we can consider Eg '? with respect to the norm

T 1/p
e il = liDulr = ( [ lofutpar)

Proposition 2.3. [16] Define 0 < o« < 1 and 1 < p < oo. Assume that o > 1/p and the
sequence {uy} converges weakly to u in Eg’p, ie. up — u. Then uy — u in C([0,T],RN),
i.e. ||u—ugll — 0, as k — oo,

Making use of the Property 2.1 and the Definition 2.3, for any u € AC([0,T],R"), BVP
(1.1) is equivalent to the following problem:

A1 . e L
(500 tutn) - 5 0§ (D) )

2.5) +VF(t,u(t)) =0, ae.te[0,T],

u(0)=u(T)=0,

where a =1—f3/2 € (1/2,1].

In the following, we will treat BVP (2.5) in the Hilbert space E* = E(‘)x 2 with the cor-
responding norm ||u||q = ||u||¢,2. It follows from [16, Theorem 4.1] that the functional @
given by

2.6) o= [ [~ 3 GDRu), DFue) ~ Fo,ute))]ar

is continuously differentiable on E*. Moreover, for Vu,v € E%, we have
T1
(@'0.v) == [ 3 [6DFu(0). DF(0) + (G Dfu(0). 5Dv(r)

_ /T (VF (t,u(t)),v(t))dr.

0

Q@.7)

Definition 2.5. [16] A function u € AC([0,T],RN) is called a solution of BVP (2.5) if

(D) D*(u(t)) is derivative for almost every t € [0,T), and
(1) u satisfies (2.5),

where D*(u(t)) :=1/2 D& 1 (§D%u(t)) — 1/2 ,DE 1 (ED%u(r)).

It is well known that the solutions for BVP (2.5) correspond to the critical points of the
functional ¢, see [16, Theorem 4.2].
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Proposition 2.4. [16]If1/2 < o < 1, then for any u € E%, we have

T 1
2 c . 2
2.8) | cos(mar)|[|ullg < —'/0 (oDfu(t), iDFu())dr < Wl\ulla-

3. Main results and proofs

Theorem 3.1. Assume that F(t,x) satisfies the condition (A), and suppose the following
conditions hold:

(A1) there exist kK > 2 and r > 0 such that
KF(t,x) < (VF(t,x),x)
fora.e. t €[0,T) and all |x| > rin RY;
(A2) there exist positive constants [L > 2 and Q > 0 such that

F(t,x)

Je[#

lim sup
Jx[—ee

<0

uniformly for a.e. t € [0,T];
(A3) there exist &’ > 2 and Q' > 0 such that

uniformly for a.e. t € [0,T];
(Ad) F(t,x) =F(t,—x) fort € [0,T] and all x in RV,

Then BVP (1.1) has infinite solutions {u,} on E* for every positive integer n such that
[ltn]|co — oo, as n — oo,
Theorem 3.2. Assume that F(t,x) satisfies the following assumption:

(A5) F(t,x):=al(t)|x]", where a(t) € L*(0,T;R") and 1 < y < 2 is a constant.

Then BVP (1.1) has infinite solutions {u,} on E%* for every positive integer n with ||u,|| o
bounded.

Before giving the proof of our main results, we still state some necessary definition and
theorems.

Definition 3.1. [20] Let H be a real Banach space, y: H — R is differentiable and c € R.
We say that  satisfies the (PS),. condition if the existence of a sequence {u;} in H such that

() —c, V(m)—0

as k — oo, implies that c is a critical value of .

As E% is a separable and reflexive Banach space, there exist (see [12]) {e,}; | C E
and {f,};7_; C (E%)* such that

0, n#m,

3.1 E%=3span{e,:n=1,2,---} and (E%)* =span” {fp:n=1,2,---}.
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For k=1,2,..., denote

k )
(32) Xk = span{ek}, Yk = @Xj, Zk = @Xj.
j=1 j=k

Theorem 3.3. (Fountain Theorem, see [6]). Suppose

(H1) X is a Banach space, ¢ € C' (X,R) is an even functional, the subspace X, Yy and
Zy are defined by (3.2);

If for every k € N, there exist py > ry > 0 such that

(H2) ar :=max ey, @(u) <0;
llull=px
(H3) by :=inf yez, @(u) — oo, ask — oo;
llull=ri

(H4) o satisfies the (PS). condition for every ¢ > 0.

Then ¢ has an unbounded sequence of critical values.

Theorem 3.4. (Dual Fountain Theorem, see [7]). Assume (H1) is satisfied, and there is a
ko > 0 so as to for each k > ko, there exist py > ry > 0 such that
(HS5) dj :=inf ez, o(u) — 0, as k — oo;
llull<px
(H6) iy :=max ,ey, @(u) <O0;
[lul|=r
(H7) inf ez, @(u) >0;
llull=px

(H8) o satzsﬁes the (PS); condition for every ¢ € [dy,,0).

Then @ has a sequence of negative critical values converging to 0.

Remark 3.1. ¢ satisfies the (PS)} condition means that: if any sequence {u, j} C X such
thatnj — oo, uy; €Yy, ¢(uy;) — c and ((p|yn )/ (un;) — 0, then {uy; } contains a subsequence
converging to critical point of ¢. It is 0bv10us that if @ satisfies the (PS)] condition, then ¢
satisfies the (PS), condition.

The proof of Theorem 3.1 is organized as follows: first, we show the functional ¢ defined
by (2.6) satisfies the (PS) condition, then we verify for ¢ the conditions in Theorem 3.3 item
by item, then ¢ has an unbounded sequence of critical values.

Proof of Theorem 3.1. Let {u,} C E® such that ¢(u,) is bounded and ¢’ (u,,) — 0 as n — oo.
First we prove {u, } is a bounded sequence, otherwise, {u, } would be unbounded sequence,
passing to a subsequence, still denoted by {u,}, such that |ju,||q > 1 and ||uy||q — o, as
n — oo. Noting that

(0 ) = [ (60501, D00)) + (V100,101 .

In view of the condition (A1) and (2.8) that

T
o)~ @' = (1= 5 ) [} GDun(0).DEun 1)

+/ { (VE(t,un(t)), un () — F(t,un(2)) | dt
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I 1
2
> z— = )lcos(ma)|||u
> (3¢ leosmollun

+ </91+ Qz) {i(VF(t,un(t)),un(t))F(t,un(t)) di
(33) > (;—D |cos(mat) [l — €,

where Q; :={t € [0,T]; |un(¢)| <r}, Qp:=1[0,T]\ Q; and C) is a positive constant.
Since ¢@(u,) is bounded, there exists a positive constant Cy, such that |@(u,)| < Cs.
Hence, we have

11 1,
R ELCE (5 ) leostma 00/~

1 1 1
(5 ) lostma 1/ o)l 1,
so {uy,} is a bounded sequence in E* by (3.4).

Since E? is a reflexive space, going to a subsequence if necessary, we may assume that
u, — u weakly in E%, thus we have

(0 (un) — @' (u), up — ) = (@' (), up — ) — (@' (u), p, — )
<" (wn) [l allttn — ull o — (@' (), up — 1) — 0,

as n — co. Moreover, according to (2.3) and Proposition 2.3, we have {u,} is bounded in
C([0,7],RY) and ||uy, — u|jec — 0 as n — oo.
Observing that

(¢ (un) — @' (), up —u)
T
== [ (08 1)~ 1)) 5D 0) o))

- /OT (VE(t,un(t)) — VF(t,u(t))un(t) — u(r)) dt

3.5)

(3.6)

[ty — tt]|co-

T
> [ cos(mat)| || — ]| — ‘ /0 (VE(t,u(t) — VF(t,u(t)))dt

Combining this with (3.5), it is easy to verify that ||u, — u||q — 0 as n — oo, and hence that
u, — uin E%. Thus, {u,} admits a convergent subsequence.
For any u € Yy, let

T NG
37) . = ( / u<r>|“dr) ,

and it is easy to verify that || - || defined by (3.7) is a norm of ¥;. Since all the norms of
a finite dimensional normed space are equivalent, so there exists positive constant C3 such
that

3.8) C3HM||a < HM”* for uey,.
In view of (A3), there exist two positive constants M and C4 such that

(3.9) F(1,x) > My|x*
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fora.e. r € [0,T] and |x| > Cj.
It follows (2.8), (3.8) and (3.9) that

o) =~ [ 2 (60fute) iDfu)ar [ F(ut)ar

= 2\cos1(7ra lulle — / F(tu(t))dt - F(ta“(t))df
= 2\cosl(7ra)|”uH°‘ Ml/ () e 4F(ta”(t))df

2\cos1(m)| ””‘H%‘_MI/T'“(IN“ di +M, /94 ‘”(f)w,df—/mF(t,u(t))dt
< sraongmeny 13— €t Ml + s

where Q3 := {r € [0,T]; |u(t)| > Cs}, Q4 :=[0,T]\ Q3 and Cs is a positive constant.
Since i’ > 2, then there exists positive constants dj such that

(3.10) o(u) <0 forall ueY, and |jullq > dx.

For any u € Z, let

T 1/
(3.11) ullp == (/ |u(t)“dt) and Py:= sup |uly,
0 uczy
flulla=1

then we conclude fB; — 0 as k — oo,
In fact, it is obvious that B > By > 0, so By — B > 0 as k — . For every k € N, there
exists uy € Z; such that

(3.12) luklle =1 and |lugl|x > Br/2.
As E% is reflexive, {u;} has a weakly convergent subsequence, still denoted by {u},
such that up — u. We claim u = 0.
In fact, for any f,, € {f, :n=1,2,---}, we have f,,(ux) = 0, when k > m, so
Sm(ug) — 0, as k—oo
for any f, € {f, :n=1,2,---}, therefore u = 0.
By Proposition 2.3, when u; — 0 in E%, then u; — 0 strongly in C([0,T];RY). So we

conclude B =0 by (3.12).
In view of (A2), there exist two positive constants M» and Cg such that

(3.13) F(t,x) < M|x|*

uniformly for a.e. 7 € [0,T] and |x| > Ce.
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We have
o) =~ [ 3 GD8) D5~ [ FG o)

> T~ [ Pl [ Feu)a

. |c0s(27r06)\Hqu Mz/ lu(t |Hd¢_/ F(t,u(t))dt
To
ZWHMI@—%/ \u(t)|”dt+M2/ |u<t>|“dt—/ F(t,u(r))dt
0 Q¢ Qg
cos(mTa
= %Hullﬁ —MoBiH ulle — G,

where Qs := {t € [0,T]; |u(r)] > Cs}, Q¢ := [0,T]\ Qs and Cy is a positive constant.
Choosing ry = 1/, it is obvious that r;y — oo as k — oo, then

(3.14) by:= inf @) > as k— oo
llulle=rx

that is, the condition (H3) in Theorem 3.3 is satisfied.
In view of (3.10), let py := max{d,r;+ 1}, then

ar:= max ¢(u) <0,
ucYy
llull e =p

and this shows the condition of (H2) in Theorem 3.3 is satisfied.

We have proved the functional @ satisfies all the conditions of Theorem 3.3, then ¢ has
an unbounded sequence of critical values ¢, = ¢(u,) by Theorem 3.3. We only need to
show ||uy || — o0 as n — oo. In fact, since u, is a critical point of the functional ¢, that is

(3.15) (@ (), ) = —/OT (6D un (1), DFun(t)) + (VF (t,un(t)), un(t))]dt = 0.

Hence, we have
T
=0 / EODaun ED%un(1))di — /0 F(t,un(r)) dr,
T
3.16 _
(3.16) /( (t,un (1)), un (1)) dt /OF(t,u,,(t))dt,

/\vmun )| Jan(t |dt+/ |F(t,un (1)) |de,

since ¢, — oo, we conclude
lltnlle — o0 as n— oo
by (3.16). In fact, if not, going to a subsequence if necessary, we may assume that

[t oo < M3,

for all n € N and some positive constant M3.
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Combining assumption (A) and (3.16), we have

en < = / |VF (t,u(t))]|un(t |dt+/ |F (t,un(r))|d1
1
< -(M3+1) max af / b(t
2 0<s<M3

which contradicts the unboundness of ¢,. This completes the proof of Theorem 3.1. 1

Proof of Theorem 3.2. Let us show that ¢ satisfies conditions in the Theorem 3.4 item by
item. First, we show that @ satisfies the (PS); condition for every ¢ € R. Suppose n; — oo,
Un; € Yu;, @(un;) — c and (qo|ynj)’ (un;) — O, then {uy,,} is a bounded sequence, otherwise,
{un; } would be unbounded sequence, passing to a subsequence, still denoted by {u,, } such
that [|uy;[|¢ > 1 and ||u,||¢ — co. Note that

AN
(3.17) (@' (1, ), ;) = v (atn;) = (—1+2)/0 (6DF uny (1), Dffun, (1))t
However, from (3.17), we have
Y
619 —10tun) = (1) lcos(mollun, I b, ) ol o
thus [|u,; ||« is a bounded sequence in E%. Going, if necessary, to a subsequence, we can

assume that u,; — u in E% As E* = UY,;, we can choose v,; € Y, such that v,; — u.
yt
J

Hence
lim (@' (), tn; —u) = 1im (@' (p;), ttn; —vy;) + 1im (@' (un,), v, — 1)
nj—ee nj—oo nj—oo
= 1Lim ((@ly, ) (tn;), ttn; —va;) = 0.
nj—oo J K k k
So we have
lim <(p’(unj) — ¢ (u), Up; — u) = lim ((p’(unj), Un; — u) — lim (@' (u), Un; — uy = 0.
njaoo nj~>oo nj~>oo
and

(@ (uny) — @' (), t; — 1)
= [ 6Dy (00§D ) o))
[ OF Gy ()~ VE e, 0y 1) )
> feos(ea) il | [ (VF ety 1) = VF (c0) |, ..

we can conclude u,; — u in E%, furthermore, we have ¢'(u,;) — ¢'(u). Let us prove
o («) = 0 below. Taking arbitrarily @ € Y, notice when n ;> k, we have

(9" (), &) = (@' (1) — @' (un;), Ok) + (@' (un; ), %)
= (0’ (u) = @' (un;), @) + (@11, ) (tn;), %)
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Going to limit in the right side of above equation reaches
(¢'(u), x) =0, Voy €Yy,

so @' (u) = 0, this shows that @ satisfies the (PS)} for every ¢ € R.
For any finite dimensional subspace E C E?, there exists € > 0 such that

(3.19) meas {t € [0,T] : a(t)|u(t)|” > e||u||}} > €, VuecE\{0}.
Otherwise, for any positive integer n, there exists u, € E\{0} such that
(3.20) meas {t €10,T]: a(t)|ua(t)]¥ > iuné} < %

Set v, (t) := (un(t))/(||ttn]|«) € E\{O}, then ||vy|l¢ =1 for all n € N and
(3.21) meas{t €10,T]:a(t)va(r)]" > 711} < %

Since dimE < oo, it follows from the compactness of the unit sphere of E that there exists
a subsequence, denoted also by {v, }, such that {v, } converges to some vy in E. It is obvious
that ||vo|l¢ = 1. By the equivalence of the norms on the finite dimensional space, we have
vy — vo in L2([0, T];RY), i.e.

T
(3.22) / [vp—vol?dt — 0 as n— oo,
0

By (3.22) and Holder inequality, we have

T T L ZT
/ a(t)\vn—vo\ydtg (/ a(t)? ) (/ [V — vol dl)
JO 0
= a2 (/|w—mw§ L0 s nee

Thus, there exist &1, &, > 0 such that
(3.24) meas {t € [0,T] : a(t)|vo(1)[" > & } > &.

In fact, if not, we have

(3.23)

1
meas {t €10,T]:a(t)|vo(r)|” > } =0
n
for all positive integer n. It implies that
T CiT
0< [ aol2dr < oll2 < S ol 0

as n — oo, where
TO!*I/Z
I(a)(20—1)1/2
by (2.3). Hence vp = 0 which contradicts that ||vg|| = 1. Therefore, (3.24) holds.
Now let

Qo={te[0,T]:a(t)|vo(t)|" > &}, Q= {t €[0,T] :a(t)|v.(t)|¥ < ’11},

and Q = [0,T1\Q, = {r € [0,T] : a(t)|v,(t)|” > 1/n}.

Cg =
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By (3.21) and (3.24), we have

. X 1
meas (Q, N Q) = meas (Qo\ (Q;, N Qo) > meas (Qy) —meas(Q;, N Qo) > & — -

for all positive integer n. Let n be large enough such that

1 1 1 1 1
‘52—; > Eéz and F&l -2 ﬁéh
then we have
T .
/ a(t)|vn —vo|dt > / a(t)|vn — volYdr
JO Q,NQ
1
> 771/ a(t)\v0|7dt7/ a(t) |vaYdr
27 Q,NQ Q,NQ

1 1 &t & &ié
> (v messi@anan > 5.5 = 25 >0

for all large n, which is a contradiction to (3.23). Therefore, (3.19) holds.
For any u € Z, let

T 1/2
b= (| W)Par) " ana = sup
0 UEZy
[lulla=1

then we conclude %, — 0 as k — oo in the same way as in the proof of Theorem 3.1.
T1 T
o) =~ [ 3 (DFule) sDFule)dr — [ Fe.ut))a,
0 0
T
cos(ar)|ull ~ [ a(e)u(e)
0

(3.25) N
> sleosmalfull ~ ([ a0

>

N —

]|

N —

2

2-y
1 T 2 2
> sleostmapllull ~ ([ a0 7ar) " flull

- 2=-n/2
Let py := ((4c}/,2')/(|cos(fca)|))l/(2 " where ¢ := (fOTa(t)z/(Z*V)dt> , it is ob-
vious that py — 0, as k — oo.

In view of (3.25), we conclude

. |cos(mar)|
f > 0
Jnf @) = ——pi >0,
lluell e=px

so the condition (H7) in Theorem 3.4 is satisfied.
Furthermore, by (3.25), for any u € Z;, with ||ul|q < pi, we have

@(u) > —cy |ulll
Therefore,
—cylpl < inf @(u) <0.
MEZk

lull e <P
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So we have
inf  @(u) —

uczy
lluellor<px

for py, %« — 0, as k — oo. Hence (H5) in Theorem 3.4 is satisfied.
For any u € ¥;\{0},

0w =~ [ 3 (0fute)iDfute)ar— [ Fue)ar

1 ) T
< Sreosmanélla— | al®)lu()[7dr
= Jcos(aa)] [[ulls /0 a(t)|u(?)|

1 ) .
c__ . o
= 2|cos(mar)| |||, — €]|u||meas(L,)

1 ) -

S STeasime] —€
= Scos(ro)) “lla =€ lulle

where € is given in (3.19), and Q, := {t € [0, T] : a(t)|u(t)|" > €]|ul|% }. Choosing 0 < ry <
min{py, (|cos(wa)|e?)!/>~"}, we conclude

i ;= max @(u) < <0, YkeN,

1
Uy  2|cos(mar)]
llulloe=r
that is, the condition (H6) in Theorem 3.4 is satisfied. We have proved the functional ¢
satisfies all the conditions of Theorem 3.4, then ¢ has a bounded sequence of negative
critical values ¢, = ¢ (u,) converging to 0 by Theorem 3.4, we only need to show ||uy, || is
bounded as for every positive integer .

T ,

Cp = (p(lfin) = _/0 %((L)-Dtaun(l‘),th%un(t))dt_A F(f’un(t))dt,
T r

:—/0 5(6D,aun(t),fD%un(t))dt7/0 at) un (1) [V,

|cos(7t )
- 2
|c0s(7ra)\

(3.26) ‘
letn % — aolun | 2T

i1, — a0 T CFlun &,

where ag = ess sup {a(r):1 € O7 T]}. By Theorem 3.4, ¢, — 0 as n — oo. If [|uy||¢ has an

unbounded sequence, then ¢, is unbounded by (3.26), which is a contradiction. The proof

of Theorem 3.2 is completed. 1

4. Examples

In this section, we give two examples to illustrate our results.

Example 4.1. In BVP (1.1), let F(¢,x) = |x|*
k=4, r=2, u=p'=4 and Q=0 =1,

so it is easy to verify that all the conditions (A1)—(A4) are satisfied. Then by Theorem 3.1,
BVP (1.1) has infinite solutions {u} on E* for every positive integer k such that ||u |l —
+o0, as k — oo,

, and choose
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Example 4.2. In BVP (1.1), let F(t,x) = a(t)|x|*/> where

T, t=0
a(r) =
t, 0<t<T.

By Theorem 3.2, BVP (1.1) has infinite solutions {u;} on E* for every positive integer k
with ||ug || bounded.
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