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Abstract. Let 9/dt + (—A)? +V? be a higher order parabolic Schrédinger operator on
R"*! (n>5), where the nonnegative potential V belongs to the reverse Holder class By, (R™)

for some g, > /2. In this paper we obtain the L (R"*!) estimates for the operator V(9 /9t +
(—A)?+Vv3H)h
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1. Introduction
In this paper we consider the higher order parabolic Schrédinger operator
9/0t+(—=A)?+V? on R*™ n>5,

where (—A)? is the bilaplacian on R” and the nonnegative potential V (x) is independent of
variable ¢. The studies of Schrédinger operators with nonnegative potentials have attracted
much attention, see for example [5, 14, 18,9, 1, 8, 10, 17]. In recent years, on the one hand,
some scholars generalize the results for Schrodinger operator to the case of higher order
Schrodinger operators (cf. [13, 11, 12]). On the other hand, some study similar results for
the parabolic Schrodinger operators (cf. [3, 6, 7, 15]). Motivated by the above papers, we
continue this line to study the higher order parabolic Schrodinger operators and obtain the
L? boundedness of V4(9/dt + (—A)? +V?)~1.

Note that a nonnegative locally L? integrable function V on R” is said to belong to
B4(R") (1 < g < oo) if there exists C > 0 such that the reverse Holder inequality

m (i [venar) <c( L [viom)
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holds for every ball B in R”. Moreover, if there exists a constant C > 0 such that

1
(12) 1Vl = (g fveoa)

holds for every ball B in R”, we say V € B.(R").

It follows from [14] that the B, class has a property of self improvement; that s, if V € B,
then V € B, for some € > 0. For 1 < p < oo, it is easy to see that B.(R") C B,(R"). If
V € Bo.(R"), then there is a positive constant C such that V(x) < Cm(x,V)? a.e. on R”
(Remark 2.9, [14]).

We are now in a position to give the main results in this paper.

Theorem 1.1. Suppose V(x) € By (R"), g, >n/2. Then, for 1 < p < q1/2,
1V4(0/01+(=8)*+ V)" f llppnsty < C 1L f o),
where V* = 84/8x0:1 ---a)gl", a+---+o, =4

If the potential V satisfies stronger condition, we can get the following result which
removes the restriction of the range of p.

Corollary 1.1. Suppose V(x) € B(R"). Then, for 1 < p < o,
1V4(9/01 + (=A + V) f [l o @rety < C | f o o),
where V* = 84/8x0f1 0, Qg o =4

We also obtain the L” boundedness of the operator V2%(d /9t + (—A)? 4+ V?)~% for 0 <
o < 1. See Theorem 5.1 in the last section.

This paper is organized as follows. In Section 2 we recall some basic facts for the aux-
iliary function m(x,V) and give some estimates on the fundamental solution to du/dt +
(=A)?*u+V?(x)u =0 in R"*!. In Section 3 we recall some basic facts for LP(R"!) mul-
tipliers. Section 4 shows that Theorem 1.1 holds true. In the last section we prove the L?
boundedness of the operator V2*(9/dt + (—A)> +V?)~% for 0 < a0 < 1.

Throughout this paper the letter C stands for a constant and is not necessarily the same
at each occurrence. By Bj ~ B;, we mean that there exists a constant C > 1 such that
1/C§Bl/32 <C.

2. The auxiliary function m(x,V) and estimates of fundamental solutions

In the first part of this section we recall the definition of the auxiliary function m(x,V) and
some lemmas about the auxiliary function m(x,V) which have been proved in [14]. We
always assume V € By, for g, > n/2 throughout this section.

The auxiliary function m(x, V) is defined by

1 1
————=sup{r: — V(y)dy <153, xeR"
m(x,V) r>g { =2 /B:(x)r) (y) Y= }

Lemma 2.1. The measure V(x)dx satisfies the doubling condition, that is, there exists a

constant C > 0 such that
[ veasc[  veya
B(x,2r) B(x,r)

holds for all balls B(x,r) in R".
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Lemma 2.2. There exists a constant C > 0 such that, for 0 < r < R < oo,

L voaec(2) "L V(y)d
ﬁ./B(x,r) O)dy < (R) R—2 /B(X,R) () dy.

Lemma 2.3. If r = 2y, then

1
V(y)dy=1.
) /B(x,r) (v)dy

Moreover,

1

1
— Viy)dy ~ 1 i f and only i r~
=2 /B(x,r) (v)dy if yif

m(x,V)’

Lemma 2.4. There exists lo > 0 such that, for any x and y in R",

—ly lo/lp+1
£(remen ixy)) <2 o (vemenia-yl)

In particular, m(x,V) ~m(y,V) if | x—y |< ﬁ

Lemma 2.5. There exists I} > 0 such that

. . A
/ V(y) dy < sz / V(y)dy < C(l +Rm(x,V)) .
. R== B(x,R)

B(x.R) | x—y "2

The next lemma has been proved by Tao and Wang in [16].

Lemma 2.6. Let g > s >0, ¢ > max(1,sn/a), oo > 0, and k sufficiently large, then there
are positive constants ko,C and Cy, such that

V N
o0 Aﬂquiﬁa@<““”PHMmm%
and
V() .
(2.2) ./n(l+m(x,V)\xfy|)k\x—y|n*06 y < Cem(x,V)

foranyr>0,x € R" andV € By(R").

Next we recall some fundamental properties of functions in the reverse Holder class (cf.

[19]).
Lemma 2.7. [fV(x) € B;(1 < g <), A is a nonnegative constant, then V(x) + A € By,

Lemma 2.8. IfV(x) € B,(q > n/2), A is a nonnegative constant, then m(x,V) < m(x,V +
A).

Similar to the proof of above lemmas, we easily obtain the following lemma.
Lemma 2.9. IfV(x) € B,(1 < g < ), A is a nonnegative constant, then /V2(x) + A € B,,.
Lemma 2.10. IfV(x) € B,(q > n/2), A is a nonnegative constant, then
m(x,V) <m(x,v/VZ+1).

Remark 2.1. It is not difficult to check that if A is a nonnegative constant, then m(x,A1) =
Cv/A, where C is a positive constant and is independent of A.
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In this paper we endow the space R"*! with the following parabolic metric which is
different from the usual Euclidean metric:

(2.3) d((x,1),(y,8)) = max(x —y|, [t —s|'/*),

for any (x,1), (y,s) € R*L.

Next we give some estimates on the fundamental solution of higher order parabolic
Schrodinger operator.

Let I'(x,t;y,s; ) be the fundamental solution to du/dt + (—A)>u+V?(x)u+ Au=0in
R™+1 where A € [0,0). Especially, we denote ['(x,;y,5;0) = T'(x,t;y,s). By Lemma 2.5 in
[2] we easily get the following lemma.

Lemma 2.11. Let V € By, for qi > n/2. For every N € N, there exist positive constants Cy
and C such that for all (x,t),(y,s) € R"™ ! andt > s,

C L <=y
(24) | F(x y,s ) ‘— [l + (t—s)l/];mz(x,V)]N (t —S) /4eXp <—C(t—s)1/3 .

Lemma 2.12. LetV € By, for g1 > n/2. For every N € N, there exist positive constants Cy
and Cy such that for all (x,t), (y,s) € R"™ ! andt > s,

C 4/3
(2.5) D559 | < g ylszz(x VI (l‘—s)n/4exp< ¢ (x_y)ll/3>.

Proof. For any (x,1),(y,s) € R™! and ¢ > s, it is easy to deduce that the inequality (2.5)

holds true when (1 —s5)'/2 > |x — y|?. Now, we assume that (r —s)'/2 < [x—y|%. VN > 0, by
(2.4) we have

=y (x, VYV » e y[4/3
=P e ) | Fotins) | < S =) e (—c'(t_f)m)

3N/2
e —y*3 - <=y
<Cy ((ts)1/3 (t—ys) exp _Ci(t—s)m
n/d e —y[*3 < —y[*3
S CN(t — S) / exp <8(ts)1/3 €Xp —Cm

4/3
_n xX—=y
:CN(I—S) /4eXp< |(t—)1/3>7

where €} =€ — ¢ and 0 < € < C. Therefore,

oy Y
[lr = y1Pm? (&, V)] | D, tiy,) [ < <CN(I_S)”/4GXP< (y)|1/3>> '

Furthermore, applying (2.4) again we have

4/3
| T(x,853.5) | scNos)‘”/“eXP( ¢ |< y)1/3> '

Combining the above inequalities, we deduce that (2.5) is valid. 1
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From Lemma 2.10, Lemma 2.11, Lemma 2.12 and Remark 1, we deduce the following
corollary.

Corollary 2.1. Let V € By, for q1 > n/2. For every N € N, there exist positive constants
Cy and Cy such that for all (x,t),(y,s) € R™ ! and t > s,

2.6)

. ci exe (€1 =5)
G5 M IS a0 (), oL+ (), oo me VY ()78

3. LP(R"*!) Multipliers

In this section we recall some results for L” (R"*!) multipliers in order to prove Theorem 1.1
(cf. [4]).
Leta=(1,...,1,4). For B = (Bi,...,Bn+1) define
n+1 n+1

(a,B) = Zajﬁj Zﬁj +4B,11 and [B] = Zﬁj
j=1 =1
For x' = (x,t) = (x1,...,X,,t) define
A% = (Ax1,. .., Axn, A%t) and ()P =P - ﬁ”xfﬁll

For a fixed x' € R"*!, defined p (') as the unique solution of F(x',p) = ?:1’65 /p?+

t?/p® = 1. Tt follow from [4] that p(x') is a non-isotropic norm on R"*! and has a dilation
invariance property p(1°x’) = Ap(x’). Note that the metric induced by p(x) is equivalent
to the parabolic metric introduced in (2.3).

The function A(x) is said to be a multiplier when

[T lp@e1)y< Ap | @ [ pprnsry forevery p,1 < p <eo,

where T = F~!(hF(¢)) and F is the Fourier transform operator.
The following proposition has been proved in [4].

Proposition 3.1. Let h(x,t) € L”(R™"), and assume h(x,t) is N times continuously differ-
entiable, where N > |a|/2 = (n+4)/2; moreover, assume that
dxdt

wB), @
IR ﬁ)(ﬁ)ﬁh( )|27‘ <C, |h(x,1)]|<Ca.e.,

where C is independent of R, say C > 1 and (%)ﬁ = (8%1)31 (ax,, )Br( I)B"H. Then

1T llpogeniny=l F~' (hF (@) l|p(ns1y < ApC || @ llppqnry @ € G5 (R™),
where A, depends only on a and p.

3.1 /
R/2<p(x,)<3R

We define an operator 7; by

F(Tif)(x,1) =

MW (Neen), 1< j<n, fECGR™.

By simple computation we conclude that the function h(x,7) = 7 satisfies the con-

ix/-
(ir+H)1/
dition (3.1) in Proposition 1. Therefore,

I T5f @y S C L f lpp@ntry = 1,255
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Then for multi-index o = (o, ., &) with |o| =4,

FV*f) () = (i) 2F () () = 20

it + |x[*

(it + [x*)F () (x.1)

0. O .
BT () ()
it + |x|*

ix{! ixgn . 4
S EEA T Gy e OF D
=F (T - T, (9/dt + (—A)*)f) (x,1).
By the L? boundedness of T}, we have
I VA ooty SC N T - T,2(8 /9 + (=A)) f || o s
<C|1(9/91+ (=) f oy -

Therefore,
(3.2) I V4(9/0t+ (=8> f lp@es1y < C |l f ooty -
4. The proof of Theorem 1.1

In this section we devote to the proof of Theorem 1.1. Before completing the proof of
Theorem 1.1, we first give the following theorem.

Theorem 4.1. Suppose V (x) € By (R"), g, > n/2. Then, for 1 <p <gq,/2,
d _
| VQ(EJF(—A)ZJFVZ) Yl @y < C N F oy -
Proof. Let f € LP(R""!) for 1 < p < g, /2 and

0 toor
u(x,1) = (E + (—A)z—i—Vz)*lf(x,t) = ./700./Rn T (x,2;,)f(y,5)dyds.
Write
aen= [ [ rerosodsdst [ [ P s

= Ml(xat)+”2(xvt)a

where r = 1/m(x,V).
Because of self improvement of the By, class, V € By, for some g, > g,. For conve-
nience, we denote

Cy
(14 (= )12m?(x, V)N [1 + [x — y|m(x, V)]V

Gi(x,1:y,8) =

and
e |43
Ga(x,t:y,5) = (1 —s) ™ *exp (_C1|xy> .

(t—s)1/3
f 1/q
[ e
—oo J |x—y|<r

At first, we have
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1/q
_y|4/3
/ / 1~ exp qC1| yl dtdy
[x—y|<rJO 1/

1 oo ~ 1/q
< [/ 7/ S3qn/4—4e—qclsdsdy]
= Ve i s

< C(/rt,qn+4+n—1dt)1/q — cprantaa — Cr*Z”/‘iO”/q,
0

where 1/g+2/q, = 1.
Then using Holder inequality,

t 2/q0 é
ool | [ Gweslsosietads] [ (Galrstaras
oo eyl fxyl<r

1 2/q0
<onryprmsial [ f _y<r|c.<x,z;y,s>|f<y,s>|%/2dyds} .

Note that |x —y| < 1/m(x,V) and m(x,V) ~ m(y,V). Denote R = 1/m(y,V). Therefore,
by Lemma 2.5,

/ (V2(0) i, (x,1)) % 2
Rnﬂ

t
<C V4 (x) [m(x,V)]”fzq‘)/q {/ /\x—y|<r |Gy (x,t;y,s)|f(y7s)q0/2dyds] dxdt

Rntl

< [0l | [ Ym0 Gy iy d s
Rl |x—y|<C R Js

§)[40/2 = CyV® (x)[m(y,V)]"20/4 1 . )
S/R”“ FO.s)I [AY<C1R1 [1+ |x—y|m(y, V)]V [1+(t—s)%m2(x,v)}1\’d dr | dyd

CyV 4 () lm(y, V)" 20/ = !
< %0/2 / N / dxdtdyd
o LR T R e ol A T e ey

90 n—2qo/q—4
<con [ g | [ YRR dx| dyds
R+l [x—y|<CIR

[

[1+ |x—ylm(y, V)]V

< CCy /Rn+1 £ 9) [0/ (m(y, V)20 UI

x—y|<CiR

Vv (x)dx} dyds

< CCy /HW O )12 (V)2 0R" [RI"/

yao (x)dx] dyds
x—y|<CiR

1 q0
<ccy [ 170 oGy 2R o [ Vx| dyds
R+l R? |x—y|<CIR

B B 1 40
<CCy [ U (s) 02 m(y, ) 2R3 [an / V<x>dx} dyds
[x—y|<CIR

< CCy /l;anﬂ \f(y7s)\q‘)/z(m(y,V))"fquR”ﬂquyds

< CGCy, /RM £ (3,8) |0 dyds.
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Moreover, we have

V2 (x)|u, (x,1)|dxdt

Rrtl

r 1
sc[ v/ /‘ | r(x,r;y,s>||f<y,s>|dyds]dxdr
LS —eo J |x—y|<r

Rn+!

< Lo [ VI s
Rn+l L/ |x—y|<CiR Js

e—y|*/3

- ot o0 (-G
< , dxdt | dyd
_/R"+1 03]l /\HKCIRA My m V¥ (=) | e

CyV2(x) - ~ e —y[*3
< X / / t"*exp | € =—— | dxdtdyds
JAAC A ey ) R sl ‘

V2(x)
<c [ 1709) uc T sV )V ‘“} dyds

< CCy, /Rn+l |f (v, 8)|dyds,

where we use (2.1) in Lemma 2.6 in the last inequality.
Therefore, by using interpolation,

2
||V l/tl HLp(RYH»])SCHf”Lp(RVH»l) for 1 gpgqo/z
To finish the proof, using (2.2) in Lemma 2.6, we first have

L., | Triys) | dyds

t Cn —n/4 - =¥
<1, [T A (C‘(,_s)ua ayds

¢ = 3nja-4 —Cos
< n/ 0s g
—./ g [1+|x—y|m<x,v>1fv|x—y|n—4/o e w

< Cm(x,V)™*.

For 1 < p < ¢,/2, we obtain
' Up o o
= | [ meslirvsraa| [ [ rsslas]
—eo =yl <r —eo J]x—y|<r

Tt 1/p
<oney [ [ [ Rl

where 1/p+1/p = 1.
LetR=1/m(y,V). By Lemma 2.4,

/Rn+1 (Vz(x) ‘”2 (x7t) |)pdxdt

1/p

<c [ vy [ [ sl a

R+l
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= /ﬂw £ (vs)I” {/xym/sm V2P (x) [m(y,V)]y|r(x,t;y7s)dxdz} dyds

, oyl
= CN VP (x)[m(y, V)] ~4r/P" €XP <_C' (H)‘“)
< 5P / / dxdt | dyd
—/Rnﬂ £ 09l lx—y|>C|R [14 |x—ylm(y, V)]V (t —s)—n/4 : yas

OV (x)[m(y, V)] 4P = |x y[*/3
< , P/ ’ /t"/4ex XN avdrdyd
< Jod PO [ T smG Ty e (-G ) s

V2P (lm(y, V)] 40P
<c 5P / ) dx| dyd
= o100 lc [T+ =yl V)V — s | 20

<cf 1o |3 o)
= Jret ’ ’ | =0/ 2R<|x—y|<2/*IR [1+[x—y|m(y,V)]N|x—

y|n_4dx] dyds

< p —4p/p’ - / 2p
<c [ oo | T s [ <x>dx] dyds

j=0
e (2UR) 1
<c v)|-lr (77/ V2 (x)dx) | dyd
/ y )] ];0 [1 +21]1\/((2]13)” ' \x7y|<2./+'R (-x) )C) yas
e @Rt 1 >
<C (y, V)] ~40/P (2'R) 7/ V(x)dx)" | dyd
/ mO: V)] ;)[1+2!]N((21R)" lv—y|<2/+1R (x)dx)™ | dyds
& (2R)* 21’ 1 >
<C/ V)| Ae/v / V(x)dx)7" | dyds
m(y,V)] ];) T 2/R)”*2 L) )7 | dy
<C/ V)] —4p/p' gA-2p i # dyds
mG:, 2 1 27N-2plr |V
j=0
<C/ s)|Pdyds,
where we choose N sufficiently large.
Hence,
/ V2(x)u, (x,1)|? dxdr < / Flon)|Pdadt for 1< p<q,/2.
Rr+l Rr+l
Thus the theorem is proved. 1

Proof of Theorem 1.1. By Theorem 5.1, we have
1V3(9/01 + (=A? + V) f |l ooty S C || f |l ooty for 1< p<g,/2.
It follows from (3.2) that
IV4(@/01 + (=8)* + V)" f e
<C [ VH9/It+(=4)*) (/I + (=8)*)(9/It + (=A)* + V)" f [l pp(aner)
<[1(9/9t 4+ (=8)*)(9/9t + (=8)* + V)" f [l p(ansr)
< F Ny +11V2(9/9t+ (=2 + V) f ooy
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SC| fllpmnsy -
The proof of Theorem 1.1 is finished. 1

5. The L” boundedness of the operator V2% (9 /dt + (—A)* +V?)~*
Theorem 5.1. Suppose V(x) € By, (R"), g, >n/2. Then, for 1 <p < q1/2,
1V24(9/9t+ (=8 + V) *f | pney S C L f ooy

Proof. By the functional calculus, we may write, for all 0 < a < 1,
(001 + (—A) +V3)~ / A= /1 + (—A) + V) ldA.

Let f € C3(R"). From (9 /9t + (—A)? + V)~ f(x,1) = [gue1 D(x,153,5:4) £ (3, s)dyds, it
follows that

V299 /It + (—A)? + V) ¥ f(x,1) = / " K(x,1;y,5)V (x)*%f(y, s)dyds,
Rl‘l
where
K(x,t;y,s) = %/ AT (x,15y,83A)dA for 0 < o0 < 1,
0
Let f € Cg(R™1). The adjoint of V2*(9/dt + (—A)* +V?)~* is given by
V(2014 (AP 4V f(e) = [ KOsV 07 v

Note that for all (x,1), (y,s) € R™ ! and t > s,
=y 1
( - )1/3 B d((xat)7(yas))n’

By Corollary 2.1 we conclude that for every N € N, there exists positive constants Cy and
C) such that for all (x,?), (y,s) € R*"! and s > ¢,

Cy 1
[d((x,0), (v s) 4L+ d((x,1), (3, 8))m(x, VIV d((x,0), (v,5))"

Letr= m It follows from Holder’s inequality and (5.1) that

V(24 (AP V) £ )|

(t—s) " 4exp ( C

5.1) | K(y,s;x,1)|<

Cn Vi)

S o 7 T G0 G e VP e, G
jflr 4o

o ¥ L ey

. V() ¥ f(y,s)|dyds
S < () () <20 (1+21 1) (2/—1r)n+4 W1 (v, )|y

(2/r)*e 1 / 2a/q
< . ‘ Vi) d 1
v ]; 1—|—2/*‘)N((21*1r)” iz’ O v)

s)|dyds

1

1/q
X . ,8)| 2 dyd 2
((21*”)”*4 /d<<x,t),(y,s>>szfr|f 0u3) 2 yds)
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(27r)% 1

plot
< - V
e J;w 14+ 2/-1)N ( (27=1p)n ,/\x,y‘gzjr (y)dy)

1 1/q
- q d d 2
(@ /d« ooy OS2 ds)

1 1 2a
=CC - V(y)d
N Z (121N ((21_11”)”_2 /Ixfy\ngr ) Y)

j—foo

1
8 ((Z-fflr)”*“ /d«x,,),@,s))gz.fr

By Lemma 2.5 we conclude that for the case j > 1 there exists a constant Cyp such that

£ (v,5) |92 dyds) /.

(277) : .
_— V(y)dy < Co(27).
2] Jyjezsy” DD =2

For the case j < 0, by using Lemma 2.2 we see that
(2/r)?
|(x,277)"] Jix—y|<2ir

r \n/g. -2, 1
v < Cl )" o [ vOIa)

- C(2J)2—n/ql .

Thus,
[(V24(9/9t+ (A +V2)~%) f(x,1)]

>, 27\l )
< CON A1) (x,1)) ]ZM(H(ZJ)'—I)N"’_(ZJ)ZW)

< C(A (| f1%) (x1)) V2,

where .# is the Hardy-Littlewood maximal operator on R"*! and we take N sufficiently
large.
Then

| (V2*(9/3t+ (=A? + V)"V f ooty < C || f lpqatrys (q1/20) < p <.
Therefore,

| (V2%(@/01 + (AP +V2) ) ey < C | Fllperys 1 <p<ar /20 1
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