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Abstract

In the present investigation, we consider certain subclasses of starlike
and convex functions of complex order, giving necessary and sufficient
conditions for functions to belong to these classes.
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1. Introduction

Let A be the class of all analytic functions
(1) f(2) =24 a22® + azz® + - -
in the open unit disk A = {z € C;|z| < 1}. A function f € A is subordinate to an
univalent function g € A, written f(z) < g(2), if f(0) = ¢g(0) and f(A) C g(A).

Let © be the family of analytic functions w(z) in the unit disc A satisfying the con-
ditions w(0) = 0, |w(z)| < 1 for z € A. Note that f(z) < g(z) if there is a function
w(z) €  such that f(z) = g(w(2)).

Let 8 be the subclass of A consisting of univalent functions. The class S*(¢), intro-
duced and studied by Ma and Minda [5], consists of functions in f € § for which

2f'(2)
f(2)

< ¢(z), (z € A).
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The functions hg, (n =2,3,...) are defined by
zh;n(z)
hon(2)

The functions hg, are all functions in S (¢). We write hg2 simply as hg. Clearly,

2 ho(z) = zexp (/0 %m) .

Following Ma and Minda [5], we define a more general class related to the class of
starlike functions of complex order as follows.

=¢(z"""), hgn(0) =0 = hy, (0) — 1.

1.1. Definition. Let b # 0 be a complex number. Let ¢(z) be an analytic function with
positive real part on A, which satisfies $(0) = 1, ¢’(0) > 0, and which maps the unit
disk A onto a region starlike with respect to 1 and symmetric with respect to the real
axis. Then the class S; (¢) consists of all analytic functions f € A satisfying

1 (2f'(2) )
1+ - ( — 1) <¢(2).
b\ ) @
The class Cy(¢) consists of the functions f € A satisfying

1 2f"(2)

1+Z 70 < ¢(z).

Moreover, we let S*(A, B,b) and C(A, B,b) (b # 0, complex) denote the classes Sy (¢)
and Cy(¢) respectively, where

B 1+ Az
" 1+ Bz’

¢(2)

(-1<B<A<1).

The class S*(A, B,b), and therefore the class Sy (¢), specialize to several well-known
classes of univalent functions for suitable choices of A, B and b.

The class S*(A4, B, 1) is denoted by S*(A, B). Some of these classes are listed below:

(1) S*(1,—1,1) is the class S™ of starlike functions [1, 2, 7].

(2) S*(1,—1,b) is the class of starlike functions of complex order introduced by
Wiatrowski [12].

3) S*(1,-1,1 =), 0 < B < 1, is the class S*(f) of starlike functions of order 3.
This class was introduced by Robertson [8].

(4) S*(1,—1,e " cosA), |[A| < Z is the class of A\-spirallike functions introduced by
Spacek [11].

(5) S*(1,—1,(1 — Ble ™ cosA), 0 < B < 1, |\| < Z, is the class of A-spirallike

2
functions of order 8. This class was introduced by Libera [4].

Let ST'(b) denote 1+ (Z}CES) - 1). Then we have the following:

) S*(1,0,b) is the set defined by |ST(b) — 1| < 1.
) S*(8,0,0b) is the set defined by |ST'(b) — 1| < 3,0< B < 1.
8) S*(8,—,b) is the set defined by ‘% <B,0<B<1.
)

ST(b)+1)
(9) S*(1,(—=1+ 7;),b) is the set defined by [ST'(b) — M| < M.
(10) S*(1 —28,—1,b) is the set defined by ReST'(b) > 3, 0 < 5 < 1.

To prove our main result, we need the following Lemma due to Miller and Mocanu:
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1.2. Lemma. [6, Corollary 3.4h.1, p.135] Let g(z) be univalent in A and let p(z) be
analytic in a domain containing q(A). If 2q'(2)/p(q(2)) is starlike, then

20 (2)p(p(2)) < 24 (2)(a(2))
implies that p(z) < q(z), and q(z) is the best dominant.

Let C be the class of convex analytic functions in A. We will also need the following
result:

1.3. Lemma. [10, Theorem 2.36, p. 86] For f,h € C and g < h, we have f xg < f * h.

2. A necessary and Sufficient Condition
We begin with the following:
2.1. Lemma. Let ¢ be a convez function defined on A and satisfying ¢(0) = 1. As in

Equation (1) let hy(z) = zexp ( N %da}), and let q(z) =1+ c1z+--- be analytic in
A. Then

/
2q'(2)

3 1+ —F<= < (2
3) T <o)
if and only if for all |s| <1 and |t| < 1, we have

q(tz)  shg(tz)
4 .
) q(sz) = the(sz)
Proof. Our result and its proof are motivated by a similar result of Ruscheweyh [rus] for
functions in the class S*(¢). Also see Ruscheweyh [10, Theorem 2.37, pages 86-88].

Let g(z) satisfy (3). Since the function

o= [ (- rg) ®

is convex and univalent in A for s,t € A:= AU{2 € C: |z| = 1}, s # t, by Lemma 1.2
we have:

24 (2) *p(z z)—1) *p(z
5 () wa) < 66) - Dt

For an analytic function h(z) with h(0) = 0, we have

(6) (h*p)(z)=/zh<x>dﬁ,

sz €

and using (6), we see that (5) is equivalent to

/ ((2’((;))) dr = / (M) o

which gives the desired assertion (4) upon exponentiation.

To prove the converse, let us assume that (4) holds. By taking ¢t = 1 in (4), we have
() _, she(2)
7 )
D 46 hao2)
and therefore we have
g ) sholon(z)
q(sz)  ho(shs(2))’
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where ¢s(z) are analytic in A and satisfy |¢s(z)| < |z|. Thus we can find a sequence
sk — 1 such that ¢5, — ¢" locally uniformly in A, where |¢"(2)| < |z| (z € A).
Therefore, by making use of (8), we have for any fixed z € A,

) _ iy [ls) o)

R P i Ly P S

I L R )
60 B (00 () [ 5100, (2) — 0, (2)
_ ()
Rl ()

This shows that

2q'(2) _ (zhy _ ;
14200 e(h¢)(ﬁ)—¢(ﬁ),( en),

which completes the proof of our Lemma 2.1. |
By making use of Lemma 2.1, we now have the following:
2.2. Theorem. Let ¢ be a convex function defined on A which satisfies $(0) = 1, and
he(2) = zexp (foz %dm) be as in Equation‘(1). The the function f belongs to Si(¢)
if and only if for all |s| <1 and |t| < 1, we have
1

sf(tz)\* | she(tz)
9 .
o (75) <
Proof. Define the function ¢(z) by

10) () = (M)/

z

Then a computation show that
! ’
2q'(2) 1 (Zf (2) )
14 =1+ - -1].
q(z) b\ f(2)

The result now follows from Lemma 2.1. O

As an immediate consequence of Theorem 2.2, we have:

2.3. Corollary. Let ¢(z) and he(z) be as in Theorem 2.2. If f € Sy (¢), then we have

ay  (H2) cnet)

z z

3. Another Subordination Result

In this section, we prove the following without the assumption that the function ¢ is
convex. We only require that the function ¢ be starlike with respect to the origin.

3.1. Corollary. If f € Sy (o), then we have
o (1)<t

where hg(2) is given by (2).
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Proof. Define the functions p(z) and ¢(z) by

pe) = (M)/ az) = ).

z z

Then a computation yields

@) L1 ()
e *”b(ﬂz) 1)

and

zq/(z) _ zhl¢(2) 4 2) —

W)~ heln) L

Since f € S;(¢), we have
2'(2) _ 1 (z2f'(2) U C))
=5 (1) <o -1 =0

The result now follows by an application of Lemma 1.1. a

4. The Fekete-Szego6 inequality
In this section, we obtain the Fekete-Szego inequality for functions in the class S7 ().

4.1. Theorem. Let ¢(z) = 1+ B1z+ Boz® 4 B3z +---. If f(2) given by Equation (1)
belongs to Sy (¢), then

s = pad] < 2 {15 52 + (1= 2008 |
1
The result is sharp.

Proof. If f(z) € S;(¢
w(0) =0 and |w(z)| <

(13) 1+b(f” 1):¢<w<z>>.

), then there is a Schwarz function w(z), analytic in A, with
1 in A and such that

f(2)
Define the function pi(z) by
1
14 pi(e) = 2223 L et

1—w(z)
Since w(z) is a Schwarz function, we see that ®p1(z) > 0 and pi(0) = 1. Define the
function p(z) by

2f'(2)

1
(15) p(z) =1+ 3 ( 2

In view of the equations (13), (14) and (15), we have

(16)  p() =9 (%) .

—1) :1+b12+6222+~~~

Since
pi(z) — 1 1 3., I 3
W__i clz—i—(cz—?)z +(C3+Z_Clcz)z + .-

and therefore

pi(z) =1\ _ 1 1 1, L2
¢(p71(z)+1)71+231612+ 231( 201)+ Bzcl + ,
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from this equation and (16), we obtain

1
bl = 53101
and
by = 5 Bi(cz — 5ci) + 132&.
Since
!
Z;(i‘;) =1+a2z+ (2(13 - 05)22 + (30,4 + ag — 30430,2)2:3 NI

from Equation (15), we see that
(17) bby = a2,

(18)  bby = 2a3 — a3,

or equivalently we have

bB
az = bbl = 21617

az = % {bbs + %67 }

b 2
= JBicr+ 3 {VBE —b(B1 - B2)}
Therefore we have
bB

(19) az — pas = Tl co2 — vcf} ,
where

1 B

V=g 1 B, + (2u — 1)bBy

We recall from [5] that if p(z) = 14 c1z 4 coz® + -+

then
ez — pue?| < 2max{1, |2u — 1]},
the result being sharp for the functions given by

1—|—z2
p(z) = 5

— 22

. 14+ 2
T 1-—2z

, p(2)

is a function with positive real part,

Our result now follows from an application of the above inequality, and we see that he

result is sharp for the functions defined by

e} (-

and

3 ) e

This completes the proof of the theorem.
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