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ABSTRACT. For certain meromorphic functiong andh, we study a class of functionsf(z) =
z−1 +

∑∞
n=1 fnzn, (fn ≥ 0), defined in the punctured unit disk∆∗, satisfying

<
(

(f ∗ g)(z)
(f ∗ h)(z)

)
> α (z ∈ ∆; 0 ≤ α < 1) .

Coefficient inequalities, growth and distortion inequalities, as well as closure results are ob-
tained. Properties of an integral operator and its inverse defined on the new class is also dis-
cussed. In addition, we apply the concepts of neighborhoods of analytic functions to this class.
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1. I NTRODUCTION

Let Σ denote the class of normalized meromorphic functionsf of the form

(1.1) f(z) =
1

z
+

∞∑
n=1

fnz
n,

defined on the punctured unit disk∆∗ := {z ∈ C : 0 < |z| < 1}. A function f ∈ Σ is
meromorphic starlike of orderα (0 ≤ α < 1) if

−<zf ′(z)

f(z)
> α (z ∈ ∆ := ∆∗ ∪ {0}).

The class of all such functions is denoted byΣ∗(α). Similarly the class of convex functions of
orderα is defined. LetΣp be the class of functionsf ∈ Σ with fn ≥ 0. The subclass ofΣp

consisting of starlike functions of orderα is denoted byΣ∗p(α). The following classMRp(α) is
related to the class of functions with positive real part:

MRp(α) :=
{
f |<{−z2f ′(z)} > α, (0 ≤ α < 1)

}
.

In Definition 1.1 below, we unify these classes by using convolution. The Hadamard product
or convolution of two functionsf(z) given by (1.1) and

(1.2) g(z) =
1

z
+

∞∑
n=1

gnz
n

is defined by

(f ∗ g)(z) :=
1

z
+

∞∑
n=1

fngnz
n.

Definition 1.1. Let 0 ≤ α < 1. Let f(z) ∈ Σp be given by (1.1) andg(z) ∈ Σp be given by
(1.2) and

(1.3) h(z) =
1

z
+

∞∑
n=1

hnz
n.

Let hn, gn be real andgn + (1− 2α)hn ≤ 0 ≤ αhn − gn. The classMp(g, h, α) is defined by

Mp(g, h, α) =

{
f ∈ Σp

∣∣∣∣<( (f ∗ g)(z)

(f ∗ h)(z)

)
> α

}
.

Of course, one can consider a more general class of functions satisfying the subordination:

(f ∗ g)(z)

(f ∗ h)(z)
≺ h(z) (z ∈ ∆).

However the results for this class will follow from the corresponding results of the classMp(g, h, α).
See [5] for details.

When

g(z) =
1

z
− z

(1− z)2
and h(z) =

1

z(1− z)
,

we havegn = −n andhn = 1 and thereforeMp(g, h, α) reduces to the classΣ∗p(α). Similarly
when

g(z) =
1

z
− z

(1− z)2
and h(z) =

1

z
,

we have
Mp(g, h, α) = {f | − <{z2f ′(z)} > α} =: MRp(α).
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In this paper, coefficient inequalities, growth and distortion inequalities, as well as closure
results for the classMp(g, h, α) are obtained. Properties of an integral operator and its inverse
defined on the new classMp(g, h, α) is also discussed.

2. COEFFICIENTS I NEQUALITIES

Our first theorem gives a necessary and sufficient condition for a functionf to be in the class
Mp(g, h, α).

Theorem 2.1.Letf(z) ∈ Σp be given by (1.1). Thenf ∈ Mp(g, h, α) if and only if

(2.1)
∞∑

n=1

(αhn − gn)fn ≤ 1− α.

Proof. If f ∈ Mp(g, h, α), then

<
{

(f ∗ g)(z)

(f ∗ h)(z)

}
= <

{
1 +

∑∞
n=1 fngnz

n+1

1 +
∑∞

n=1 fnhnzn+1

}
> α.

By letting z → 1−, we have {
1 +

∑∞
n=1 fngn

1 +
∑∞

n=1 fnhn

}
> α.

This shows that (2.1) holds.
Conversely, assume that (2.1) holds. Since

<w > α if and only if |w − 1| < |w + 1− 2α|,
it is sufficient to show that∣∣∣∣ (f ∗ g)(z)− (f ∗ h)(z)

(f ∗ g)(z) + (1− 2α)(f ∗ h)(z)

∣∣∣∣ < 1 (z ∈ ∆).

Using (2.1), we see that∣∣∣∣ (f ∗ g)(z)− (f ∗ h)(z)

(f ∗ g)(z) + (1− 2α)(f ∗ h)(z)

∣∣∣∣ =

∣∣∣∣ ∑∞
n=1 fn(gn − hn)zn+1

2(1− α) +
∑∞

n=1[gn + (1− 2α)hn]fnzn+1

∣∣∣∣
≤

∑∞
n=1 fn(hn − gn)

2(1− α)−
∑∞

n=1[(2α− 1)hn − gn]fn

≤ 1.

Thus we havef ∈ Mp(g, h, α). �

Corollary 2.2. Letf(z) ∈ Σp be given by (1.1). Thenf ∈ Σ∗p(α) if and only if
∞∑

n=1

(n + α)fn ≤ 1− α.

Corollary 2.3. Let f(z) ∈ Σp be given by (1.1). Thenf ∈ MRp(α) if and only if
∑∞

n=1 nfn

≤ 1− α.

Our next result gives the coefficient estimates for functions inMp(g, h, α).

Theorem 2.4. If f ∈ Mp(g, h, α), then

fn ≤
1− α

αhn − gn

, n = 1, 2, 3, . . . .

The result is sharp for the functionsFn(z) given by

Fn(z) =
1

z
+

1− α

αhn − gn

zn, n = 1, 2, 3, . . . .
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Proof. If f ∈ Mp(g, h, α), then we have, for eachn,

(αhn − gn)fn ≤
∞∑

n=1

(αhn − gn)fn ≤ 1− α.

Therefore we have

fn ≤
1− α

αhn − gn

.

Since

Fn(z) =
1

z
+

1− α

αhn − gn

zn

satisfies the conditions of Theorem 2.1,Fn(z) ∈ Mp(g, h, α) and the inequality is attained for
this function. �

Corollary 2.5. If f ∈ Σ∗p(α), then

fn ≤
1− α

n + α
, n = 1, 2, 3, . . . .

Corollary 2.6. If f ∈ MRp(α), then

fn ≤
1− α

n
, n = 1, 2, 3, . . . .

Theorem 2.7.Letαh1 − g1 ≤ αhn − gn. If f ∈ Mp(g, h, α), then

1

r
− 1− α

αh1 − g1

r ≤ |f(z)| ≤ 1

r
+

1− α

αh1 − g1

r (|z| = r).

The result is sharp for

(2.2) f(z) =
1

z
+

1− α

αh1 − g1

z.

Proof. Sincef(z) = 1
z

+
∑∞

n=1 fnz
n, we have

|f(z)| ≤ 1

r
+

∞∑
n=1

fnr
n ≤ 1

r
+ r

∞∑
n=1

fn.

Sinceαh1 − g1 ≤ αhn − gn, we have

(αh1 − g1)
∞∑

n=1

fn ≤
∞∑

n=1

(αhn − gn)fn ≤ 1− α,

and therefore
∞∑

n=1

fn ≤
1− α

αh1 − g1

.

Using this, we have

|f(z)| ≤ 1

r
+

1− α

αh1 − g1

r.

Similarly

|f(z)| ≥ 1

r
− 1− α

αh1 − g1

r.

The result is sharp forf(z) = 1
z

+ 1−α
αh1−g1

z. �

Similarly we have the following:
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Theorem 2.8.Let αh1 − g1 ≤ (αhn − gn)/n. If f ∈ Mp(g, h, α), then

1

r2
− 1− α

αh1 − g1

≤ |f ′(z)| ≤ 1

r2
+

1− α

αh1 − g1

(|z| = r).

The result is sharp for the function given by (2.2).

3. CLOSURE THEOREMS

Let the functionsFk(z) be given by

(3.1) Fk(z) =
1

z
+

∞∑
n=1

fn,kz
n, k = 1, 2, . . . ,m.

We shall prove the following closure theorems for the classMp(g, h, α).

Theorem 3.1. Let the functionFk(z) defined by (3.1) be in the classMp(g, h, α) for every
k = 1, 2, . . . ,m. Then the functionf(z) defined by

f(z) =
1

z
+

∞∑
n=1

anz
n (an ≥ 0)

belongs to the classMp(g, h, α), wherean = 1
m

∑m
k=1 fn,k (n = 1, 2, . . . )

Proof. SinceFn(z) ∈ Mp(g, h, α), it follows from Theorem 2.1 that

(3.2)
∞∑

n=1

(αhn − gn)fn,k ≤ 1− α

for everyk = 1, 2, . . . ,m. Hence
∞∑

n=1

(αhn − gn)an =
∞∑

n=1

(αhn − gn)

(
1

m

m∑
k=1

fn,k

)

=
1

m

m∑
k=1

(
∞∑

n=1

(αhn − gn)fn,k

)
≤ 1− α.

By Theorem 2.1, it follows thatf(z) ∈ Mp(g, h, α). �

Theorem 3.2.The classMp(g, h, α) is closed under convex linear combination.

Proof. Let the functionFk(z) given by (3.1) be in the classMp(g, h, α). Then it is enough to
show that the function

H(z) = λF1(z) + (1− λ)F2(z) (0 ≤ λ ≤ 1)

is also in the classMp(g, h, α). Since for0 ≤ λ ≤ 1,

H(z) =
1

z
+

∞∑
n=1

[λfn,1 + (1− λ)fn,2]z
n,

we observe that
∞∑

n=1

(αhn − gn)[λfn,1 + (1− λ)fn,2] = λ

∞∑
n=1

(αhn − gn)fn,1 + (1− λ)
∞∑

n=1

(αhn − gn)fn,2

≤ 1− α.

By Theorem 2.1, we haveH(z) ∈ Mp(g, h, α). �
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Theorem 3.3. Let F0(z) = 1
z

and Fn(z) = 1
z

+ 1−α
αhn−gn

zn for n = 1, 2, . . .. Thenf(z) ∈
Mp(g, h, α) if and only if f(z) can be expressed in the formf(z) =

∑∞
n=0 λnFn(z), where

λn ≥ 0 and
∑∞

n=0 λn = 1.

Proof. Let

f(z) =
∞∑

n=0

λnFn(z) =
1

z
+

∞∑
n=1

λn(1− α)

αhn − gn

zn.

Then
∞∑

n=1

λn(1− α)

αhn − gn

αhn − gn

1− α
=

∞∑
n=1

λn = 1− λ0 ≤ 1.

By Theorem 2.1, we havef(z) ∈ Mp(g, h, α).
Conversely, letf(z) ∈ Mp(g, h, α). From Theorem 2.4, we have

fn ≤
1− α

αhn − gn

for n = 1, 2, . . .

we may take

λn =
αhn − gn

1− α
fn for n = 1, 2, . . .

and

λ0 = 1−
∞∑

n=1

λn.

Then

f(z) =
∞∑

n=0

λnFn(z).

�

4. I NTEGRAL OPERATORS

In this section, we consider integral transforms of functions in the classMp(g, h, α).

Theorem 4.1.Let the functionf(z) given by (1.1) be inMp(g, h, α). Then the integral operator

F (z) = c

∫ 1

0

ucf(uz)du (0 < u ≤ 1, 0 < c < ∞)

is in Mp(g, h, δ), where

δ =
(c + 2)(αh1 − g1) + (1− α)cg1

(c + 2)(αh1 − g1) + (1− α)ch1

.

The result is sharp for the functionf(z) = 1
z

+ 1−α
αh1−g1

z.

Proof. Let f(z) ∈ Mp(g, h, α). Then

F (z) = c

∫ 1

0

ucf(uz)du

= c

∫ 1

0

(
uc−1

z
+

∞∑
n=1

fnu
n+czn

)
du

=
1

z
+

∞∑
n=1

c

c + n + 1
fnz

n.
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It is sufficient to show that

(4.1)
∞∑

n=1

c(δhn − gn)

(c + n + 1)(1− δ)
fn ≤ 1.

Sincef ∈ Mp(g, h, α), we have
∞∑

n=1

αhn − gn

(1− α)
fn ≤ 1.

Note that (4.1) is satisfied if

c(δhn − gn)

(c + n + 1)(1− δ)
≤ αhn − gn

(1− α)
.

Rewriting the inequality, we have

c(δhn − gn)(1− α) ≤ (c + n + 1)(1− δ)(αhn − gn).

Solving forδ, we have

δ ≤ (αhn − gn)(c + n + 1) + cgn(1− α)

chn(1− α) + (αhn − gn)(c + n + 1)
= F (n).

A computation shows that

F (n + 1)− F (n)

=
(1− α)c[(1− α)(n + 1)gnhn+1 + (hn − gn)(αhn+1 − gn+1)]

[chn(1− α) + (αhn − gn)(c + n + 1)][chn+1(1− α) + (αhn+1 − gn+1)(c + n + 2)]
> 0

for all n. This means thatF (n) is increasing andF (n) ≥ F (1). Using this, the results follows.
�

In particular, we have the following result of Uralegaddi and Ganigi [4]:

Corollary 4.2. Let the functionf(z) defined by (1.1) be inΣ∗p(α). Then the integral operator

F (z) = c

∫ 1

0

ucf(uz)du (0 < u ≤ 1, 0 < c < ∞)

is in Σ∗p(δ), whereδ = 1+α+cα
1+α+c

. The result is sharp for the function

f(z) =
1

z
+

1− α

1 + α
z.

Also we have the following:

Corollary 4.3. Let the functionf(z) defined by (1.1) be inMRp(α). Then the integral operator

F (z) = c

∫ 1

0

ucf(uz)du (0 < u ≤ 1, 0 < c < ∞)

is in MRp(
2+cα
c+2

). The result is sharp for the functionf(z) = 1
z

+ (1− α)z.

Theorem 4.4.Letf(z), given by (1.1), be inMp(g, h, α),

(4.2) F (z) =
1

c
[(c + 1)f(z) + zf ′(z)] =

1

z
+

∞∑
n=1

c + n + 1

c
fnz

n, c > 0.
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ThenF (z) is in Mp(g, h, β) for |z| ≤ r(α, β), where

r(α, β) = inf
n

(
c(1− β)(αhn − gn)

(1− α)(c + n + 1)(βhn − gn)

) 1
n+1

, n = 1, 2, 3, . . . .

The result is sharp for the functionfn(z) = 1
z

+ 1−α
αhn−gn

zn, n = 1, 2, 3, . . . .

Proof. Let w = (f∗g)(z)
(f∗h)(z)

. Then it is sufficient to show that∣∣∣∣ w − 1

w + 1− 2β

∣∣∣∣ < 1.

A computation shows that this is satisfied if

(4.3)
∞∑

n=1

(βhn − gn)(c + n + 1)

(1− β)c
fn|z|n+1 ≤ 1.

Sincef ∈ Mp(g, h, α), by Theorem 2.1, we have
∞∑

n=1

(αhn − gn)fn ≤ 1− α.

The equation (4.3) is satisfied if

(βhn − gn)(c + n + 1)

(1− β)c
fn|z|n+1 ≤ (αhn − gn)fn

1− α
.

Solving for|z|, we get the result. �

In particular, we have the following result of Uralegaddi and Ganigi [4]:

Corollary 4.5. Let the functionf(z) defined by (1.1) be inΣ∗p(α) andF (z) given by (4.2). Then
F (z) is in Σ∗p(α) for |z| ≤ r(α, β), where

r(α, β) = inf
n

(
c(1− β)(n + α)

(1− α)(c + n + 1)(n + β)

) 1
n+1

, n = 1, 2, 3, . . . .

The result is sharp for the functionfn(z) = 1
z

+ 1−α
n+α

zn, n = 1, 2, 3, . . . .

Corollary 4.6. Let the functionf(z) defined by (1.1) be inMRp(α) andF (z) given by (4.2).
ThenF (z) is in MRp(α) for |z| ≤ r(α, β), where

r(α, β) = inf
n

(
c(1− β)

(1− α)(c + n + 1)

) 1
n+1

, n = 1, 2, 3, . . . .

The result is sharp for the functionfn(z) = 1
z

+ 1−α
n

zn, n = 1, 2, 3, . . . .

5. NEIGHBORHOODS FOR THE CLASS M
(γ)
p (g, h, α)

In this section, we determine the neighborhood for the classM
(γ)
p (g, h, α), which we define

as follows:

Definition 5.1. A function f ∈ Σp is said to be in the classM (γ)
p (g, h, α) if there exists a

functiong ∈ Mp(g, h, α) such that

(5.1)

∣∣∣∣f(z)

g(z)
− 1

∣∣∣∣ < 1− γ, (z ∈ ∆, 0 ≤ γ < 1).
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Following the earlier works on neighborhoods of analytic functions by Goodman [1] and
Ruscheweyh [3], we define theδ-neighborhood of a functionf ∈ Σp by

(5.2) Nδ(f) :=

{
g ∈ Σp : g(z) =

1

z
+

∞∑
n=1

bnz
n and

∞∑
n=1

n|an − bn| ≤ δ

}
.

Theorem 5.1. If g ∈ Mp(g, h, α) and

(5.3) γ = 1− δ(αh1 − g1)

α(h1 + 1)− (g1 + 1)
,

then
Nδ(g) ⊂ M (γ)

p (g, h, α).

Proof. Let f ∈ Nδ(g). Then we find from (5.2) that

(5.4)
∞∑

n=1

n|an − bn| ≤ δ,

which implies the coefficient inequality

(5.5)
∞∑

n=1

|an − bn| ≤ δ, (n ∈ N).

Sinceg ∈ Mp(g, h, α), we have [cf. equation (2.1)]

(5.6)
∞∑

n=1

fn ≤
1− α

(αh1 − g1)
,

so that ∣∣∣∣f(z)

g(z)
− 1

∣∣∣∣ < ∑∞
n=1 |an − bn|

1−
∑∞

n=1 bn

=
δ(αh1 − g1)

α(h1 + 1)− (g1 + 1)

= 1− γ,

providedγ is given by (5.3). Hence, by definition,f ∈ M
(γ)
p (g, h, α) for γ given by (5.3),

which completes the proof. �
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