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Abstract. In this paper, we introduce a new iterative process to approximate a common
fixed point of an infinite family of multi-valued generalized nonexpansive maps in a uni-
formly convex real Banach space and establish strong convergence theorems for the pro-
posed iterative process. Furthermore, strong convergence theorems for infinite family of
multi-valued nonexpansive maps are obtained. Our results extend many known recent re-
sults in the literature.
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1. Introduction

Let D be a nonempty, closed and convex subset of a real Hilbert space H. The set D is called
proximinal if for each x € H, there exists y € D such that ||x —y|| = d(x, D), where d(x,D) =
inf{||x—z|| : z€ D}. Let CB(D), K(D) and CK (D) denote the families of nonempty, closed
and bounded subsets, nonempty compact subsets and nonempty compact convex subsets of
D respectively. The Hausdorff metric on CB(D) is defined by

(1.1) H(A,B):max{sup d(x,B),sup d(y,A)}
XEA yEB

for A,B € CB(D). A single-valued map T : D — D is called nonexpansive if ||Tx —Ty|| <
[|x —y|| for all x,y € D. A multi-valued map T : D — CB(D) is said to be nonexpansive
if H(Tx,Ty) < ||x—y|| for all x,y € D. An element p € D is called a fixed point of T :
D — D (tesp., T : D — CB(D)) if p=Tp (resp., p € Tp). The set of fixed points of T is
denoted by F(T'). A multi-valued map 7 : D — CB(D) is said to be quasi-nonexpansive if
H(Tx,Tp) <||lx—p||forallxe€ Dandall p € F(T). A multi-valued map T : D — CB(D) is
said to be generalized nonexpansive [14] if H(Tx,Ty) < a||x—y||+b(d(x,Tx)+d(y,Ty)) +
c(d(x,Ty)+d(y,Tx)) for all x,y € D, where a+2b -+ 2¢ < 1. It can be shown that if T is
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a multi-valued generalized nonexpansive map, then 7 is a multi-valued quasi-nonexpansive
map. Indeed, if p € F(T) and T is generalized nonexpansive, we obtain for all x € D that

H(Tx,Tp) <allx—p||+b(d(x,Tx)+d(p,Tp))+c(d(x,Tp)+d(p,Tx))
<allx—p||+b(|lx—pll+d(p,Tx)) +c(d(x,Tp) +d(p,Tx))
< (a+b+c)|lx—pl[+(b+c)d(p,Tx)
<(a+b+c)llx—pl[+(b+c)H(Tx,Tp).

Hence, H(Tx,Tp) < (a+b+c)/(1—(b+c¢))||x— p||- Since (a+b+c)/(1—(b+c¢)) <1,
it follows that

H(Tx,Tp) <|lx—pll.
Furthermore, if 7 : D — CB(D) is a generalized nonexpansive mapping and for some
p, Tp={p} thenforx € F(T)—{p}, we have
= pll = H(p,Tx) = al|p —x||+ b(d(p,Tp) +d(x,Tx)) + c(d(p,Tx) +d(x,Tp))
= a|lp—xl[+c(l[p = |+ [lx = pll) = (a+2¢)|}x = pl|.

Hence a+2c =1 and so b = 0. Therefore if T : D — CB(D) is a generalized nonexpansive
mapping and for some p,Tp = {p} then F(T)={p}orb=0and a+2c = 1.

A map T : D— CB(D) is said to satisfy Condition (I) if there is a nondecreasing function
f:[0,00) — [0,00) with f(0) =0, f(r) > 0 for r € (0,0) such that

d(x,Tx) = f(d(x,F(T)))

forall x € D.

A family {T; : D — CB(D),
nondecreasing function f : [0,

..} is said to satisfy Condition (II) if there is a
[0, )Wlthf() 0, f(r) > 0 for r € (0,e0) such that

Sy
(0.Tx) > f(d(x, "2 F (T)

d
foralli=1,2,3,...andx € D.

The mapping T : D — CB(D) is called hemicompact if, for any sequence {x,} in D
such that d(x,,Tx,) — 0 as n — oo, there exists a subsequence {x,, } of {x,} such that
Xp, — p € D. We note that if D is compact, then every multi-valued mapping 7 : D — CB(D)
is hemicompact.

The fixed point theory of multi-valued nonexpansive mappings is much more compli-
cated and difficult than the corresponding theory of single-valued nonexpansive mappings.
However, some classical fixed point theorems for single-valued nonexpansive mappings
have already been extended to multi-valued mappings. The first results in this direction
were established by Markin [10] in Hilbert spaces and by Browder [2] for spaces having
weakly continuous duality mapping. Lami Dozo [7] generalized these results to a Banach
space satisfying Opial’s condition.

In 1974, by using Edelstein’s method of asymptotic centers, Lim [8] obtained a fixed
point theorem for a multi-valued nonexpansive self-mapping in a uniformly convex Banach
space.

Theorem 1.1. [8] Let D be a nonempty, closed convex and bounded subset of a uniformly
convex Banach space E and T : D — K(E) a multi-valued nonexpansive mapping. Then T
has a fixed point.
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In 1990, Kirk-Massa [6] gave an extension of Lim’s theorem proving the existence of a
fixed point in a Banach space for which the asymptotic center of a bounded sequence in a
closed bounded convex subset is nonempty and compact.

Theorem 1.2. [6] Let D be a nonempty, closed convex and bounded subset of a Banach
space E and T : D — CK(E) a multi-valued nonexpansive mapping. Suppose that the as-
ymptotic center in E of each bounded sequence of E is nonempty and compact. Then T has
a fixed point.

Banach contraction mapping principle was extended nicely multi-valued mappings by
Nadler [11] in 1969. (Below is stated in a Banach space setting).

Theorem 1.3. [11] Let D be a nonempty closed subset of a Banach space E and T : D —
CB(D) a multi-valued contraction. Then T has a fixed point.

In 1953, Mann [9] introduced the following iterative scheme to approximate a fixed point
of a nonexpansive mapping 7 in a Hilbert space H:

Xnt1 = OpXn + (1 — 0)Txy, Vn2>1

where the initial point xp is taken arbitrarily in D and {o, };>_; is a sequence in [0, 1]. How-
ever, we note that Mann’s iteration yields only weak convergence, see, for example [5].

In 2005, Sastry and Babu [14] proved that the Mann and Ishikawa iteration schemes for
a multi-valued nonexpansive mapping 7 with a fixed point p converge to a fixed point g of
T under certain conditions. They also claimed that the fixed point p may be different from
q.

In 2007, Panyanak [12] extended the results of Sastry and Babu to uniformly convex
Banach spaces and proved the following theorems.

Theorem 1.4. [12] Let E be a uniformly convex Banach space, D a nonempty closed
bounded convex subset of E and T : D — P(D) a multi-valued nonexpansive mapping that
satisfies condition (I). Assume that (i) 0 < o, < 1 and (ii) Z7_, &, = co. Suppose that F(T)
a nonempty proximinal subset of D. Then the Mann iterates {x, } defined by xy € D,

(1.2) Xnt1 = Oy + (1 —04)x,, @, €[a,b],0<a<b<1,n>0,
where y, € Tx, such that ||y, — uy|| = d(un, Tx,) and u, € F(T) such that ||x, — uy|| =
d(xn, F(T)), converges strongly to a fixed point of T.

Theorem 1.5. (Panyanak, [12]) Let E be a uniformly convex Banach space, D a nonempty
compact convex subset of E and T : D — P(D) a multi-valued nonexpansive mapping with
a fixed point p. Assume that (i) 0 < &, B, < 1; (ii) B — 0 and (iii) £;_, 0,y = co. Then
the Ishikawa iterates {x,} defined by xo € D,

Vn = Buzn+ (1= Bu)xa, Bo€[0,1],n>0

Zn € Txy such that ||z, — p|| = d(p,Tx,), and
Xn+1 :anz;'i‘(l_an)xm o, € [07 1]7 n#0
Z;, € Ty, such that ||z;, —pl| =d(p,Ty,), converges strongly to a fixed point of T.

Later, Song and Wang [17] noted there was a gap in the proofs of Theorem 1.5 above
and [14, Theorem 5]. They further solved/revised the gap and also gave the affirmative
answer Panyanak [12] question using the Ishikawa iterative scheme. In the main results,
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the domain of T is still compact, which is a strong condition (see [17, Theorem 1]) and T
satisfies condition () (see [17, Theorem 1]).

Recently, Abbas et al. [1] introduced the following one-step iterative process to compute
common fixed points of two multi-valued nonexpansive mappings.

(1.3) {xleD

Xnt1 = ApXy + bpyn + Cpzn, Vn>1.

Using (1.3), Abbas et al. [1] proved weak and strong convergence theorems for approxima-
tion of common fixed point of two multi-valued nonexpansive mappings in Banach spaces.

Motivated by the ongoing research and the above mentioned results, we introduce a
new iterative scheme for approximation of common fixed points of infinite family of multi-
valued generalized nonexpansive maps in a real Banach space. Furthermore, we prove
strong convergence theorems for approximation of common fixed points of infinite family
of multi-valued generalized nonexpansive maps in a uniformly convex real Banach space.
Next, we prove a necessary and sufficient condition for strong convergence of our new
iterative process to a common fixed point of infinite family of multi-valued nonexpansive
maps. Our results extend the results of Sastry and Babu [14], Panyanak [12], Song and
Wang [17], Abbas et al. [1], Qin et al. [13], and Gang and Shangquan [3].

2. Preliminaries
Let E be Banach space and dimE > 2. The modulus of convexity of E is the function
Or : (0,2] — [0, 1] defined by

ae(e) =int {1 | [Z52|: l = bl = 156 = 1 .

E is uniformly convex if for any € € (0,2], there exists a § = 6(€) > 0 such that if x,y € E
with ||x]| <1, ||y|] <1 and ||x —y|| > €, then ||1/2(x+y)|| < 1 — 6. Equivalently, E is
uniformly convex if and only if 8¢ (€) > 0 for all € € (0,2].

Lemma 2.1. [15] Suppose E is a uniformly convex Banach space and 0 < p <t, < g <1
Sor all positive integers n. Also suppose that {x,} and {y,} are two sequences of E such
that limsup,,_. ||x,|| < r, limsup, . ||yn|| < r and limy,_ ||tnx, + (1 — 1) yn|| = r hold for
some r > 0. Then limy_c ||x, — yu|| = 0.

Lemma 2.2. [4] Let E be a uniformly convex real Banach space. For arbitrary r > 0, let
B,(0) :={x € E : ||x|| < r}. Then, for any given sequence {x,}_, C B.(0) and for any
given sequence { A, }o_, of positive numbers such that Y ;- A; = 1, there exists a continuous
strictly increasing convex function

g:[0,2r] =R, ¢(0)=0

such that for any positive integers i, j with i < j, the following inequality holds:

(=)
|5
n=1

2 (==}
< Z )vonnHz —A,,'ljg(HX[_xjH)-
n=1
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3. Main results

Lemma 3.1. Let E be a uniformly convex real Banach space and D a nonempty, closed and
convex subset of E. Let T, T,, T3, ... be multi-valued generalized nonexpansive maps of D
into CB(D) with N7 F(T;) # 0 for which Tip = {p}, Yp € N2 |F(T;). Let {0}y, i =
0,1,2,... be a sequence in [€,1 —¢€], € € (0,1) such that ¥, 0y = 1 for all n > 1. Let
{xn}r_, be a sequence defined iteratively by x| € D,

3.1 Xn+1 = O4oXp + Z aniygli)a

i=1
where y;i) €Tix,, i=1,2,3,---. Then

imd(x,, Tox,) =0, Vi=1,2,3,-.

Proof. Letx* € N7 F(T;). Since T;, i = 1,2,3,... is generalized nonexpansive, we obtain
H(Tixn, Tix*) < al|xy — x*|| 4+ b(d (xn, Tixn) +d(x*, Tix*)) + c(d (%, Tix* ) + d (x*, Tix,))
< allxn = x|+ b(|Jen = x|+ d (x", Tixn)) + (d (xn, Tex™) + d (x7, Tixa))
<(a+b+c)||x,—x*||+ (b+c)d(x", Tixy)
<(a+b+c)||x,—x*||+ (b+c)H(Tx", Tixy).

Hence,
B a+b+c .
(T 1) < ({2 b=
Since (a+b+c¢)/(1—(b+¢)) < 1, it follows that
(3.2) H(Tixn, Tix™) < |2, —x*|.

Then from (3.1) and (3.2), we have the following estimates,

a1 — 2] < 0ol [t — 27|+ 1 il ) = 2*]] < ol lta — 27| + ¥ i (), Tix*)
i=1 i=1

=)

< anOerz _X*H + ZaniH(T;'xna]}x*) < anOHxn —X*H + Zam'Hxn —X*H
i=1 i=1
(3.3) = ||xn —x7||.

Thus, lim,, . ||x, — x*|| exists. Now using Lemma 2.2, we obtain

) ok

) . 2
(i
OpoXn + 2 Cpiyn” — X =
i=1

‘ 2

st =] = |

anO(xn 7)C*) + Z ani(ygli) 7)6*)
i=1

< aol iy — x| P+ Y el o — |12 = ctoomig (|l — 33|
i=1

< 0ol — X[+ Y 0 (A0, Tix*))? = o Otuig (|30 — ¥4 ])
=1

=

< anO| |xn _x*||2 + Z ani(H(Tixm Tix*))2 - anoam'g(| |xrz —yﬁf)II)
i=1

< 0l =1+ X illon =712 = o g ([ v =341}

i=1
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(3.4) = [0 —x"|1? = etmo@tig(|lva — 4 []).
This implies that

0 < &2¢(|[x = 11) < 00 (| — Y1) < [Pen = x*]1% = g1 —x°| -

Hence lim,—.. g(||xx —yﬁp [|) = 0. By property of g, we have lim,_.. ||x, —yszi) || = 0. Then
d('xYI?’I}xn)SHxniyEli)H;)Ov n—)oo’i:172,3,~~~_
This completes the proof. 1

Theorem 3.1. Let E be a uniformly convex real Banach space and D a nonempty, closed
and convex subset of E. Let Ty, T;, T3, ... be multi-valued generalized nonexpansive maps
of D into CB(D) with N F(T;) # 0 for which Tip = {p}, Yp € N7 F(T;) and {T;}7,
satisfying condition (II). Let {0}, i=0,1,2,... be a sequence in [€,1 —¢], € € (0,1)
such that Y72 0y = 1 for all n > 1. Let {x,}r_, be a sequence defined iteratively by (3.1).
Then, {x,}>_, converges strongly to a common fixed point of {T;}7 ;.

Proof. Since {T;}7 | satisfies condition (II), we have that d(x,,N?> | F(T;)) — 0 as n — oo,
Thus, there is a subsequence {x,, } of {x,} and a sequence {p;} C N7 F(T;) such that

1
g — el < 3¢

for all k. By Lemma 3.1, we obtain that

1
[ 1 = Pl < e = Pl < -

We now show that {p; } is a Cauchy sequence in D. Observe that

1 1 1
[1Prs1 = Prll < MPrsr = Xy [+ [Py — il < W—i_? < 25T

This shows that {p;} is a Cauchy sequence in D and thus converges to p € D. Since

d(pi. Tip)|| < H(Tipr, Tip) < ||pk — p|

and py — p as k — oo, it follows that d(p, T;p) = 0 and thus p € N> F(T;) and {x,, } con-
verges strongly to p. Since lim,_,« ||x, — p|| exists, it follows that {x,} converges strongly
to p. This completes the proof. 1

Theorem 3.2. Let E be a uniformly convex real Banach space and D a nonempty, closed and
convex subset of E. Let T, T,, T3, ... be multi-valued generalized nonexpansive maps of D
into CB(D) with N2\ F (T;) # 0 for which Tip = {p}, Vp € " F(T;) and T; is hemicompact
for some i € N and T; is continuous for each i =1,2,3,---. Let {0y}, i=0,1,2,... be
a sequence in [€,1 —¢], € € (0,1) such that ¥.;2( 0 = 1 for alln > 1. Let {x,}_| be a
sequence defined iteratively by (3.1). Then, {x,};_, converges strongly to a common fixed
point of {T;}7 4.

Proof. Since lim, . d(x,, Tix,) =0, Vi =1,2,3,... and T; is hemicompact for each i =
1,2,3,..., there is a subsequence {x,, } of {x,} such that x,, — p as k — oo for some p € D.
Since 7; is continuous for each i = 1,2,3, ..., we have d(x,, , Tix,, ) — d(p,Tip). As aresult,
we have that d(p,Tip) =0, Vi=1,2,3,... and so p € N F(T;). Since lim,_.o ||x, — p||
exists, it follows that {x, } converges strongly to p. This completes the proof. 1
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Theorem 3.3. Let E be a uniformly convex real Banach space and D a nonempty compact
convex subset of E. Let Ty, T»,Tx, ... be multi-valued nonexpansive maps of D into CB(D)
with (22 F(T;) # 0 for which Tip = {p}, Yp € N2 F(T;). Let {0y}, i=0,1,2,... be
a sequence in [€,1 —¢€], € € (0,1) such that .72 0 = 1 for all n > 1. Let {x,};;_, be a
sequence defined iteratively by (3.1). Then, {x,};;_, converges strongly to a common fixed
point of {T;}7 ;.

Proof. From the compactness of D, there exists a subsequence {x,, }_, of {x,};_, such
that limy .. ||x,, — ¢|| = 0 for some ¢ € D. Thus,

d(Q7 T;q> S ||xnk - QH +d(xnk7 T;‘xnk) + H(T}xnk7 TWI)
<2||x, —q|| +d(xn,, Tixy,) =0 as k— oo

Hence, g € N F(T;). Now, on taking ¢ in place of x*, we get that lim, .., ||x, — ¢|| exists.
This completes the proof. 1

The following result gives a necessary and sufficient condition for strong convergence of
the sequence in (3.1) to a common fixed point of an infinite family of multi-valued nonex-
pansive maps {7;}7 ;.
Theorem 3.4. Let D be a nonempty, closed and convex subset of a real Banach space E.
Let T1, 15,15, . .., be multi-valued nonexpansive maps of D into CB(D) with N F(T;) #
0 for which Tip = {p}, Yp € N7 F(T;). Let {ani};_, i=0,1,...,m be a sequence in
le,1—¢], € €(0,1) such that Y2 0yi = 1 for all n > 1. Let {x,};_, be a sequence defined
iteratively by (3.1). Then, {x,};"_, converges strongly to a common fixed point of {T;}7 | if
and only if liminf, . d(x,,F) = 0.

Proof. The necessity is obvious. Conversely, suppose that liminf, . d(x,,F) = 0. By
(3.3), we have
[P 1 = 2" < [l — X7
This gives
d(xp41,F) <d(xn, F).

Hence, lim,_...d(x,,F) exists. By hypothesis, liminf, .. d(x,,F) = 0 so we must have
limyeod (2, F) = 0.

Next, we show that {x,};_, is a Cauchy sequence in D. Let € > 0 be given and since
lim,,—, d(x,, F) = 0, there exists ng such that for all n > ngy, we have

€
d(xn,F) < Z

In particular, inf{|[x,, — p|| : p € F} < §, so that there must exist a p* € F such that
€
by — 711 < 5.
Now, for m,n > ng, we have
€
[Fontm =l < [ = P11+ 1[50 = 711 < 210y = 7] <2(5 ) = .

Hence, {x,} is a Cauchy sequence in a closed subset D of a Banach space E and therefore,
it must converge in D. Let lim,,_...x, = p. Now, for eachi=1,2,3,..., we obtain
d(p, TzP) < d(p7xn) +d(xna Tixn) +H(T}xn7 sz)
<d(p,xn)+d(xu, Tixn) +d(x,,p) =0 as n— oo
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gives that d(p,T;p) =0, i = 1,2,3,... which implies that p € T;p. Consequently, p € F =
N2 F(Ti) # 0. I

Corollary 3.1. [1] Let E be a uniformly convex real Banach space satisfying Opial’s con-
dition. Let D be a nonempty, closed and convex of E. Let T,S be multi-valued nonexpansive
mappings of D into K(D) such that F(T)NF(S) # 0. Let {a,};_,, {bn};r_; and {c,};_ be
sequence in (0,1) satisfying a, +b, +cn, < 1. Let {x,}7>_ be a sequence defined iteratively
by

eD
(3.5) e
Xn+1 = AnpXp + bnyn + Cnin, Vn Z 1

where y, € Txy, 7y € Sx,, such that ||y, — p|| < d(p,Tx,) and ||z, — p|| < d(p,Sx,) whenever
p is a fixed point of any one of mappings T and S. Then, {x,}_, converges weakly to a
common fixed point of F(T)NF(S).

Corollary 3.2. [1] Let E be a real Banach space and D a nonempty, closed and convex
subset of E. Let T,S be multi-valued nonexpansive mappings of D into K(D) such that
F(T)NF(S)#0. Let {ay}_, {bn}y and {c,}7>_| be sequence in (0,1) satisfying a, +
bp+cn, < 1. Let {x,}_, be a sequence defined iteratively by

(3.6) {x' €D

Xpg1 = AnXy + bpyn + Cpzn, Vn>1

where y, € Txy, 7y € Sx, such that ||y, — p|| <d(p,Tx,) and ||z, — p|| < d(p, Sx,) whenever
p is a fixed point of any one of mappings T and S. Then, {x,};_, converges strongly to a
common fixed point of F(T) N F(S) if and only if liminf, .. d(x,,F) =0.

Remark 3.1. We observe that the iterative scheme (1.3) can be re-written as

2 .
3.7 Xpt1 = 00Xy + Z Otniygzl),
i=1

(1) (2)

where o0 = &, Q1 = by, Oy = cy, y,,l = Yn, y,,2 = z,. Furthermore, this is an iter-
ative scheme for approximation of common fixed point of two multivalued nonexpansive
mappings. Motivated by (3.7), we introduced our iterative scheme (3.1) for approxima-
tion of common fixed point of an infinite family of multi-valued generalized nonexpansive
mappings. This is the proper justification of introducing our iteration scheme (3.1).

Remark 3.2. Our iterative scheme (3.1) reduces to the iterative scheme (1.2) when consid-
ering approximation of fixed point of a multivalued nonexpansive mapping. Furthermore,
our iterative scheme (3.1) is more general than the Mann iterative scheme considered by
Sastry and Babu [14] and Song and Wang [17].

Remark 3.3. Our iterative scheme (3.1) reduces to the iterative schemes (3.5) and (3.6)
when considering approximation of common fixed point of two multivalued nonexpansive
mappings.

Remark 3.4. Our results extend the results of Sastry and Babu [14], Panyanak [12] and
Song and Wang [17] from approximation of a fixed point of a single multi-valued nonexpan-
sive mapping to approximation of common fixed point of an infinite family of multi-valued
generalized nonexpansive mappings and Abbas et al. [1] from approximation of a common
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fixed point of two multi-valued nonexpansive mappings to approximation of common fixed
point of an infinite family of multi-valued generalized nonexpansive mappings.

Acknowledgement. The authors would like to express their sincere thanks to the anony-
mous referees for their valuable suggestions and comments which improved the original
version of the manuscript greatly.
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