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ON A CLASS OF ANALYTIC FUNCTIONS WITH POSITIVE
COEFFICIENTS DEFII\IED BY COI{VOLUTION

il,,IASLINA DARUS, N. N,{ARIKKANNAN and V. RAVICIIAI\{DRAN

Abstract, Let g(z) :  " +L|rbnzn, bn ) 0 be a f ixed analyt ic function
defined on A : {z;lrl < 1}. In the present investigation, rve introduce the class
of furrct ions "f 

-  z*DT:ra,1zt1 ;an 20 satisfying

* / z ! { . g ] i ( i ) )  . , "  ( z  €  A : r  <  *  <3 /2 )" ' \  ( /  "  dk )  )
and obtain the coefficient ineqrrality coefficient estimate, distortion ther:rem,
and a closure theorern. Also rve consider a radius problem. Our result <xrntains
several new results as special cases.
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1. INTRODUCTION AND DEFINITIONS

Let T be the cla,ss of all analytic univalerrt functions

f  ( r )  -  z  - io^r^  (o , .  >  A;z  eA -  { r ; l r l  <  1} ) .
n :2

A function f (z) € ? is called a function r,vith negative coefiicients. The sub-
class of T consisting of starlike functions of order cr, denoted by ?,9*(c), is
studied by Silverrnan [6]. Several other class of starlike funcrtions with nega-
tive coefficients were studied; e.g., see [1]. For two analytic furrctions f (r):
z + DL2an,zIL and g(z) _ z + tLzbnz", tlte con'n'olution (or Hadamard
product) of / and g, denoted by f * g or (/ * Sl)Q), is defirred to be functiort
(. f  *-q)(r) -  z+D|,:ra,,b,zn. Let f l \)  -  z+If:2bnzn' be af ixed arralyt ic
ftrnction in A with b,, ) 0, (rt,> 2). Usinig convolution, Ali et al. [2] (see also

[a]) have studied a urore general class of rnultivalent functions w]ric]r includes
tlre class TSn@) definecl bv

L :  z  e A ) ]r s [ @ ) - \ f e r : w {
t  \  U * i l ( 4  ) " '  

\ " j w \ '  
)

Ravichandra,n and Sivapra^sad Kumar [5] have studied a similar cla,ss of rnero-
morphic functions. Note that several n'ell-known subclasses of functions are
special cases of the class fs](a) for suitable choices of sG). When g(z) -

,lQ- z), the class "S.|(a) is the class TS-(a) of starlike functions with neg-
ative coefficients of order o introduced and studied by Silverma" [6]. When
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g(z): zlQ- z)2, the class f S[@) is the class of convex functions with nega-

tive coefficients of order a introduced and studied by Silverman [6]. The class

".r(o) studiedbyAhuja [1] isaspecialca.se otTS[(a) when g(z) - zl(t-z1x+r.

Let Adenote the class of all analytic function, iQ) with /(0) - 0 : /'(0) - 1.

The class M(a) defined by

)
M ( o ) : { t e  A : " ( # ) . '  ( 1  <  a < 3 1 2 ; 2 € a )  |t  \ / ( z ) /  )

was investigated by Uralegaddi et aI. t7l. A subclass of M(") was recently

investigated by Owa and Srivastava [3].
In this paper, we introduce a more general class PMn@) of analytic func-

tion with positive coefficient motivated by M (a) and the earlier work of AIi

et at. l2]. For the newly defined class PMn@), we obtain the coefficient in-

equality, coefficient estimate, distortion theorem, and a closure theorem. Also

we compute the radius of starlikeness of order B and the radius of convexity

of order g for the functions in the class PMn@). Our result contains several

results as special cases.

DBTINITION 1. Let P be the class of all analytic functions

f  ( r )  -  z *Donrn (o,  2 0).
n:2

sQ) - r+Lb , " zn  ( b ">o )
n:2

be a fixed analytic function in A. Define the class PMn@) by

pMn@) : { t € p :,n ( ' ! f ,* g! ' ,( 'r)) 
. o (1 < a < Jl2;z € A).}

r  \ U * g ) ( " ) /  
\ -  )

When g(z) - zlQ- z), the class PMn(a) reduces to the subclass PM(o) -

P n M(a). When 9(z) : zlT - z)\+t, the class PMn(a) reduces to the

following class P.l(o)

(  '  , p :  f f i  ( ' ( ? : l : : l ) ' )  .  o ,  ( r  >  - 1 , 1  <a< r l 2 ; 2 .  ^ ) ) ,p r ( o ) _ t / € p : * ( - o ^ J , , ,  
/  

A ) - r , L < - a .  
)

where DI denotes the Ruscheweyh derivative of order ,\. When 9Q) - z +

DTrrL*zn, the class of function PMn(o) reduces to the class PMr"(a) where

'  ( F e P , " ( f f i )  . "  ( 1  < a < r l 2 ; m 2 o ; z € o ) ) ,PM*(CI) - I J. .  
- -  " " \  

D ^ f ( z )  )  
\ -  - - ,  '  .  

) .

where D* denotes the Salagean derivative of order rn. AIso we have

PM(a) = Ps(a) = PMs(a).

(1)

Let

(2)
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2. COEFFTCIENT INEQUATITTES

Throughout the paper, we assume that the function f (z) is given by the
equation (1) and g(z) is given bV (2). We first prove a necessary and sufficient
condition for functions to be in the class PMn(o) in the following:

TuponnM 1. A function f e PMn(a) if and only if

( 3 )  i t " - r z )anb . - l r ' - l  ( 1  ( a (312 ) .
n:2

Proof. If f e PMn@), then (3) follows from

* ( " , ( f  
* g ) ' , ( r , ) ) . o

\  ( f  *  g) ( " )  )

by letting z + 1- through real values. To prove the converse, a,ssume that
(3) holds. Then by making use of (3), we obtain

z ( f * g ) ' ( z ) - ( f * g ) ( z )
r ( f  *  g) ' ( r )  -  (2o-  1)  ( f  *  g) ( r )

,, Dpr(n - t)anbn I 1
>  > t

where

(4)

or, equivalently, f e P Mn@).

Conollenv 1. A function f € P1(o) if and only if

I t "  
-a)anB"( ) )  . -c ' -  1  (1  1c ,1312) ,

n:2

/ '  +  1 ) ( )  + 2 ) . . .  ( , \  *  n  -  1 )
B,"(l) : .

Conorrenv 2. A function f e PMrn(a) rf and only if

i t "  - r u ) a n n * l - a - r  ( 1  <  a < 3 1 2 ) .
n:2

Our next Theorem gives an estimate for the coefficient of functions in the
class PMn@).

Tnoonpu 2. If f e PMn@), then

a n 1 ,  
o - 1 ,

(?? - d)on

with the equality only for functions of the fonn

f * ( " ) : z *  t o - ' ! =  " n '
t  n  -  a)bn"
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Proof. Let f € PMn@). By making use of the inequality (3) for / €
PMn(o), we have

(n - a)anbn= i," 
- a)anbn( o - 1

n:2

or an < ffi;. Clearly for

f* ( r )  :  z  * ,  
o -  

1= zn e PMn(a),'  
(n  -  a )bn '

we have an: &. 
!

Conollanv 3. If f e P.r(o) , then

a - 1 ,  
o l - 1

n = 
(n - CI)B"(,\)  ,

with the equality only for functions of the forrn

f * ( ' ) - z ' L  
d - I  

" " n ''  
(n -  a)B*(\)"  '

where B"(^) is g'iuen ba (4.

Conollenv 4. If f e PM*(a), then

a n ? ,  
o - . t ,

' "  -  
( n - a ) n *

with the equality only for functions of the fo*

f^(")-zt;ffi '".
3. GROWTH THEOR^EM

We now prove the growth theorem for the functions in the class PMn@).

TupnoRprvr 3. If f e PMn(a), then

a - I  n  ,  r  n t .  a - I  I  r  I'  -  
@r" 

I  l f ( " ) l  < r  *  
12-  o lbr ' " ,  l ' l  -  r  . -L,

prouided bn ) b2. The result is sharp for

f ( r \ : z * . o - \  , 2 .t - t u '  ( 2 _ d ) b 2 " .

Proof. By making use of the inequality (3) for / e PMn(a) together with

( 2 - a ) b z 3 ( n - a ) b n ,

we obtain 
oo oo

bz(z - ") I an 1Dt" * a)anbn ( a - 1
m-2 n:2
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or
@ r

(5 )  
E^3L

By using (5) for the func tion f (z): , +DLzanzn € PMs(o), we have

l f ( r ) l  <  "+ ian rn  ( l r l - � r )
n=, 

*

S r + r2Do"
n:2

12 - a)b2

and similarly we have

l f ( r ) l  > r  - r2#.  n
s - a)b2

CoRol,tARY 5. If f e P.l(o) , then

c r - l  . ,  , - .  a - L  tr -  
12ff ir '  

<ifQ)l I  r+ 
12ff g" '  ( lzl  -r) '

The result is sharp for

f ( ' ) - z - L  
o - L  

" " ' ''  
( 2 - C I ) ( ) + 1 ) - '

Conollnnv 6. If f e PM^(a), then

" - ,=o 
-.1= 

,2 < l f  (r) l  < r ' ,  #rrz ( lzl  -  r).
( 2 - a ) 2 m '  Q - a ) 2 m  

\ '

The result is sharp for 
I 

,r.f(")_z*ff iyr*_
4. CTOSURE TIIEOR^EMS

Let the functions ^Flr(z) be given by

(6)  FxQ) -  z  * i  f , , r r '  (k  :1 ,2 , . . . ,m) .
n:2

We shall now prove the following closure theorems for the class PMn@).

Tunonpu 4. Let the function FnQ) defined by (6) be'i,n the class PMn@)

for euery k: L,2,...,ff i .  Then the function f (z) defined by

f (") - z *Lo,r* (o, 2 o)
n:2
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belongs to the class PMn@), where an: *Df:, fn,x (n - r,2,...).

Proof. Since F*(") e PMs(a), it follows from Theorem l that

(7)  i f "  - rz)snfn,1,  l - r � - r
n:2

for  every k  :7r2,  . . . rnz.  Hence
o o  o o  / ,  r n  \

Df"-,,)snan : Dt"-a)sn(;E r"r)

1 m /Y \
:

m rL-\i, /

By Theorem 1, it follows that f (t) e PMn@). n

Tsponpu 5. The class PMn(a) is closed under conaer linear combination.

Proof. Let the function F*(t),lc: L,2, given by (6) be in the class PMn@).
Then it is enough to show that the function

H(r )  - , \ t r ' r ( r )+(L-  \ )F2(z)  (0  <  l  <  1)

is also in the class PMn(o). Since for 0 < ^ < 1

H(r) : z *i[^/,,, + (1 - \)fn,z],
n:1

we observe that

i t" - a)snl\fn,r+ (1 - \)fn,zl
n:2

oo oo

- ,l !(n 
- a)gnfn,r * (1 - ,\) It" 

- a)snfn,z

By Theorem 1, we have H(r) e PMn@). n

Tnponnrrn 6. Let F1(r) - z and Fr(r) - z * #dn "n for n : 2,3,....
Then f (r) e PMn(a) tf and only tf f (r) can be enpressed in the forrn f (t) -

IL, \nFn(z) where I", ) 0 and DL, )", : 1.

Proof. Let

f  ( r) :  i  ) ,nFn(z)
N,:L

_ ry  _L$ .1, (o -  r )  , , "- P '  
, - u o @ - . , ) g n '
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Then

i  ) " ( " l t l  9 -1? :  i I " , : 1_ . \ r  <  1
"1(" 

- d)sn (o - 1) ?_,
By Theorem 1, we have f (r) e PMn@).
Conversely, let f (r) e PMn(c). Flom Theorem2, we have

f * 3 r " - ! ,  f o r  n : 2 , 3 , . . . .
(7} - d)9n

Therefore we may take

)} , , :  ry for  n:2,3, . . .
a,nd

I r : r - i ^ , .
n:2

Then f (r) : DL, ),"F"(z). !

5. RADIUS PROBTEM

In this section, we find the radius of starlikeness of order B and the radius
of convexity of order B for functions in the class PMn@).

TupoRpvr 7. If f e PMn@) (1 < a 3 312), then f is starlike of order B
(0 < p < L) in lzl  < r(p,a,s) where

r(g,a,s)-iy,lffiu^)'""
Proof. It is enough to show that

(8)  i=a lz ln4 <r

which will imply that 
;:-z'- rt

l # _ r l  . t _ p'  I  f ( r)  
- l

The inequality (8) follows if

ff i",Vr-t s=-,anbn
and this proves the result. n

We have'the following:

Conollenv 7. If f e PMn@) (1 < a <312), then f is conuex of order B
(0 S B < L) in lzl < r(B,a,s) where

r(g,a,s)-$,lmr,] "'
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