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Abstract. Given a finite group G, we denote by y’(G) the product of element orders of G.
Our main result proves that the restriction of W’ to abelian p-groups of order p" is strictly
increasing with respect to a natural order on the groups relating to the lexicographic order
of the partitions of n. In particular, we infer that two finite abelian groups of the same order
are isomorphic if and only if they have the same product of element orders.
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1. Introduction

Let G be a finite group and
¥(G) =} o(x),
x€G
where o(x) denotes the order of x € G. The starting point for our discussion is given by the
papers [1, 2] which investigate the minimum/maximum of ¥ on groups of the same order.
Other properties of the function y have been studied in [10] for finite abelian groups.
In the current note we will focus on the function
v'(G) =[] o).
x€G
In contrast with y, this is not multiplicative, as shown by the following result.

Proposition 1.1. Let Gy, Gy, ..., Gy, be finite groups having coprime orders. Then
k

v’ ( l>=<1 Gi) = ilj‘lf/(Gi)"i7

where n; = Hljzl,j#i |Gjl|,i=1,2,...,k. Inparticular, if G is a finite nilpotent group of order
n=pl'p3- -p,?k, G1,Gy,...,Gy are the Sylow subgroups of G and n; =n/p{,i=1,2,....k,
then
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By Proposition A we infer that the computation of y’(G) for nilpotent groups is reduced
to p-groups and explicit formulas can be given in several particular cases. One of them
consists of abelian groups, for which [9, Corollary 4.4] leads to the following theorem.

k
Theorem 1.1. Let G = X e Zpoci be a finite abelian p-group, where 1 < oy < o < ... <
0y. Then

(1.1) W/(G) — pak]7a1+a2+“.+ak72?:k(;l Pif(al ,az,_.”ak)(i)
where
pi, if0<i<a
plk-2itar ifoag <i<op

flew. ak)(i) — {plidetee iy <i< o

potot - F&1 - ifi > oy | (where o1 =1 if k=1).

We exemplify (1.1) by computing y’(G) for cyclic p-groups and for rank two abelian
p-groups.
Example 1.1. We have:
1. W/ (Zpa) = plon™ ' (et +1)/(p=1) .
2. l[I/(Zpa X ZPB) == p(ﬁpa+ﬁ+2_Pa+ﬁ+]_(B+1>Pa+ﬁ+p2a+]+1)/(p2_1> .

Given a positive integer n, it is well-known that there is a bijection between the set of
types of abelian groups of order p” and the set P, = {(x1,x2,...,x,) EN" | x; > x3 > ... >
Xn, X1 +X2 4 ... +x, = n} of partitions of n. Namely,

k

k
X Ly (with 1 <oy <o < ... <ogand Y o =n) = (0,0, 0,..,0 ).
i=1 e ——

n—kpositions

Moreover, recall that P, is totally ordered under the lexicographic order <, where (x1,x2, ..., %)
< (y1,¥2,--,yn) ifand only if x| = y1,..., X% = ym and X1 <ym+1 for some m € {0, 1,...,n—1}.
This induces a total order on the set of types of abelian p-groups of order p". Our next the-
orem shows that the restriction of Y’ on this set is strictly increasing.

k r
Theorem 1.2, Let G = X i=1 Ly and H = X =1 ZPBf be two finite abelian p-groups of
order p". Then
(1.2) v'(G) < y'(H) <= (04,....,01, 0,....0 )< (Br,.... 1, 0,...,0 ).
S—— N~
n—kpositions n—rpositions

Since a strictly increasing function is injective, by Theorem 1.2 we infer the following
corollary.

Corollary 1.1. Two finite abelian p-groups of order p" are isomorphic if and only if they
have the same product of element orders.

This can be extended to arbitrary finite abelian groups, according to Proposition 1.1.
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Theorem 1.3. Tiwo finite abelian groups of the same order are isomorphic if and only if they
have the same product of element orders.

Remark 1.1. The above two results are not true for arbitrary finite abelian groups. For
example, we have y'(Zs x Z3) = y'(Z3 x Z3), but obviously the groups Zs x Z3 and Z3 x
7 are not isomorphic.

Finally, we associate to a finite (abelian) group G = {xj,x2,...,X,} the polynomial

n

P =[](X—o(x)) € Z[X].
i=1
Recall that if G and H are two finite abelian groups for which Pg = Py (that is, G and H
have the same element orders with the same multiplicities), then G = H by [8, Theorem 5].
In order to improve this result, we construct the quantities
Wi (G) = Z o(xi)o(xiy)---0(x;), k=1,2,...,n.
1<i)<ip<...<ix<n

Obviously, explicit formulas for y;(G), k = 1,2,...,n, can be given by using [9, Corollary
4.4]. We also observe that ¥ (G) = y(G) and y,(G) = y’(G). Inspired by [10, Conjecture
6] and the above Theorem 1.3, we came up with the following conjecture, which we have
verified by GAP for many values of k and n.

Conjecture 1.1. Let G and H be two finite abelian groups of order n. Then for every
ke {l1,2,...,n}, we have G = H if and only if y;(G) = y(H).

Most of our notation is standard and will not be repeated here. For basic notions and
results of group theory we refer the reader to [4,5]. Other interesting papers on the above
topic are [3,6,7].

2. Proof of Theorem 1.2

We first remark that it suffices to verify (1.2) only for consecutive partitions of n, be-
cause P, is totally ordered. Assume that (oy,...,0,0,...,0) < (B,,...,B1,0,...,0) and let
s€{1,2,...,r—1} such that B; = B = --- = By < Bst1. We distinguish the following two
cases.

Casel. 3, >2

Then (o, ...,04,0,...,0) is of type (B;,...,B2, 81 —1,1,0,...,0), i.e. k=r+1, ay =1,
=P —1and o =Py fori=3,4,.,r+ 1. Itis easy to see that fio 4 . a)(0) =
f(B1.Bs....p,) () for all i > By. One obtains

ﬁr—l . OCk—l .

v'(G) <y (H) =Y P fig D)< Y P'fier.am.cq) (i)
i=1 i=1
Bi—1 Bi—1

= ; Py o) (i) < ; P' fon o) (0)

and the last inequality is true because

Ty popy ()=p Vi< plr D =p kit = g (@), i=1,2,.Bi—1.

Case2. 3 =1
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Then (o, ..., 04,0,...,0) is of type (By,...,Bs+1 — 1. B/, B/_1, -, B],0,...,0), where By —
1>B/>B/ >...>B{>1and B/ +B/ | +...+ B =s+1. Weinfer thatfal,azﬁﬂ_ﬁak)(z) =
J(B1.Ba,....,) (i) for all i > By 1. So, we can suppose that s = r— 1, i.e.

(aka ala IR ) (ﬁr 17ﬁt/7ﬁt/—1a-'-7[31/7()"-'70)-

One obtains

Br—2 . Br—1 )
V’/(G)<V//(H) — (ﬁr_l)pn_ Z plf(al1a27_._7ak)(i)<ﬁrpn— Z ptf(ﬁlﬁz»,ﬁ;)(l)
=0 i=0
Br—1 ) —2 )
@D =" ) P g )+ Y P a0
=0 i=0
Since
(r=Di ifo<i<1
N_ )P , HUsi1s
T () = Pl ifi> |,
we easily get
Al PP —p i A

L P fppp )= 10p T = I T <

and therefore (2.1) is true.

Conversely, assume that (%, 0_1,...,01,0,...,0)=(B,, B,—1,.--, B1,0,...,0). If these par-
titions are equal then G H, so y'(G) = y'(H). Otherwise, (Q, 01, ... 061, s, 0)=(Br,
Br-1,---, 51,0, ...,0), and the first part of the proof implies y'(G) > y'(H), as des1red.

Acknowledgement. The author is grateful to the reviewers for their remarks which improve
the previous version of the paper.
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