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Abstract

Most actuarial calculations are based on simplifying assumptions with regard to force of mor-
tality and discount function. Classical, actuarial calculations are determined by the assump-
tion that the discount function is constant over time. To obtain a more realistic assessment, it
would be beneficial when the discount function are fluctuated. This paper compares the pre-
mium of the term and the endowment insurance which calculated based on constant discount
function to stochastic discount function, when the discounting is presented by a stochastic
differential equation as in the Hull-White model. In this case, time to maturity in financial
valuation models is adjusted with T(x), a continuous random variable representing future
lifetime of a life-aged-x. Furthermore, upper bound for the distribution function of present
value in convexity order is calculated.
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1 Introduction

The stochastic nature of actuarial processes is not only determined by remaining life times
but is also a consequence of the randomness of interest rates. Historically, the theory of life
contingencies has ignored explicit consideration of chance fluctuations in interest rate. In
contrast, Pollard (1971 and 1976), Boyle (1976), Panjer and Bellhouse (1981) and Dhaene
(1989) observed the fluctuations of interest rate by treating interest rate as random variable
and employed times series models such as Moving Average (MA), Auto Regressive (AR),
Auto Regressive Moving Average (ARMA) and Auto Regressive Integrated Moving Average
(ARIMA). In this paper, we observed the fluctuations of interest rate by using the interest
rate derivatives model, namely the Hull-White model.

The present value of a series of n payment ¢; at times 7; (i = 1,2,...,n) with a discount
process X (7) is given by

Vy = Zcie_x(“) (1)
i=1

where

X(r) = /OT r(s)ds (2)
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hence .
Vo = Z C; €f‘; r(s)ds (3)
i=1
The stochastic differential equation for describing the behavior of r(s) is represented by the
Hull-White model;

d’f’t = ('1915 — CTt>dt + odW (4)
where ¢ and o are constants. The function ¥; can be calculated from the initial term structure:
_ AlnfM(0,1) M o’ —ct) 2
dlnPM(0,T,)
M s L
T =
FR0.T) T,

fM(0,T,) constitutes the market instantaneous forward rate, whereas P (0,T,) represents
the market discount factor.

The instantaneous spot interest rate, r;, is normally distributed with mean and variance given
respectively by

E{ri} =rg e—clt=s) 4 at) — a(s)e_c(t_s))

VCL’I‘{’I" } _ Oj (1 _ 720(t75))
e c

where )

g —c
at:fM(O,t)—Q—%[l—e t)]2

Concerning with convex upper bound, Xp, = fOT” r; dt random variable is normally dis-
tributed with mean

2
_To —eT, M o 2—Tm 1 —2cT, 3
uTm—?(l—ec )—ZTLP (O,Tw)+262(Tw+cec _%e ¢ —§C
and variance )
2 _ 0" 2 e, 1 o, 3
or, = 3 (Tx + o€ 9c¢ 20)
As solved by Hull-White, bond prices at time t are given by
P(t,T,) = A(t,T,) e B:-T=)"
where 1
B(t,T,) = —(1 — e <T=71)
c
and P(0,T, olnP(0,t 1
In A(t,T,) = znp(((’””;) - B(t,Tw)% - @02(1 — e ?)B2(t,T,)

Upper bound for the distribution function of Vj is needed to determine the fair premium,
therefore we only require the information of the distribution function of the X (7,)

The remainder of this paper is organized as follows. Section 2 is started with determination
of the actuarial quantities based on interest rate derivatives model, the Hull-White model.
In section 3, we provide some mathematical background about ordering random variable,
comonotonocity and Fréchet spaces. In section, 4 we simulate and give empirical results and
sensitivity analysis with respect to parameters of insurance contract. Section 5 is closed with
a summary.



2 Actuarial Quantities

The benefit and insurance payment schedule depends on the interval between the time of
policy determination and time of death of the insured. The symbol (z) will be used to denote
a life aged x. The time and amount of this payment will be functions of the random variable
T(xz) as a continuous random variable representing the future lifetime of (z) or K(x) as a
discrete random variable representing the number of completed future years lived by (z). We
have a benefit function b; and a discount function v; in continuous time. In this model v; is
the discount function of interest rate at time ¢t. The present value function of the benefit is

zp = by

The maturity period is random and depends on the future life time. The present value of the
policy from the benefit payment is zp. This random variable will be denoted by

7 = bT’UT

where
vr = (14 i)iT

The discount factor displays two characteristics: interest rate risk and mortality risk. The
expected present value of the random value Z is called the actuarial present value.

2.1 Varying Interest Rates in Simple Contract

In this section we look at the effect of changing interest rates on the present value of a single
payment and an annuity-due. We distinguish payments on a yearly base and continuous

payments.
In the discrete case the effective interest rates are denoted by i1,42,43,.... For notational
convenience we take i = 0. The corresponding sequence of forces of interest is d1,do, ... and

the respective sequence of discount factors is vy, v, . ...
In continuous time &(¢) denotes the force of interest at time ¢. The compound interest over
the time interval [0, ] is given by

14+i(t) = exp(/o 5(s) ds)

and the discount rate is
1

u(t) = T i) :exp(—/o/é(s) ds)

2.2 The Actuarial Present Value

The present value of a discrete benefit payment is

I
AZ:Hl—H"

As a recursive relation we have



An—/—] = Un+1 A*m

The present value of a continuous benefit payment is

T
fl*ﬂ = exp </0 d(s) ds)

The present value of an annuity-due is

A =1+v] +..+v,
n—1 k (6)
=> I]w
k=0 t=0
and

n—1 k
AL = Zexp (— Z 5t> (7)
k=0 t=0

The present value of a continuous benefit payment is

A :/Te(—-foT5(s)ds) dt (8)

0

2.3 The Premium

The basic concept involved in the determination of annual benefit premiums is the equivalence
principle. The insurer’s loss, L, as random variable of the present value of benefit to be paid by
insurer less the annuity of premiums to be paid by the insured. For the case of the continuous
time, L is represented by

L =exp <—/OT§(8) ds) - P-/OTexp (—/{f&(s)ds) dt

The equivalence principle has the requirement that FE(L) = 0 . Equivalently, benefit premi-
ums will be such that

E(present value of benefits) = E(present value of benefit premiums)

and the premium is as follows

b E (exp (— fOT 5(s) ds)) o)
E (fOT exp (— fOTé(s)ds) dt)

3 Actuarial Quantities Based on Interest Rate Deriva-
tive; The Hull-White Model

Time to maturity in financial valuation model is adjusted with T'(z). The actuarial present
value for whole life insurance with a unit payable at the moment of death of z, F(Z), and a



continuous whole life annuity are denoted by A, and agp;

A, = B(E(u(t))
- /0 E(o(t)) () dt

:/(;X)E(eﬂWD(—/OTm Ty du)) f(t) dt

= / P(OvTI) tPx :ux+t dt
0

and -
Qgp = / P(O7Tx) Pz dt
0

where P(0,T,) is the price of a zero coupon bond.
The premium is as follows;
fo P(OaTz) tPx Mgqt dt

p=20
fO P(O,Tz) tPx dt

4 Convex Upper Bound

4.1 Ordering Random Variable

¢{ Stop-loss Premium

Reinsurance treaties usually cover only part of the risk. Stop-loss reinsurance covers the
top part. It is defined as follows: if the loss is X7, X5, -+, X, and it is assumed X > 0, the
payment equals

X-d ,if X>d

(Xd)+;ma${Xd,0}{0 ,if X <d

where d is the retention, stated that the maximum amount to be paid by reinsurance. A
stop-loss premium means the net premium E[(X —d).] for a stop-loss contract and is defined
as follows:

oo

BI(X — d),] = / (& — d)fx(z) du

d
= ()l - Fx@)F + /:0[1 — Px(z))da
= /doo[l — Fx(z)]dx
{ Stop-loss Order
A random variable X is smaller than a random variabel Y in the stop-loss order, written

X <4V, if
El(X — d)4] < B[(Y — d)y] Vd>0

{ Convex Order

A random variable X is less than a random variabel Y in convex order, written X <., Y, if,
and only if

E[(X — d)4] < B[(Y — d)y] Vd>0



4.2 Comonotonocity and Frechet Spaces

For any (n-dimensional) random vector X = (X1, Xs, -+, X,,), let the distribution function
and the survival function be denoted by Fx (x) and Sx (x) respectively, i.e.

Fx (x) =P (X1 <21, Xo S, X <)
Sx (x) =P (X1 > 21, X0 > @2, , Xy, > xp)
Let R, (Fy, Fa,--- , F,) denote the F'réchet class of all random vectors X = (X1, Xs,---, X)

with fixed marginal distribution function Fy, F5,--- , F,. The extremal distribution of all
random vektor in R, (Fy, Fy, -+, Fy,) is the distribution function W, (z) is given by

Wy (x) = min {Fi (z1) , F2 (z2) .-+, Fo (z0) }
in the sense that
Fx (x) <W, (x), VxeR"
The distribution function W, (x) is known as the Fréchet upper bound in R,, (F, Fa,- -, F},)
and we have that

W, (x) =P (Fy"(U) <2y, Fy ' (U) a2y, EH(U) < )

According to Goovaertz et al. (2000) and Dhaene et al. (2002), random vectors X =
(X1, Xs,--+, X,,) with W, (x) as their distribution function are said to be comonotonic.
Comonotonic random variables possess a very strong positive dependency. This means that
if X = (X1, Xs,---,X,) give the different values, (x1,x2, -+ ,2,) and (y1,y2, - - ¥n) and also
if

T > Y

then
x>y 1 F g
Let X = (X17X2,-~- ,Xn) €R, (FhFQ,--- 7Fn) and
V=Xi+Xo+ -+ X, (10)

The upper bound of V;
W=Yi+Yat+ -+,

where (Y1,Ys,---,Y,) € R, (F1, Fa,--- , F},) then
V<Ww

The upper bound of equation 77 will be obtained through the inverse of distribution function;
Fx(ry)-

For any U random variable uniformly distributed on [0, 1], we have

(X1,..., Xn) =4 (FTHU), ..., E;HU))

and
$1(X1) + oo+ 0, (Xn) Sco ¢ (FT ' (U)) + o + 6, (F, 1 (U))
Let
$,(X):=¢; e X(7) (11)
It is obtained the convex upper bound
W =", (Fxl ) (U) = cie” X0 (12)
i=1 i=1



5 Empirical Results and Sensitivity Analysis

In this section, we present empirical results and sensitivity analysis with respect to param-
eters of insurance contract. Figures 7?7 display the distribution function compared with the
empirical distribution based on 10000 randomly generated, normally distributed vectors.
The mean present value E(V.;) = 10.381 and E(V,,.) = 10.390 for i« = 1,2,...,30 and
E(Vewy) = 11.0154 and E(Vi,e) = 11.0610 for ¢ = 1,2, ..., K(z). K(x) discrete random vari-
able represent the number of completed future years lived by (x). This results show that the
distribution function is equivalent to the simulated.

Figures 77 describe the Hull-White model premium vs the constant interest rate premium,
based on the endowment and the term insurance and also show the changes of parameters.
The premiums are negatively related to ¢, the speed of adjustment in the mean reverting
process whereas they are positively related to the standard deviation of the interest rate.

6 Summary

This paper combined Financial and Actuarial approaches to price life insurance contract.
We quantified the premium based on the Hull-White financial valuation model. Moreover,
sensitivity analysis is further utilized to exam the differences between the constant and the
stochastic interest rate. It can be seen that at the certain stochastic interest rate gives a
fair premium value when it is compared with a constant interest rate. The premiums are
negatively related to the speed of adjustment in the mean reverting process whereas they are
positively related to the standard deviation of the interest rate.
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Figure 1: Convex Upper Bound (red) vs. Montecarlo Simulation (blue), i = 1,2, ..., 30 (left)
and Convex Upper Bound (red) vs. Montecarlo Simulation (blue), i = 1,2, ..., K(x) (right)
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Figure 2: The Hull-White Model Premium vs The Constant Interest Rate Premium
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