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Abstract. We are concerned with the multiplicity of semiclassical solutions of the follow-
ing Schrodinger system involving critical nonlinearity and magnetic fields. Under proper
conditions, we prove the existence and multiplicity of the nontrivial solutions to the per-
turbed system.
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1. Introduction

This paper is motivated by some works that have appeared in recent years concerning the
nonlinear Schrodinger equation with electromagnetic fields and critical nonlinearity of the
form

v 2

h ¥
(L) iht = —%(V+iA(x))2w+W(x)w—K(x)\w|2 2y —h(x,|y]*) v,

where 7 is Planck’s constant, i is the imaginary unit, 2* is the critical exponent, 2* =
2N/(N —2), for N > 3, A(x) = (A1 (x),A2(x),...,Ax(x)) : RY — R¥ is a real vector po-
tential and W (x) is a scalar electric potential. Knowledge of the solutions for the elliptic
equation

(1.2) —(V4iA(x))u(x) + A (W (x) — E)u(x) = )LK(x)|u\2*_2u+/'Lh(x, |u*)u

has a great importance in the study of standing-wave solutions of (1.1) i.e. the solutions of
the type

i) =exp (2 Juto)

where A~! = #?/2m. The transition from quantum mechanics to classical mechanics can
be conducted by making i — 0. Therefore, the existence and multiplicity of solutions for &
small has important physical interest.
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The problem in the case A(x) = 0 has been explored by many authors including del Pino
and Felmer [17, 18], Floer and WeinStein [22], Oh [24] and Wang [29]. For more results,
we refer the reader to [1,2,4-6,9, 10, 14—16,25] and the reference therein.

As for as the Equation (1.2) in the case of A(x) # 0 is concerned, we recall Lions [21],
Arioli and Szulkin [3], Cingolani [12] and the works of [7, 11, 13,20,26-28]. Among the
works mentioned above, the corresponding authors have done a great deal of work and
obtained many valuable results. Especially, many results have only been established in
subcritical case by using various methods.

Motivated by the results just described, a natural question is whether the existence and
multiplicity of results occur for the following perturbed Schrodinger system with critical
nonlinearity and electromagnetic fields

{ —(eV+iAX))2u+V(x)u = Hy(Jul®,v*)u+Kx)|[u* 2u, xeRV,

(13) (eV+iB(x)) v+ V(x)v = H (Jul?, W2y - KW 2, xRV,

To my knowledge, it seems there is a few work on the existence of solutions to (1.2), but to
the system (1.3), there is almost no work on the existence and multiplicity of solutions. By
using the similar idea or method of [19, 30] we will establish the two main results to (1.3).
Firstly, we make the following assumptions throughout the paper:
(Vo) V € C(RN,R), V(0) = inf, g~ V(x) = O (this is referred as critical frequency and
first appeared in [9, 10]), and there is a constant b > 0 such that the set Vb = {xe
RV : V(x) < b} has finite Lebesgue measure (the measure condition was first used
in [4-6]);
(Ag) A(x),B(x) € C(RY,RN),A(0) = B(0) = 0;
(Ko) K(x) € C(RN), 0 < infK < supK < oo;
(H)) HeC'(RT xRTR), Hy(s,t), H/(s,t) =o(1) as |s| + |t| — 0;
(H3) there exist 2 < & < 2* and C > 0 such that

a2

Hy(s,0)|, |H (s,0)] <C(1+5T +:7°);
|

|

(H3) there exist ag > 0, p,q > 2, 6 € (2,2*) such that H (s,t) > 2ao(|s|?/> + [t|7/2) and
0
0< EH(s,t) < sH(s,t)+tH;(s,t) foralls>0,r>0.

We can give the example of the nonlinearity H as follows:
B B 2N
H(s,t)=|s|2+t|]7,4<2B <6=2"= N3’ for N = 3.

Next, we follow the two main results:

Theorem 1.1. Assume that (Vyy),(Ao),(Ko) and (Hy)—(H3) hold. Then for any o > 0, there
exists €s > 0 such that € < &g, the perturbed Schrodinger system (1.3) has one least energy
solution (ug,ve) satisfying

6-2
(1.4) W/RN 82(|V|u8||2+\V\vg\|2) +V(x)(|ug\2+|v8|2) <oeV.

Theorem 1.2. Let (Vy),(Ao),(Ko) and (H, )-(H3) be satisfied. Moreover, assume that H(u,v)
is even in (u,v), then for any m € N and 6 > 0, there is &,6 > 0 such that € < &5 the
system (1.3) has at least m pairs of solutions (ug,ve) which satisfy the estimate (1.4).
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These theorems extend the results in [19]. Observe that though the method used in our
paper is similar to the one of [19], the procedure of the main results is not trivial. We must
face our problem with complex-valued functions, at the same time, we need much more
delicate estimates for the appearance of magnetic potentials A(x) and B(x).

This paper is organized as follows: in Section 2, we describe some preliminaries. Section
3 contains the behavior of (PS) sequences and technical Lemmas. Section 4 includes the
proofs of the main results.

2. Preliminaries

Let A = £~2. We think about the following equivalent problem

.0 { —(V+ l:\/IA(x))quer(x)u = AH,(|ul?, |v|2)u+/lK(x)|u\i*:2u, xRN,
—(V+iVAB(x))2v+ AV (x)v = AH, (Jul?, v?)v+AK(x)|v]* 2y, xeRV.

In order to prove Theorem 1.1 and Theorem 1.2, we need only prove the following result.

Theorem 2.1. Assume that (Vyy),(Ao),(Ko) and (Hy)—(H3) hold. Then for 6 > 0, there exists

Ag > 0 such that if A > Ag, the system (2.1) has at least one least energy solution (uy,v;)
which satisfies

6-2
26
Theorem 2.2. Let (V),(Ao),(Ko) and (Hy )—(H3) be satisfied. Moreover, assume that H(u,v)

is even in (u,v), then for any m € N and ¢ > 0, there is Aye > 0 such that A > Ay the
system (1.3) has at least m pairs of solutions (u,,,v,,) which satisfy the estimate (1.4).

_N
[ (1l VI P2V () (i P+ ) < 0213

For the convenience, we quote the following notations. Let V u = (V + i\/IA)u, Vv =
(V+iVAB), Ej s(RY) = {u € L*(RV) : Vyu € L*(RN)} and Ej 3(RY) = {v € L>(RV):
Vv € L*(RV)}. It is obvious that E} 4 is the Hilbert subspace under the scalar product

(u,v)ra= RC/RN ((Vau,Vav) + AV (x)uv),

the norm induced by the product (-, -) is

a3 = [, (Vau+ 2V @),

It is easily known that E; 4 is the closure of CS"(RN ,C). For E; p ,there exists the similar
results to £y 4 .

Remark 2.1. We have the following diamagnetic inequality(see [21]):
Vau(x)| 2 [V]u()||  u € Ej2(RY)

and
[Vav(x)| > [VIv(x)|| v e Ep(RY).

Indeed, since A, B is real-valued, we have

Vo) = e (it )| =

Re(Vu+l\FAu)|— |Vu+1\fAu| |Vau(x)|
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Re (Vvv>
vl

(the bar denotes complex conjugation). These facts mean if u € E; 4(RY), v € Ej p(R"),
then |ul,|v| € H'(R") and therefore u,v € LP(R") for any p € [2,2*) i.e. if uy = uin Ej 4
(va — v in Ej p), then u, — u in L} (RY) for any p € [2,2*) (v, — v in L} (RV)) and

loc

and

Re(Vv+i\/7LBv)j < |Vv—|—i\/IBv’ = |Vpv(x)|

VIv(l = .

u, — uae. in RV(v, — vae. in RY).

Remark 2.2. In general, E; 4 (RY) ¢ H'(RY) and H'(RV) ¢ E; 4(R"). However, it was
proved by Szulkin [3] that if Q is a bounded domain with regular boundary, then Ej 4(Q)
and H'(Q) are equivalent, where Ej 4(Q) = {u € L*(Q) : Vau € L*(Q)} with the norm

= | (IVauP+ ).

From Remark 2.1, for each p € [2,2*), there is ¢, > 0 (independent of A) such that, if
A > 1, we have

: ! :
F 2 2
(Lolr) <o [ 9mE)" <ao( [ wa)" <ol

Set E) =Ej 4 x Ej g and ||(u,v)||3 = ||ul5 4 +|[v[|3 g for (u,v) € E;. The energy functional
associated with (2.1) is defined by

T (u,v) = %/N (|vu+i\/IAu|2+|Vv+i\/IBv|2+AV(x)(|u|2+|v|2))—A/Nc(x,u,v)
R R
1
= 5H(u,v)H%L —l/RN G(x,u,v) for (u,v) € E;,
where G(x,u,v) = (K(x))/2*(|u LS |v|2*) +1/2H (|u)?,|v]?).

Under the assumptions of Theorem 2.1, standard arguments [30] indicate that J; €
C'(Ej,R) and the critical points of J, are weak solutions of (2.1).

3. Technical lemmas
Similar to the proof of Lemma 3.1 in [19], the following result can be obtained.

Lemma 3.1. Assume that the assumptions of Theorem 2.1 hold and {(un,v,)} is a (PS)¢
sequence for Jy. Then ¢ > 0 and {(un,vy)} is bounded in E).

Proof. By (H3), we have

1

I, (“navn) - 5‘11 (unvvn)(“navn)

(5 g Ml + (5= 52 ) L KOl 1)

1 1
JrA/]RN §(|”n|2HS(|”n‘2a ‘Vn|2) + ‘Vn|2Ht(|”n|2a ‘Vn|2)) - EH(|"‘H|2a |Vn|2)

1 1
> (3 ) Nl 20
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Together with J (4, v,) — ¢ and J; (4, v,) — 0 in E;l, we have {(uy,v,)} is bounded in
E; and ¢ > 0. The proof is completed. 1

By Lemma 3.1, (PS),. sequence {(u,,v,)} is bounded in E; . So we can assume (i, v,,) —
(u,v) in E;. By Remark 2.1, passing to a subsequence, u, — u and v, — vin LI (R") for
any p € [2,2*) and u, — u,v, — v a.e. in RV, It is standard that (u,v) is a critical point of
Jy, namely a weak solution of (2.1).

Lemma 3.2. Let s € [2,2%). There is a subsequence {(uy;,vy;)} such that for any € > 0,
there exists re > 0 with

limsup/ lun,|* + v, |* < €,
[—o0 Bi\Br
forall r > re, where B, := {x ¢ RN : |x| <r}.

Proof. The proof of Lemma 3.2 is similar to the one of Lemma 3.4 [23]. 1

Letn € C*(RT), satisfying 0 <n () < 1,6 >0,n(t) =1, ifr < 1,and n(¢) =0, if z > 2.
Define u;(x) = n(2|x[/j)u(x), vi(x) = n(2|x|/j)v(x), then u; — u in E; 4 and v, v/ —vin
Ej 4.

Lemma 3.3.
. 2 2
}HEORe/RN (HS<|"‘"./| vy )t
(i, = T2 [, =751 (i, = 07) = B (12,2, ) ) =
and
. 2 2
}E&RE/RN (Ht(|unj| o 1vn )v,,].
—Hy (|un; = 4, [va; = V) vy = 77) = Hy (Ja |Vj|2)91) V=
uniformly in (@, y) € Ey with || (@, ¥)]|g, < 1.
Proof. Similar to the proof of Lemma 3.6 [23], so we omit it. 1
Lemma 3.4. One has along a subsequence
Jk(un - ﬁmvn 7"711) - CiJl(uvv)

and
J,’l(unfﬁn,vnfﬁn) —0 inEl_l.

Proof. Since u; — uin Ej4, v; — vin E, g and (u;,v;) — (u,v) in E;, one has

Jy (un _i‘vnavn _";/n)

= J)L(unavn) Jl(”nvvn + = / |Mn|2 |un_’7n|2*_|i‘vn|2*)
+ > K(x)(|"n| Vi — V| [V )

2/ |"‘n|2 [Vl ) (|”n_vn| s [ty — V| ) (|ﬁn|2»|‘7n|2)+0(1)-
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Along the lines in proving the Brezis-Lieb lemma, it is easy to check that

lim K(x)(\un|2*_|un—ﬁn|2*_|ﬁn|2*) =0,
n—oo RN

lim K(x)(‘vn|2*_|vn—ﬁn\2*_|\7n|2*) =0
n—oo RN

and
Sim [ H s [vnl?) = H (it = vl i =) = H (], [72]) = 0.
Note that Jy (uy,vy) — ¢ and Jy, (il V) — Jj, (4,v), we have that
Iy, (ty — Uy vy — V) — ¢ =y (u,v).
For any (¢, y) € Ej, we have
T4 (U — Uy, v — V) (9, W)
= T30, v0) (@, W) = T, (@0, %) (9, )

+xRe/RN K (it — i — T2~ — ) [ ~2) 6
+ARe/RN K(x) (|v,,|2*—2vn =T R —T) — |\7n|2*_217n) 7

AR [ (2, 1)t = He (it = o, 1= Tof?) (12— )
— Hy (|, [V *) 1) @
+ARe/RN (Hy (Junl . [val*)vn — Hy (|ttn = i |*, [V = V] ?) (Ve — V)
—Hy ([, [va*) V) 0.
It is standard to check that

lim Re /RN K(x)(|un‘2*—2un ity — i — i) — |ﬂn‘2*72ﬁn)¢) =0

n—oo
and
lim Re/ K@) ([val* 200 = [va =0 720 = V0) — [u]* “20) ¥ =0
n—oo RN
uniformly in (@, y) € Ej with ||(@, w)||x < 1. Therefore, the conclusion required holds by
Lemma 3.3. The proof is completed. 1

Let u) = u, — it,, vl = v, — v, then u, —u = u} + (@, —u),v, —v="v: + (¥, —v). So
(n,vn) — (u,v) in E, if and only if (u},v]) — (0,0) in E;. Observe that

1 ! A/ * *
Jy (u,lz,v,ll) - EJ;L (u},,v},) (u,ll,v,ll) > NKmi“/RN (‘u“? + \v}l|2 )’

where Ky = inf, v K(x) > 0. Hence by Lemma 3.4, we get

N(c—J5(u,v))
lein

Now, we determine the energy level of the functional J; below which the (PS), condition
holds.

a1 W <

+o(1).
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Let V(x) = max{V(x),b}, where b is the positive constant in the assumption (V). Since

the set v? has finite measure and u},v} — 0in L7 (R"), we have

L V@ P+ i) = [ @) (il + W) +o(1).
By (Hy) and (H3), there exists Cp, > 0 such that
/]RNK(X)(M2 V) lulPHe ([ul?, 1v1?) + [v2Hy (Jul?, [v]?)

< b([lall3 + IVI13) +Co (llael3- + [Iv113-).-

Let S be the best Sobolev constant
Sl < [ | 1vu
RN

for all u € H'(RY).

Lemma 3.5. Under the assumptions of Theorem 2.1, there is a constant 0g > 0 independent
of A such that, for any (PS). sequence {(un,vy)} C Ey, for Jy, with (uy,v,) — (u,v), either
(tn,vi) — (u,v) or ¢ — Ty (u,v) > oA =N/2,

Proof. Assume that (up,v,) # (u,v), then

lir{rliorolfH(u,l,,v,ll)H/1 >0 and c—Jy(u,v)>0.
By the Sobolev inequality and the diamagnetic inequality, we have
S(llunl3- + 1val3+) < ACy (|lupll3- + [[val13) +o(1).
It is easy to show that liminf, . (||u}||3: + ||v}[3:) > 0. Thus, by (3.1), we get

2
* o 22 N(c—J; (u,v N
S<l@wﬁﬁww¢M»2*+dw<l@<(l(»> +o(1)
}LKmin

=

zl—z%c,,( al )ﬁ(cjl(u,v)) +o(1).

min

Therefore, we have agA!V/2 < ¢ —J; (u,v) +o(1), where g = SN/ZC[:N/ZN_IKmm. The
proof is completed. 1

Lemma 3.6. Under the assumptions of Theorem 2.1, there is a constant 0 > 0 independent
of A such that, if a sequence {(u,,v,)} C E,, satisfies

I (tn,vn) — ¢ < aOAl_N/ZaJ;(“mVn) —0in El_la
then {(uy,vn)} is relatively compact in E),.

Proof. From Jj (uy,v,) — ¢ and J; (tn,va) — 0, we get { (un,v,)} C Ej is a (PS). sequence
for J,. By ¢ < apA'™N/2, we have ¢ — Jy (u,v) < opA' "N/ — J, (u,v). Together with
Jj, (u,v) > 0 and Lemma 3.5, we get the required conclusion. |

Lemma 3.7. Under the assumptions of Theorem 2.1, there exist ¢, p; > 0 such that

J)L(M,V) > Ov 0< H(M,V)”}, < Par; J;L(M,V) > oy, lfH(M,V)HA =pyr-
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Proof. By (Hy) — (H3), for § < (4AC,)~!, there exists Cz such that
' 2 2 2" 2
/RN G(x,u,v) < 8 ([lullz +[vII2) +Cs ([lullz- + Iv]12-)-
Thus
I wv) = S v)I7 = A8 ([ull3 + [1v]12) = ACs (llull3- + [Iv]13-)
Observe that [|u|3 +[|v||5 < Ca||(u,v)||5, we have
1 . x

T (wv) = 2 v)|7 = ACs ([lull3 + VI3,

which implies that the conclusions required hold. The proof is completed. 1

Lemma 3.8. Under the assumptions of Theorem 2.1, for any finite dimensional subspace
F CE), one has J)(u,v) — —ooas (u,v) € F, ||(u,v)

|x — oo

Proof. By the assumptions of Theorem 2.1
1
I (w,v) < S, v) = Aao (Julf + v[7)

for all (u,v) € Ej . Since all norms in a finite dimensional space are equivalent and (p, g > 2),
we easily obtain the desired conclusion. 1

Define the functional

1
D, (u,v) = 5/RN (|Vu+i\/IAu|2+ |Vv—+—i\/IBv|2—l-}»V()c)(|u|2 +v?))

—aoh [ (ul+ 1)
RN

It is obvious that &, € C'(E;) and J; (u,v) < @ (u,v) for any (u,v) € Ej.
Note that

nt{ [ V00 € G R Jol, = 1| =0
and

it { [ VWP e GV vl =1 ~o.
R

Forany & > 0, there exist ¢, Y5 € Ci’ (R, R), with |¢s|, = | Ws|, = 1 and supp s, supp s C
B,5(0) such that |V¢s|3, [Vys|3 < 6 .

Let e (x) = (¢5(vV/Ax), W5(vAx)), then suppe; C By, (0). Fort > 0, we have

2
@1 (1e) = S leal —aode” [ 10(VARI —aos? [ (VAP

_N
= A" 2L (15,1 v5),

where

1
L (u,v) = i/w (IVa? + Vo2 + A (A~ 1) [u? + BA~ 1) b2 +V (A~ 2x) (juf? + [v]?))

—ao [l o).
RN
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It is obvious that
p_

p—2 , L B 7
ity (105.05) = 2 { [ 904+ AGL42) 05+ v (24 0sP
=0 2 = RN
p(pao)?
2 s
q—
e 22 ] P B ) el v ()

2q(qag) a2 /R
Recall that A(0) = 0, B(0) =0, V(0) = 0 and supp ¢5,supp Y5 C B,;(0). Therefore, there
exists Ag > 0 such that for all A > A4, we get

(3.2) maxJy (t9s,tWs) < <p22(55)p”z +‘122(55)qq2> -y
=0 2p(pag) 72 2q(qao) 72

It follows from (3.2) that

Lemma 3.9. Under the assumptions of Theorem 2.1, for any ¢ > 0 there exists Ag > 0
such that for each A > Ag, there ise), € E) with e, ||x > pa, Ja(ex) <0and

J le] < O A« N2
Wh€le p] LS deﬁ”edf’o”l Le”l”la 3 ; .

Proof. We can choose 6 < 0 so small that

(”‘22 (58)7% 4 —1=2 (55)"2)11%0

2 2

2p(pag) =2 2q(qao) 72
We take ¢ (x) = (¢5(vVAx), ws(v/Ax)) and Ag = Ag. Let ), > 0 be such that 7y ||e; || > pa
and J (tey ) < 0 forall t >7,. So we take &) =) e,. The required conclusion holds. 1

For any m € N, we can choose m functions ¢(§ eCy (RN) such that supp (1)3 M supp q)é =
0, i#j,|¢§l, =1and |[V¢|3 < &. Similarly, one can also get m functions y € Cy (RV)
with supp l[/é N supp vl =0, i#j, |yil,=1and |Vy}[3 < 8. Let > 0 be such that
supp(¢5, W) C B’(S,(O) fori=1,2,...,m
Set e} (x) = (q)é(\/zx), q/g(\/)fx)) =(f3.,85).i=1,2,...,m, then suppe’ (x) CB)L,I/zrg,(O).
Let F}"s = span{e} 3 ,...,e7'}. For each

m .
(u,v) =) kie), € F}'s,
1

=

we get

2 2 i 12 i 2
L (Vi 19a02) = Y ([ 9asiP+ /R Nngu),

(o

i=1

%ANK@(MZ*W) ;_mlmﬂ"(/ (|f1|2+/ gﬂ)

4

3
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and m
/RNH(M,V) = I;/RNH(kifivkigﬁ)'
Therefore m
i=1
and

D (kieh) < 9 (kie} ).
Set B := max{|(9%, wi)[3: i=1,2,...,m} and choose some A5 > 0 so that

1)
V(?L%x) < Bs forall [x[<r§ and A>A,s
o

Similar to the proof mentioned above, we can obtain the following inequality

(3.3) max Jj (u,v) < (m(p—22(55)pl’2 + m<q_22(55)"q2>’125}\/'
(uv)EFys 2p(pag) =2 2q(qap) a2

By using the estimate, we can get the following.

Lemma 3.10. Under the assumptions of Lemma 3.7, for any m € N and ¢ > 0, there exists
Ao > 0 such that for each A > A,,5, we can take a m-dimensional subspace F satisfying

max J; (u,v) < oA T
(u,v)eF
Proof. choose 6 > 0 so small that

-2 o 2 q_

("1(1’2(55)/72 _,_"1(‘17;(55) qz) -
2p(pag) 2 2q(qao) 72

and take F' = F}'s. By (3.3), we get the conclusion as required. 1

4. Proof of the main results

Firstly, we give the proof of Theorem 2.1.
Proof of Theorem 2.1. By Lemma 3.9, for any 0 < ¢ < 0y, there exists As > 0 such that
for each A > Ag, we get ¢; < oA "N/2 where

— inf J
)= ylenr max 1 (Y(1)),

I = {’YG C([O7 1]>El) :7(0) =0,¥(1) :EJL}'
In virtue of Lemma 3.5, J; satisfies the (PS), condition. Hence, by the mountain pass the-
orem, there exists (uy,v; ) € E, satisfying J;l (uy,vy) =0and Jj (uy,v)) = c,. Therefore,
(uy,v, ) is a weak solution of (2.1).
Moreover, it is well known that (uy ,v; ) is one least energy solution of (2.1).
Note that J (u,v3) < 6A'N/2 and J;L (uy,vy) =0, we have

l
Jy(up,vp) = Iy (up,vy) — o972 T (4, v2) (uz,v2)
1

= = ls)lf + g =501 [ K@l 1)

D \
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1 1
+4 /RN g [ PHs(lua [P, i [?) + [va PH Qua . va ) = S H (lual, va )
1

> (5~ ), va) 3.
So the diamagnetic inequality implies that
0-2
26 Jr
The proof is completed. 1

(V1R ]P+ [910a P4+ AV () (P + v ) < 0212

Secondly, we give the proof of Theorem 2.2.

Proof of Theorem 2.2. By Lemma 3.10, for any m € N and ¢ € (0, ), there exists A,
such that for A > A,,5, we can choose a m-dimensional subspace F with maxJ, (F) <
oA!'"N/2_ By Lemma 3.8, there is R > 0 (depending on A and m) such that J; (1) < 0 for
all u € F|Bg.

Denote the set of all symmetric (in the sense that —Q = Q) and closed subsets of E; by
Y. For each Q € X, let gen(Q) be the Krasnoselski genus and let

i(A) = }frelll_rrln gen h(Q)NdBy,

where I, is the set of all odd homeomorphisms & € C(E;,E;) and p; is the number of
Lemma 3.7. Then i is a version of Benci’s pseudoindex [8]. Let

¢y, = inf supJy(u), 1<j<m.
Q> uen

Since J) (u) > a, for all u € dBp, (see Lemma 3.7) and i(F) = dimF = m,

1-N
(07} SC;LISC‘MS-“§C‘;%§ sup J;L(M,V)SG)L 2.
(uy)eFrye

In connection with Lemma 3.6, we know that J, satisfies the (PS)., condition at all levels

ca,;- By the critical point theory, all ¢ A, are critical levels and J;, has at least m pairs of non-
trivial critical points. Finally, as in the proof of Theorem 2.1, we easily get these solutions
are the least energy solutions. 1
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