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Abstract

Iet q1, qz be univalent in A := {z:lz | . t}. We give some applications

of first order differential superordinations to obtain sufficient conditions

for normalized analytic functions f (z) to satisfr

qt?) < zf'(z)l fQ) < qz?).

1. Introduction

Let 7{ be the class of analytic functions in L :- {z: I z | < 1} and

H(a, n) be the subclass of ?l consisting of functions of the form f(") =

d + anzn * enalzn*l + ... . Let A be the class of all analytic functions

f ( " ) = z * a 2 2 2  + . . . ( z  €  A ) .  L e t  p , h e T l  a n d  I e t  0 ( r ,  r ,  t ; z ) :  C s x A

-+ C. If p and Q@@), zp'(z), "2 p"("); z) are univalent and if p satisfies

the second order superordination
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h(") < 6bQ), zp'(z), zzp"(z): z), ( 1 . 1 )

then p is a solution of the differential superordination (1.1). (If / is

subordinate to F, then F is superordinate to f .) An analytic function q is

called a subordinant rf q < p for all p satisfying (1.1). A univalent

subordinant Q that satisfies q < q for all subordinants q of (1.1) is said to

be best subordinantt. Recently Miller and Mocanu [3] obtained conditions

on h, q and Q for which the following implication holds:

h(") < Qig1G), zp'(z), ,2 p"(r); z) = q(z) < p(r).

Using the results of Miller and Mocanu [3], Bulboaca [2] have considered

certain classes of first order differential superordinations as well as

superordination-preserving integral operators [1]. In the present paper,

we give some applications of first order differential superordinations for

functions in "4.

In our present investigation, we shall need the following:

Definition 1.1 [3, Definition 2, p. S17]. Denote by Q, the set of all

functions f (z) that are analytic and injective on A - E(f), where

E(f) = {( € al : Jgr, f(z) = o\,

and are such that f'G) * 0 for ( e AA' - E(f).

Lemma 1.2 l2l. Let q(z) be uniualent irr. the utit disk L, and I and <p

be analytic in a domain D con'tain'in'g q(A). Suppose that

(1) n[s'(q("))fu@(z)I > 0 for z e 1,,

(2) zq'(z)q(q(z)) is starlike uniualent in A'.

If p(z) e u(q(o),l) n 8, with p(A) C D, and s(p(r)) + zp'(z)eb?D r,s

uniualent in A,, then,

s(q(r)) + zq'(z)q(q(")) < $(p(r)) + zp'(z)eb@D (1'2)

implies q(z) < p(z) an'd q(z) is the best subordinant-
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2. Sandwich Theorems

By making use of Lemm a I.2, we obtain the following results.

Lemma 2.L. Let q(z) be conuetc uniualent irt A^ and a,0, T e C. Further

a,ssume that

nlq * 29 q(.)l > o.
L Y  Y  

. - )

If p(z) e H(q(0), 1) n Q, ap(z) + 9p2(r) * yzp'(z) is uniualent irt L,, then

sq(z) + 9q2 k) + yzq'(z) < ap(z) + gpzG) + yzp'(z)

implics q(z) < p(z) and q(z) is the best subordinant.

Proof. Define the functions $ and q by

$(r) := uw + 9*2 and g(ru) := y.

Clearly, g(r) and g(u.') are analytic in C. Also

n s;(ql? = n[: . ryq(,)l > o-- q{q("D -'Lv 
v "- r

and the function yzq'(z) is starlike univalent in A. Lemma2.I now follows

by an application of Lemma 1.2.

Remark 1. When cr = l and B = 0, Lemma?.l reduces to [3, Theorem

8, p. 8221. When a = F = 0 and y = 1 Lemma 2.1 reduces to [3, Theorem

9, p.  8231.

By making use of Lemma 2.I, we now prove the following:

Theorem 2.2. Let a e C. Let q(z) be conuex uniualent in L, and hq(z)

n - I = A zf ,(zllf (z\ ' "f '9- 
* o"'{,"\') is uniualent= *?ff . If f e A, zf '(")lf G).?l(I,r)nQ,i6 + a-jff

in L,, then

(r - o)q( z) + uqz(z) + azq'(") < +P * o"'{,"?)
r rz) f(")
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implies

q (z )<#

and q(z) is the best subordinant.

Proof. Define the function p(z) by

P(z\:= 4'9 '' \ - / '  
f ( r )

Then a computation shows that

zf'(4 * o " 
!,'?) = (1 - a)p(z) * opz(") + uzp'(z).-16-*-76-

By using Lemma 2.I, we have the result.

Together with the corresponding result for differential subordination

(see Ravichandran [4]), we obtain the following 
"sandu'ich result":

Corollary 2.3. Let qt@) and qzQ) be conuex ur.iualen't irt L. I-et

a  e  C .  A s s u m e t h a t  E q ; ( " ) > m " ;  
1  

f o r  i  = I , 2 .  I f  f  .  A , z f ' ( z ) l f @ ) .
2a

- ' ' � '  -\ ^ ^ zf'(z) * n "2f"(") 
is urtiuale*t irt, L,, then11(1, I) n 8, i6 + a:-f#

(1 - o)qr Q) * ,,q?(z) + azq'1Q) < 
# 

. " +8
< ( t  -  e)qzQ) *  aqZG) + azq2Q)

implies

qti). 
# 

< qzQ)

and, q{z) and qzQ) are respectiuely the best subordhtan't and best

domhlant.

Lemrna 2,4. Let q(z) + 0 be uniualent irt' A, an'd cr, p e C. Further

assume th,at nlu$q(z)] > 0 and zq'(")lq@) is starlike uniualent hr' L. If

p(z) e U(q(0),1) n Q, pQ) + 0, up(z). B?# is urtiualent irr, L,, then
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,.q(,).9+& < op(").r+E
implies q(") . p(z) and q(z) is the best subordinant.

Proof. The Lemma 2.4 follows from Lemma 1.2 when the functions I

and q are given bV S(r,r;) ;= a"u) and g(ru) ,= 9l*.

By making use of Lemma 2.4, we now prove the following:

Theorem 2.5. Let cr e C. Let q(z) + 0 be udualent irt L,. Further

assume that n[oq(z)] > 0 antd zq'(z)lq@) is starlike uniualent in. L. If

f  .A ,0  +  z f ' (41 fG)e ' t1 ( r ,1 )n@,  ( r -o )  4 . � *o ( t . ' f : : rg ) \  i s  un iuq ]e r l t'  
f l z )  \  / ' \ z )  )

irt A,, then

q(z) + " "?:(<) < (r - d 
zf:p * o( r +'f:,',Q,)\: \- . ,  '  * 

q(z) v, 
f(r) 

'  *\ .^ '  
f ,(") )

implies

n(z\ < 4'\4Y \-,, 
f (r)

and q(z) is the best subordhr.ant.

Proof. Theorem 2.5 follows from Lemma 2.4by taking p(z) to be the

function given bV pQ) := zf ' (")lf @)

Together with the corresponding result for differential subordination

(see Ravichandran and Darus [6]), we obtain the following:

Corollary 2.6. Let u e C. Let q;(") * 0 (i = L, 2) be un'iualen't irt L.

Fur t l ter  assutne that  n[uq;( " ) ]2  O for  i  =  L,2 and zq ' iQ) lq i@) Q = 1,2)

is  s tar l i lee urdualent  i r t  L .  I f  f  .  A,0 + z f ' (4 l fQ)e ' t1(1,1)n8,  0-q4:@

(. zf"(z)\
+ a[l . 

f=6 ) 
is urtiuolent irt a, theru

, ,  \  ,q : {4 < ( t_ o l r t ,G,)  *o(r*zt ' . ' (z \ \  /  \  xraz@)qt\z) * o 
nrlr) 16 

+ clr " jd )< 
Qz\z) + "; f f i



92 ROSIHAN M. ALI et al.

implies

qr@). 
# 

< qzi)

and q1Q) an"d qz@) ore respectiuely the best subordirtant and tlte best

dominanf i .

By making use of Lemma2.4, we obtain the following:

Theorern 2.7.  Let  q(z)*0 be uiualent in A, ond zq'  (z) lq(z)  be star l ike

un iua len t i r t  L .  I f  f  .  A ,o  *  zz f 'Q) l fz ( r ) .110,Dn Q,  qP-2 ' - t !< , )
r \z) f(")

is uniualent irt, L. then

zq ' (z)  ,  ( " f ) " ( " )  _qr f ' ( r )- 6 ^  
f @ - ' - f 6

implies

q(z)<+9
I " l z )

and q(z) is the best subordin'ant.

Together with the corresponding result for differential subordination

(see Ravichandran [4]), we obtain the following:

Corol lary 2.8. Let q;(z) + 0 be ut iualerf i  i r t  L, and zqiQ)lq;@) be

star l ike uniualent  in  L^ for  i  =  L,2.  I f  f  .  A,0 + z2f 'Q) l f 'Q) .T\ ( I ,L) )Q,

("f=1,'(? - z"f-,Q,) is urtiualent irt L,, then
f'(") f(r)

zqtQ) . Qf)" (r) _ q rf 
'(") 

. zQz@)
q6 

.- - 
f'(if 

4 
fG) 

- qz?) '

implies

q{z) ., "?I'�,u) < qz@)
f " (z)
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and qtQ) an d qzQ) ore respectiuely th,e best subordhtant attd best

dominant.

Lemrna 2.9. Let q(z) + 0 be un"iualent in L and, "q'(z)lqz(z) be starl ike

uniualent in a^. If p(") e u(q(o), 1) n Q, pQ) + 0, zp'(r)lpz(z) is urt'iualen't

irt, A,, th,en

zq'(z) . zp'(z)

qz?) pz?)

implies q(z) < p(z) and q(z) is the best subordin'an't.

Proof. Lemma 2.9 follows from Lemma I.2 when $(ru) := 0 and

q(,r) := llwz.

Theorem 2.L0. Let q(z) + 0 be un'iualent irr' L an'd, zq'(z)lqz(z) be

starl ike urt iualent i t t 'a,.  I f  f  eA,0*zf '(z)IfQ)e71(I,1)n8, 
t- tzl ' , '?) l=l ' !4

.f 'Q)lf Q)
is urtiualent in A,. th,en

1  ,  zq ' ( z )  .1+  z " f  ( z ) l f '@)'* 
nz14 

- -fey f (4

implies q(z) < "f ' Q)lf(z) an'd q(z) is tlt'e best subordhtantt-

Proof. The result follows from Lemma 2.9 by taking p(z): zf '(z)l 
f @)-

Together with the corresponding result for differential subordination

(see Ravichandran and Darus [5]), we obtain the following:

Theorem z.LL. Let q;(z) * 0 be uniualent in A, and, zqi @)lq!@) be

star l ikeuniuq, lent i r t ,  A, for  i  =1,2.  I f  f  .  A,  O # z f ' ( " ) l fQ)  e 17( I ,1)n 8,

L + zf " (z)lf '@) 
is uriualent in, a,, th,en--rf6na-

, - zei@) - | + zf" (z)f f'(z) < I _r zqz@)
'* 

q?(4 
- 

=6lf(4- 
-\ r.r.A@

implies qt@) < zf,(4lfQ) < qzG) and q1Q) and qz@) are respectiuely

the best subordinant and the best domin'ant't.
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