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1. Introduction

In recent papers [1–6, 8, 11–14, 16–20], the authors studied the existence or uniqueness of
positive solutions or solutions of boundary value problems for fractional differential equa-
tions. While the existence of solutions of impulsive boundary value problems for Riemann-
Liouville fractional differential equations has not been given up to now, the research pro-
ceeds slowly and appears some new difficulties.

In [15], the authors studied the existence and uniqueness of solutions of the following
periodic boundary value problem of the impulsive fractional differential equation

(1.1)


Dα

0+u(t)−λu(t) = f (t,u(t)), t ∈ (0,1], t 6= t1 ∈ (0,1),0 < α ≤ 1,

limt→0 t1−α u(t) = u(1),
limt→t+1

[t− t1]1−α [u(t)−u(t1)] = I(u(t1)),

where Dα

0+ is the Riemann-Liouville fractional derivative of order α , I : R→R is continuous,
f : [0,1]× R→ R is continuous, λ ∈ R is a constant. The existence and uniqueness of
solutions of BVP(1.1) are established under some assumptions by using Banach contraction
principle. One of the main assumptions in [15] is as follows: there exist positive numbers
M and m such that

(1.2) | f (t,x)| ≤M, |I(x)| ≤ m, t ∈ [0,1], x ∈ R.
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In this paper, we discuss the periodic type boundary value problem of the nonlinear
singular fractional differential equation with the multi-terms

(1.3)



Dβ

0+ [Φ(ρ(t)Dα

0+u(t))] = q(t) f (t,u(t),Dα

0+u(t)), t ∈ (0,1),
limt→1 t1−α u(t)− limt→0 t1−α u(t) =

∫ 1
0 G(s,u(s),Dα

0+u(s))ds,
limt→1 t1−β Φ(ρ(t)Dα

0+u(t))− limt→0 t1−β Φ(ρ(t)Dα

0+u(t))
=
∫ 1

0 H(s,u(s),Dα

0+u(s))ds,
limt→t+1

u(t) = I(t1,u(t1),Dα

0+u(t1)),

limt→t+1
Φ(ρ(t)Dα

0+u(t)) = J(t1,u(t1),Dα

0+u(t1)).

where

• 0 < α,β ≤ 1, Dα

0+ ( or Dβ

0+ ) is the Riemann-Liouville fractional derivative of order
α ( or β ),
• Φ : R→ R is a sup-multiplicative-like function with supporting function ω , its in-

verse function is denoted by Φ−1 : R→ R with supporting function ν ,
• 0 < t1 < 1, I,J : (0,1)×R2 → R are continuous functions, (•) φ ,ψ : (0,1)→ R

with φ |(0,t1],ρ|(0,t1] ∈ L1(0, t1) and φ |(t1,1],ρ|(t1,1] ∈ L1(t1,1),
• ρ : (0,1)→ [0,+∞) with ρ|(0,t1] ∈C0(0, t1] and ρ|(t1,1] ∈C0(t1,1) and satisfies that

there exist numbers L > 0 and k > −α such that ρ(t) ≥ (t−kν(tβ−1))/L for all
t ∈ (0,1), t 6= t1,
• q : (0,1)→ R with q|(0,t1] ∈C0(0, t1] and q|(t1,1] ∈C0(t1,1) and there exist numbers

L1 > 0 and k1 >−β such that |q(t)| ≤ L1tk1 for all t ∈ (0,1),
• f ,G,H defined on (0, t1)

⋃
(t1,1)×R×R are impulsive Caratheodory functions

that may be singular at t = 0, t1 and 1.

A function x defined on (0,1) is called a solution of BVP(1.3), if x|(0,t1] ∈C0(0, t1] and

x|(t1,1] ∈ C0(t1,1], Dα

0+x|(0,t1] ∈ C0(0, t1] and Dα

0+x|(t1,1] ∈ C0(t1,1], Dβ

0+ [Φ(ρ(t)Dα

0+x(t))]
∈ L1(0,1) and x satisfies all equations in (1.3).

We obtain the results on the existence of at least one solution of BVP(1.3). An example
is given to illustrate the efficiency of the main theorem. The results in this paper general-
ize those ones in [18], i.e., assumption (1.2) is replaced by a weaker one. The impulsive
functions are different those ones in [18].

Remark 1.1. In the special case: α = β = 1, g(t,x,y) = h(t,x,y)≡ 0 and the impulse dis-
appears, BVP(1.3) becomes the periodic boundary value problem for ordinary differential
equation {

[Φ(ρ(t)u′(t))]′ = q(t) f (t,u(t),u′(t)), t ∈ (0,1),
u(0) = u(1), u′(0) = u′(1).

So we call BVP(1.3) the impulsive periodic type boundary value problem of the nonlinear
fractional differential equation.

The remainder of this paper is as follows: in Section 2, we present preliminary results.
In Section 3, the main theorems and their proof are given. In Section 4, an example is given
to illustrate the main results.
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2. Preliminary results

For the convenience of the readers, we present the necessary definitions from the fractional
calculus theory. These definitions and results can be found in the literatures [7,10]. Let the
Gamma and beta functions Γ(α) and B(p,q) be defined by

Γ(α) =
∫ +∞

0
xα−1e−xdx, B(p,q) =

∫ 1

0
xp−1(1− x)q−1dx.

Definition 2.1. The Riemann-Liouville fractional integral of order α > 0 of a function
g : (0,∞)→ R is given by

Iα
0+g(t) =

1
Γ(α)

∫ t

0
(t− s)α−1g(s)ds,

provided that the right-hand side exists.

Definition 2.2. The Riemann-Liouville fractional derivative of order α > 0 of a continuous
function g : (0,∞)→ R is given by

Dα

0+g(t) =
1

Γ(n−α)
dn

dtn

∫ t

0

g(s)
(t− s)α−n+1 ds,

where n−1≤ α < n, provided that the right-hand side is point-wise defined on (0,∞).

Definition 2.3. Let X and Y be Banach spaces. L : D(L) ⊂ X → Y is called a Fredholm
operator of index zero if Im L is closed in X and dimKerL = codimImL < +∞.

It is easy to see that if L is a Fredholm operator of index zero, then there exist the projec-
tors P : X → X , and Q : Y → Y such that

Im P = Ker L, Ker Q = Im L, X = Ker L⊕Ker P, Y = Im L⊕ Im Q.

If L : D(L)⊂ X → Y is called a Fredholm operator of index zero, the inverse of

L|D(L)∩Ker P : D(L)∩Ker P→ Im L

is denoted by Kp.

Definition 2.4. Suppose that L : D(L)⊂X→Y is called a Fredholm operator of index zero.
The continuous map N : X→Y is called L-compact if both QN(Ω) and Kp(I−Q)N : Ω→X
are compact for each nonempty open subset Ω of X satisfying D(L)∩Ω 6= /0.

To obtain the main results, we need the abstract existence theorem [9].

Lemma 2.1. Leray-Schauder Nonlinear Alternative. Let X ,Y be Banach spaces and L :
D(L)

⋂
X → Y a Fredholm operator of index zero with KerL = {0 ∈ X}, N : X → Y L-

compact. Suppose Ω is a nonempty open subset of X satisfying D(L)∩Ω 6= /0. Then either
there exists x ∈ ∂Ω and θ ∈ (0,1) such that Lx = θNx or there exists x ∈ Ω such that
Lx = Nx.

Definition 2.5. An odd homeomorphism Φ of the real line R onto itself is called a sup-
multiplicative-like function if there exists a homeomorphism ω of [0,+∞) onto itself which
supports Φ in the sense that for all v1,v2 ≥ 0 it holds

(2.1) Φ(v1v2)≥ ω(v1)Φ(v2).

ω is called the supporting function of Φ.



578 Y. Liu

Remark 2.1. Note that any sup-multiplicative function is sup-multiplicative-like function.
Also any function of the form

Φ(u) :=
k

∑
j=0

c j|u| ju, u ∈ R

is sup-multiplicative-like, provided that c j ≥ 0. Here a supporting function is defined by
ω(u) := min{uk+1,u}, u≥ 0.

Remark 2.2. It is clear that a sup-multiplicative-like function Φ and any corresponding
supporting function ω are increasing functions vanishing at zero and moreover their inverses
Φ−1 and ν respectively are increasing and such that

(2.2) Φ
−1(w1w2)≤ ν(w1)Φ−1(w2),

for all w1,w2 ≥ 0 and ν is called the supporting function of Φ−1.

Remark 2.3. If Φp(x) = |x|p−2x for p > 1, we call Φp a one-dimensional p-Laplacian. By
Remark 2.1, Φp is a sup-multiplicative-like function with its supporting function ω(x) =
|x|p−2x and its inverse function Φ−1

p (x) = |x|q−2x. The supporting function of Φ−1
p is ν(x) =

|x|q−2x. Here q satisfies 1/p+1/q = 1. It is easy to see that

lim
t→0

1
ν(t1−β )ν(tβ−1)

= lim
t→0

ν(tβ−1)
ν(tβ−1)

= 1 < +∞.

In this paper we always suppose that Φ is a sup-multiplicative-like function with its
supporting function ω , the inverse function Φ−1 has its supporting function ν .

Definition 2.6. We call F : (0, t1)∪ (t1,1)×R2→ R an impulsive Caratheodory function
if it satisfies the following items:

(i) t→ F
(
t, tα−1u,(Φ−1(tβ−1v))/(ρ(t))

)
is continuous both on (0, t1] and (t1,1) and

the limits exist

limt→0+ F
(

t, tα−1u, Φ−1(tβ−1v)
ρ(t)

)
, limt→t+1

F
(

t, tα−1u, Φ−1(tβ−1v)
ρ(t)

)
,

limt→1− F
(

t, tα−1u, Φ−1(tβ−1v)
ρ(t)

)
for any (u,v) ∈ R2,

(ii) (u,v)→ F
(
t, tα−1u,(Φ−1(tβ−1v))/(ρ(t))

)
is continuous on R2 for all t ∈ (0, t1)∪

(t1,1).

Define
x(t) = u(t), y(t) = Φ(ρ(t)Dα

0+x(t)).
Then BVP (1.3) is transformed to

(2.3)



Dα

0+x(t) = Φ−1(y(t))
ρ(t) , t ∈ (0,1), t 6= t1,

Dβ

0+y(t) = q(t) f
(

t,x(t), Φ−1(y(t))
ρ(t)

)
, t ∈ (0,1), t 6= t1,

limt→1 t1−α x(t)− limt→0 t1−α x(t) =
∫ 1

0 φ(t)G
(

t,x(t), Φ−1(y(t))
ρ(t)

)
dt,

limt→1 t1−β y(t)− limt→0 t1−β y(t) =
∫ 1

0 ψ(t)H
(

t,x(t), Φ−1(y(t))
ρ(t)

)
dt,

limt→t+1
x(t) = I

(
t1,x(t1),

Φ−1(y(t1))
ρ(t1)

)
,

limt→t+1
y(t) = J

(
t1,x(t1),

Φ−1(y(t1))
ρ(t1)

)
.
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It is easy to see that if (x,y) is a solution of BVP (2.3), then x is a solution of BVP (1.3).
We use the Banach spaces

X =

x : (0,1]→ R :
x|(0,t1] ∈C0(0, t1],x|(t1,1] ∈C0(t1,1]

there exist the limits
limt→0+ t1−α x(t), limt→t+1

x(t)


with the norm

||x||= ||x||∞ = sup
t∈(0,1]

t1−α |x(t)|,

Y =

y : (0,1]→ R :
y|(0,t1] ∈C0(0, t1],y|(t1,1] ∈C0(t1,1]

there exist the limits
limt→0+ t1−β y(t), limt→t+1

y(t)


with the norm

||y||= ||y||∞ = sup
t∈(0,1)

t1−β |y(t)|,

L1[0,1] with the norm

||u||1 =
∫ 1

0
|u(s)|ds.

Choose E = X×Y with the norm

||(x,y)||= max{||x||∞, ||y||∞} for (x,y) ∈ X×Y.

Choose Z = L1(0,1)×L1(0,1)×R4 with the norm∣∣∣∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣∣∣∣


u
v
c
d
c
d



∣∣∣∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣∣∣∣
= max{||u||1, ||v||1, |a|, |b|, |c|, |d|} for


u
v
c
d
c
d

 ∈ Z.

Define L to be the linear operator from D(L)
⋂

E to Z with

D(L) =
{

(x,y) ∈ E : Dα

0+x,Dβ

0+y ∈ L1(0,1)
}

and

L(x,y)(t) =



Dα

0+x(t)
Dβ

0+y(t)
limt→1 t1−α x(t)− limt→0 t1−α x(t)
limt→1 t1−β y(t)− limt→0 t1−β y(t)

limt→t+1
x(t)

limt→t+1
y(t)



T
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for (x,y) ∈ D(L)
⋂

E. Define N : E→ Z by

N(x,y)(t) =



Φ−1(y(t))
ρ(t)

q(t) f
(

t,x(t), Φ−1(y(t))
ρ(t)

)
∫ 1

0 φ(t)G
(

t,x(t), Φ−1(y(t))
ρ(t)

)
dt∫ 1

0 ψ(t)H
(

t,x(t), Φ−1(y(t))
ρ(t)

)
dt

I
(

t1,x(t1),
Φ−1(y(t1))

ρ(t1)

)
J
(

t1,x(t1),
Φ−1(y(t1))

ρ(t1)

)



T

for (x,y) ∈ E.

Then BVP(2.3) can be written as

L(x,y) = N(x,y), (x,y) ∈ E.

Lemma 2.2. Suppose that f ,G,H are impulsive Caratheodory functions, I,J are contin-
uous functions and Φ is a sup-multiplicative-like function with ν satisfying

(2.4) lim
t→0

1
ν(t1−β )ν(tβ−1)

= lim
t→0

ν(tβ−1)
ν(tβ−1)

< +∞.

Then L is a Fredhold operator with index zero and N : E→ Z is L-compact.

Proof. To prove that L is a Fredhold operator with index zero, we should do the following
three steps.
Step (i) Prove that Ker L = {(0,0) ∈ E}.

We know that (x,y) ∈ Ker L if and only if

(2.5)



Dα

0+x(t) = 0,

Dβ

0+y(t) = 0,

limt→1 t1−α x(t)− limt→0 t1−α x(t) = 0,

limt→1 t1−β y(t)− limt→0 t1−β y(t) = 0
limt→t+1

x(t) = 0

limt→t+1
y(t) = 0.

Hence (x,y) ∈ Ker L if and only if x(t) = 0 and y(t) = 0. Thus Ker L = {(0,0) ∈ E}.
Step (ii) Prove that Im L = { (u,v,a,b,c,d) ∈ Z}= Z.

For (u,v,a,b,c,d) ∈ Z, we know that (u,v,a,b,c,d) ∈ Im L if and only if there exist
(x,y) ∈ E such that

(2.6)



Dα

0+x(t) = u(t),
Dβ

0+y(t) = v(t),
limt→1 t1−α x(t)− limt→0 t1−α x(t) = a,

limt→1 t1−β y(t)− limt→0 t1−β y(t) = b,

limt→t+1
x(t) = c,

limt→t+1
y(t) = d.
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So we get

x(t) =



∫ t
0

(t−s)α−1

Γ(α) u(s)ds+
(∫ 1

0
(1−s)α−1

Γ(α) u(s)ds

+ cΓ(α)−
∫ t1

0 (t1−s)α−1u(s)ds
Γ(α)tα−1

1
−a
)

tα−1, t ∈ (0, t1],

1
Γ(α)

∫ t
0(t− s)α−1u(s)ds+ cΓ(α)−

∫ t1
0 (t1−s)α−1u(s)ds
Γ(α)tα−1

1
tα−1, t ∈ (t1,1]

y(t) =



∫ t
0

(t−s)β−1

Γ(β ) v(s)ds+
(∫ 1

0
(1−s)β−1

Γ(β ) v(s)ds

+ dΓ(β )−
∫ t1

0 (t1−s)β−1v(s)ds

Γ(β )tβ−1
1

−b
)

tβ−1, t ∈ (0, t1],

1
Γ(β )

∫ t
0(t− s)β−1v(s)ds+ dΓ(β )−

∫ t1
0 (t1−s)β−1v(s)ds

Γ(β )tβ−1
1

tβ−1, t ∈ (t1,1].

(2.7)

It is easy to show that (x,y) ∈ D(L)
⋂

E. Then Im L = Z. Furthermore, (x,y) satisfies (2.7)
if and only if (x,y) satisfies (2.6).
Step (iii) Prove that Im L is closed in X and dim Ker L = co dim Im L < +∞.

From Step (ii) Im L = Z is closed in Z. It follows from Ker L = {(0,0) ∈ E} that
dim Ker L = 0. Define the projector P : E→ E by

(2.8) P(x,y)(t) = (0, 0) for (x,y) ∈ E.

It is easy to prove that

(2.9) Im P = Ker L, X = Ker L⊕Ker P.

Define the projector Q : Z→ Z by

(2.10) Q(u,v,a,b,c,d)(t) = (0,0,0,0,0,0)

for (u,v,a,b,c,d) ∈ Z.
It is easy to show that

(2.11) Im L = Ker Q, Y = Im Q⊕ Im L.

From above discussion, we see that dim Ker L = co dim Im L = 0 < +∞. So L is a
Fredholm operator of index zero.

Now, we prove that N is L-compact. This is divided into three steps.

Step (i) We prove that N is continuous. Let (xn,yn) ∈ E with (xn,yn)→ (x0,y0) as n→ ∞.
We will show that N(xn,yn)→ N(x0,y0) as n→ ∞.

In fact, we have

||(xn,yn)||= sup
n=0,1,2,...

{
sup

t∈(0,1]
t1−α |xn(t)|, sup

t∈(0,1]
t1−β |yn(t)|

}
= r < +∞

and

(2.12) sup
t∈(0,1]

t1−α |xn(t)− x0(t)| → 0, sup
t∈(0,1]

t1−β |yn(t)− y0(t)| → 0, n→ ∞.
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By

N(xn,yn)(t) =



Φ−1(yn(t))
ρ(t)

q(t) f
(

t,xn(t),
Φ−1(yn(t))

ρ(t)

)
∫ 1

0 φ(t)G
(

t,xn(t),
Φ−1(yn(t))

ρ(t)

)
dt∫ 1

0 ψ(t)H
(

t,xn(t),
Φ−1(yn(t))

ρ(t)

)
dt

I
(

t1,xn(t1),
Φ−1(yn(t1))

ρ(t1)

)
J
(

t1,xn(t1),
Φ−1(yn(t1))

ρ(t1)

)



T

for (x,y) ∈ E.

Since Φ is a sup-multiplicative-like function, we get from (2.2) that

1
ν(t1−β )ν(tβ−1)

Φ
−1(x)≤ Φ−1(tβ−1x)

ν(tβ−1)
≤ ν(tβ−1)

ν(tβ−1)
Φ
−1(x),x≥ 0

and
1

ν(t1−β )ν(tβ−1)
Φ
−1(x)≥ Φ−1(tβ−1x)

ν(tβ−1)
≥ ν(tβ−1)

ν(tβ−1)
Φ
−1(x),x≤ 0

Then (2.4) implies that Φ−1(tβ−1x)
ν(tβ−1)

is continuous on (0, t1]×R2 and there exists the limit

limt→0+
Φ−1(tβ−1x)

ν(tβ−1)
. Hence Φ−1(tβ−1x)

ν(tβ−1)
is continuous on [0, t1]×R2. It follows that Φ−1(tβ−1x)

ν(tβ−1)
is uniformly continuous on [0, t1]× [−r,r]× [−r,r].

Similarly, we can see that Φ−1(tβ−1x)
ν(tβ−1)

is uniformly continuous on [t1,1]× [−r,r]× [−r,r].
For any ε > 0 there exists δ > 0 such that

(2.13)

∣∣∣∣∣Φ−1(tβ−1u1)
ν(tβ−1)

− Φ−1(tβ−1u2)
ν(tβ−1)

∣∣∣∣∣< ε∫ 1
0

ν(tβ−1)
ρ(t) dt

, t ∈ (0,1], |u1−u2|< δ .

From (2.12), there exists N such that

(2.14) t1−α |xn(t)− x0(t)|< δ , t1−β |yn(t)− y0(t)|< δ , t ∈ (0,1], n > N.

Hence ∫ 1

0

∣∣∣∣Φ−1 (yn(t))
ρ(t)

− Φ−1 (y0(t))
ρ(t)

∣∣∣∣dt

=
∫ 1

0

ν(tβ−1)
ρ(t)

∣∣∣∣∣Φ−1
(
tβ−1t1−β yn(t)

)
ν(tβ−1)

−
Φ−1

(
tβ−1t1−β y0(t)

)
ν(tβ−1)

∣∣∣∣∣dt

<
∫ 1

0

ν(tβ−1)
ρ(t)

ε∫ 1
0

ν(tβ−1)
ρ(t) dt

dt = ε,n > N.

Since f is a Caratheodory function, we know that f
(

t, tα−1u, Φ−1(tβ−1v)
ρ(t)

)
is continu-

ous on [0, t1]×R2. So f
(

t, tα−1u, Φ−1(tβ−1v)
ρ(t)

)
is uniformly continuous on [0, t1]× [−r,r]×

[−r,r]. Similarly we can see that f
(

t, tα−1u, Φ−1(tβ−1v)
ρ(t)

)
is uniformly continuous on [t1,1]×

[−r,r]× [−r,r].
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So for any ε > 0, there exists δ > 0 such that∣∣∣∣∣ f
(

t, tα−1u1,
Φ−1(tβ−1v1)

ρ(t)

)
− f

(
t, tα−1u2,

Φ−1(tβ−1v2)
ρ(t)

)∣∣∣∣∣< ε∫ 1
0 q(t)dt

for all t ∈ (0,1] and|u1−u2|< δ and |v1− v2|< δ . Hence we get

∫ 1

0

∣∣∣∣q(t) f
(

t,xn(t),
Φ−1 (yn(t))

ρ(t)

)
−q(t) f

(
t,x0(t),

Φ−1 (y0(t))
ρ(t)

)∣∣∣∣dt

=
∫ 1

0
q(t)

∣∣∣∣∣ f
(

t, tα−1t1−α xn(t),
Φ−1

(
tβ−1t1−β yn(t)

)
ρ(t)

)

− f

(
t, tα−1t1−α x0(t),

Φ−1
(
tβ−1t1−β y0(t)

)
ρ(t)

)∣∣∣∣∣dt

<
∫ 1

0
q(t)

ε∫ 1
0 q(t)dt

dt = ε,n > N.

Similarly we get for n > N that∣∣∣∣∫ 1

0
φ(t)G

(
t,xn(t),

Φ−1 (yn(t))
ρ(t)

)
dt−

∫ 1

0
φ(t)G

(
t,x0(t),

Φ−1 (y0(t))
ρ(t)

)
dt
∣∣∣∣< ε,

and ∣∣∣∣∫ 1

0
ψ(t)H

(
t,xn(t),

Φ−1 (yn(t))
ρ(t)

)
dt−

∫ 1

0
ψ(t)H

(
t,x0(t),

Φ−1 (y0(t))
ρ(t)

)
dt
∣∣∣∣< ε,

and ∣∣∣∣I(t1,xn(t1),
Φ−1 (yn(t1))

ρ(t1)

)
− I
(

t1,x0(t1),
Φ−1 (y0(t1))

ρ(t1)

)∣∣∣∣< ε,

∣∣∣∣J(t1,xn(t1),
Φ−1 (yn(t1))

ρ(t1)

)
− J
(

t1,x0(t1),
Φ−1 (y0(t1))

ρ(t1)

)∣∣∣∣< ε.

Then

||N(xn,yn)−N(x0,y0)|| → 0, n→ ∞.

It follows that N is continuous.
Let P : X→ X and Q : Y →Y be defined by (2.8) and (2.10). For (u,v,a,b,c,d)∈ Im L =

Z, let

(2.15) KP(u,v,a,b,c,d)(t) = (x1(t),y1(t))
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where
(2.16)

x1(t) =



∫ t
0

(t−s)α−1

Γ(α) u(s)ds

+
(∫ 1

0
(1−s)α−1

Γ(α) u(s)ds+ cΓ(α)−
∫ t1

0 (t1−s)α−1u(s)ds
Γ(α)tα−1

1
−a
)

tα−1, t ∈ (0, t1],

1
Γ(α)

∫ t
0(t− s)α−1u(s)ds+ cΓ(α)−

∫ t1
0 (t1−s)α−1u(s)ds
Γ(α)tα−1

1
tα−1, t ∈ (t1,1],

y1(t) =



∫ t
0

(t−s)β−1

Γ(β ) v(s)ds

+
(∫ 1

0
(1−s)β−1

Γ(β ) v(s)ds+ dΓ(β )−
∫ t1

0 (t1−s)β−1v(s)ds

Γ(β )tβ−1
1

−b
)

tβ−1, t ∈ (0, t1],

1
Γ(β )

∫ t
0(t− s)β−1v(s)ds+ dΓ(β )−

∫ t1
0 (t1−s)β−1v(s)ds

Γ(β )tβ−1
1

tβ−1, t ∈ (t1,1].

One sees KP(u,v,a,b,c,d) ∈D(L)
⋂

E and KP is the inverse of L : D(L)
⋂

Ker P→ Im L.
The isomorphism ∧ : Ker L→ Y/Im L is given by

∧(0,0) = (0,0,0,0,0,0).

Furthermore, one has

(2.17) QN(x,y)(t) = Q(0,0,0,0,0,0) ,

and

Kp(I−Q)N(x,y)(t) = (x2(t),y2(t)) ,

where

(2.18) x2(t) =



∫ t
0

(t−s)α−1

Γ(α)
Φ−1(y(s))

ρ(s) ds+
(∫ 1

0
(1−s)α−1

Γ(α)
Φ−1(y(s))

ρ(s) ds

+
I
(

t1,x(t1), Φ−1(y(t1))
ρ(t1)

)
Γ(α)−

∫ t1
0 (t1−s)α−1 Φ−1(y(s))

ρ(s) ds

Γ(α)tα−1
1

−
∫ 1

0 φ(t)G
(

t,x(t), Φ−1(y(t))
ρ(t)

)
dt
)

tα−1, t ∈ (0, t1],

1
Γ(α)

∫ t
0(t− s)α−1 Φ−1(y(s))

ρ(s) ds

+
I
(

t1,x(t1), Φ−1(y(t1))
ρ(t1)

)
Γ(α)−

∫ t1
0 (t1−s)α−1 Φ−1(y(s))

ρ(s) ds

Γ(α)tα−1
1

tα−1, t ∈ (t1,1],
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(2.19)

y2(t) =



∫ t
0

(t−s)β−1

Γ(β ) q(s) f
(

s,x(s), Φ−1(y(s))
ρ(s)

)
ds

+
(∫ 1

0
(1−s)β−1

Γ(β ) q(s) f
(

s,x(s), Φ−1(y(s))
ρ(s)

)
ds

+
J
(

t1,x(t1), Φ−1(y(t1))
ρ(t1)

)
Γ(β )−

∫ t1
0 (t1−s)β−1q(s) f

(
s,x(s), Φ−1(y(s))

ρ(s)

)
ds

Γ(β )tβ−1
1

−
∫ 1

0 ψ(t)H
(

t,x(t), Φ−1(y(t))
ρ(t)

)
dt
)

tβ−1, t ∈ (0, t1],

1
Γ(β )

∫ t
0(t− s)β−1q(s) f

(
s,x(s), Φ−1(y(s))

ρ(s)

)
ds+

J
(

t1,x(t1), Φ−1(y(t1))
ρ(t1)

)
tβ−1
1

tβ−1

−
∫ t1

0 (t1−s)β−1q(s) f
(

s,x(s), Φ−1(y(s))
ρ(s)

)
ds

Γ(β )tβ−1
1

tβ−1, t ∈ (t1,1].

Let Ω be a bounded open subset of E with Ω
⋂

D(L) 6= /0. We have

(2.20) ||(x,y)||= sup
n=0,1,2,...

{
sup

t∈(0,1]
t1−α |x(t)|, sup

t∈(0,1]
t1−β |y(t)|

}
= r < +∞,(x,y) ∈Ω.

Since f ,G,H are impulsive Caratheodory functions, I,J are continuous functions, to-
gether with (2.20), there exists M > 0 such that

(2.21)

∣∣∣ f (t,x(t), Φ−1(y(t))
ρ(t)

)∣∣∣= ∣∣∣∣ f (t, tα−1t1−α x(t),
Φ−1(tβ−1t1−β y(t))

ρ(t)

)∣∣∣∣≤M,

∣∣∣G(t,x(t), Φ−1(y(t))
ρ(t)

)∣∣∣≤M,∣∣∣H (t,x(t), Φ−1(y(t))
ρ(t)

)∣∣∣≤M,∣∣∣I(t1,x(t1),
Φ−1(y(t1))

ρ(t1)

)∣∣∣≤M,∣∣∣J(t1,x(t1),
Φ−1(y(t1))

ρ(t1)

)∣∣∣≤M hold for all t ∈ [0,1].

Step (ii) Prove that QN(Ω) is bounded.
It is easy to see from (2.17) that QN(Ω) is bounded.

Step (iii) Prove that KP(I −Q)N : Ω → E is compact, i.e., prove that KP(I −Q)N(Ω) is
relatively compact.

We must prove that KP(I−Q)N(Ω) is uniformly bounded and equi-continuous both on
each subinterval [e, f ]⊆ (0, t1] and (t1,1] respectively, and equi-convergent both at t = 0 and
t = t1 respectively.
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By (2.18) and (2.2), we have

t1−α x2(t)

≤ t1−α

∫ t

0

(t− s)α−1

Γ(α)
Φ−1(|y(s)|)

ρ(s)
ds+

∫ 1

0

(1− s)α−1

Γ(α)
Φ−1(|y(s)|)

ρ(s)
ds

+

∣∣∣I(t1,x(t1),
Φ−1(|y(t1)|)

ρ(t1)

)∣∣∣Γ(α)+
∫ t1

0 (t1− s)α−1 Φ−1(|y(s)|)
ρ(s) ds

Γ(α)tα−1
1

+
∫ 1

0

∣∣∣∣φ(t)G
(

t,x(t),
Φ−1 (y(t))

ρ(t)

)∣∣∣∣dt

≤ Lt1−α

∫ t

0

(t− s)α−1

Γ(α)
skds+L

∫ 1

0

(1− s)α−1

Γ(α)
skds

+
MΓ(α)+L

∫ t1
0 (t1− s)α−1skds

Γ(α)tα−1
1

+M
∫ 1

0
|φ(t)|dt

= Ltk+1
∫ 1

0

(1−w)α−1

Γ(α)
wkdw+L

∫ 1

0

(1− s)α−1

Γ(α)
skds

+
MΓ(α)+L

∫ t1
0 (t1− s)α−1skds

Γ(α)tα−1
1

+M
∫ 1

0
|φ(t)|dt

≤ L
∫ 1

0

(1−w)α−1

Γ(α)
wkdw+L

∫ 1

0

(1− s)α−1

Γ(α)
skds

+
MΓ(α)+L

∫ t1
0 (t1− s)α−1skds

Γ(α)tα−1
1

+M
∫ 1

0
|φ(t)|dt < +∞

and

t1−β y2(t)

≤ t1−β

∫ t

0

(t− s)β−1

Γ(β )

∣∣∣∣q(s) f
(

s,x(s),
Φ−1(y(s))

ρ(s)

)∣∣∣∣ds

+
∫ 1

0

(1− s)β−1

Γ(β )

∣∣∣∣q(s) f
(

s,x(s),
Φ−1(y(s))

ρ(s)

)∣∣∣∣ds

+

∣∣∣J(t1,x(t1),
Φ−1(y(t1))

ρ(t1)

)∣∣∣Γ(β )+
∫ t1

0 (t1− s)β−1
∣∣∣q(s) f

(
s,x(s), Φ−1(y(s))

ρ(s)

)∣∣∣ds

Γ(β )tβ−1
1

+
∫ 1

0

∣∣∣∣ψ(t)H
(

t,x(t),
Φ−1 (y(t))

ρ(t)

)∣∣∣∣dt

≤ L1Mtk1+1
∫ 1

0

(1−w)β−1

Γ(β )
wk1ds+L1M

∫ 1

0

(1− s)β−1

Γ(β )
sk1ds

+
MΓ(β )+L1M

∫ t1
0 (t1− s)β−1sk1ds

Γ(β )tβ−1
1

+M
∫ 1

0
|ψ(t)|dt
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≤ L1M
∫ 1

0

(1−w)β−1

Γ(β )
wk1ds+L1M

∫ 1

0

(1− s)β−1

Γ(β )
sk1ds

+
MΓ(β )+L1M

∫ t1
0 (t1− s)β−1sk1ds

Γ(β )tβ−1
1

+M
∫ 1

0
|ψ(t)|dt < +∞.

It is easy to see that KP(I−Q)N(Ω) is uniformly bounded.
For each [e, f ]⊆ (0, t1], and s1,s2 ∈ [e, f ] with s2 ≥ s1, use (2.18), we have

|s1−α

1 x2(s1)− s1−α

2 x2(s2)|

=
1

Γ(α)

∣∣∣∣s1−α

1

∫ s1

0
(s1− s)α−1 Φ−1 (y(s))

ρ(s)
ds− s1−α

2

∫ s2

0
(s2− s)α−1 Φ−1 (y(s))

ρ(s)
ds
∣∣∣∣

≤ 1
Γ(α)

∣∣s1−α

1 − s1−α

2

∣∣∫ s1

0
(s1− s)α−1 Φ−1

(
sβ−1s1−β |y(s)|

)
ρ(s)

ds

+
1

Γ(α)
s1−α

2

∫ s2

s1

(s2− s)α−1 Φ−1
(
sβ−1s1−β |y(s)|

)
ρ(s)

ds

+
1

Γ(α)
s1−α

2

∫ s2

0
|(s1− s)α−1− (s2− s)α−1|

Φ−1
(
sβ−1s1−β |y(s)|

)
ρ(s)

ds

≤ 1
Γ(α)

∣∣s1−α

1 − s1−α

2

∣∣∫ s1

0
(s1− s)α−1 ν(sβ−1)Φ−1 (||y||)

ρ(s)
ds

+
1

Γ(α)
s1−α

2

∫ s2

s1

(s2− s)α−1 ν(sβ−1)Φ−1 (||y||)
ρ(s)

ds

+
1

Γ(α)
s1−α

2

∫ s2

0
|(s1− s)α−1− (s2− s)α−1|ν(sβ−1)Φ−1 (||y||)

ρ(s)
ds

≤ Φ−1 (r)
Γ(α)

∣∣s1−α

1 − s1−α

2

∣∣∫ s1

0
(s1− s)α−1 ν(sβ−1)

ρ(s)
ds

+
Φ−1 (r)
Γ(α)

s1−α

2

∫ s2

s1

(s2− s)α−1 ν(sβ−1)
ρ(s)

ds

+
Φ−1 (r)
Γ(α)

s1−α

2

∫ s2

0
|(s1− s)α−1− (s2− s)α−1|ν(sβ−1)

ρ(s)
ds

≤ Φ−1 (r)
LΓ(α)

∣∣s1−α

1 − s1−α

2

∣∣∫ s1

0
(s1− s)α−1skds

+
Φ−1 (r)
LΓ(α)

s1−α

2

∫ s2

s1

(s2− s)α−1skds+
Φ−1 (r)
LΓ(α)

s1−α

2

∫ s2

0
[(s1− s)α−1− (s2− s)α−1]skds

≤ Φ−1 (r)
LΓ(α)

[∣∣s1−α

1 − s1−α

2

∣∣sk+α

1 B(α,k +1)+ sk+1
2

∫ 1

k1
k2

(1−w)α−1wkdw

+
(

s2

s1

)1−α

sk+1
1

∫ s2
s1

0
(1−w)α−1wkdw− sk+1

2 B(α,k +1)

]
→ 0

uniformly as s1→ s2. Similarly we get

|s1−β

1 y2(s1)− s1−β

2 y2(s2)| → 0 uniformly as s1→ s2.
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So KP(I−Q)N(Ω) is equi-continuous on each subinterval [e, f ]⊆ (0, t1]. Similarly we can
show that KP(I−Q)N(Ω) is equi-continuous on each subinterval [e, f ]⊆ (t1,1].

Since∣∣∣t1−α x2(t)−
(∫ 1

0
(1−s)α−1

Γ(α)
Φ−1(y(s))

ρ(s) ds +
I
(

t1,x(t1), Φ−1(y(t1))
ρ(t1)

)
Γ(α)−

∫ t1
0 (t1−s)α−1 Φ−1(y(s))

ρ(s) ds

Γ(α)tα−1
1

−
∫ 1

0 φ(t)G
(

t,x(t), Φ−1(y(t))
ρ(t)

)
dt
)∣∣∣≤ t1−α

∫ t
0(t−s)α−1 Φ−1(sβ−1s1−β |y(s)|)

ρ(s) ds

Γ(α)

≤
t1−α

∫ t
0(t−s)α−1 ν(sβ−1)Φ−1(r)

ρ(s) ds

Γ(α) ≤ LΦ−1 (r) t1−α
∫ t

0(t−s)α−1skds
Γ(α)

= LΦ−1 (r) tk+1B(α,k +1)→ 0 uniformly as t→ 0.

Similarly we can show that∣∣∣t1−β y2(t)−
(∫ 1

0
(1−s)β−1

Γ(β ) q(s) f
(

s,x(s), Φ−1(y(s))
ρ(s)

)
ds

+
J
(

t1,x(t1), Φ−1(y(t1))
ρ(t1)

)
Γ(β )−

∫ t1
0 (t1−s)β−1q(s) f

(
s,x(s), Φ−1(y(s))

ρ(s)

)
ds

Γ(β )tβ−1
1

−
∫ 1

0 ψ(t)H
(

t,x(t), Φ−1(y(t))
ρ(t)

)
dt
)∣∣∣→ 0

uniformly as t → 0. Hence KP(I−Q)N(Ω) is equi-convergent at t = 0. Similarly we can
show that KP(I−Q)N(Ω) is equi-convergent at t = t1.

So KP(I−Q)N(Ω) is relatively compact. Then N is L-compact. The proofs are com-
pleted.

3. Main results

Now, we prove the main theorem in this paper.

Theorem 3.1. Suppose that
(B) there exist nonnegative numbers A,B,C,ai,bi,ci(i = 1,2) and Ai,Bi,Ci(i = 1,2) such

that ∣∣∣ f (t, tα−1x, Φ−1(tβ−1y)
ρ(t)

)∣∣∣≤C +BΦ(|x|)+A|y|,

∣∣∣G(t, tα−1x, Φ−1(tβ−1y)
ρ(t)

)∣∣∣≤ c1 +b1|x|+a1Φ−1(|y|),

∣∣∣H (t, tα−1x, Φ−1(tβ−1y)
ρ(t)

)∣∣∣≤ c2 +b2Φ(|x|)+a2|y|,∣∣∣∣I(t1, tα−1
1 x, Φ−1(tβ−1

1 y)
ρ(t1)

)∣∣∣∣≤C1 +B1|x|+A1Φ−1(|y|),

∣∣∣∣J(t1, tα−1
1 x, Φ−1(tβ−1

1 y)
ρ(t1)

)∣∣∣∣≤C2 +B2Φ(|x|)+A2|y|.
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Then BVP(1.3) has at least one solution if

(3.1)

b1||φ ||1 +B1t1−α

1 < 1,[
L1

B(β ,k1+1)
Γ(β ) B+L1B(β ,k1 +1)B+ t1−β

1 B2 + L1B(β ,k1+1)

Γ(β )tβ−1
1

B+ ||ψ||1b2

]
1

w((2N1)−1)

+L1
B(β ,k1+1)

Γ(β ) A+L1B(β ,k1 +1)A+ t1−β

1 A2 + L1B(β ,k1+1)

Γ(β )tβ−1
1

A+ ||ψ||1a2 < 1.

Proof. To apply Lemma 2.1, we should define an open bounded subset Ω of E centered at
zero such that assumptions in Lemma 2.1 hold. To obtain Ω.

Let Ω1 = {(x,y) ∈ E ∩D(L)\Ker L, L(x,y) = λN(x,y) for some λ ∈ (0,1)}. We prove
that Ω1 is bounded.

For (x,y) ∈Ω1, we get L(x,y) = λN(x,y) and N(x,y) ∈ Im L. Then

(3.2)



Dα

0+x(t) = λ
Φ−1(y(t))

ρ(t) ,

Dβ

0+y(t) = λq(t) f
(

t,x(t), Φ−1(y(t))
ρ(t)

)
,

limt→1 t1−α x(t)− limt→0 t1−α x(t) = λ
∫ 1

0 φ(t)G
(

t,x(t), Φ−1(y(t))
ρ(t)

)
dt,

limt→1 t1−β y(t)− limt→0 t1−β y(t) = λ
∫ 1

0 ψ(t)H
(

t,x(t), Φ−1(y(t))
ρ(t)

)
dt,

limt→t+1
x(t) = λ I

(
t1,x(t1),

Φ−1(y(t1))
ρ(t1)

)
,

limt→t+1
y(t) = λJ

(
t1,x(t1),

Φ−1(y(t1))
ρ(t1)

)
.

So

(3.3) x(t) =



λ

[∫ t
0

(t−s)α−1

Γ(α)
Φ−1(y(s))

ρ(s) ds+
(∫ 1

0
(1−s)α−1

Γ(α)
Φ−1(y(s))

ρ(s) ds

+
I
(

t1,x(t1), Φ−1(y(t1))
ρ(t1)

)
Γ(α)−

∫ t1
0 (t1−s)α−1 Φ−1(y(s))

ρ(s) ds

Γ(α)tα−1
1

−
∫ 1

0 φ(t)G
(

t,x(t), Φ−1(y(t))
ρ(t)

)
dt
)

tα−1
]
, t ∈ (0, t1],[

1
Γ(α)

∫ t
0(t− s)α−1 Φ−1(y(s))

ρ(s) ds

+
I
(

t1,x(t1), Φ−1(y(t1))
ρ(t1)

)
Γ(α)−

∫ t1
0 (t1−s)α−1 Φ−1(y(s))

ρ(s) ds

Γ(α)tα−1
1

tα−1

 , t ∈ (t1,1],
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(3.4) y(t) =



λ

[∫ t
0

(t−s)β−1

Γ(β ) q(s) f
(

s,x(s), Φ−1(y(s))
ρ(s)

)
ds

+
(∫ 1

0
(1−s)β−1

Γ(β ) q(s) f
(

s,x(s), Φ−1(y(s))
ρ(s)

)
ds

+
J
(

t1,x(t1), Φ−1(y(t1))
ρ(t1)

)
Γ(β )−

∫ t1
0 (t1−s)β−1q(s) f

(
s,x(s), Φ−1(y(s))

ρ(s)

)
ds

Γ(β )tβ−1
1

−
∫ 1

0 ψ(t)H
(

t,x(t), Φ−1(y(t))
ρ(t)

)
dt
)

tβ−1
]
, t ∈ (0, t1],

λ

[
1

Γ(β )
∫ t

0(t− s)β−1q(s) f
(

s,x(s), Φ−1(y(s))
ρ(s)

)
ds

+
J
(

t1,x(t1), Φ−1(y(t1))
ρ(t1)

)
tβ−1
1

tβ−1

−
∫ t1

0 (t1−s)β−1q(s) f
(

s,x(s), Φ−1(y(s))
ρ(s)

)
ds

Γ(β )tβ−1
1

tβ−1

 , t ∈ (t1,1].

From (3.3), we have

t1−α |x(t)| ≤ t1−α

∫ t

0

(t− s)α−1

Γ(α)
Φ−1(|y(s)|)

ρ(s)
ds+

∫ 1

0

(1− s)α−1

Γ(α)
Φ−1(|y(s)|)

ρ(s)
ds

+

∣∣∣I(t1,x(t1),
Φ−1(|y(t1)|)

ρ(t1)

)∣∣∣Γ(α)+
∫ t1

0 (t1− s)α−1 Φ−1(|y(s)|)
ρ(s) ds

Γ(α)tα−1
1

+
∫ 1

0

∣∣∣∣φ(t)G
(

t,x(t),
Φ−1 (y(t))

ρ(t)

)∣∣∣∣dt

≤ t1−α

∫ t

0

(t− s)α−1

Γ(α)
Φ−1(sβ−1||y||)

ρ(s)
ds+

∫ 1

0

(1− s)α−1

Γ(α)
Φ−1(sβ−1||y||)

ρ(s)
ds

+

∣∣∣∣∣I
(

t1, tα−1
1 t1−α

1 x(t1),
Φ−1

(
tβ−1
1 t1−β

1 y(t1)
)

ρ(t1)

)∣∣∣∣∣Γ(α)+
∫ t1

0 (t1− s)α−1 Φ−1(sβ−1||y||)
ρ(s) ds

Γ(α)tα−1
1

+
∫ 1

0

∣∣∣∣∣φ(t)G

(
t, tα−1t1−α x(t),

Φ−1
(
tβ−1t1−β y(t)

)
ρ(t)

)∣∣∣∣∣dt

≤ t1−α

∫ t

0

(t− s)α−1

Γ(α)
ν(sβ−1)Φ−1(||y||)

ρ(s)
ds+

∫ 1

0

(1− s)α−1

Γ(α)
ν(sβ−1)Φ−1(||y||)

ρ(s)
ds

+

[
C1 +B1|t1−α

1 x(t1)|+A1Φ−1
(

t1−β

1 |y(t1)|
)]

Γ(α)+
∫ t1

0 (t1− s)α−1 ν(sβ−1)Φ−1(||y||)
ρ(s) ds

Γ(α)tα−1
1

+
∫ 1

0
|φ(t)|

[
c1 +b1|t1−α x(t)|+a1Φ

−1
(

t1−β |y(t)|
)]

dt
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≤ Lt1−α

∫ t

0

(t− s)α−1

Γ(α)
skdsΦ

−1(||y||)+L
∫ 1

0

(1− s)α−1

Γ(α)
skdsΦ

−1(||y||)

+

[
C1 +B1||x||+A1Φ−1 (||y||)

]
Γ(α)+L

∫ t1
0 (t1− s)α−1skdsΦ−1(||y||)

Γ(α)tα−1
1

+ ||φ ||1
[
c1 +b1||x||+a1Φ

−1 (||y||)
]

≤ L
∫ 1

0

(1−w)α−1

Γ(α)
wkdwΦ

−1(||y||)+L
∫ 1

0

(1− s)α−1

Γ(α)
skdsΦ

−1(||y||)

+

[
C1 +B1||x||+A1Φ−1 (||y||)

]
Γ(α)+L

∫ 1
0 (1−w)α−1wkdwΦ−1(||y||)

Γ(α)tα−1
1

+ ||φ ||1
[
c1 +b1||x||+a1Φ

−1 (||y||)
]
.

Then

||x|| ≤ 2L
Γ(α)

B(α,k +1)Φ−1(||y||)

+

[
C1 +B1||x||+A1Φ−1 (||y||)

]
Γ(α)+LB(α,k +1)Φ−1(||y||)

Γ(α)tα−1
1

+ ||φ ||1
[
c1 +b1||x||+a1Φ

−1 (||y||)
]
.

It follows that

||x|| ≤
C1t1−α

1 + c1||φ ||1
1−b1||φ ||1−B1t1−α

1
+

a1||φ ||1 +A1t1−α

1 +(2+ t1−α

1 ) L
Γ(α)B(α,k +1)

1−b1||φ ||1−B1t1−α

1
Φ
−1(||y||)

=: M1 +N1Φ
−1(||y||).

(3.5)

From (3.4), we get

|t1−β y(t)|=

∣∣∣∣∣t1−β

∫ t

0

(t− s)β−1

Γ(β )
q(s) f

(
s,x(s),

Φ−1(y(s))
ρ(s)

)
ds

+

(∫ 1

0

(1− s)β−1

Γ(β )
q(s) f

(
s,x(s),

Φ−1(y(s))
ρ(s)

)
ds

+
J
(

t1,x(t1),
Φ−1(y(t1))

ρ(t1)

)
Γ(β )−

∫ t1
0 (t1− s)β−1q(s) f

(
s,x(s), Φ−1(y(s))

ρ(s)

)
ds

Γ(β )tβ−1
1

−
∫ 1

0
ψ(t)H

(
t,x(t),

Φ−1 (y(t))
ρ(t)

)
dt
)∣∣∣∣

≤ t1−β

∫ t

0

(t− s)β−1

Γ(β )

∣∣∣∣q(s) f
(

s,x(s),
Φ−1(y(s))

ρ(s)

)∣∣∣∣ds

+
∫ 1

0

(1− s)β−1

Γ(β )

∣∣∣∣q(s) f
(

s,x(s),
Φ−1(y(s))

ρ(s)

)∣∣∣∣ds
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+

∣∣∣J(t1,x(t1),
Φ−1(y(t1))

ρ(t1)

)∣∣∣Γ(β )+
∫ t1

0 (t1− s)β−1
∣∣∣q(s) f

(
s,x(s), Φ−1(y(s))

ρ(s)

)∣∣∣ds

Γ(β )tβ−1
1

+
∫ 1

0

∣∣∣∣ψ(t)H
(

t,x(t),
Φ−1 (y(t))

ρ(t)

)∣∣∣∣dt

≤ L1t1−β

∫ t

0

(t− s)β−1

Γ(β )
sk1 [C +BΦ(||x||)+A||y||]ds

+L1

∫ 1

0

(1− s)β−1

Γ(β )
sk1 [C +BΦ(||x||)+A||y||]ds

+
[C2 +B2Φ(||x||)+A2||y||]Γ(β )+L1

∫ t1
0 (t1− s)β−1sk1 [C +BΦ(||x||)+A||y||]ds

Γ(β )tβ−1
1

+
∫ 1

0
|ψ(t)|dt [c2 +b2Φ(||x||)+a2||y||]

≤ L1
B(β ,k1 +1)

Γ(β )
[C +BΦ(||x||)+A||y||]+L1B(β ,k1 +1) [C +BΦ(||x||)+A||y||]

+
[C2 +B2Φ(||x||)+A2||y||]Γ(β )+L1B(β ,k1 +1) [C +BΦ(||x||)+A||y||]

Γ(β )tβ−1
1

+ ||ψ||1 [c2 +b2Φ(||x||)+a2||y||] .

It follows that

||y||

≤ L1
B(β ,k1 +1)

Γ(β )
C +L1B(β ,k1 +1)C + t1−β

1 C2 +
L1B(β ,k1 +1)

Γ(β )tβ−1
1

C + ||ψ||1c2

+

[
L1

B(β ,k1 +1)
Γ(β )

B+L1B(β ,k1 +1)B+ t1−β

1 B2 +
L1B(β ,k1 +1)

Γ(β )tβ−1
1

B+ ||ψ||1b2

]
Φ(||x||)

+

[
L1

B(β ,k1 +1)
Γ(β )

A+L1B(β ,k1 +1)A+ t1−β

1 A2 +
L1B(β ,k1 +1)

Γ(β )tβ−1
1

A+ ||ψ||1a2

]
||y||

≤ L1
B(β ,k1 +1)

Γ(β )
C +L1B(β ,k1 +1)C + t1−β

1 C2 +
L1B(β ,k1 +1)

Γ(β )tβ−1
1

C + ||ψ||1c2

+

[
L1

B(β ,k1 +1)
Γ(β )

B+L1B(β ,k1 +1)B+ t1−β

1 B2 +
L1B(β ,k1 +1)

Γ(β )tβ−1
1

B+ ||ψ||1b2

]
×

Φ(M1 +N1Φ
−1(||y||))

+

[
L1

B(β ,k1 +1)
Γ(β )

A+L1B(β ,k1 +1)A+ t1−β

1 A2 +
L1B(β ,k1 +1)

Γ(β )tβ−1
1

A+ ||ψ||1a2

]
||y||
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Without loss of generality, suppose that ||y||> Φ(M1/N1), then we get from (2.1) that

||y|| ≤ L1
B(β ,k1 +1)

Γ(β )
C +L1B(β ,k1 +1)C + t1−β

1 C2 +
L1B(β ,k1 +1)

Γ(β )tβ−1
1

C + ||ψ||1c2

+

[
L1

B(β ,k1 +1)
Γ(β )

B+L1B(β ,k1 +1)B+ t1−β

1 B2 +
L1B(β ,k1 +1)

Γ(β )tβ−1
1

B+ ||ψ||1b2

]
×

Φ(2N1Φ
−1(||y||))

+

[
L1

B(β ,k1 +1)
Γ(β )

A+L1B(β ,k1 +1)A+ t1−β

1 A2 +
L1B(β ,k1 +1)

Γ(β )tβ−1
1

A+ ||ψ||1a2

]
||y||

≤ L1
B(β ,k1 +1)

Γ(β )
C +L1B(β ,k1 +1)C + t1−β

1 C2 +
L1B(β ,k1 +1)

Γ(β )tβ−1
1

C + ||ψ||1c2

+

[
L1

B(β ,k1 +1)
Γ(β )

B+L1B(β ,k1 +1)B+ t1−β

1 B2 +
L1B(β ,k1 +1)

Γ(β )tβ−1
1

B+ ||ψ||1b2

]
×

Φ(Φ−1(||y||))
w((2N1)−1)

+

[
L1

B(β ,k1 +1)
Γ(β )

A+L1B(β ,k1 +1)A+ t1−β

1 A2 +
L1B(β ,k1 +1)

Γ(β )tβ−1
1

A+ ||ψ||1a2

]
||y||

= L1
B(β ,k1 +1)

Γ(β )
C +L1B(β ,k1 +1)C + t1−β

1 C2 +
L1B(β ,k1 +1)

Γ(β )tβ−1
1

C + ||ψ||1c2

+

{[
L1

B(β ,k1 +1)
Γ(β )

B+L1B(β ,k1 +1)B+ t1−β

1 B2 +
L1B(β ,k1 +1)

Γ(β )tβ−1
1

B+ ||ψ||1b2

]
×

1
w((2N1)−1)

+ L1
B(β ,k1 +1)

Γ(β )
A+L1B(β ,k1 +1)A+ t1−β

1 A2 +
L1B(β ,k1 +1)

Γ(β )tβ−1
1

A+ ||ψ||1a2

}
||y||.

Form (3.1), there exists a constant M2 > Φ(M1/N1) such that ||y|| ≤M2. Hence (3.5) implies
that ||x|| ≤M1 +N1Φ−1 (M2). It follows that Ω1 is bounded.

To apply Lemma 2.1, let Ω be a non-empty open bounded subset of X such that Ω⊃Ω1
centered at zero.

It is easy to see from Lemma 2.2 that L is a Fredholm operator of index zero with Ker L =
{0 ∈ X}, N : X → Y L-compact. Suppose Ω is a nonempty open subset of X . One can see
that

L(x,y) 6= λN (x,y) for all (x,y) ∈ E ∩∂Ω and λ ∈ (0,1).

Thus, from Lemma 2.1,

L(x,y) = N (x,y)

has at least one solution (x,y)∈E∩Ω. So x is a solution of BVP(1.3). The proof of Theorem
3.1 is complete.
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4. An example

Now, we present an example, which can not be covered by known results, to illustrate
Theorem 2.1.

Example 4.1. Consider the boundary value problem for fractional differential equation

(4.1)



D
1
2
0+

[
t

1
12 D

2
3
0+u(t)

]3

+ t−
1
4 f (t,u(t),Dα

0+u(t)) = 0, t ∈ (0,1), t 6= 1
2 ,

limt→1 t
1
3 u(t)− limt→0 t

1
3 u(t) = b1

∫ 1
0 s

1
3 u(s)ds,

limt→1 t
1
2

[
t

1
12 D

2
3
0+u(t)

]3

− limt→0 t
1
2

[
t

1
12 D

2
3
0+u(t)

]3

= b2
∫ 1

0 s[u(s)]3ds,

lim
t→ 1

2
+ u(t) = 1

3√2
B1u(1/2),

lim
t→ 1

2
+ Φ(ρ(t)Dα

0+u(t)) = 1
2 B2[u(1/2)]3.

where b1,b2,B1,B2 are nonnegative numbers and

f (t,x,y) = C +Btx3 +At
1
4 y3,

Then BVP(4.1) has at least one solution if b1 + B1
3√2

< 1, and

(4.2)

8(2+1/ 3
√

3)3
(

B(2/3,3/4)
Γ(2/3)(1−b1−B1/ 3√2)

)3 [
B(1/2,3/4)

Γ(1/2) + B(1/2,3/4)

Γ(1/2)tβ−1
1

+B(1/2,3/4)
]

B

+8(2+1/ 3
√

3)3
(

B(2/3,3/4)
Γ(2/3)(1−b1−B1/ 3√2)

)3

t1−β

1 B2

+8(2+1/ 3
√

3)3
(

B(2/3,3/4)
Γ(2/3)(1−b1−B1/ 3√2)

)3

b2

+
[

B(1/2,3/4)
Γ(1/2) +B(1/2,3/4)+ B(1/2,3/4)√

2Γ(1/2)

]
A < 1.

Proof. Corresponding to BVP(1.3), we see that

α = 2
3 , β = 1

2 ,

ρ(t) = t
1

12 ,

Φ(x) = x3 with Φ−1(x) = x
1
3 , the supporting function of Φ is ω(x) = x3

and the supporting function of Φ−1 is ν(x) = x
1
3 ,

q(t) = t−
1
4 , φ(t) = ψ(t) = 1,

G(t,x,y) = H(t,x,y) = t
1
3 x, I(t,x,y) = J(t,x,y) = t

1
3 x.

It is easy to see that
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• ρ(t) = t
1
12 satisfies that ρ|(0,t1] ∈C0(0, t1] and ρ|(t1,1] ∈C0(t1,1) and ρ(t)≥ t−kν(tβ−1)

L
for all t ∈ (0,1), t 6= t1 with L = 1,k =− 1

4 .
• q(t) = t−

1
4 satisfies that q|(0,t1] ∈C0(0, t1] and q|(t1,1] ∈C0(t1,1) and |q(t)| ≤ L1tk1 for

all t ∈ (0,1) with L1 = 1,k1 =− 1
4 .

Furthermore, we have

f
(

t, tα−1x, Φ−1(tβ−1y)
ρ(t)

)
= C +Bx3 +Ay,

G
(

t, tα−1x, Φ−1(tβ−1y)
ρ(t)

)
= b1x,

H
(

t, tα−1x, Φ−1(tβ−1y)
ρ(t)

)
= b2x3,

I
(

t1, tα−1
1 x, Φ−1(tβ−1

1 y)
ρ(t1)

)
= B1x,

J
(

t1, tα−1
1 x, Φ−1(tβ−1

1 y)
ρ(t1)

)
= B2x3.

It is easy to see that (B) holds. Then Theorem 3.1 implies that BVP(4.1) has at least one
solution if b1 + B1

3√2
< 1, and (4.2) holds.
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