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Abstract. We give explicit representations of the generalized Drazin inverse of a block ma-
trix having generalized Schur complement generalized Drazin invertible in Banach algebras.
Also we give equivalent conditions under which the group inverse of a block matrix exists
and a formula for its computation. The provided results extend earlier works given in the
literature.
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1. Introduction

Let &7 be a complex unital Banach algebra with unit 1. For a € 7, the symbols c(a) and
p(a) will denote the spectrum and the resolvent set of a, respectively. We use /" and
/! respectively, to denote the sets of all nilpotent and quasinilpotent elements (c(a) =
{0}) of &7.

The concept of the generalized Drazin inverse in Banach algebras was introduced by
Koliha (see [7]). For a € <7, if there exists an element b € </ which satisfies

bab=b, ab=ba, a—da’bec I

then b is called the generalized Drazin inverse of a (or Koliha—Drazin inverse of a), and a
is generalized Drazin invertible. If the generalized Drazin inverse of a exists, it is unique
and denoted by a. The set of all generalized Drazin invertible elements of o7 is denoted
by «/?. If a € «/?, the spectral idempotent a® of a corresponding to the set {0} is given
by a® = 1 —aa®. The Drazin inverse is a special case of the generalized Drazin inverse for
which a — a?b € /"™, Obviously, if a is Drazin invertible, then it is generalized Drazin
invertible. The group inverse is the Drazin inverse for which the condition a — a?b € &7
is replaced with a = aba. We use a* to denote the group inverse of a, and we use &% to
denote the set of all group invertible elements of 7. Some interesting result about Cline’s
formula for the generalized Drazin inverse can be found in [11].
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The next result is proved for matrices [6, Theorem 2.1], for bounded linear operators [4,
Theorem 2.3] and for elements of Banach algebra [1].

Lemma 1.1. [1, Example 4.5] Let a,b € % and let ab = 0. Then

(a+b)d — Z (bd)n+lana7t+ Z bnbn(ad)rH»l.
n=0 n=0
If a € o7, then a? exists and a¢ = 0. Consequently, by Lemma 1.1, the following
lemma, which the part (i) is proved by Castro Gonzilez and Koliha [1] and part (ii) for
bounded linear operators in [4, Theorem 2.2], holds.

Lemma 1.2. Letb € &/ and a € /9"
(i) [1, Corollary 3.4] Ifab =0, thena+b € &/ and (a+b)? = ¥ (b?)" 1a"

(i) Ifba =0, thena+b € o/ and (a+b)? = E a'(bd)ymr.
n=0

Let p = p? € &/ be an idempotent. Then we can represent element a € <7 as

a— | A an ’
a1 an
where aj| = pap, ai2 = pa(l —p), az; = (1 —p)ap, azo = (1—p)a(1—p).

The following result is well-known for complex matrices (see [13]) and it is proved for
elements of Banach algebra [8].

b
d
a € (pt p)? and let w = aa? + a®bea? be such that aw € (pa/ p)?. If ca™ =0, a™b = 0 and
the generalized Schur complement s = d — ca®b is equal to 0, then
(1.1)
el [ eta o] [ ) [ Umrpe - (awrin

Tl ead 0 0 0 0 0 | | cal(aw)®?a ca[(aw)?)?b

Lemma 1.3. [8, Lemma 2.2] Let x = { Z } € o relative to the idempotent p € <,

The Drazin inverse has applications in a number of areas such as control theory, Markov
chains, singular differential and difference equations, iterative methods in numerical linear
algebra, etc.

Campbell and Meyer [2] proposed the problem of finding an explicit representation for
the Drazin inverse of a complex block matrix in terms of its blocks. This problem has not
been solved yet without any restrictions upon the blocks. Many authors have considered
this problem and presented formulae for the Drazin inverse under specific conditions [3, 5,
10, 15].

Let

a b
(1.2) x[c d}ed

relative to the idempotent p € o7, a € (p.o/ p)? and let the generalized Schur complement
s=d—ca’bc ((1—p)a/(1—p))?. The generalized Schur complement s plays an important
role in the representations for @ in many cases [5, 10, 12, 15].
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Several representations for the Drazin inverse of a 2 x 2 block matrix under conditions
which involve W = AAP + APBCAP and the generalized Schur complement equals to 0 are
presented by Hartwig et al. [5]. In [9] Li gave a representation for the Drazin inverse of
block matrices with a group invertible generalized Schur complement S and in terms of
W = AAP + APBS™CAP, recovering the formula (1.1) for complex matrices [13].

In [14], some representations of the generalized Drazin inverse of a block matrix x in
(1.2) with a group invertible generalized Schur complement s = d — ca?b are investigated,
under different conditions. The aim of paper [14] was to further weaken the conditions on
the elements needed to produce explicit formulae for the generalized Drazin inverse of x
compared to those known from the literature.

Under certain conditions, we present some formulae for the generalized Drazin inverse
of a block matrix x in (1.2) in terms of w = aa® + a®bs™ca® with generalized Schur com-
plement being generalized Drazin invertible in Banach algebras. Such formulae are very
complicated, but the main goal is to establish that x has the generalized Drazin inverse,
and the formulae are the means to produce that result. Necessary and sufficient conditions
for the existence as well as the expressions for the group inverse of triangular matrices are
obtained as a consequence. Recently results [13, 14] are extended to more general settings.

2. Results

Throughout this section when we say that x is defined as in (1.2), we assume that x has a
representation as in (1.2) relative to the idempotent p € o7, a € (po/p)? and s =d — ca’b €

((1-p)a/(1- p))".

In the beginning of this section we derive new representation of the generalized Drazin
inverse of a block matrix x in (1.2) with a generalized Drazin invertible generalized Schur
complement in terms of the generalized Drazin inverse of a, s and a(aa? +a?bca?). This
representation for the generalized Drazin inverse of x is investigated under some rather cum-
bersome and complicated conditions but the theorem itself will have useful consequences
which will include much simpler conditions.

Theorem 2.1. Let x be defined as in (1.2) and let w = aa® + a®bs™ca® be such that aw €
(p/p)*. If
(2.1 a"b=0, bs"ca® =0, wbhss®=0, ss%ca’bss®=0, ss"c=0,

then x € o/ and
d __ 0 bsd
v <1 + { 0 ca’bs?
0 0
s 2cal (aw)*a —séca (aw)?a  s? —seca (aw)Tb + (s?)*cal (aw)"bs™

0 0
(sd)n+lcan71a7r (sd)zcad[(aw)d}”bs”—sdca"[(aw)d]"“bs” }

+
[ ngk

3
Il
—_

_|_
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3
Il
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k=1
2.2)
p —bs? hnd 0 [ aw)d]”+2bs"
+ [ 0 (1—p)—ds? } <r—|—r§1 [ 0 cal[(aw)?)"*2bs" }) ’
here B [(aw)9)?a [(aw)9]?bs™
"= { ca[(aw)¥2a  ca®[(aw)?)?bs™ ] :

Proof. Since aa® 4 a™ = p and ss? + 5™ = 1 — p, we can write
e ata?  bsT aa®  bss? S
| caa® dsT ca® dss? | T
The equalities a?a™ = 0, s*s? = 0 and (2.1) imply
_ bs™ca™ awbss? _
2= cadbsTea® +55%ca®  cwbss? + ss"calbss?
In order to verify that y € &7, observe that

[ a®a®  bsT + 0 0 | +
Y= caa®  calbs™ 0 5% | TN

IfAy, =da’a?, By, = bs™, Cy, = caa® and Dy, = ca’bs™, by (a*a?)* = a?, A,, € (p/p)*,
Sy, =Dy, *CylAff. By, =0and W,, :AylAi’fl +A§] Bley1A§] =w. From A] B, = a”"bs" =
0, CylA;,‘] =0 and Lemma 1.3, we have that y; € &7¢ and

a_| p 0 [(@aw)®?a 0 p albs™ _,
M ) o o0]lo o '

Recall that, for u = [ n s
0 n
A € Pparp(m) NP1 p)ar(1-p)(n) = A € p(u),
ie.
() C Opoyp(m) UO(1-p)er(1-p) (1)
Thus, ss™ € ((1—p).oZ(1 — p))?"" gives y, € /%!, Using Lemma 1.2(i), by y,y; = 0, we
deduce that y € 7 and

IS oo 0 0 n
Y=Y o=y ! x| -
n=0 n=0 0 ss

To prove that z € /¢, consider

[ ad® 0 n 0 o n 0  bss R
ST ea® 0 0 s%s? 0 calbss? | 7T
Because aa™ € (p/p)®"! and (s?s?)* =59, then z; € ™!, 7, € &7/* and 7 = { 8 s(‘)i } .

From 71z = 0 and Lemma 1.2(i), z1 + 22 € @ and (21 +22)¢ = ¥ (zg)"“z’l’. Also, z3 €

n=0
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/" by zz = 0. Now, by (z; +22)z3 = 0 and Lemma 1.2(ii), we conclude that z € .&7¢ and

2= (z +Z2) + a3z +22)2
Applying Lemma 1.1, we obtain that x € &7 and

=

xd _ Z n+1 nyﬂ+ Z z n+1
n=0
23) = Z(I+Z3(Zl +2)D[(z1 +22)1" Yy + Zz ymtl = X, + Xo.
n=0

From z;y = 0, we get (z1 +22)%y = zgy and

=

Y +2) = (@ 2+ il[(zl )]ty

n
=(@m+2) '+ Y (zg +Y (zg)kﬂz’{) 24y

= (z1+2)'+ i

=

Z n+1 rlz i(zg)n+lyn

n=0 n=1

implying

_ 1+Z3 Z Z2 k+1 k> (Z n+lziiz+ Z n+1 n>

< k=0 =0 n=1
0 b = -
_<1+ 0 cadb} z§+z < ) ( ZZ”Z’]’+Z >
[0 bs?¢

:<1—|— 0 calbsd })( By +ZZ2n+1 nyn_|_z n+1nﬂ>

_ [0 bs? G n+1 n - n+1 Yy .1
24) N <1+ | 0 ca®bs? }) ( QY Z ; '

It can be check that aa? (aw) = aw = (aw)aa?,

Y =yt - Zl(yl) Y5, T =yi-n Y 00N+
£~ -
and .
YY" =y - Z ) yz+Zy'fy’£ 45 (n=23,...).
Further, note that - -

aw din+1 s g
(y‘li)n}b = [ 8 ca[”(l[(azv)]d]”flbsnsn :|

_ 0 aw)k—1pgn—kgm
y]fy; k: |: O ca(d(azv)kflbsnfks” (l’l: 172,...; k: 1,...,7’1—1).
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Also, we can show that

Ty | P (aw)da —(aw)dbs”
TE LTI —cal(aw)?a (1 —p) —ca®(aw)?bs™

and

wox_ | aal(aw)" (aw)®a  (aw)""!(aw)"bs™ =
Yy = [ cal(aw)" Y (aw)®a  ca®(aw)"" (aw)Tbs™ :| (n=1,2,...).

Therefore, by these equalities, (2.4) and, forn =1,2,... and k=1,2,...,
( #)n+1yk — 0 0

(sd)"Hcad(aw)k*]a (sd)”Hcad(aw)k*]bs” )

we obtain

=1+ 0 0

N cadbs —slcal(aw)la s* —s?ca(aw)?b

had 0

z:1|: SCCl ) n+lbsn:|+2|: n+] nlan' O:|

‘| <sd>2ca8<avv>”a stpatannss | 20 tpiionypne |

oo 0 0

+n§42<[ (d)n+1 d(aw)nfl(aw)ﬂa (Sd)"+lcad(aw)"71(aw)ﬂbs” ]
= | 0 0

+I;1|:0 (s/)"*ea (aw)™![(aw)") bs }

2.5)

+
ol
1
=
=
_
N———
—

0 (Sd)n+lcad(aw)k—lbsn—ksn:
Observe that, by

Zly = +2) (@ +2) +ua +2) )y = (1 +2)dy+udy

= (22 +23)2%y,
d.d #.d m.d p —bs? d myd d\2

we have zz9y" = (22 +23)25y%, 7"y = 0 (1—p)—ds? y* and 22"y = z1y(y?)* = 0.
Hence,

=71 y +ZZ”Z” n+l :Znyd

[p _bst d 0 [ W)d]n+2bsrz
20 “lo a-p-ds }< E{Ocﬂme“w |
Thus, from (2.3), (2.5) and (2.6), we get (2.2). 1

Similarly as Theorem 2.1, we get the following formula for the generalized Drazin in-
verse of block matrix. For the sake of clarity of presentation, the proof is given.
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Theorem 2.2. Let x be defined as in (1.2) and let w = aa® + abs™ca’ be such that aw €
(p/ p)*. If

ca® =0, d*bs"c=0, ss?ew=0, ss%ca®bss?=0, bs"s=0,

then x € o/ and
X = (H— Z { s"ca? 0 w)]m+2g Sncad[(a(v)v)d}n-ﬂb }) { _fdc (1—p())—sdd ]
+{[ 0 aad(aw)”m ol e [P R[S ]

0 s?—s%ca(aw)?bs? + s™ca® (aw)™b(s? 0

+io{ ! 5" eal [(aw) ] 2bs? 3+‘s”cad[<aw>d]"+lb<sd>2 }

I (R e

*,;0[ ! sk“cad[(aw)d]kﬁ(aw)"*1b<sd>"“ }
2.7)

VR[S wsseatamirs |) ([ a ]).
where

= [ lawrte, e ]

s%ca®[(aw)??a  s%ca®[(aw)?)?b
Proof. Notice that

e [ a’a®  aab ] [ aa®™ a"b

s"c  s"d d } =yt

ss?c  ssld

and zy = 0.
To show that y € @79, let

2 d d
a‘a aa’b 0 0
y—{ "¢ s%calb ]+ [ 0 s%s ] =Yty

Then, by Lemma 1.3, y; € @/ and y‘li =1. Since y, € &77"! and y;y, = 0, by Lemma 1.2(ii),
vea andy! = ¥ yi(yd)rl,
Now, we will check that 2 € 4. If
aa™ a*b 0 o0 0 0
z:[ 0 0 }—F[O 2d}+[ d ]3221+Z2+237

s°S ss@c ss?cab

we have z; € ! 7, € o/*, z3 0, zzzl =0 and z3(z; +z2) = 0. Applying Lemma 1.2,
first 71 +20 € /¢ and (21 +22)¢ = ): Z1(z3)"*1; and then z € @9 and ¢ = (71 + 22)7 +

n=0

[(z1 +22))z3.
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Using Lemma 1.1, we deduce that x € o7 and

oo

(28) Xd Z n+1 nzﬂ+ Zy
n=0
By yz1 = 0, y(z1 + 22)¢ = ygh. y/z" = y* [ f:dc

n+l =X +X5.

0

d.m, _
(lp)sdd] and y*z"z = 0. So,

X; =y + ¥ (y)H 17" = y477. Since, forn=1,2,... and k= 1,2,...,

n=1

ntk _ 0 0
b= s"s"ca[(aw)? ] a  s"s%cal[(aw) b |
we get
= 0 0
X1 = <t+nZ:1 [ sea[(aw)]2a  shca[(aw)d] b })
p 0
2.9) x { —slc (1—p)—sid } ’
Furthermore,
X =Y Yy () = Zy Y@ +2) T (1+ (1 +22)23)
n=0
= (y (z1 +22)4 + Zy”y"z’é’t [(z1 +12)d]"> (1+ (z1 +22)%23)
n=1
— [ Z ! n+1 + Zyn:ynz#z# ( _|_ sz(zg)k+n>‘|
k=1
1+Z223+ ZZ] n+123
n=1
[ nzzif n+1_|_Zy n+1 1+Z§Z3)
n=
Vi + Zzl Ayl Zy B (14 2523).
n=1
We can get
_ Z ngrl (yclz’)nﬂ7 yny _ yzltyl Z yn+1 n+1y1 + 2,
y”y":y’fyl Zyn+1 n+1 n+2yn kyllc_’_yz’ (n:2,3,‘..),
and also, forn=1,2,... andk_ 1,...,n—1,

p—(aw)'a

—(aw)b

= —s"ca(aw)?a (1 — p) —s"ca’ (aw)?b
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aa (aw)"(aw)®a  aa(aw)""' (aw)*b }
d( -1 d

YVt = !
11 s%ca®(aw)" " (aw)*a s"ca(aw)" ! (aw)"b

- 0 0
2 1= s ksncad(aw)kfla § ks”cad(aw)kflb )

n( )n+1 B 0 aad(aw)”_lb(sd)"+l
Y1(22 1o Sncad(aw)nqb(sd)nﬂ
Now we obtain

Xz:{[g o Peahamins |* T 0 wtcaamppn |

o I

n=0
0 " 'a"b(s?)mt! 0 aa®(aw)™b(s4)?
+n§’1 | O 0 ]+[ 0 s"cal(aw)™b(s?)? ]
=0 0 - 0 (aw)" ! (aw)™b(s?)" 1
7n§6 I 0 n+1sncad[(aw)d]n+1b(sd)2 }Jrng,z([ 0 s”cad(aw)"_l(aw)”b(sd)"+l
n i [0 0
= 0 sk+lcad[(aw)d]k+1(aw)nflb(sd);wl
(2.10)
0 0 0
* Z s"ksTca (aw)F1p(s?)H! ])} (1+[ sle  sdeab })
The equalities (2.8), (2.9) and (2.10) imply (2.7). 1

If we assume that the generalized Drazin-Schur complement s is group invertible in The-
orem 2.1 and Theorem 2.2, we obtain [14, Theorem 2.1 and Theorem 2.2].

Using Theorem 2.1 and Theorem 2.2, we can get the next result which recovers Lemma
1.3 and the analogy result for matrices [13].

Corollary 2.1. Let x be defined as in (1.2) and let w = aa® + a®bca® be such that aw €
(pe/p). If s =0, and if

(a®™b =0 and bca™ = 0) or (ca®™ =0 and a"bc = 0) or (a™b =0 and ca™ =0),
then x € o7* and x% is defined as in (1.1).

In the following theorems, we study the group inverse of a triangular block matrix. First,
if b =0 in Theorem 2.1, we obtain the equivalent conditions for the existence and represen-
tation of the group inverse of x.

Theorem 2.3. Let x = [ Z (s) } € . relative to the idempotent p € o7, a € (p/ p)® and
€ ((1—p)Z(1—p))9. Assume that ss"c = 0. Then
xe @*if and only if a € (pe/p)*, s € (1—p)o/(1—p))* and s"ca™ = 0.
Furthermore, ifa € (pe/p)¥, s € (1 —p)/ (1 —p))* and s™ca™ = 0, then

a* 0

#
[s”c(a#)2 stea® 4 (s%)?ca™ s

X =
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Proof. Using Theorem 2.1 for b =0, by s = d, w = aa?, (aw)* = a? and a? (aw)* = a?a™ =

0, we have x € &7? and

xd o ad i 0
S”C(ad)z—s ca = n+1 a'~ lan 0
Now we get
a’a’ 0
2y — o
caal + ¥ (s Healam 251 |
n=1
which gives that x>x? = x is equivalent to a’a? = a, s*>s? = s and ): s(s)'ca'a® = ca”.

Therefore, x € «7* if and only if a € (p/p)*, s € (1—p)Z (1 — ) and ss?ca® = ca®. 1
By Theorem 2.3, if x is defined as in Theorem 2.3, we can get:
(1) if s™c = 0, then

x € o*ifandonly if a € (po/p)* and s € ((1— p).o/ (1 —p))*;
() ifs€ ((1—p)eZ(1—p))~"', then
x € o/* if and only if a € (p.o/p)*.
In addition, if s € ((1 - p)«/(1—p))~! and a € (po/p)*,

X# . Cl# 0
—steat +57%2ca® 57!

For ¢ = 0 in Theorem 2.2, we show the next result similarly as Theorem 2.3.

Theorem 2.4. Let x = [ g i) } € o relative to the idempotent p € o, a € (p</p)? and
€ ((1—p)aZ(1—p))?. Assume that bs™s = 0. Then
xe " if and onlyif a € (pe/p)*, s € (1 —p)(1—p))* and a™bs™ = 0.
Furthermore, ifa € (pe/p)*, s € (1 — p)Z (1 —p))* and a"bs™ = 0, then

# { a*  (a")?bs™ — a*bs" +a"b(s")?
“Tlo st

Notice that, if x is defined as in Theorem 2.4, we have:
(1) if bs™ = 0, then
x € o*ifand only if a € (po/p)* and s € ((1— p).o/ (1 —p))*;
() ifs€ ((1—p)eZ(1—p))~', then
xe o/ ifand only if a € (po/p)*.
In addition, if s € ((1 — p)&Z(1 —p))~" and a € (po/p)*,

o a*  —a*bs™! +a"bs?
0 5!
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Expressions for the group inverses in Theorem 2.3 and Theorem 2.4 are the special cases
of [1, Theorem 2.3] for Banach algebra elements and [4, Theorem 2.2] for bounded lin-
ear operators. Also these expressions are extensions of formulae in [14, Theorem 2.3 and
Theorem 2.4].

In the end of this section, we state an example to illustrate our results.

Example 2.1. In Banach algebra <7, if x = [ g g } € (orx= [ lz 8 ] € o7 ) relative
d

d=g=p,a*=0,5s=0=5%s"=1—pandw=p=

to the idempotent p € <7, then a

aw = (aw)“. Using Theorem 2.1 or Theorem 2.2, we get that x € /¢ and x? = { ](; g }
_|r O

or x4 = [ - 0 }
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