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An Operator Karamata Inequality
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Abstract. We present an operator version of the Karamata inequality. More precisely, we
prove that if A is a selfadjoint element of a unital C*-algebra <7, p is a state on <7, the
functions f, g are continuous on the spectrum o (A) of A such that 0 < m; < f(s) < M,
0<m < g(S) <M, forall s € G(A) and K = (\/m1m2+ \/M]Mz) / (\/mle +\/M1m2),

then
-2 p(f(A)g(A)) 2
K= p(f(4))p(g(A)) =K

We also give some applications.
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1. Introduction

The classical Karamata inequality [5] states that if f, g are integrable real functions on [0, 1]
such that 0 <m; < f < Mj and 0 < mp < g < M, then

i (wﬁmlmﬁ\WMz)z __ Jyfsndr _ <,/7m1m2 + \Wle)z '
VmiMy+Mimy ) T [V f(n)dr [y g(e)de T \VmiMa+/Mim;

The right hand constant is greater than or equal to 1. This may be regarded as a multi-

plicative converse inequality to the integral analogue of Ceby3ev’s inequality. The addi-

tive version is known as the Griiss inequality [3] asserting that if f and g are integrable

real functions on [0, 1] such that m; < f < M; and my < g < M, for some real constants

my,Myi,my, M,, then

(12) ] [ st [ srar [ gtora

1
< Z(Ml —my)(My—ma);
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and that the constant 1/4 is the best possible, see [1,4,6,8,9]. The following discrete version
of (1.1) was given by Lupas [7] for positive linear functionals including the integral form of
Karamata’s inequality, see also [10]:

Theorem 1.1 (Lupas). Suppose that X is a real linear space of real functions defined on
a bounded interval [a,b] such that the constant function e(x) = 1 belongs to it. If f,g € X
are such that 0 <my < f <Mjand 0 <my < g <M, forallx € [a,bland F : X — Risa
positive linear functional with F(e) = 1, then

<\/W+N/M1Mz)2< F()F(8) _ <\/HW+\/M1M2)2
VmiMy+/Mimy T F(fg) T \VmiMy++/Mim;

In this note, we present an operator version of the Karamata inequality.

2. Main result
We start this section with the following useful lemma.

Lemma 2.1. Let A be a selfadjoint element of a unital C*-algebra <7 and p be a state on < .
Let f,g be continuous functions on the spectrum 6 (A) of A such that 0 < m; < f(s) < My,
0<my <g(s) <M, foralls € o(A)andlet D(f) =M, —p(f(A)) and d(f) = p(f(A)) —
mi. Then

miMaD(f) +Mimad(f) _ p(f(A)g(A)) _ MiMad(f) +mimaD(f)

MD(f)+mad(f) = p(g(d) = Mad(f)+maD(f)
Proof. For all 5,1 € 6(A) we have
2.1) (M1 — £ (5))(f () —m1)(Mag (1) —mag(s)) =0,
(2.2) (M1 — £ (s))(f () — m1) (Mag(s) —mag()) = 0.

(2.1) is equivalent with
(2.3) MM, f(t)g(t) —Mimyf(t)g(s) — miMiMyg(t) +mimaM; g(s)
—Maof(s)f(t)g(t) +maf(s)g(s)f(t) + miMaf(s)g(t) —mimaf(s)g(s) > 0.

Using the continuous functional calculus and the positivity of the state p it follows from
(2.3) that

MM f(2)g(1) — Mimo f(1)p(8(A)) —miMiMag(t) +mimaMp(g(A))
—Map(f(A))f(1)8( )+M2P(f(A) (A)f(t) +miMap(f(A))g(7)
24)  —mmyp(f(A)g(A)) >
By the same technique we get from (2.4) that
MiMp(f(A)g(A)) —Mimap(f(A))p(8(A)) —miMiM2p(g(A))
+mimyMip(g(A)) —Map(f(A))p (f(A)g(A))+mzp( (A)g(A))p(f(A))
2.5) +miMrp(f(A))p(8(A)) —mimap(f(A)g(A)) =
or equivalently
(MiMy —mima)p(f(A)g(A)) + (miMy —maMy1)p(f(A))p(8(A))
> (M —ma)p(f(A)p(f(A)g(A)) +miMi(My —m2)p(g(A)),
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that is,
miMyD(f) +Mimad(f)
MoD(f) +mpd(f)
Similarly, from (2.2) it follows that
(M Mz —mima)p(f(A))p(8(A)) + (miMr —maMy)p(f(A)g(A))

= (My—m2)p(f(A))p(f(A)g(A)) +miM\ (M2 —m2)p(8(A)),

<

that is,

p(f(A)g(4)) _ MiMad(f)+mimaD(f) I
p(g(A)) =  Md(f)+mD(f)
Theorem 2.1. Let A be a selfadjoint element of a unital C*-algebra </ and p be a state on

/. Let f,g be continuous functions on the spectrum & (A) of A such that 0 < m; < f(s) <
My, 0 <myp < g(s) <My forallse o(A). If

K— /mimy + /MM
VM, +/Mimy’

then
) p(f(A)g(A)) 2
= oG@pteay =%

Proof. Let us define functions m,M : [m;,M;] — [0,0) by

m(t) _ (Mlmz —mle)l+m1M1 (M2 —mz)
(MiMa — myma)t — (My —ma)t>

(MiMy — mymp)t — m My (M — my)
(Mz — mz)t2 + (szl — mle)t
If f or g is a constant function, then K = 1. Let us assume that m; = M;, i = 1,2. If
VmiMi (\/mim; + /M M>)
VMimy +\/mi M ’
b= VmiMi(v/Mymy 4 /miM>)
/mimo + /MM ’

M) =

then #; € [my,M,],i=1,2, and

min m(t) =m(t =K72,
o min | () =m(t1)

M(t) = M(t;) = K>
max | (t) (t2)

From Lemma 2.1 we have
p(f(A)g(A))
m(p(F(4) < SETEC L <M (A)

where p(f(A)) € [m1,M1]. So, the theorem is proved. 1

As usual, let B(.7#) denote the C*-algebra of all bounded linear operators on a Hilbert
space JZ.
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Corollary 2.1. Let A € B(5) be a selfadjoint operator on a Hilbert space 7, x € H
be a unit vector and f,g be continuous functions on the spectrum c(A) of A such that
0<m < f(s) <M, 0<my<g(s) <M, foralls € oc(A). Then

-2
(,/Wumz—&-\/ﬁm) < (f(A)g(A)x,x) (,/mlm 2 +VM >
VmiMy+vMimy ) T (f(A)xx) (g(A)x,x) T \VmiMy+ VM
Corollary 2.2. Let A € M, (C) be a Hermitian matrix, f,g be continuous real functions on
the spectrum o (A) of A such that 0 <m; < f(s) <My, 0 <my < g(s) <M, forall s € 6(A).
Then

(thlz\@)‘i nTr(f(A)g(4) <W+\WM2>2
VmiMy +/Mym; = Tr(f(A))Tr(g(A)) — \ VmiMy+~/Mim;

where Tr denotes the usual matrix trace.

Example 2.1. As consequences of Corollary 2.1, we demonstrate some reverse inequalities
of those presented in [2, Examples 1,2,3].

Let A € B(42) be a selfadjoint operator on a Hilbert space . and x € J# be a unit
vector.

If A is positive definite, p,g > 0and 0 <m; <sP <M;,0<my <s? <M, forall s € 6(A)
then

vmimy ++/ MM, _2< (AP*’ix’x> < mimy ++/MiM; 2
VM + v/ Mims = (APx,x)(A%x,x) — \VmiMy+/Mimy )

If o, >0and 0 < m <exp(as) <My, 0<my <exp(Bs) <M, forall s € 6(A) then

-2
(,/mlszm/Mle) - (exp[(ct + B)A]x,x) <,/ 1my + /M >
VM, +/Mm> ~ (exp(0tA)x,x){exp(BA)x,x) — \\/mMy+ /M
If A is positive definite, p > 0and 0 <m| < s <M}, 0 < myp <logs < M, for allse o(A)
then

<ﬁ/m1m2+\/M1M2>_2< (APlogAx,x) (W—i—\/i)
VmiMy++/Mimy ) (APx,x)(logAx,x) = \ V/mi My +/Mim;

3. Applications for multiple elements

In this section we give a version of Theorem 2.1 for multiple elements, according to Dragomir’s
technique [2].
As usual, we denote by M, (<7 ) the C*-algebra of n X n matrices with entries in 7.
Theorem 3.1. For j=1,2,...,n, let A; be a selfadjoint element of a unital C*-algebra </
n
with unit I, and pj be a bounded positive linear functional on o/ such that 'y, p;(I) =1, and
j=1
f,& be continuous functions on the spectrum o(A;) of Aj such that 0 <my < f(s) < M,
0<my <g(s) <M foralls € o(Aj). Then

T pi(f(Aj)g(A;))

<W+\/AM>2< = (W+ﬁ)
VmiMy++/Mimy ) ép,(f(A;)))an(g( ) \Vmidh o Mim,
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Proof. We define a positive linear functional on M, (<) as follows. For B = (B;;) € M, (/)
n
withBjj€ o/, i,j=1,...,n,put p(B) = Y. p;j(Bj;). Inparticular, for A=A, &---BA, one
j=1

has p(A) = é] pj(Aj). Itis easily seen that p(f(A)g(A)) = ¥ p;(f(A;)g(A;)), p(f(A)) =

E pi(F(4) and pls()) = 1 py(s(4)

Now, the required inequalities of Theorem 3.1 follow from the inequalities of Theo-
rem 2.1. 1

Corollary 3.1. For j=1,2,...,n, let Aj € B(JZ) be a selfadjoint operator on a Hilbert

n
space H, xj € A be a vector such that Y, ||x;|*> =1, and f,g be continuous functions
j=1

on the spectrum o(A;) of Aj such that 0 < my < f(s) <My, 0 <my < g(s) < M, for all
s € 0(Aj). Then

n

Y (f(A))g(A))x),x;))

(\/HW+\/W>_2< P : (\/"117—1—\/7)
VmiMy+/Mimy jg(ﬂA])xj,xJ)])i:l(g(Aj)xj,xj> Vi My +~/Mymy

Proof. Apply Theorem 3.1 for the unital C*-algebra &/ = B(.) and positive linear func-
tionals p; = ((-)xj,x;), j=1,2,...,n. 1

In the forthcoming result, by A4 (A) (resp. Ayin(A)) we denote the largest (resp. small-
est) eigenvalue of a Hermitian matrix A. In addition, the symbol || - || stands for the spectral
norm on M,(C).

Corollary 3.2. For j=1,2,...,n, letA € M, (C) be a Hermitian matrix, x be a unit vector

in C", and p; > 0 be a scalar with Z pj =1, and f,g be continuous functions on the

spectrum 6(A;) of A; suchthat0<m1 <f( ) <My, 0<my <g(s) <M,forallsc c(A)).

Then
max(ijf( )( )) < T+ %M1M2>2
— \VmiMy +/Mim,
Amax )ijf( i) - Amax Zp]g( i)

j—

or equivalently

< <\/m1m2+\/M1M2>2
vmiMy ++/Mimy
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and

Afmin f’l pjf(Aj)g(Aj)
j=

(w/mlmz—i-\/MlMg)_z <
VmiMy 4/ Mimy -

Monin _Z] pjf(Aj) - Amin Z] Pjg(Aj>
Jj= j=

or equivalently

—1)1—1

. Y pif(Aj)g(A))
/mymy +~/ MM, < J=1
My 4/ Mimy - . —1|! . 1~
Y pif(A)) I X piglA))
Jj=1 Jj=1
Proof. Use Corollary 3.1 and Courant-Fischer’s min-max theorem. 1
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