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Abstract. In this paper, we study second-order m-point boundary value problem
W (1) +a(t)u (1) + f(t,u) =0, 0<r<I,
{M'(O) =0, u(l) =Yk au(&) -T2 au(E),
wherea; >0(i=1,2,...,m—2),0< Y% ;=¥ 2 a;<1,0<& <& < <Eua<,
a € C([0,1],(—e0,0)) and f is allowed to change sign. We show that there exist two positive

solutions by using Leggett-Williams fixed-point theorem. The conclusions in this paper
essentially extend and improve some known results.
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1. Introduction

The study of multi-point boundary value problems for linear second-order ordinary differ-
ential equations was initiated by II’in and Moviseev [5, 6]. Motivated by the study of [5, 6],
Gupta [2] studied certain three-point boundary value problems for nonlinear ordinary differ-
ential equations. Since then, more general nonlinear multi-point boundary value problems
have been studied by several authors. We refer the reader to [3, 8—12] for some references
along this line.

Recently, Liu et al. [9] studied the following three-point boundary value problem (BVP)

W' (t)+a(t)f(u) =0, 0<r<l,
u(0)=0, u(l)=oau(n),
where 0 < 1 < 1,0 < a0 < 1/7m. Authors got the existence of a positive solution by a fixed

index point.

Communicated by Norhashidah M. Ali.
Received: October 8, 2011; Revised: February 21, 2012.



286 F. Xu and X. Guan

In [10], authors considered three-point BVP

{u”(t) Fa(t)d (t) +b()ult) +h(t) f(t,u) =0, 0<t<1,
u(0) =0, u(l)=ou(n),

where 0 < n < 1, a is positive constant, a € C[0,1],b € C([0,1],(—c,0)),
h e C((0,1),[0,+e0)) and f € C((0,1) x [0,+00),[0,+00)). The existence criteria for posi-
tive solutions of the above problem was established by applying the fixed point index the-
orem under some weaker conditions concerning the first eigenvalue corresponding to the
relevant linear operator.

In [8], authors studied the following three-point BVP

{u”(t) Falt)d () +Af(tu)=0, 0<r<1,
u'(0)=0, u(l)=au(n),

where 0 < 1 < 1, & is a positive constant, a € C([0,1],(—,0)), f € C([0,1] x R,R) and
there exists M > 0 such that f(¢,u) > —M for (¢,u) € [0,1] x R. Authors obtained the
existence of one positive solution by using Krasnoselskii’s fixed point theorem.

Motivated by the results mentioned above, in this paper we study the existence of positive
solutions of m-point boundary value problem with sign changing coefficients

{u”(t) +a(t)u (1) +f(t u) =0, 0<r<l,
”/(0):07 "‘( ) Yio 1““(51) l kHau(é,)

where a; > 0(i=1,2,...,m—2),0< Y~  a;— 27”7{+1al<1 0<é<b<n<éna<l,
a € C([0,1],(—e,0)) and f is allowed to change sign. We show that there exist two positive
solutions by using Leggett-Williams fixed-point theorem. Our ideas are similar to be used
in [8], but different from that one. By applying Leggett-Williams fixed-point theorem, we
get the new results, which are different from the previous results and the conditions are easy
to be checked. In particular, we do not need that f is either superlinear or sublinear which
was required in [8-10, 12].
In the rest of the paper, we make the following assumptions
(H) a;>0(=12,....m=2),0<¥s 1 a;— Y2 ai<1,0<& <& < <Epa<
1;
(Hz) a€C(]0,1],(—=0,0));
(H3) f:]0,1] x[0,4c0) — R is continuous and there exists M > 0 such that f(¢,u) > —M
for (t,u) € [0,1] X R.
By a positive solution of BVP (1.1), we understand a function u which is positive on (0,1)
and satisfies the differential equations as well as the boundary conditions in BVP (1.1).

(1.1)

2. Preliminaries and lemmas
In this section, we give some definitions and preliminaries.

Definition 2.1. Let E be a real Banach space over R . A nonempty closed set P C E is said
to be a cone provided that

(i) u€ P, a>0implies au € P; and

(ii) u, —u € P implies u = 0.
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Definition 2.2. Given a cone P in a real Banach space E, a functional Y : P — P is said to
be increasing on P, provided y(x) < y(y), for all x,y € P with x < y.

Definition 2.3. Given a nonnegative continuous functional 'y on P of a real Banach space,
we define for each d > 0 the set

P(y,d) ={x € P|y(x) < d}.

Definition 2.4. Given a cone P in a real Banach space E, a functional o : P — [0, o) is said
to be nonnegative continuous concave on P, provided o.(tx+ (1 —t)y > ta(x) 4+ (1 —1)a(y),
Sorall x,y € Pwitht € [0,1].

Let a, b, r > 0 be constants with P and « as defined above, we note
P.={yeP| |yll<r}, Pla,ab}={yeP| aly)=a, |yl <b}.

The mail tool of this paper is the following well known Leggett-Williams fixed-point
theorem.

Theorem 2.1. [4,7] Assume E be a real Banach space, P C E be a cone. Let A : P. — P,
be completely continuous and & be a nonnegative continuous concave functional on P such
that a(y) < ||y||, for y € P.. Suppose that there exist 0 < a < b < d < c such that
(i) {yeP(a, b, d)| a(y)>b}+#0and a(Ay) > b, forally € P(et, b, d);
(i) |Ay|| <a, forall|ly|| < a;
(iii) o(Ay) > b forally € P(a, b, c) with ||Ay|| > d.
Then A has at least three fixed points y1, Y2, y3 satisfying

Iyvill <a, b<a(y),

and
lysll >a, a(ys) <b.

Lemma 2.1. Assume that (Hy) and (H,) hold. Then for any y € C[0, 1] the BVP
.0 W (t) +a(n)u (r)+y(t) =0, 0<r<1,
. W(0)=0, u(l) =Y au(&) - Xk, au),

has a unique solution

u(;)zi/of (p(ls)/osp(f)y(r)dr)der1_Zk_lail+zm_2 (/01 (ﬁ/osp(f)y(f)dr)ds

i=k+1 i
(2.2)

,-_iai /05" (ﬁ/osp(f)ﬂr)dr) ds+ '"iz a[/oé" (ﬁ/;p(f)y(r)dﬁ dS),

i=k+1

where

p(0) = exp( [ a(e)ar).

Proof. Suppose u(t) satisfies the BVP (2.1). Since p(t) = exp( [; a(7)d7), we have p(t) >0
and p(0) = 1. Now, multiply both sides of equation of (2.1) with p(t), then

(p(t)u' (1)) + p(t)y(t) = 0.
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By the boundary condition #’'(0) = 0, we have

0(0) == [ plov(o)ds
and
(2.3) u(t) = u(0) — /Ot (p(]s) /Osp(T)y(T)dT> ds.

Thus, together with u(1) = Y5 aqu(&) — X" k+1 a;u(&;), implies that

u(0) = = 1al1+21 = (/0‘ (p(ls)./o'sp(r)y(r)dods
(2.4)
2

B Gl froroe)ine By o)

Hence, combining (2.3) and (2.4), we get (2.2). Conversely, supposing u(z) is given by
(2.2), we check that (2.1) holds. Thus, the proof of Lemma 2.1 is completed. 1

Lemma 2.2. Assume that (H) and (Hy) hold. Lety € C[0,1] and y(t) > 0 for all t € [0,1],
the unique solution of the BVP (2.1) satisfies u(t) > 0.

/p s)ds < 0.

So we have u(t) is a monotone decreasmg function for all 7 € [0, 1].
This implies that

Proof. Obviously,

[|ul| = u(0), ,Q&H]“(’) =u(l).

So we can get

u(1) :—/(;1 (%/:P(T)y(r)dr) ds+ = a,1+2, 7 (/01 (ﬁ/:p(f)y(f)df) ds
k : s i
_izlai'/f (ﬁ/o (e )df)ds-i-l;rla, /6 ( /p ) )

1 1 1 S
- 1_2? T <f/0 <W/o p(r)y(r)d‘c) ds

S| (ot [ ronear)as— T a [ (o [ pentere)as

i=k+1
. (p]s )df)dsga,. /O(ﬁ /Osp(r)y(r)d‘r>ds
el (oo

(Xk:ai— miz ai)/(: (ﬁ/o.sp(r)y(r)dr) ds

Tl
C-Ya+Xi e VA

O

aQ




Twin Positive Solutions of Second-Order m-Point Boundary Value Problem 289

~(Fa- "“/( [ i) as)

i=k+1
k 1 s
BN e vty - (L i p(r)y(f)df) ds
1_2 1%4‘2[ o1 i /S p(s) Jo
>0.
The proof of Lemma 2.2 is completed. 1

Lemma 2.3. Let (Hy) and (H) hold. If y € C*[0,1], the unique solution of the BVP (2.1)
satisfies

i t) >
tér[lég]u( ) > Yllull,

where y= (L ai — L% an)(1-80) /(1= Ty @i+ X753 aie).

Proof. Clearly

This implies that

Jull =u(©).  min u(t) = u(1).

It is easy to see that «'(f;) < u/(¢;) for any 11, 1, € [0,1] with #; < 1,. Hence #/(¢) is a
decreasing function on [0, 1]. This means that the graph of u(¢) is concave down on (0, 1).
So we have

u(Gr) —u(1)&x = (1= &)u(0).

Together with u(1) = Y5 au(&) — X k%rl au(&) and o/ (r) <0 on [0, 1], we get

( )(1 72 lal€k+zl k+1 lék) M(l)
u(0 = .
0= (i ai— X5 @) (1= &) 14

The proof of Lemma 2.3 is completed. 1

Lemma 2.4. Let @ be the unique solution of the following BVP

0s) {u (1) +a(t)u (1) +1=0, 0<r<1,

W(0)=0, u(l)=Yi au&)- L2, au).

Then o(t) < Ty, where

1+ m—2 1 s
_ . i=k+14 (/ (1/ p(f)df) ds) 1
I_Zi:1az+zi:k+1ai o \p(s)Jo Y
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Proof. By Lemma 2.2 and Lemma 2.3, we see @(0) = max,c|o,;] @(¢). So we have

00 = =5 1%121 - (/01 (l)(ls)/osp(f)d’L') ds

06 —ga/ ( /p dr) ds+ ’"ZZ al/ji (p(ls)/()sp(r)d*c) dS)

i=k+1
T+Y70 ai b1
< X k+1,a (/ (/ p(r)dr> ds)
I_Z, 14i Z, —k-19%i \/O p(s) Jo
=TIy.
Therefore, w(r) < T'y. |

3. The main results

For convenience, we let

_ 1 RIS B 1+Z:'l:7€2+1‘1i 1(1 s )
l—/o (p(s)./o P(T)df)ds, h= 1Zf1ai+):§"kilai/0 p(s)./o p(t)dt ) ds.

Let E = C[0, 1], then E is Banach space, with respect to the norm |[ul| = sup,¢fg ;) [u(t)].
We define a cone in E by

P={u€Elu>0, min u(t) > v|u|}.
t€[0,1]

Our main results are following theorems.
Theorem 3.1. Suppose conditions (H,), (Hy) and (H3) hold and there exist positive con-
stants a,b,c,N with MT < a < a+MT < b < y*c,1/y < N < (cl)/(bh) such that

(A1) f(t,u) <a/h—Mfort€[0,1],0<u<a;

(A2) f(t,u) = (b/N =M fort € [0,1],b—MT <u <b/y;

(A3) f(t,u) <c/h—M fort€10,1,0<u<ec.

Then the BVP (1.1) has at least two positive solutions.

Proof. Let z=M@®. By Lemma 2.4 we have z(t) = Mw(tr) < MT'y < ay. It is easy to see
that the BVP (1.1) has a positive solution « if and only if u+z = u is a solution of the
following BVP

{"<r>+a<r> (1) = ~g(tu—2) 0<r<1,
'(0)=0 ”(1): i aiu(&;) — ,k+1a”(‘§t)

andu >z fort € (0,1), where g : [0,1] x R — [0, 4o0) is defined by

g(t,y) = ft.y)+M, (1,y) €[0,1] x [0,4o0),
(t,y) €

3.1

For v € P, define the operator

Tv(t) = f/ot (p(ls) /Osp(r)g(f,v(‘t) Z(‘L’))d’l:) ds
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i= k+l

‘,if” [ Gl Sp(f)g(ﬁv(r) —z(r))dr> ds

Y [ ( | ot ('c))dr)ds>.

i= k+l

By Lemma 2.1, Lemma 2.2 and Lemma 2.3, we can check T(P) C P. It is easy to check T
is completely continuous by the Arzela-Ascoli theorem.
In the following, we show that all the conditions of Theorem 2.1 are satisfied. Firstly, we
define the nonnegative, continuous concave functional & : P — [0, ) by
a(v) = min v(t
(v) min ()
Obviously, for every v € P,
a(v) < v S
We first assert that if there exists a positive number ¢ such that T(P;) C P.. If v € P,.
When v(t) > z(¢), we have 0 < v(¢) —z(¢) < v(f) < ¢ and thus g(z,v(¢) —z(¢t)) = f(¢,v(t) —
z(t))+M > 0. By (A3) we have

8t,v(t) —2(1)) <

When v(1) < z(t), we have v(r) —z(¢) < 0 and then g(¢,v(r) —z(¢)) = f(£,0) +M > 0. Again
by (A3) we have

for t€][0,1].

S o

8, v(1) —Z(t)) <

In a word, if v € P, then g(r,v(t ) <c/

|Tv|| = Tv(0) = - 1a+2 2 10( ( (T)g(LV(T)—z(‘L'))dT) ds
i+ X2 a;
i /( /P z(r))dr)ds
+ T a [ (5 [ otz -stena) as)

: 1—25'( 1ai1+2,r-"_ki1ai </01 (P(IS)/oSp(T)g(T’v(T) _Z(T))d7> ds
+ 5 a [* (o5 [ peten(e) —<(eae) as)

i=k+1

< 1+Z?:k+1ai /1( 1
‘l—z’flaﬁz:"—kilai o \p(s)

p
<< L+ 19 ( 1 )ds
hi1— Zi:] ai+ Zi:k+1 al p(s

=C.

for t€][0,1].
fort € [0, 1] Then,

EA:‘\Q

/Sp(r)g(r,v(r) —z(r))dr) ds
0
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Thus Tv € P.. Therefore, we have T (P,) C P.. Especially, if v € P,, then assumption (A})
yields g(¢,v(¢) —z(¢)) < a/h fort € [0,1]. So, we have T : P, — P,.

To fulfil condition (i) of Theorem 2.1, let v(t) = b/y?, then v € P, at(v) = b/y* > b. That
is {ve P(a, b, b/¥*)| a(v) > b} # 0. Moreover, if v € P(«, b, b/¥*), then a(v) > b, so
b<|v|| <b/y*. Thus, b—MT < v(t) —z(t) <v(t) < b/¥*,t €[0,1]. From assumption (A;)
we get g(1,v(r) — z(¢)) > (b/I)N for t € [0,1]. By the definition of @ and Lemma 2.3, we
have

&(rv) = min 1) > 17| = 17400
g U (g [ st —<(eyaz s
Y [ [ Ot (e
+Ta / (o5 [ postertn o) as)
> i le = (/01 (1 [ porste.v(e) (i )
Z / " / p(t —2(1))d)ds
ol (b frmeir i)

=5 1“1'};‘2, e (/O (,)(ls) /Osp(r)g(r,v(f)—z(r))d'L')ds

Za, lm%z] z‘/oék (pls) Osp(f)g(f,V(r)z(r))dr) ds)
> gz U (i st —etonae)

—(izk‘iai— mf a) /0 l (1 ' p(r)g(f,v(r)—z(r))df> ds)

i=k+1

[ (5 [ rosteto (o) as
> ?’?N /0 1(p(ls) /0  p(2)dr)ds

Therefore, condition (i) of Theorem 2.1 is satisfied.
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Finally, we address condition (iii) of Theorem 2.1. For this we choose v € P(a, b, c)
with ||Tv|| > b/y?. Then from Lemma 2.3, we have

b
oTv) = min Tv(e) 2 y|Tv]| 2 S > b,

s

Hence, condition (iii) of Theorem 2.1 holds.
To sum up, all the hypotheses of Theorem 2.1 are satisfied. Hence T has at least three

positive fixed points vy, v» and v3 such that

il <a, b<o(vp),
and

3| >a, o(v3)<b.
Further, u; = v; — z(i = 1,2,3) are solutions of the BVP (1.1). Moreover,

va(t) > Ylvall = ya(va) > yb > yMT > z(¢), t€]0,1],

v3(1) Z ¥llvs| = ya(vs) = ya > yMT = 2(1), 1 €[0,1].
So uy = vy — z,u3 = v3 — z are two positive solutions of the BVP (1.1). This completes the
proof. 1

Theorem 3.2. Suppose conditions (Hy), (Hz) and (Hz) hold and there exist positive con-
stants a;,b;,N with MT' < a; < a; + MU < b; < Y*a;j11,1/y < N < (ai11)/(b;h), (i =
1,2,...,n—1) such that

(Ag) f(t,u) <a;j/h—M fort€[0,1],0 <u<a;

(As) f(t,u) > (bj/l)N —M fort €[0,1],b; — MT < u < b;/y*.
Then, the BVP (1.1) has at least 2(n — 1) positive solutions.
Proof. When n = 2, it is that Theorem 3.1 holds (with ¢; = a3), so we can get at least two

positive solutions uy and u3 such that uy > ya,u3 > yb;. Following the identical fashion,
by the induction method we immediately complete the proof. 1

Remark 3.1. Comparing paper [8], our boundary value conditions extend their boundary
value conditions. Furthermore, Our results are new and different from the results in [8]. In
particular, the following condition in [8] are not need in our paper

o

= +oo uniformly on [0, 1].
U—o0 u

Remark 3.2. Comparing paper [9, 10], our nonlinear terms f is allowed to change sign.
Meanwhile, we do not need f is superlinear or sublinear. So our conclusions in this paper
essentially extend and improve the known results in [9, 10].

4. Example
In the section, we present a simple example to explain our results.
Example 4.1. Consider the following four-point boundary value problem with sign chang-

ing coefficients

“.1)
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wherealzl,azzl/Z,51:1/4752:1/2,a(t):—1,
%u, O§u<%,
=50 a0 SUS S
Q) =11, 300 Su < 1%,
. <<
&> u>12.

By

simple calculation, we get [ =~ 4/5, h~4, y=3/8, T' = 32/3. We choose a =

3/300, b =5/300, c =12, N=6, M = 1/320. Obviously, M <a <a+MI <b <

Ye,1/y <N < (cl)/(bh) and f(u) =

(iii) for0<u <12, we have f(u)=

¢(u) —1/320 > —M. Moreover,

(i) for 0 < u < 3/300, we have f(u) = @(u) — 1/320 < (1/5)(3/300)
(1/4)(3/300) —M =a/h— M,

(ii) for b—MT =4/300 < u < 16/135 = b/¥*, we have f(u)
M>1/8—M=b/IN-M;

-M <
—ou)—1/320=1—

@(u)—1/320 < 135/1604 x 12+ 1588 /1604 — M =
2-M<3-M=c/h—M.

By Theorem 3.1, we know the BVP (4.1) has at least two positive solutions.
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