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Abstract. OS-rpp semigroups are analogies of orthogroups in the range of rpp semigroups.
The aim of this paper is to study OS-rpp semigroups whose band of idempotents is a regular
band, named regular OS-rpp semigroups. Many characterizations of regular OS-rpp semi-
groups are obtained. In particular, Yamada’s construction of regular OS-rpp semigroups is
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1. Introduction

Let S be a semigroup. S is called right principally projective, in short, rpp, if for any
a €S, aS', regarded as an S'-system, is projective. Dually, we can define left principally
projective (Ipp) semigroup. In [1], Fountain pointed out that a semigroup S is rpp if and
only if each .Z*-class of S contains at least one idempotent. Following Fountain [3], we
call S an abundant semigroup if each .£*-class and each Z*-class of S contains at least
one idempotent. It is not difficult to see that S is abundant if and only if S is both rpp and
Ipp. Regular semigroups are abundant semigroups. There are many authors having been
investigating such semigroups, for example, you can see [23,24,27].

An element a of S is called completely regular if there exists an idempotent e of S such
that a.7e. Moreover, if every element of S is completely regular, then we call S a completely
regular semigroup. Completely regular semigroups are early known as unions of groups
(see [22]). Completely regular semigroups form an important class of semigroups. There
are many authors having been investigating such semigroups (for the studies on completely
regular semigroups, see the monograph [22]).

As generalizations of completely regular semigroups in the range of rpp semigroups, Y.
Q. Guo, K. P. Shum and P. Y. Zhu [18] introduced strongly rpp semigroups. So-called
a strongly rpp semigroup is an rpp semigroup S in which for any a € §, there exists a
unique idempotent a® such that a.Z*a® and a®a = a. In [12], Shum and Guo proved that
a semigroup is completely regular if and only if it is a regular strongly rpp semigroup.
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Cancellative monoids are strongly rpp semigroups. In 1976, Fountain [1] researched rpp
semigroups with central idempotents, called usually Clifford rpp (C-rpp) semigroups. It is
proved that a semigroup is C-rpp if and only if it is a semilattice of left cancellative monoids.
In [18], Y. Q. Guo, Shum and Zhu investigated left C-rpp semigroups and obtained the
construction of such semigroups. Guo and Wu [14], and Guo, Zhao and Shum [15] obtained
some characterizations of left C-rpp semigroups in terms of C-rpp semigroups. Left C-a
semigroups are defined as left C-rpp semigroups that are abundant. In [6], X. J. Guo, Y.
Q. Guo and Shum studied left C-a semigroups and established the structure of this kind of
semigroups. As a dual of left C-rpp semigroups, Guo [16] defined right C-rpp semigroups.
Since then, Guo, C. C. Ren and Shum [11], and Shum and X. M. Ren [26] considered this
kind of strongly rpp semigroups. Left GC-Ipp semigroups are another generalizations of
left C-rpp semigroups in the range of Ipp semigroups (for details, see [7]). In [5], Guo
researched strongly rpp semigroups satisfying permutation identities and determined the
classification of this kind of semigroups. Guo, Shum and Y. Q. Guo [13], and Shum, Guo
and X. M. Ren [25] researched perfect rpp semigroups. Perfect rpp semigroups are strongly
rpp semigroups whose idempotents form a normal band. Indeed, strongly rpp semigroups
satisfying permutation identities are perfect rpp semigroups. It is interesting that Guo, Y. Q.
Guo and Shum [8] have proved that any strongly rpp semigroup is indeed a disjoint union of
Rees matrix semigroups over a left cancellative monoid. Recently, Guo, Jun and Zhao [10]
probed pseudo-C-rpp semigroups. Such a semigroup is a strongly rpp semigroup whose
idempotents form a right quasi-normal band.

To study strongly rpp semigroups, Guo, Y. Q. Guo and K. P. Shum in [8] and [9] defined
2 and S on a strongly rpp semigroup. Let S be a strongly rpp semigroup. On S, define:
for any a,b € S,

ab if and only if a®Zb°,

and # = L*N%. In general, 2 is not a left congruence on S (for details, see [8,9]). We
call S a super rpp semigroup if Z is a left congruence on S. Completely regular semigroups
and superabundant semigroups (see [3]) are both super rpp semigroups. Indeed, left C-rpp
semigroups, right C-rpp semigroups, perfect rpp semigroups and pseudo-C-rpp semigroups
are all super rpp semigroups. In [8], it is proved that a super rpp semigroup is a semilat-
tice of Rees matrix semigroups over a left cancellative monoid. Also, they established a
construction of super rpp semigroups whose idempotents constitute a band, called OS-rpp
semigroups. In addition, He, Y. Q. Guo and Shum [19] investigated OS-rpp semigroups.

A band B is called regular if it satisfies the identity: axya = axaya (for bands, see [21]).
The aim of this paper is to study OS-rpp semigroups whose band of idempotents is a regular
band. For simplicity, we shall call an OS-rpp semigroup whose band of idempotents is
regular a regular OS-rpp semigroup. Indeed, we have proved that

o Left C-rpp semigroups are super rpp semigroups whose idempotents form a left
regular band (see [9, Theorem 4.3]).

e Right C-rpp semigroups are super rpp semigroups whose idempotents form a right
regular band (see [9, Theorem 4.5]).

e Perfect rpp semigroups are super rpp semigroups whose idempotents form a normal
band (see [13]).

e Pseudo-C-rpp semigroups are super rpp semigroups whose idempotents form a
right quasi-normal band (see [10] ).
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It is well known that left regular bands, right regular bands and normal bands are all regular.
So, left C-rpp semigroups, right C-rpp semigroups, perfect rpp semigroups and pseudo-C-
rpp semigroups are regular OS-rpp semigroups.

In this paper we study regular OS-rpp semigroups. Any OS-rpp semigroups are semi-
lattices of direct products of a left cancellative monoid and a rectangular band. Indeed,
OS-rpp semigroups are just ortho-lc-monoids, in other words, ortho-lc-monoids are OS-rpp
semigroups under another viewpoint (see [17]). Of course, regular OS-rpp semigroups are
regular ortho-u-monoids under another viewpoint (see [4]). We establish a construction of
regular OS-rpp semigroups in terms of left regular bands, C-rpp semigroups and right reg-
ular bands (Theorem 3.2). Gong, Guo and Shum [4] also obtained a construction of regular
ortho-u-monoids (in fact, regular OS-rpp semigroups). Our construction refines theirs in the
following aspects: the construction of Gong, Guo and Shum also depends on a left regular
band L, a C-rpp semigroup M and a right regular band R as well as two structure mappings
¢ :LxM— End(L)and y : M X R — End(R); but in our construction, the structure map-
pings are ¢ : M — End(L) and ¥ : M — End(R) and the compatible conditions are more
natural. In Section 4, we obtain some characterizations of regular OS-rpp semigroups.

2. Preliminaries

Throughout this paper we will use the terminologies and notation of [2] and [20]. We recall
some known results which are used in the sequel. We begin by giving some elementary
facts about .Z*; dual for Z*.

Lemma 2.1. Let S be a semigroup and a,b € S. Then the following conditions are equiva-
lent:

(1) aZ*b.
(2) Forall x,y € S', ax = ay if and only if bx = by.

The following is an easy consequence of Lemma 2.1, due to [1].

Lemma 2.2. Let S be a semigroup and a,e’ = e € S. Then the following conditions are
equivalent:

(1) aZ*e.

(2) ae = aandforall x,y € S', ax = ay implies that ex = ey.

It is well known that .Z* is a right congruence while %* is a left congruence. In general,
£ C L and Z C Z*. But when a and b are regular elements of S, aZ (%) b if and only
if aZ* (£*) b. In particular, when S is regular, in this case ¥ = £* and # = #*. For
convenience, we use E(S) to denote the set of idempotents of S; a* to denote an idempotent
Z*-related to a and a' to denote an idempotent %*-related to a.

In order to research rpp semigroups, Guo, Shum and Zhu [18] introduced the so-called
(£)-Green’s relations:

a b < Kera; = Kerby, i.e., £V = £,
aZ b < Ima, = Imb,, i.e., %Y = %;
90 — 20\ g0

20— 050,
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a7 Yb < 19 @) =19 ),

where a;(a,) is the inner left(right) translation on S'; J(¥)(a) is the smallest ideal of S con-

taining a e S and that is a union of some .Z(-classes. In fact, 2() = 20 o 1) =

20 0 £ (see [8]); moreover, in a strongly rpp semigroup, ) = % o 2" (see [9)).
The following lemma gives some properties of super rpp semigroups.

Lemma 2.3. [9] The following statements are equivalent for a strongly rpp semigroup S:

(1) Sis a super rpp semigroup.
(2) ForeveryaeS JO(a) = Sacs.
3) 7 |E ) = E©)xE(s
@ 7 210,

5) 2

5 ) is a semilattice congruence.

Let I and A be nonempty sets, and M a monoid. Assume P = (p,;) is a A x I matrix
whose entries are units of M. Form the set T =1 x M x A. On T, define a multiplication by

(l X )L)(J b2y ) (lvxpljyv“)

With the above multiplication, T is a semigroup. We call the semigroup T the Rees ma-
trix semigroup over the monoid M, in notation, .# (M,I,A;P). Moreover, when M is
a left cancellative monoid, .# (M,I,A;P) is a 2 _simple strongly rpp semigroup; and
vice versa (see [8]). It is easy to check that Reg(.# (M,I,A;P)) (the set of regular ele-
ments of .# (M,I,A;P)) = 4 (Reg(M),I,A;P) is a completely simple semigroup. Note
that .# (M1, A; P) is OS-rpp if and only if Reg(.# (M,I,A;P)) is an orthodox semigroup.
Also, by [22, Theorem I11.5.2], Reg(.# (M, I, A; P)) is orthodox if and only if it isomorphic
to Reg(M) x R, where R is a rectangular band isomorphic to I X A. So, .# (M,I,A;P) is an
OS-rpp semigroup if and only if it is isomorphic to M x R.

Recall from [13], a semigroup is called a left (right) cancellative plank if it is isomorphic
to the direct product of a left (right) cancellative monoid and a rectangular band. By [9,
Theorem 2.4], we have that a strongly rpp semigroup is super rpp if and only if it is a
semilattice of Rees matrix semigroups over a left cancellative monoid. By the arguments in
the last paragraph, this easily derives the following lemma.

Lemma 2.4. An rpp semigroup is an OS-rpp semigroup if and only if it is a semilattice of
left cancellative planks.

A band is called left (right) regular if it satisfies the identity: xy = xyx (yz = zyz). Obvi-
ously, left regular bands and right regular bands are regular bands. Moreover, we have

Lemma 2.5. [22] The following statements are equivalent for a band B:
(1) Bis regular.
(2) £ and % are congruences on B.
(3) B is a spined product of a left regular band and a right regular band.

Lemma 2.6. [8] If S is a strongly rpp semigroup and x is a regular element of S, then x° 7€ x.
Moreover, all regular elements of S are completely regular.

Y. Q. Guo, Shum and Zhu [18] proved that a strongly rpp semigroup is a left C-rpp
semigroup if and only if .Z () is a semilattice congruence on S. In the literature, right C-rpp
semigroup is the dual of a left C-rpp semigroup. In fact, the former is neither dual to the
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latter in sense of Green'’s *-relations nor in sense of Green’s (¢)-relations. But it is pointed
out, by Guo, Y. Q. Guo and Shum in [9], that a strongly rpp semigroup S is a right C-rpp
semigroup if and only if Z is a semilattice congruence on S.

Lemma 2.7. [18] Let S be an rpp semigroup. Then the following statements are equivalent:
(1) Sis aleft C-rpp semigroup.
(2) S is a strongly rpp semigroup in which £ O is a semilattice congruence on S.
(3) S is a semilattice of direct products of left zero bands Iy and left cancellative
monoids M.

Lemma 2.8. [9,11] Let S be an rpp semigroup.Then the following statements are equiva-
lent:
(1) Sis aright C-rpp semigroup. B
(2) Sis a strongly rpp semigroup in which % is a semilattice congruence on S.
(3) S is a semilattice of direct products of left cancellative monoids My and right zero
bands 1.

3. Yamada’s structure

The aim of this section is to establish the structure of regular OS-rpp semigroups. We shall
construct a regular OS-rpp semigroup by means of a left regular band, a C-rpp semigroup
and a right regular band, and then prove that any regular OS-rpp semigroup is isomorphic
to some semigroup constructed in this way.

Consider

Y a semilattice
L=(Y;Ly) the semilattice decomposition of the left regular band L into left zero
bands Ly with ¢ €Y.
R=(Y;Ry) the semilattice decomposition of the right regular band R into right zero
bands Ry, with ¢ €Y.
M= (Y;My) the semilattice decomposition of the C-rpp semigroup M into left
cancellative monoids M, with & € Y.
Denote by Endy(L) the semigroup of endomorphisms (on the left) of L and by End,(R) the
semigroup of endomorphisms (on the right) of R. Let

0 M — End(L); m oy
and
Y :M — End.(R); m— Y.
If the following three conditions hold:
(RO1): OmLg C Lop and Rg Wi C Reyp if m € My
(RO2): for all u € Mg,x € Lo,y € Lg and z € Ly, if x(@,y) = x(9,z), then x(¢1,y) =

x(¢1,z), where 14 is the identity of the monoid M;
(RO3) : X0@m®n = Aq@pn and Wy WPy = WipnPy if m € My,n € Mg,a € Log,u € Ry,

then we call (M, L,R; @, y) an RO-system, in notation, RO(M,L,R; @, y).
Given an RO(M,L,R; ¢, y). We form the set

ROM,L,R;0,y) ={(a,m,u) :a € Ly,u € Ry,m € My for some o € Y}
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and define a multiplication by

(a,m, M) © (bana V) = (a((pmb),mn, (“‘I/n)")
Now letm € My and n € Mg. Thena € Ly, u € Ry and b € Lg,v € Rg. By Condition (RO1),
Omb € Lopg and a(@nb) € Lyg; similarly, (uy,)v € Rypg. Obviously, mn € Myg. Thus
(a(@mb),mn, (uy,)v) € ROM,L,R; 9, y).

Therefore o is well defined. Moreover, we may prove
Lemma 3.1. (RO(M,L,R;®,y),0) is a semigroup.

Proof. Let (a,m,u) € Lg X Mg X Rg, (b,n,v) € Lg X Mg X Rg, (c,k,w) € Ly X My X Ry,
then

[(a,m,u)o (b,n,v)]o(c,k,w) = ymn, (uyy)v) o (c,k,w)
(@mnc), mnk, [((uyn)v) Wi]w)
(@m@nc),mnk, (g i) (vyi)w)
(@ @nc), mnk, (W, i) (VWi )w)
(@nc))]s mnk, (i) (VWi )w)
(@nc))], mnk, (W) (VWi )w)
a,m,u) o (b(@nc ) k, (vyi)w)

a,m [

mnk,

therefore, we have (RO(M,L,R; @, y),0) is a semigroup. 1

Lemma 3.2.

(1) EROM,L,R;0,y))={(a,1q,u) |a € Lg,u € Ry, 1o € My, 0t €Y}
(2) (RO(M,L,R;,y),0) is an rpp semigroup.

Proof. (1) Let (a,m,u) € Ly X Mg X Ry If

(a,myu) = (a,m,u)(a,m,u) = (a((pma),mz, (uy,)u) = (a,m27u)7
then we get m? = m, so that m = 1 since My, is a left cancellative monoid. Thus
E(S) = {(a,la,u) | ac La,u S Ra,la GMa,a c Y}.

(2) For any (b,n,v) € Lg x Mg x Rg, (c,k,w) € Ly X My X Ry, if (a,m,u)(b,n,v) =
(a,m,u)(c,k,w), then (a(@ub),mn, (uy,)v) = (a(@yc),mk, (uyy)w), so we have a(@,b) =
a(@me),mn = mk and (uy,)v = (uy)w. For mn = mk, we have mn € Myg,mk € Mgy and
af = ay. On the other hand, since Mg is a left cancellative monoid, mn = mk implies that
1gn = 1gk. For a(@u,b) = a(@yc), by (RO2), we have a(@;,b) = a(@;,c). Hence we obtain
(a(@1,0), 1an, (uy,)v) = (a(@1,c), Lok, (uyr)w), thatis, (a, 1, u)(b,n,v) = (a,1q,u)(c,k,
w). In addition, (a,m,u)(a,1¢,u) = (a,m,u), therefore by Lemma 2.2, (a,m,u).L*(a, 1 o, u),
consequently, (RO(M,L,R; @, y),0) is an rpp semigroup. 1

Lemma 3.3. Let S = (RO(M,L,R;9,v),0) and (a,m,u) € Ly X My X R, (b,n,v) € Lg X
Mpg x Rg. Then (a,m,u).L*(b,n,v) if and only if u = v.
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Proof. (=) Suppose that (a,m,u).Z*(b,n,v). By the proof of Lemma 3.2, we know (a, 1 o, u)
ZL*(b,1g,v), so
(au 1067”) = (aa la,u)(b, lﬁvv) = (a((Plab)’ 105[37 (Wlfl,; )V)
and
(b,1g,v) = (b,1p,v)(a,1a,u) = (b(P1,a), 1pa, (VW14 )u).
It follows that 1¢ = 14 = 154 = 1 which implies that & = B and u = (uy,)v, thus u =v
since Ry is a right zero band.
(<) Assume that u = v. Obviously, oo = . Compute
(a;1q,u) = (a,1q,u)(b,1g,v) and (b, 15,v) = (b,1g,v)(a,1¢,u).
Now, (a,lq,u)L*(b,1g,v). But, by the proof of Lemma 3.2, (a,m,u).Z*(a,1q,u) and
(b,15,v).L*(b,n,v), thus (a,m,u).L*(b,n,v). |
Lemma 3.4. (RO(M,L,R;,y),0) is a strongly rpp semigroup and (a,m,u)® = (a,1q,u)
Sorany (a,m,u) € Ly X Mg X Rq with x €Y.
Proof. By Lemma 3.2, (a,m,u).Z*(a,1q,u) and (a, 1 o, u)(a,m,u) = (a(@Q1,a), L am, (uyy,)
u) = (a,m,u). If (d’,1g,u') € E(S), and (a,m,u).L*(d’,1g,u’) and
(Cl/, lﬁau/)(aamau) = (aamau)a
then by Lemma 3.3, & = 8 and ¥’ = u. Now,
(avmvu) = (alv lﬁau/)(avmvu) = (a/((Plaa)’ Lom, (”Wm)u) = (alvmv M),
soa=d'. Thus (d',1g,u') = (a,1q,u). Consequently, (RO(M,L,R;@,y),0) is a strongly
rpp semigroup. Obviously, (a,m,u)® = (a, g, u). 1
Lemma 3.5. Let S= (RO(M,L,R; ¢, V), 0). Forany (a,m,u) € Loy Xx Mg X Ry and (b,n,v) €
Lg x Mg x Rg, we have

(1) (a,m,u)%(b,n,v) if and only if a = b;

(2) (a,m,u)H(b,n,v) if and only if a = b and u = v.

Proof. (1) Suppose (a,m,u)%(b,n,v). Then by Lemma 3.4,
(a,1,u) = (a,m,u)°Z(b,n,v)° = (b,1g,v),
it follows that
(@, 1g,u) = (b,1g,v)(a, lo,u) = (b(@15a), 1ga, (VW14 )u)
and
(b, 1p,v) = (a,1a,u) (b, 15,v) = (a(@P1,D), Lap, (uy14)v),
hence 1o = lgo = lgp = 1p, thereby = f and a = b((plﬁa), thus a = b since Ly is a left

zero band.
Conversely, if a = b, then

(Cl,la,l/t) = (b7 1ﬁ,V)(Cl, 106714) and (b,lﬁ,\)) = (aa la,M)(b, 1[37‘})1

hence (a,m,u)® = (a, lo,u)%(b,1g,v) = (b,n,v)°, thus (a,m,u)%(b,n,v).
(2) It is immediate from (1) and Lemma 3.3. i

Lemma 3.6. (RO(M,L,R; @, Vy),0) is a super rpp semigroup.
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Proof. By Lemma 3.4, it remains to show that % is a left congruence on S. To the end, let

(a,m,u) € Ly X Mg X Rq, (b,n,v) € Lg x Mg x Rg and (a,m,u)%(b,n,v), then by Lemma
3.5,a=band a = B. For any (c,k,w) € Ly x My X Ry, compute

(c,k,w)(a,m,u) = (c(@ra), km, (Wi )u)
and
(c.k,w) (b, n,v) = (c(@ib), kn, Wy )v) = (c(@ra),kn, (Wy)v).
Now, by Lemma 3.5(1), (c,k,w)(a,m,u)%(c,k,w)(b,n,v) and whence Z is a left congru-
ence on S, as required. 1

Theorem 3.1. (RO(M,L,R;Q,y),0) is a regular OS- rpp semigroup.

Proof. Tt suffices to prove that E(RO(M,L,R; @, y)) is aregular band. By Lemma 3.2(1), it
is easy to check that E(RO(M,L,R; ¢, y)) is aband. If (a, 1o, u).Z (b,1¢,u), then (a, 14,u),
(b, 1g,u) € Ly X Mg X Rg. For any (c,1g,w) € Lg x Mg x Rg, since

(¢, 1, w)(a, lo,u) = (c(P1za), 1gas (W1, )u),
and

(¢, 15, w) (b, Last) = (c(@1,5), Las (Y, ),
and by Lemma 3.3, we have (c,1g,w)(a,1q,u).L(c,15,w)(b,14,u), whence .Z is a left
congruence on S. Note that the restriction of # to idempotents is just Z and by a similar

argument as those on ., we can prove Z is a congruence on E(RO(M,L,R; ¢, y)). Thus,
by Lemma 2.5, E(RO(M,L,R; @, y)) is a regular band. The proof is completed. 1

Now we are devoted to prove the converse of Theorem 3.1. In the rest part of this section
we assume S is always a regular OS-rpp semigroup. Then by Lemma 2.4, we may suppose
that S is a semilattice Y of left cancellative planks Sy = I X My X Agq with o € Y, left zero
band I, and right zero band Ay,. Then E(S) = Ugey E(Sq) , Where E(Sq) =1y X {14} X Ag
and 14 is the identity of M,,.

Lemma 3.7. Let o, €Y, a < . Then E(Sy) is a rectangular band and for any a,b € Sq,
e € E(Sg), we have ab = aeb.

Proof. Note that E(S¢) = Iy X Ag. It is obvious that E(Sg) is a rectangular band. For any
a,b € Sq, e € E(Sg), then by hypothesis, a®e € E(Sq ), hence ab = a(a®b®)b = a(a®(a’e)b°®)b
= aeb since E(Sq) is a rectangular band. 1

Now, we fix the elements ¢y = (kq, 1o, &) in every Sq. Forany o, B € Y, o > 3, define
a mapping ¢, g by the requirement

B (k(Xa m, éa)cﬁ = (kﬁ ) m¢(x,ﬁ ’ éﬁ)

By the similar arguments as in the proof of [22, Lemma V.2.2, p.210-211], we can define a
strong semilattice M = [Y; M; @ g] such that forany o, B €Y, (i,m,1) € S¢ and (j,n,u) €
Sﬁ, we have
3.1) (i,m,A)(j,n, 1) = (k,mg gndg g, v).

Consider the bijection

n:(ile,A) = (i,4)
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from the regular band E(S) = Ugey (Ig X {1a} X Ag) into the set E = Ugey (g X Ag). We
now translate the operation of E(S) onto E by
(3.2) (171‘)(J7.u) = (17 K) < (lv 1a7l)(j7 1[5;“) = (l7 locﬁa K)
such that 1 becomes a semigroup isomorphism and so E is a regular band. However, by
Lemma 2.5, we can easily verify that /[k] in (3.2) depends only on i and j [A and u]. Now,
by the same method as in the proof of [22, Lemma V.2.3, p.211-212], I = Uyeyly becomes
a left regular band under the operation

ij=1<(,4)(j,u) = (,x)
while A = Ugey A a right regular band under the operation

A=k (i,4)(,1) = (I, k).

It is easy to see that E is the spined product of 7 and A with respectto Y.

Lemma 3.8. For any oo € Y and m € My, define a mapping @, : I — I by the requirement
(k(x,m,éa)(h lﬁvéﬁ) = ((Pmbv_v_) (ﬁ eY,be Iﬁ)'
Then @, € End;(I) such that

(1) @ulp Clyp ifm € Mg,

(2) forallu € My,x € Io,y € Ig and z € Iy, if x(Quy) = x(@,z), then x(¢1,y) = x(¢1,2),
where 14 is the identity of the monoid My,

(3) AaPnPn = Aa@un if m € Mg,n € Mg, a € Iy,

4) (a,m,u)(b,n,v) = (a(@ub),—,—) if (a,m,u),(b,n,v) € S.

Proof. (1), (3) and (4) can be obtained by similar arguments as in [22, Lemma V.2.4,
p.212-214]. Here we omit the detail.

(2) Let u € Mg,x € Iy,y € Ig and z € I, such that x(¢,y) = x(¢,z). It follows that
ay= ofy since x(@,y) € Iog,x(Puz) € Ioy. Note that ulg = (ulg)lyp =u(lglep) = ulyp
and similarly, uly = ulyy. We observe that ulg = ul,. Compute

(x7u7‘506)(y7 lﬁ?éﬁ):(x(q)uy)?ul&a) and
(xauvéa)(zv 177 é}') = (X((PMZ),Mly,b) (Ll,b € A(xﬁ)'
Thus
(x,u,ia)(y, 1[57€ﬂ)(x((puy)a laﬁ’ab)
= (x((puy),ull;,a)(x((puy), llxﬁvab)
((x((Puy))z,ulﬁlaﬁ,aab)
(x((PltY)7UIﬁaab)
(X((PMZ),Mly, ab)
((x(@uz))?,ulyl gy, bab)  (since Aqy is a right zero band)
(
(

= X((PMZ), ul)’? b)(x((PuZ)7 10(77ab)
= xvl"?ga)(za 1)/7 5Y)(x((puy)’ I(X)/’ab)v

thereby
(X, laaéa)()’a 1ﬁ7§ﬁ)(x(¢uy)v 10!/3’“17) = ()C, 1Ota§06)(za 1}’7 éy)(x((l)u)’), 1057’ab)
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since (x,u,Ey)L* (x,1¢,&y), thus
(x

(@1,Y), Lap,ab) = (x(@1,Y), 1ap,a) (X(@uy), 14p,ab)

= (%, 1a; Sa) (v, 15, 8p) (x(@uy), 1ap, ab)

= (x,1a,8a) (2, 1y, &) (X(@uy), Lay, ab)

= (x(P142); Lay, ab),

therefore by comparing the components, x(@;,y) = x(¢;,2)- 1

Dually, we have the following lemma:

Lemma 3.9. Forany o €Y and m € My, define a mapping W, : A — A by the requirement

(kg 1g,v)(ka,m,Ea)) = (—,—,v¥m)(B €Y,v € Ag).
Then Wy, € End,(A) such that
(1) WulAp C Agp ifme Mg;
(2) VnWuPu = WmnPu if m € Mg,n € Mlgﬂ/t € Aocﬁ"
(3) (b,n,v)(a,m,u) = (—,—, vym)u) if (b,n,v),(a,m,u) € S.
Define
©: M— End(l); m— @
and
V: M— End(A); m— y,.
By Lemmas 3.8 and 3.9, (M,I,A; @, y) is an RO-system. By the same reason, it is not

difficult to check that the identity mapping is an isomorphism of S onto RO(M, I, A; @, y).
We arrive at the main result of this section.

Theorem 3.2. (Yamada structure theorem) If (M,L,R; @, y) is an RO-system, then the
semigroup (RO(M,L,R; @, y),0) is a regular OS-rpp semigroup. Conversely, any regular
OS-rpp semigroup can be constructed in this manner.

Left C-rpp semigroups are regular OS-rpp semigroups whose band of idempotents is a
left regular band. So, for the semigroup (RO(M,L,R; @, y),0), it is a left C-rpp semigroup
if and only if R is a semilattice. It is not difficult to see that R = Y. In this case, if we identify
R with Y, then oy, = aff form € Mg. So, we have

e any element of the semigroup (RO(M,L,R; @, y),0) is of the form: (x,m,a) with
xe€Ly,meMy;
i (me? a)(yﬂ/lvﬁ) = (x((Pmy)amnv aﬁ)
It is not difficult to see that for the element (x,m, o) the third component & can be deter-
mined by the second component m. Based on these arguments, we can obtain the structure of
left C-rpp semigroups as follows, which follows form Theorem 3.2 and is essential [15, The-
orem 3.1].

Corollary 3.1. Let Y be a semilattice, L = (Y;Lg) the semilattice decomposition of the
left regular band L into left zero bands Ly with o0 € Y and M = (Y;My,) the semilattice
decomposition of the C-rpp semigroup M into left cancellative monoids My with @ € Y. Let

©:M— Endy(L); m— @y

satisfy the following conditions:
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(LC]) : (meﬁ - LaB ifme My,
(LC2) : for all u € My,x € Lg,y € Lg and z € Ly, if x(9,y) = x(@uz), then x(¢1,y) =
x(@1,z), where 14 is the identity of the monoid My
(LC3) 1 Aa®uPn = Aa@un if m € Mo,n € Mpg,a € L.
On LC = UgeyLy X My define a multiplication by
(a,m)o (b,n) = (a(@nb),mn).
Then S is a left C-rpp semigroup. Conversely, any left C-rpp semigroup can be obtained in

this way.

On the other hand, it is well known that right C-rpp semigroups are regular OS-rpp
semigroups whose band of idempotents is a right regular band. So, for the semigroup
(RO(M,L,R;®,y),0), it is a right C-rpp semigroup if and only if L is a semilattice. It
is not difficult to see that L = Y. In this case, if we identify L with Y, then ¢,,(a) = a8 for
me MB' So, we have

e any element of the semigroup (RO(M,L,R; @, y),0) is of the form: (o,m,u) with
uecRy,meMy;
o (o,mu)(B,n,v) = (af,mn, (uy,)v).
It is not difficult to see that for the element (¢, m,u) the first component can be determined
by the second component m. Based on these arguments and by Theorem 3.2, we can obtain
the structure of right C-rpp semigroups as follows, which is essential [11, Theorem 4.7].

Corollary 3.2. Let Y be a semilattice, R = (Y;Ry) the semilattice decomposition of the
right regular band R into right zero bands Ry with o0 € Y, and M = (Y;My,) the semilattice
decomposition of the C-rpp semigroup M into left cancellative monoids My with @ € Y. Let

v : M — End,(R); m— y,.
such that
(RC]) : Rﬁl[/m - R(xﬁ ifme Mgy,
(RC2) : W WnPu = WinPu if m € Mg,n € Mg,u € Ryp.
On T =UgeyMy X Ry, define a multiplication by
(m,u) o (n,v) = (mn, (uy)v).
Then T is a right C-rpp semigroup. Conversely, any right C-rpp semigroup can be obtained
in this way.
4. Characterizations

In this section, we manage the properties of regular OS-rpp semigroups.
To begin with, we have

Theorem 4.1. A semigroup is a regular OS-rpp semigroup if and only if it is isomorphic to
the spined product [21] of a left C-rpp semigroup and a right C-rpp semigroup.

Proof. With notation of Theorem 3.2, it is clear that the mapping
X i (@,m,u) — ((a,m), (m,u)) ((a,m,u) € )

is an isomorphism. The rest follows from Corollaries 3.1 and 3.2. 1



608 J. Wang, X. Guo and X. Qiu

Lemma 4.1. Let S be a super rpp semigroup. Then S is a left C-rpp semigroup if and only
if S satisfies the identity: ax = axa®.

Proof. (=) Assume S is a left C-rpp semigroup. For any a,x € S, we have a.% g® and
xZx°. Since S is a left C-rpp semigroup, we obtain that .Z() is a semilattice congruence
on S, hence ax. Ogoxe 2O x0q°, thereby ax = axx®a® = axa®.

(<) Suppose that S satisfies the identity: ax = axa®. Then for any e, f € E(S), we have
ef =efeby e =e°, whence ef = (ef)?, thereby E(S) is a left regular band. We have now
proved that S is an OS-rpp semigroup whose band of idempotents is a left regular band,
hence by [9, Theorem 4.3], S is a left C-rpp semigroup. 1

Lemma 4.2. Let S be a super rpp semigroup. Then S is a right C-rpp semigroup if and only
if S satisfies the identity: ax = x°ax.

Proof. (=) Assume S is a right C-rpp semigroup. Then by Lemma 2.8, Z is a semilattice
congruence. Now, for any a,x € S, since aZa® and xZx°, we have axZa°x°#x°a®, hence
by definition of Z, (ax)°%x°a°. Thus

ax = (ax)®ax = x°a®(ax)®ax = x*a®ax = x°ax.

(«<=) Now let S satisfy the identity: ax = x°ax. Then for any e, f € E(S), since f = f°, we
have ef = fef, whence ef = (ef)?, thatis, E(S) is a right regular band. Now, S is an OS-rpp
semigroup whose band of idempotents is a right regular band. It follows from [9, Theorem
4.5] that S is a right C-rpp semigroup. 1

Let p be an equivalence on S. It is easy to verify that the equivalence p N (E(S) x E(S))
is an equivalence on E(S). In [22], we call p N (E(S) x E(S)) the trace of p and in notation,

trp and for an endomorphism ¢ of S, if ¢ fixes every element of S¢, then we say ¢ is a
retraction and S¢ is a retract of S.

Theorem 4.2. The following conditions on an OS-rpp semigroup S are equivalent:
(1) Sis a regular OS-rpp semigroup.
(2) trLY and trZ are congruences on E(S).
(3) S satisfies the identity abca = aba®ca.
(4) Forevery e € E(S), the mapping W, defined by

Y, :a— eae (a€s)

is an endomorphism of S.
(5) Forevery e € E(S), the semigroup eSe is a retract of S.

Proof. (1) = (2) If S is a regular OS-rpp semigroup, then E(S) is a regular band. By
Lemma 2.5, (5 and %F®) are congruences on E(S). Note that 1r.2(") = ZE() and
tr% = %E(S), whence the assertion.

(2) = (1) If (2) holds, then by 1r.2) = L) and tr# = #*S), £ and % are con-
gruence on the band E(S), hence by Lemma 2.5, E(S) is a regular band. Therefore, S is a
regular OS-rpp semigroup.

(1) = (3) By Theorem 4.1, we assume S is a spined product of a left C-rpp semigroup S
and a right C-rpp semigroup S,. We first prove that for any (x,m) € S withx € S| andm € S5,
(x,m)® = (x°,m®). To see the end, let (y,n),(z,k) € S and (x,m)(y,n) = (x,m)(z,k), then
(xy,mn) = (xz,mk), hence by comparing the components, xy = xz and mn = mk, thereby
x°y = x°z and m°n = m°k since x.Zx® and m.Z2Om?®, thus (x°,m®)(y,n) = (x°,m)(z,k),
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now associating with (x,m)(x°,m®) = (x,m) and by Lemma 2.2, (x°,m®).& © (x,m); on the
other hand, since (x°,m®)(x,m) = (x,m), consequently, (x,m)® = (x°,m°) since S is strongly
pp-
If a = (x,m),b = (y,n),c = (z,k) € S with x,y,z € S| and m,n,k € S, then
abca = (x,m)(y,n)(z,k)(x,m) = (xyzx, mnkm)
= (xyx°zx,mnm®km) = (x,m)(y,n)(x®,m®)(z,k)(x,m) (by Lemmas 4.1 and 4.2)
= (x,m)(y,n) (x,m)° (z,k) (x,m)
= aba’ca.
(3) = (4) For any a,b € S, since e = ¢° and by (3), we have
(ab)y, = eabe = eaebe = eaeebe = (ay,)(by,),
hence y, is an endomorphism of S.
(4) = (5) Clearly, for every e € E(S), , is a retraction of S onto eSe. Therefore, the
semigroup eSe is a retract of S.
(5) = (1) Let e € E(S) and v, a retraction of S onto eSe. For any e, g € E(S), we obtain
efge = (efge) Ve
= (e¥e)(fve)(gVe)(eVe)
(ew)(efe)(eee)(ge)(eye)
= (eve) (fe)(eye) (gVe)(eye)
= (efege) Y.
efege.

Therefore S is a regular OS-rpp semigroup. 1
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