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SUBORDINASI DAN KONVOLUSI FUNGSI MULTIVALEN DAN
PENJELMAAN KAMIRAN BAK-BINTANG

ABSTRAK

Tesis ini membincangkan fungsi analisis dan fungsi multivalen yang tertakrif
pada cakera unit terbuka /. Umumnya, fungsi-fungsi tersebut diandaikan ternor-

mal, sama ada dalam bentuk

f(z)=z+ Zakzk,
k=2

atau

0
F(2) =22+ a2 P,
k=1

dengan p integer positif tetap. Andaikan 4 sebagai kelas yang terdiri daripada
fungsi-fungsi f dengan penormalan pertama, manakala A, terdiri daripada fungsi-
fungsi f dengan penormalan kedua. Tesis ini mengkaji lima masalah penyelidikan.

Pertama, andaikan f (@) sebagai terbitan peringkat ke-q bagi fungsi f € A).
Dengan menggunakan teori subordinasi pembeza, syarat cukup diperoleh agar

rantai pembeza berikut dipenubhi:

2f0(z)

fla(z)

f9()

W < Q(Z), atau

—p+qg+1=<Q(2).

Di sini, @ ialah fungsi superordinasi yang bersesuaian, A\(p,q) = p!/(p — ¢)!, dan
< menandai subordinasi. Sebagai hasil susulan penting, beberapa kriteria sifat
univalen dan cembung diperoleh bagi kes p = ¢ = 1.

Sifat bak-bintang terhadap titik n-lipat juga diitlakkan kepada kes fungsi mul-

X



tivalen. Hal ini melibatkan fungsi-fungsi f € A, yang memenuhi subordinasi

1 Zf/(Z) = h(Z)
PSS k(e
k=0

dengan h sebagai fungsi cembung ternormalkan yang mempunyai bahagian nyata
positif serta h(0) = 1, n integer positif tetap, dan ¢ memenuhi €” = 1, € # 1.
Dengan cara yang serupa, kelas fungsi p-valen cembung, hampir-cembung dan
kuasicembung terhadap titik n-lipat diperkenalkan, serta juga fungsi p-valen bak-
bintang dan fungsi cembung terhadap titik simetri n-lipat, titik konjugat dan titik
konjugat simetri. Sifat rangkuman kelas dan konvolusi bagi kelas-kelas tersebut
dikaji.

Sifat mengawetkan rangkuman bagi pengoperasian kamiran juga diperluaskan.
Dua pengoperasian kamiran F': A™ X I — Adan G : A" xI — A dibincangkan,

dengan

(fj(22o_fj(zlo) jdc (21,20 € U),

I
S
’:]:

F(2) = Fpy oo friz,20(2)

il (22 — 21)¢
B Ao T [ fi(zez) = fi(z12)\ Y T
G(Z) - Gfl,---,fn;zl,zg( ) - jl;{ ( (22 — zl)z ) ( 1,22 € Z/[)

Pengoperasian tersebut merupakan pengitlakan hasil kajian-kajian terdahulu. Sifat
mengawetkan bak-bintang, cembung, dan hampir-cembung dikaji, bukan sahaja
bagi fungsi f; yang terletak di dalam kelas-kelas tertentu, tetapi juga bagi fungsi
fj vang terletak di dalam kelas fungsi bak-bintang ala Ma-Minda dan cembung
ala Ma-Minda.

Satu penjelmaan kamiran menarik yang mendapat perhatian pelbagai kajian



dewasa ini ialah V) : A — A dengan

f(tz)
t

dt.

1
()(2) = /0 At

Di sini A merupakan fungsi nyata tak negatif terkamirkan pada [0, 1] yang memenuhi
syarat fol A(t)dt = 1. Penjelmaan tersebut mempunyai penggunaan signifikan
dalam teori fungsi geometri. Tesis ini mengkaji sifat bak-bintang penjelmaan V)
pada kelas

z

Wﬁ(a,v) = {fEA:EIng]RWith Reei¢<(1—a+27)f(z)
+(Oz—27)f/(z)+7,zf”(z)—ﬁ> >0,zEZ/{}

dengan menggunakan Prinsip Dual. Sebagai hasil susulan penting, nilai terbaik

G < 1 diperoleh yang mempastikan fungsi-fungsi f € A yang memenuhi syarat

Re (f(2) + azf"(2) +7221"(2)) > 8

in U adalah semestinya bak-bintang pada /. Contoh-contoh penting turut diban-
gunkan sepadan dengan pilihan tertentu fungsi teraku .

Tesis ini diakhiri dengan memperkenalkan dua subkelas multivalen pada .A;.
Kelas-kelas tersebut terdiri daripada fungsi bak-bintang parabola teritlak per-
ingkat o jenis A, ditandai SPp(c, A), dan kelas fungsi cembung parabola peringkat
« jenis A, ditandai CPp(c, A). Kedua-dua kelas tersebut ditunjukkan tertutup ter-
hadap konvolusi dengan fungsi prabak-bintang. Turut diperoleh adalah kriteria
baru bagi fungsi-fungsi untuk terletak di dalam kelas SPy(a, A). Jiranan- ¢ bagi

fungsi-fungsi di dalam kelas-kelas tersebut juga dicirikan.
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SUBORDINATION AND CONVOLUTION OF MULTIVALENT
FUNCTIONS AND STARLIKENESS OF INTEGRAL
TRANSFORMS

ABSTRACT

This thesis deals with analytic functions as well as multivalent functions de-
fined on the unit disk . In most cases, these functions are assumed to be nor-

malized, either of the form

f@) =24 apt,
f=2

or

o0
F(2) =22+ a2 P,
k=1

p a fixed positive integer. Let A be the class of functions f with the first nor-
malization, while 4, consists of functions f with the latter normalization. Five
research problems are discussed in this work.

First, let f (@) denote the g-th derivative of a function f € A,. Using the theory
of differential subordination, sufficient conditions are obtained for the following

differential chain to hold:

2flt ()

F@(z)

f9(2)
Ap; q)2P~1

Q(z), or

—p+q+1=<Q(2).

Here @) is an appropriate superordinate function, A(p;q) = p!/(p — ¢q)!, and <
denotes subordination. As important consequences, several criteria for univalence
and convexity are obtained for the case p = ¢ = 1.

The notion of starlikeness with respect to n—ply points is also generalized to

Xil



the case of multivalent functions. These are functions f € A) satisfying

1 2fe)
5 — '<h(Z),

LS otk

k=0

where h is a normalized convex function with positive real part satisfying h(0) = 1,
n a fixed positive integer, and e satisfies € = 1, € # 1. Similar classes of p-valent
functions to be convex, close-to-convex and quasi-convex functions with respect
to n-ply points, as well as p-valent starlike and convex functions with respect to
n-ply symmetric points, conjugate points and symmetric conjugate points respec-
tively are introduced. Inclusion and convolution properties of these classes are
investigated.

Membership preservation properties of integral operators are also extended.
Two integral operators F' : A" x W — Aand G: A" x U — A are considered,

where

F(2)=Ff o fri,(2) = /02 H (fj(zéi)_—ij)(zlo) ’ d¢ (21,20 €U),

(fj(222) — fi(z12)

(22— 21)z

n aj _
G(2) = Gy prinn() =2 | ) (s1,2 € T0).

j=1
These operators are generalization of earlier works. Preservation properties of star-
likeness, convexity, and close-to-convexity are investigated, not only for functions
Jj belonging to those respective classes, but also for functions f; in the classes of
Ma-Minda type starlike and convex functions.

An interesting integral transform that has attracted many recent works is the

transform V) : A — A given by

ft2)
t Y

1
()(2) = /0 At

xiil



where A is an integrable non-negative real-valued function on [0, 1] satisfying
fol A(t)dt = 1. This transform has significant applications in geometric function

theory. This thesis investigates starlikeness of the transform V) over the class

Wg(a,y) = {f e A:d¢o € R with Reew((l — a+27)f(z)

+(a=27)f"(2) +v2f"(2) — ﬁ) >0, z € U}

using the Duality Principle. As a significant consequence, the best value of § < 1

is obtained that ensures functions f € A satisfying

Re (f/(2) + azf"(2) + 722 f"(2)) > B

in U are necessarily starlike. Important examples are also determined for specific
choices of the admissible function .

Finally, two multivalent subclasses of A, are introduced. These classes con-
sist of generalized parabolic starlike functions of order a and type A, denoted by
SPp(a, A), and parabolic convex functions of order v and type A, denoted by
CPp(a, A). It is shown that these two classes are closed under convolution with
prestarlike functions. Additionally, a new criterion for functions to belong to the
class SPp(a, A) is derived. We also describe the d-neighborhood of functions be-

longing to these classes.
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CHAPTER 1
INTRODUCTION

1.1 Univalent Functions

Let C be the complex plane. A function f is analytic at zp in a domain D if it
is differentiable in some neighborhood of zq, and it is analytic on a domain D if
it is analytic at all points in D. A function f which is analytic on a domain D
is said to be univalent there if it is a one-to-one mapping on D, and f is locally
univalent at zg € D if it is univalent in some neighborhood of zy. It is evident
that f is locally univalent at zy provided f’(z9) # 0. The Riemann Mapping
theorem is an important theorem in geometric function theory. It states that every
simply connected domain which is not the whole complex plane can be mapped

conformally onto the unit disk U ={z € C: |z| < 1}.

Theorem 1.1 (Riemann Mapping Theorem) [40, p. 11| Let D be a simply con-
nected domain which is a proper subset of the complex plane. Let ( be a given

point in D. Then there is a unique univalent analytic function f which maps D

onto the unit disk U satisfying f(¢) =0 and f'(¢) > 0.

Let H(U) be the class of analytic functions in ¢ and H|[b, n] be the subclass of

H(U) consisting of functions of the form

g(2) =b+bpz" + by 2" 4 (1.1)

Denote by Hg = H[0,1] and H = H|[1,1]. If g € H]bg, 1] is univalent in U, then
g(z) — bg is again univalent in U as the addition of a constant only translates
the image. Since g is univalent in U, then b; = ¢’(0) # 0, and hence f(z) =

(g(z) — bg)/by is also univalent in U. Conversely, if f is univalent in ¢, then so is



g. Putting b, /b1 = an, n=1,2,3--- in (1.1) gives the normalized form
f(z)=z4a9z> +agz® + - .

In the treatment of univalent analytic functions in U, it is sufficient to consider
the class A consisting of all functions f analytic in I/ normalized by the conditions

f(0) =0 and f/(0) = 1. A function f in A has a Taylor series of the form
o0
f(z)=z+ Z ap2® (2 eU).
k=2

The subclass of A consisting of univalent functions is denoted by S. The function

k in the class S given by

2 00
k(z):ﬁ:i<(ii—z) —1):7;712” (zel) (1.2)

is called the Koebe function. It maps U onto the complex plane except for a slit
along the half-line (—oo, —1/4]. The Koebe function and its rotations e ~#k(e?Pz), 3
€ R (R is the set of real numbers), play a very important role in the study of S.
They often are the extremal functions for various problems in . In 1916, Bieber-

bach [20] proved the following theorem for functions in S.

Theorem 1.2 (Bieberbach’s Theorem) [40, p. 30] If f € S, then |ao| < 2, with

equality iof and only if f is a rotation of the Koebe function k.

In the same paper, Bieberbach conjectured that, for f € S, |ay| < n is generally
valid. For the cases n = 3, and n = 4, the conjecture was proved respectively by
Léwner [69], and Garabedian and Schiffer [50]. Much later in 1985, de Branges
[22] proved the Bieberbach’s conjecture for all coefficients with the help of the
hypergeometric functions. Bieberbach’s theorem has important implications in

the theory of univalent functions. These include the famous covering theorem

2



which states that if f € S, then the image of U« under f must cover the open disk

centered at the origin of radius 1/4.

Theorem 1.3 (Koebe One-Quarter Theorem) [40, p. 31] The range of every func-

tion f € S contains the disk {w : |w| < 1/4}.

The Koebe function shows that the radius one-quarter is sharp. Another important
consequence of the Bieberbach’s theorem is the Distortion Theorem which provides

sharp upper and lower bounds for |f/(2)].

Theorem 1.4 (Distortion Theorem) [40, p. 32] For each f € S,

1—r
(1+7)3

1+7r

<UCN< G

(Jz| =r < 1).

The Distortion Theorem can be applied to obtain sharp upper and lower bounds

for | f(2)|, known as the Growth Theorem.

Theorem 1.5 (Growth Theorem) [40, p. 33| For each f € S,

TETsE (|z] =7 < 1).

Again the Koebe function demonstrates sharpness of both theorems above.
Another implication of the Bieberbach’s theorem is the Rotation Theorem

which provides sharp upper bound for |arg f’(z)|.

Theorem 1.6 (Rotation Theorem) [40, p. 99] For each f € S,

4sin" 1y (r <

),

Sl -

|arg f'(2)] <

2
m+log s (r

v

)7
\/i

3



SN

a starlike domain b convex domain

Figure 1.1: Starlike and convex domains

The very long gap between the Bieberbach’s conjecture [20] of 1916 and its proof in
1985 by de Branges [22] motivated researchers to work in several directions. One of
these directions was to prove the Bieberbach’s conjecture |a,| < n for subclasses of
S defined by geometric conditions. Among these classes are the classes of starlike
functions, convex functions, close-to-convex functions, and quasi-convex functions.
A set D C C is called starlike with respect to wy € D if the line segment joining
wo to every other point w € D lies in the interior of D (see Figure 1.1a). The set
D is called convez if for every pair of points wy and wy in D, the line segment
joining wq and wy lies in the interior of D (see Figure 1.1b). A function f € A
is said to be a starlike function if f(U) is a starlike domain with respect to 0,
and f € A is a convex function if f(U) is a convex domain. Analytically, these

geometric properties are respectively equivalent to the conditions [40,51,52,55,93]

Re (fogg)) >0, and Re (1 + Z;,/;ij)) >0,




where Re(w) is the real part of the complex number w. The Koebe function k in

(1.2) is an example of a starlike function. The function

p 00
12) =1 zgz”

which maps U onto the half-plane {w : Rew > —1/2} is convex. The subclasses of

A consisting of starlike and convex functions are denoted respectively by S7 and

CV. An important relationship between convex and starlike functions was first

observed by Alexander [5] in 1915.

Theorem 1.7 (Alexander’s Theorem) [40, p. 43] Let f € A. Then f € CV if and
only if zf' € ST.

Robertson [105] in 1936 introduced the concepts of starlike and convex functions
of order , 0 < @ < 1. A function f € A is said to be starlike or convex of order

« if it satisfies the condition

Re (ZJ{;S))EO‘ or Re (1+%)za 0<a<l).

These classes will be denoted respectively by S7 («) and CV(«). Evidently S7(0) =
ST and CV(0) =CV.

For 0 < a < 1, Brannan and Kirwan [23] introduced the classes of strongly
starlike and strongly convex functions of order a. A function f € A is said to be

strongly starlike of order « if it satisfies

S

SO;—W (zeld, 0<a<l),

and is strongly convex of order « if

arg (1+ Zﬂ;))‘ < % (e, 0<a<l).
5



The subclasses of A consisting of strongly starlike and strongly convex functions
of order « are denoted respectively by SS87, and SCV,. Since the condition
Rew(z) > 0 is equivalent to |argw(z)| < /2, it follows that SS7; = ST and
SCV1 =CV.

In 1952, Kaplan [61] introduced the class of close-to-convex functions. A func-
tion f € A is said to be close-to-convez if there is a function g € CV such that
Re (f’(z)/g’(z)) > 0 for all z € U, or equivalently, if there is a function g € ST
such that Re (zf/(z)/g(z)) > 0 for all z € U. The class of all close-to-convex func-
tions in A is denoted by CCV. A function f € A is said to be close-to-convex of
order a, 0 < a < 1, if there is a function g € CV such that Re (f/(z)/¢'(2)) > a
for all z € Y. This class is denoted by CCVy,.

Reade [104] introduced the class of strongly close-to-convex functions of order
a, 0 < a < 1. A function f € A is said to be strongly close-to-convex of order «

if there is function ¢ € CV satisfying

f'(z)
¢'(2)

arg

<5 (el 0<ax<).

The subclass of A consisting of strongly close-to-convex functions of order « is
denoted by SCCV,. When a =1, SCCV; = CCV.

In 1980, Noor and Thomas [80] introduced the class of quasi-convex functions.
A function f € A is said to be quasi-convex if there is a function g € CV such that
Re ((2f(2))'/¢'(z)) > 0 for all z € U. The class of all quasi-convex functions in
A is denoted by QCV.

A function f € A is said to be starlike with respect to symmetric points in U
if for every r less than and sufficiently close to one and every ¢ on |z| = 7, the

angular velocity of f(z) about the point f(—() is positive at z = ( as z traverses



the circle |z| = r in the positive direction, that is,

2f'(2) )
Re| ———F—= ) >0 (z=¢, [(|=71).
(75 teg) 70 e ki=n
This class was introduced and studied in 1959 by Sakaguchi [115]. Let the class
of these functions be denoted by S7 5. An equivalent description of this class is

given by the following theorem.

Theorem 1.8 [115] Let f € A. Then f € ST if and only if

Re (%) >0 (zel).

Further investigations into the class of starlike functions with respect to symmetric
points can be found in [35,79,85,117,128,130-132,135]. El-Ashwah and Thomas
[41] introduced and studied the classes consisting of starlike functions with respect
to conjugate points, and starlike functions with respect to symmetric conjugate

points defined respectively by the conditions

Re (L@)_) >0, Re (L@_) >0
f(2) + f(Z) f(z) = f(=%2)

Let the classes of these functions be denoted respectively by S7. and 87 g .
Ford [44] observed that convex or starlike functions inherit hereditary proper-
ties. In other words, if f € S is starlike or convex, then f () is also a starlike or

a convex domain, where U, = {z : |z| <r}.

Theorem 1.9 (Ford’s Theorem) [52, p. 114] Let f be in S. If f (U) is a convex
domain, then for each positive r < 1, f(U,) is also a convex domain. If f(U)
is starlike with respect to the origin, then for each positive r < 1, f(Uy) is also

starlike with respect to the origin.



It follows from the above theorem that convex (starlike) functions map circles
centered at the origin in the unit disk onto convex (starlike) area. However this
geometric property does not hold in general for circles whose centers are not at the
origin. This motivated Goodman [53,54] to introduce the classes UCV and UST
of uniformly convex and uniformly starlike functions. An analytic function f € S
is uniformly convex (uniformly starlike) if f maps every circular arc + contained
in U with center ¢ also in U onto a convex (starlike with respect to f({)) arc.

Analytic descriptions of these classes are given by the following theorem.
Theorem 1.10 [53,54] Let f € A. Then

(a) f €UCVY if and only if

f"(2)
f'(2)

Re <1+(z—g) )zo ((%0) eUxU).

(b) f€UST if and only if

f(z) = f(©)

R 2070

>0 ((2,0)eUxU).
Renning [106] (also, see [70]) gave a more applicable one variable analytic charac-
terization for UCV. A normalized analytic function f € A belongs to UCV if and

only if it satisfies

2f"(2)
f'(2)

Re (1 + Zf”(z)) > (z €U).

f'(2)

Goodman [54] gave examples that demonstrated the Alexander’s relation (Theo-
rem 1.7) does not hold between the classes UCV and UST. Later Rgnning [107]

introduced the class of parabolic starlike functions PS7T consisting of functions



F = zf' such that f € UCV. It is evident that f € PST if and only if

(7)1

f(2)

—1‘ (zel).
Let
_ ) _ ) 2
Q—{w.Rew>|w—1]}—{w.(Imw) <2Rew—1}.

Clearly, Q is a parabolic region bounded by y2 = 2z — 1. The function f € UCV
if and only if (14 zf”/f") € Q. Similarly, f € PST if and only if zf'/f € Q.
For this reason, a function f € PS7T is called a parabolic starlike function. A
survey of these functions can be found in [108]. In [106,109], Rgnning generalized
the classes UCY and PST by introducing a parameter « in the following way: a

function f € A is in PST («) if it satisfies the analytic characterization

Re (%_a%

and f € UCV(«), the class of uniformly convex functions of order «, if it satisfies

e (1420 ) -

He also introduced the more general classes PST (a, 3) consisting of parabolic

d'E | e s
8 1‘ (d eR, z€U),

2f"(2)
f'(2)

(deR, zelU).

(-starlike functions of order « that satisfies the condition

e (o) >0

m— — o z
0 4 (—l<a<l, >0, zelU). (13)



Analogously, the class UCV(«, 3) consists of uniformly [-convex functions of order

« satisfying the condition

Re <1+%iz))—a) >0

2f"(z)

Foy | Cl<eslh 0 zeu). (14

Indeed, it follows from (1.3) and (1.4) that f € UCV(a, 3) if and only if zf" €
PST (o, 3). The geometric representation of the relation (1.3) is that the class
PST («, 5) consists of functions f for which the function (z f'/ f) takes values in

the parabolic region €2, where

Q:{w:Rew—a>ﬁ|w—1|}:{w:lmw<%\/(Rew—a)2—ﬁ2(Rew—1)2}.

Clearly, PST (o, 1) = PST () and UCV(«, 1) = UCV ().

/z@dtz/lf(zz)dt
0 0

introduced by Alexander [5] is known as Alexander transform of f. Using Alexan-

The transform

der’s Theorem (Theorem 1.7), it is clear that f € ST if and only if the Alexander

transform of f is in CV. Libera [67] and Livingston [68] investigated the transform

1
2 /0 f(tz)dt,

and Bernardi [17] later considered the transform

1
(c+1)/0 L (t2)dt, (e > —1) (1.5)

which generalizes the Libera and Livingston transform. For that reason, the trans-
form (1.5) is called the generalized Bernardi-Libera-Livingston integral transform.

It is well-known [17] that the classes of starlike, convex and close-to-convex func-

10



tions are closed under the Bernardi-Libera-Livingston transform for all ¢ > —1.
An analytic function f is subordinate to g in U, written f < g, or f(z) <
g(z) (z € U), if there exists a function w analytic in & with w(0) = 0 and
lw(z)|] < 1 satisfying f(z) = g(w(2)). In particular, if the function g is univalent
in U, then f(z) < g(z) is equivalent to f(0) = ¢g(0) and f(U) C g(Uf).
Recall that a function f € A belongs to the class of starlike functions ST,
convex functions CV, or close-to-convex functions CCV if it satisfies respectively

the analytic condition

Re (Z;ES)> >0, Re (1 + Z;,,;S)) >0 and Re (;:Z;) >0, g(z)€Cy.

A function in any one of these classes is characterized by either of the quantities
2f1(2)/f(2), 1+ 2f"(2)/f () or f(2)/d'(2) lying in a given region in the right
half plane; the region is convex and symmetric with respect to the real axis [71].
Since p(z) = (1 + 2)/(1 — 2) is a normalized analytic function mapping U onto
{w : Rew > 0}, in terms of subordination, the above conditions are respectively

equivalent to

2f'(2)  1+2 2f"(2) 1+2z f'(z) 1+z
f(2) 1—2z L+ () R and g’(z)<1—z'

Ma and Minda [71] gave a unified presentation of various subclasses of starlike
and convex functions by replacing the superordinate function p(z) = (1+2)/(1—2)
by a more general analytic function ¢ with positive real part and normalized by
the conditions ¢(0) = 1 and ¢’(0) > 0. Further it is assumed that ¢ maps the unit
disk U onto a region starlike with respect to 1 that is symmetric with respect to

the real axis. They introduced the following general classes that enveloped several

11



well-known classes as special cases:

CV(go):—{fGAzl—i-%%(p(z)},

and

ST () := {f cA: Z]J:;S) < 90(2)} .

When

14+ (1 -2a)z

< 1

©(2) = pal2)

the classes CV(pq) and ST (pq) reduce to the familiar classes CV(a) and S7 («)
of univalent convex and starlike functions of order «.

When
B 1+ Az
14+ Bz

¢(2)

(-1<B<A<1),

the classes CV(p) and ST (¢) reduce respectively to the class CV[A, B] of Janowski
convex functions and the class ST [A, B] of Janowski starlike functions [60,90].

Thus

1+ Az
1+ Bz

CV[A, B] =: CV (

) and ST[A, B] = ST (1 +Az) .

1+ Bz

When

the classes CV(p) and S7 (¢) reduce to the familiar classes of uniformly convex

functions UCV and its associated class PS7T .

12



Define the functions hy, € ST (¢) and ky € CV(¢p) respectively by

zh! (2)
h;(z) =p(z) (2€U, hye A)
2k (2)
1+ kgj@) =p(2) (€U, ky € A).

In [71], Ma and Minda showed that the functions hy, and &y, turned out to be ex-
tremal for certain functionals in S7 (¢) and CV(yp). In addition, they derived dis-
tortion, growth, covering and rotation theorems for the classes S7 () and CV(y)

and obtained sharp order of growth for coefficients of these classes.

Theorem 1.11 (Distortion Theorem for CV(p)) [71, Corollary 1] For each f €

CV(y),
kp(=r) < |f' () < k() (2] =7 < 1).

Equality holds for some z # 0 if and only if f is a rotation of k.

Theorem 1.12 (Growth Theorem for CV(p)) [71, Corollary 2] For each [ €
CV(p),
—kp(—r) < |f(2)] < kp(r) (2] =7r<1).

Equality holds for some z # 0 if and only if f is a rotation of k.

Theorem 1.13 (Covering Theorem for CV(p)) [71, Corollary 3] Suppose f €
CV(p). Then either f is a rotation of ky or f(U) 2 {w: |w| < —ky(—1)}. Here

—ky(—1) is understood to be the limit of —ky(—r) as r tends to 1.

Theorem 1.14 (Rotation Theorem for CV(p)) [71, Corollary 4] For each f €

CV(¢),
larg f'(2)| < m|fi); arg (k{p(z)) (Jz| =r < 1).

|z
Equality holds for some z # 0 if and only if f is a rotation of k.
13



Next, we state the corresponding results for the class S7 (). These results

follows from the correspondence between S7 () and CV(yp).

Theorem 1.15 (Distortion Theorem for S7 (¢)) [71, Theorem 2| If f € ST (y)

with min|, —,. [¢(2)| = [p(=r)| and max,_, |¢(2)] = |@(r)|, then
hip(=r) < f'(2)] < hip(r) - (l2] =7 <1).

Equality holds for some z # 0 if and only if f is a rotation of hy.

Theorem 1.16 (Growth Theorem for S7 (¢)) [71, Corollary 1'] If f € ST (¢),

then

—ho(—=1) < |f(2)| < hp(r) (l2z] =7 < 1).
Equality holds for some z # 0 if and only if f is a rotation of hy.

Theorem 1.17 (Covering Theorem for S7(y)) [71, Corollary 2’| Suppose f €
ST (). Then either f is a rotation of hy or f(U) D {w: |w| < —hy(—1)}. Here

—hy(—1) is the limit of —hy(—7) as r tends to 1.

Let f(z) = Y 21 anz™ be analytic in |z| < Ry, and g(z) = Y 21 by2™ be
analytic in |z| < Rgy. The convolution, or Hadamard product, of f and g is the

function h = f * g given by the power series
(0.9]
hz) = (f*g)(z) = Y anbp2". (1.6)

n=1

This power series is convergent in |z| < RqRo. The term ”convolution” arose from

the following equivalent representation

s =5n [ r(2)a0F (o)

14



The geometric series

> z
l(z):Zzn: T
n=1

acts as the identity element under convolution [40, pp. 246-247] for the class A.

The functions f and zf’ can be represented in terms of convolution as

and zf'(z) = f * ©

e =I7=3 A—27

Using Alexander’s theorem (Theorem 1.7), a function f € A is convex if and only if
f(z/(1— 2)2) is starlike. So the classes ST and CV can be unified by considering
Sg={fe€A: fxge ST} for an appropriate g. For g(2) = z/(1 — 2), S = ST,
while for g(z) = z/(1 — 2)%, Sy = CV.

An important subclass of A defined by using convolution is the class of prestar-
like functions introduced by Ruscheweyh [111]. For a < 1, the class R, of prestar-

like functions of order « is defined by

Ra:{feA:ﬂk eST@ﬁ,

V4
(1 _ z)2—2a

while R consists of f € A satisfying Re f(z)/z > 1/2. Prestarlike functions
have a number of interesting geometric properties. For instance, R is the class of

univalent convex functions CV, and Ry /2 is the class of univalent starlike functions

ST (1/2) of order 1/2.

1.2 Multivalent Functions

A function f is p-valent (or multivalent of order p) if for each wy (wg may be
infinity), the equation f(z) = wq has at most p roots in U, where the roots are
counted with their multiplicities, and for some w; the equation f(z) = w; has

exactly p roots in U [52]. For a fixed p € N:= {1,2,---}, let A; denote the class

15



of all analytic functions f of the form
(0.9]
f(z) =2+ Z ak+pzk+p (1.7)
k=1

that are p-valent in the open unit disk ¢, and for p = 1, let A; := A.

The convolution, or Hadamard product, of two p-valent functions

o0 o0
f(z) =2+ Z ak+pzk+p and g(z) = 2P + Z bk+pzk+p
k=1 k=1

is defined as
0.}
(F*9)(2) = L+ apipbpipe P
k=1
A p-valent function f € Ay is starlike if it satisfies the condition

L 2f(e)

p f(2)

>0 (f(z)/z#0, z€l),

and is convex if it satisfies the condition

1 o 2f"(2) /(5 .
pR (1+—f’(z))>0 (f'(z) #0, z € U).

The subclasses of A consisting of starlike and convex functions are denoted re-
spectively by ST, and CV),. More generally, let ¢ be an analytic function with
positive real part in U, ¢(0) = 1, ¢/(0) > 0, and ¢ maps the unit disk & onto a
region starlike with respect to 1 and symmetric with respect to the real axis. The
classes ST p(p) and CVp(yp) consist respectively of p-valent functions f starlike

with respect to ¢ and p-valent functions f conver with respect to ¢ in U given by

ste) = {r et 2L <o)},

16



and

et = {1 ey 2 (1+ 28 <ol

These classes were introduced and investigated by Ali et al. in [8]. The func-

tions hy p and ki p defined respectively by

1 zthp(z)
——2 = =0p(z) (z€U,hy,pe Ay,
p hep(z) A b 2
1 zk$7p(z)
» <1+W =¢(2) (2 €U kpp € Ap),

are important examples of functions in S7,(¢) and CVp(y). A result analogues

to Alexander’ theorem (Theorem 1.7) was obtained by Ali et al. in [§].

Theorem 1.18 [8, Theorem 2.1] The function f belongs to CVy(p) if and only
i (1/p)=f' € STy(p).

When p = 1 these classes reduced to the S7 (¢) and CV(yp) classes introduced by
Ma and Minda [71].
When

B 142
1=z

¢(2)

the classes ST () and CVp(¢) reduce to the familiar classes of p-valent starlike
and convex functions S7 ), and CV),. In addition if p = 1 these classes are respec-

tively the classes of univalent starlike and convex functions S7 and CV.

When

o(2) = pp(a) = 2 <oy

the classes ST p(pg) and CVp(pg) reduce to the familiar classes of p-valent starlike
17



and convex functions of order [ introduced by Patil and Thakare in [88]:

STy(B) = {f €A %Re (Zf/(z)) > ﬁ},

f(2)

CVp(8) = {feAp:%Re (1+%) >5}.

For p € N and o < 1, Kumar and Reddy [12] defined the class Rp(a) of

p-valent prestarlike functions of order a by

P
(1— Z)2p(1—a)

Ryla) = {f €Ay f(z) * e 57p<a)} .

They obtained necessary and sufficient coefficient conditions for a function f to be
in the class Rp(«). Evidently, this class reduces to the class of prestarlike functions

R(«) introduced by Ruscheweyh [111] for p = 1.

1.3 Differential Subordination

In the theory of complex-valued functions there are many differential conditions
which shape the characteristics of a function. A simple example is the Noshiro-
Warschawski Theorem [40, Theorem 2.16, p.47]: If f is analytic in a convex domain
D, then

Re (f'(z)) > 0 = f is univalent in D.

This theorem and many known similar differential implications dealt with real-
valued inequalities that involved the real part, imaginary part or modulus of a
complex expression. In 1981 Miller and Mocanu [74] replaced the differential in-
equality, a real valued concept, with its complex analogue of differential subordi-
nation.

Let 9 : C3 x Y — C be an analytic function and let & be univalent in the unit

18



disk U. If p is analytic in & and satisfies the second-order differential subordination

V(p(z), 20 (2), 20" (2); 2) < h(2), (1.8)

then p is called a solution of the differential subordination. A univalent function
q is called a dominant if p(z) < q(z) for all p satisfying (1.8). A dominant ¢;
satisfying q1(z) < ¢(z) for all dominants ¢ of (1.8) is said to be the best dominant
of (1.8). The best dominant is unique up to a rotation of U. If p € H[a, n], then p
is called an (a, n)-solution, ¢ an (a,n)-dominant, and ¢ the best (a,n)-dominant.

Let 2 C C and let (1.8) be replaced by
V(p(2), 20 (2), 2% (2);2) €@ (2 €U), (1.9)

where ) is a simply connected domain containing A(U). Even though this is
a “differential inclusion” and ¥ (p(z), zp/(z), 22p"(2); z) may not be analytic in
U, the condition in (1.9) will also be referred to as a second-order differential
subordination, and the same definition for solution, dominant and best dominant as
given above can be extended to this generalization. The monograph [75] by Miller
and Mocanu provides a detailed account on the theory of differential subordination.

Denote by Q the set of all functions ¢ that are analytic and injective on U\ E(q),

where

E(g)={¢eal: hHlCQ(Z) = oo},
and are such that ¢/(¢) # 0 for ¢ € 9U \ E(q).

Definition 1.1 [75, Definition 2.3a, p. 27| Let  be a set in C, ¢ € Q and n
be a positive integer. The class of admissible functions Wy[), q| consists of those

functions ¢ : C3 x U — C satisfying the admissibility condition

W(r, s, t;2) € Q (1.10)
19



whenever r = q(¢), s = k(q'(¢), and

Re (é—i—l)sze (%H),

zeU, €U\ E(q) and k > n. Additionally, V1[Q, q] will be written as V[, q].

If : C2 x U — C, then the admissibility condition (1.10) reduces to

V(9(0) kCd'(¢); 2) & 2,

zeU,(edU\ E(q) and k > n.
If ¢ : C xU — C, then the admissibility condition (1.10) becomes

Y(q(Q); 2) € Q,

z€U, and ( € OU \ E(q).

A foundation result in the theory of first and second order differential subordina-

tion is the following theorem:

Theorem 1.19 [75, Theorem 2.3b, p.28] Let ¢ € W[, q| with ¢(0) = a. If

p € Hla,n] satisfies
V(p(2), zp'(2), z2p”(z);z) €0, (1.11)

then p < q.

It is evident that the dominant of a differential subordination of the form (1.11)
can be obtained by checking that the function v is an admissible function. This
requires that the function 1 satisfies (1.10). Considering the special case when

Q = h(U) is a simply connected domain, and A is a conformal mapping of U onto
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2, the following second-order differential subordination result is an immediate

consequence of Theorem 1.19. The set Uy, [h(U), q] is written as Uy [h, ¢|.

Theorem 1.20 [75, Theorem 2.3c, p.30] Let ¢ € V,[h,q] with ¢(0) = a. If

p € Hla,n], ¥(p(2), 20/ (2), 220" (2); 2) is analytic in U, and

V(p(2), 20 (2), 20" (2); 2) < h(2), (1.12)

then p < q.
The next theorem yields best dominant of the differential subordination (1.12)

Theorem 1.21 [75, Theorem 2.3f, p.32] Let h be univalent inU and ) : C3xU —

C. Suppose that the differential equation
Y(q(2),n2q (), n(n — 1)2q (2) + n*2%¢" (2); 2) = h(2)
has a solution q, with q(0) = a, and one of the following conditions is satisfied:

(i) q€Qandy € Uplh,q,
(17) q is univalent in U and ¢ € Yylh, qp) for some p € (0,1),0r
(uii) q is univalent in U and there exists py € (0,1) such that ¢ € Uylhy, qp)

for all p € (pg,1).

If p € Hla,n], ¥(p(2), 20/ (2), 22p" (2); 2) is analytic in U, and p satisfies

(p(2), 20 (2), 220" (2); 2) < h(2),

then p < q, and q is the best (a,n)-dominant.

When dealing with first-order differential subordination, the following theorem is

useful.
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Theorem 1.22 [75, Theorem 3.4h, p.132] Let q be univalent in U and let 0 and

¢ be analytic in a domain D containing q(U), with ¢(w) # 0 when w € q(U). Set

Q(2) = 2¢' (2)p (q(2)), h(z) =0(q(2)) + Q(2) and suppose that either

(i) h is convez, or
(i) Q is starlike.

In addition, assume that

If p is analytic in U, with p(0) = ¢q(0), p(U) C D and

0 (p(2)) + 21/ (2) (p(2)) < 0 (a(2)) + 2¢ ()¢ (a(2)) = h(2),

then p < q, and q 1s the best dominant.

Let f € Ap be given by (1.7). Upon differentiating both sides of f ¢-times with

respect to z, the following differential operator is obtained:

FD@) = A @)1+ D Ak + pi q)ag 2P,
k=1

where

Apiq) = —2— (p>qpeNgeNU{0}).

»—q)!
Several researchers have investigated higher-order derivatives of multivalent func-
tions, see for example [10, 11, 37,56-58, 81,89, 120, 141]. Recently, by use of the
well-known Jack’s Lemma [59, 75], Irmak and Cho [57] obtained interesting re-
sults for certain classes of functions defined by higher-order derivatives. We shall

continue this investigation in Chapter 2.
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1.4 Functions with Respect to n-ply Points

As defined on p. 14, the convolution of two functions f and g with power series

o0 0¢
f(z)=z+ Z apz" and g(z) = z + Z bp 2"
n=1

n=1

convergent in U is defined by

Pélya and Schoenberg in 1958 [91] posed two important conjectures:
1. If fand g € CV, then fxg e CV.

2. If felCVand g € 8T, then fxge ST.

Using Alexander’s theorem, (Theorem 1.7), it is clear that any one of these con-
jectures implies the other. These conjunctures were later proved by Ruscheweyh
and Sheil-Small [114].

Let h : U — C be a convex function with positive real part in U, h(0) = 1, and
g be a given fixed function in A. Shanmugam [116] introduced the classes S7 4(h)

and CVg4(h) consisting of functions f satisfying

Note that for g(2) = z/(1 — z), the class ST 4(h) = ST (h) and the class CVy4(h) =
CV(h). He introduced these classes [116] and other related classes, and investigated
inclusion and convolution properties by using the convex hull method [113,114]
and the method of differential subordination [75]. Ali et al. [8] investigated the
subclasses of p—valent starlike and convex functions, and obtained several subor-

dination and convolution properties, as well as sharp distortion, growth and rota-
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tion estimates. These works were recently extended by Supramaniam et al. [127].
Similar problems but for the class of meromorphic functions were also recently
investigated by Mohd et al. [78].

For a fixed positive integer n, €* = 1, € ## 1 and f € A, define the function

with n—ply points f,, € A by

n—1

fn(z) = % Z "R (R ). (1.13)

k=0
It is clear that fi(z) = f(2) and fo(2) = (f(2) — f(—2)) /2. A function f € A is
starlike with respect to n-symmetric points if it satisfies

2f'(2)

fre fn(2)

> 0. (1.14)

Denote the class of these functions by S7TY. For n = 2, the class ST¥ reduces to
the class ST g consisting of the starlike functions with respect to symmetric points
in U introduced by Sakaguchi [115]. If k is an integer, then the following identities

follow directly from (1.13) :

fu(éz) = ¥ fo(2),

n—1
fale2) = o) == 37 7).
m=0

n—1
F ) = ) = 3 )
m=0

More generally, the condition (1.14) can be generalized to the subordination

2f'(2)
fn(2)

=< h(z),
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where h is a given convex function, with A(0) = 1 and Re(h) > 0. El-Ashwah
and Thomas [41] introduced the classes ST . and S7 4. consisting of the starlike
functions with respect to conjugate points in & and the starlike functions with
respect to symmetric conjugate points in U respectively. In 2004, Ravichandran
[101] introduced the classes of starlike, convex and close-to-convex functions with
respect to n—ply symmetric points, conjugate points and symmetric conjugate
points, and obtained several convolution properties. Other investigations into the
classes defined by using conjugate and symmetric conjugate points can be found
in [4,38,62,133,134,136,137,139]. These classes of functions will be treated further

in Chapter 3.

1.5 Integral Operators

The study of integral operators is an important problem in the field of Geometric
Function Theory. In [21], Biernacki falsely claimed that [ (f(¢)/¢) d¢ is univalent
whenever f is univalent. Moved by this, Causey [34] considered a related problem

of finding conditions on ¢ € C such that the integral operator Fy : A — A given

#n )= [ (@)5@

is univalent whenever f is univalent. It is known [64] that Fy € S when |0] < 1/4.

by

The case 0 = 1 was earlier considered by Alexander [5] and he proved that F is in
CV whenever f is in S7. In [73], Merkes obtained various extension of inclusion

results for certain subclasses of S. He showed that

Fs(ST) C S whenever [6] < 1/2. (1.15)

There is no larger disk |0| < R, R > 1/2, such that the inclusion (1.15) holds.
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In the case 4 is real, Merkes [73, Theorem 2| obtained

Fs(ST) C ST whenever —1/2<6<1

and

F5(ST) C CCV whenever 1 < § < 3/2.

He also obtained necessary and sufficient conditions on a such that Fg(S7T) C
SCCV,, the class of strongly close-to-convex functions of order av defined on p. 6.
In recent years, considerable attention has been given to the problem for various
classes of univalent functions, see for example, the works of [1,8,24-32,34,42,43,
64,77,87,118,126].

Suppose |z1] <1, |23] <1, and f € SCCV,. Pommerenke [92] proved that

f Z2C ZlC)

22_21

¢ € SCCVq.

Singh [121] showed that 1/2 [ (f(t) — f(=t)t~Lat is starlike if f is starlike. Anal-
ogous results were also proven for convexity and close-to-convexity. Extending the

results of Singh [121], Chandra and Singh [36] proved that the integral

f(e) = J(e'V¢)
/ elu_ez¢)g dC (M%¢70§M7¢<2ﬂ')

preserves membership in the classes of starlike, convex and close-to-convex func-
tions.

For a; > 0 and f; € A, define the operators F : A" x 0w — A and G :
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AU — A respectively by

F( ) Ffl, -~7fn7z1 22 / H (f] ZQC f](21<)> J dé‘ (21’22 . Z{)

e (22 — 21)¢
(1.16)
B A T (fi(zaz) = fi(z12)\ e
G(:) = Gy fioral?) = g( DL aen ()

where U is the closed unit disk. Ponnusamy and Singh [97] introduced the operator
F, given in (1.16), and investigated its univalence. In particular, they proved that
for certain a; the integral operator F is close-to-convex of order 1/2 for all f; € A.

In Chapter 4, we shall explore further inclusion properties for the operators F' and

G.

1.6 Dual Set and the Duality Principle

Let 'H denote the class of all analytic functions in U of the form g(z) =1+ b1z +
byz2 4+ ---. For a set V C ‘H, the dual of V, denoted by V*, is defined as

={geH:(f*xg)(2)#0inU for all fe€V}.

The set V** = (V*)* is called the second dual of V. The standard reference
to duality theory for convolutions is the monograph by Ruscheweyh [113] and his

paper [110]. A subset V C H is said to be complete, if it has the following property:

fev=freV (Jz|<1)

where fr(2) = f(zz), z € U. Let A be the space of continuous linear functionals
on H. The Duality Principle states that, subject to certain conditions on V), the

range A(V) = {A(f) : f € V} of a continuous complex-valued linear functional on
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VY equals its range on V**.

Theorem 1.23 (The Duality Principle) [113, p. 15] Let V C H be compact and
complete. Then A(V) = A(V**) for all A € A. Moreover, ¢o(V) = co(V**), where

co stands for the closed convex hull of a set.

Ruscheweyh proved the following important result as a corollary of the Duality

Principle.

Theorem 1.24 [113, Corollaryl.1, p. 17] Let V C 'H be compact and complete.
Let A1, Mg € A with 0 € X\o(V). Then for any f € V** there exists a function g € V

such that

Ruscheweyh obtained the second dual of some widely used subsets of H. One of

these sets is Vg which is described in the following theorem.

Theorem 1.25 [110, Theorem 1] Let 5 # 1 be real, and

vp= {9 (152) 5 el =bl =1},

Then

* . 1_25
Vﬁ—{geH : Reg(z)>—2_2ﬁ, ze€U

and
Vﬂ** = {g € H : d¢ € R such that Re (eid’(g(z) — ﬂ)) >0, z € Z/l} )
For B < 1, let

R(B)={feA:Re(f'(z) +2f"(z) > B, zeU}.
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Several authors discussed the problem of finding the smallest value of 3 for which
a function f € R(B) would be starlike. For § = 0, Chichra [39] proved that if
f € R(0), then f is univalent, i.e R(0) C S. Singh and Singh [122] showed that
f € R(0) would imply that f is starlike, while Krzyz [65] gave an example to
show that f € R(0) is not necessarily convex. Later Singh and Singh [123] proved
that for § < —1/4 the function f € R(f) is starlike. This estimate was improved
by Nunokawa and Thomas [82]. They showed that R(3) C S7 if [ satisfies the
equation

30+ (1 = 5)(2 —log(4/e))log(4/e) = 0,

and thus § = —0.262. In 1994, Ali [6] improved the lower bound for 5. He proved
that R(Gy) C S for By = —(2log2 —1)/2(1 — log2) = —0.629, and R(5) C ST if
B =(6—m2)/(24 —72) = —0.2739. Ali conjectured that R(Gy) C ST, and that
0o is the best estimate. This conjecture was proved to be affirmative by Fournier
and Ruscheweyh [48].

The implication

Re (f'(z) +2f"(x)) > B = f € ST

is equivalent to V(f) € ST whenever Re (f'(z)) > 3, where V : A — A is given
by

1 z
V(f)(z):/o (t2) 4y

t

Fournier and Ruscheweyh [48] introduced a more general operator V) : A — A

given by

dt, (1.18)

29



where A is a non-negative real-valued integrable function satisfying the condition

1
/ M)t = 1.
0

They used the Duality Principle [110,113] to prove starlikeness of the linear integral

transform V) over functions f in the class
P(B) = {f € A:3¢ € R with Ree!® (f/(2) — 8) > 0, =z eu}.

Such problems were previously handled by using the theory of subordination (see
for example [94]). The duality methodology seems to work best in this case since
it gives sharp estimates on the parameter 3. The following result was proved by

Fournier and Ruscheweyh [48].

Theorem 1.26 [48] Let A be integrable function over [0, 1] and positive on (0,1).
If
AQ)
1—¢2

is decreasing on (0, 1),

then LA(CCV) = 0, where

1 z
LA(f) := inf /0 A(t) (Re fiz) 1 )2) dt (for f€S8),

zeU

and

LALS) = inf £4(/).

This duality technique is now popularly used by several authors to discuss

similar problems. In 2001, Kim and Rgnning [63] investigated starlikeness property
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of the integral transform (1.18) for functions f in the class

Pa(ﬂ)::{fEA:ElqbeRwith

Reew((l —oz)@—l—af’(z) —6) >0, =z EZ/I}.

In a recent paper Ponnusamy and Rgnning [96] discussed this problem for func-

tions f in the class

R~ () = {f € A:3¢ € R with Re¢'® (f'(z) +v2f"(z) = B) >0, ze€ Z/l}.
For a > 0, v > 0 and § < 1, define the class

We(a,v) = {f € A:d¢ € R with Reei¢<(1 —a+27)f(z)

+ (a0 —29)f'(2) + v2f"(2) —ﬁ) >0, =z GU}.

(1.19)

It is evident that P(3) = Ws(1,0), Pa(B) = Ws(a,0), and R+ (3) = Ws(1 +
27,7). In Chapter 5, starlikeness of the integral transform (1.18) over the class

Wps(a,7) will be investigated.

1.7 Neighborhood Sets

For § > 0, Rusheweyh [112] defined the d-neighborhood of a function

f(z) =2+ Zakzk (z €eU)
k=2
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to be the set

Ns(f) = {g €Aig(z) =2+ bz, and > klay — byl < 5}.

Among other results, Ruscheweyh [112] proved that
Nyj(f) € 8T

for f € CV. Sheil-Small and Silvia [119] introduced a more general notion of 7-
d-neighborhood of an analytic function. The neighborhood problems for analytic
functions were considered by many others, for example, see [2,3,18,19,45-47, 86,
98,129].

Ruscheweyh in [112] developed new inclusion criteria for some known sub-
classes of analytic functions. These criteria are very useful in solving extremal
problems associated with several subclasses of univalent functions. In particular,
he proved that

fe€ST < (f*h)(2)A0inlU,

where

h(z)zliit((ljz)Z—itliz) (teR, »€U).

Several results of this type for different classes of functions in U were obtained
by Ruscheweyh [112], Rahman and Stankiewicz [98] and Silverman et al. [124].
Padmanabhan [84] investigated the d-neighborhood problem for the class UCV
of uniformly convex functions. In Chapter 6, we shall introduce two generalized
p-valent parabolic starlike and p-valent parabolic convex subclasses of Ay. The
d-neighborhood problems for functions belonging to these classes are investigated
and a new inclusion criterion for the subclass of p-valent parabolic starlike functions

is obtained.
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1.8 Scope of the Thesis

This thesis investigates five research problems. In Chapter 2, corresponding to
an appropriate superordinate function ) defined on the unit disk U, sufficient

conditions are obtained for a p-valent function f to satisfy the subordination

9 (z) 2t ()
)\(]L(])Zp_q ‘<Q(Z), or W—p+q+1 %Q(Z),
where
FOE) = Mp; )2+ Y Ak + 15 @)ag 2P,
k=1
and

!

Ap; q) = m

(p>q;peN;qge NU{0}).

For the case p = ¢ = 1, criteria for univalece and convexity of analytic functions are
obtained. Additionally, the second subordination gives conditions for starlikeness
of functions for the case ¢ =0 and p = 1.

The aim of Chapter 3 is to give a unified treatment for classes of starlike, convex
and close-to-convex functions with respect to n—ply symmetric points, conjugate
points and symmetric conjugate points. For this purpose, general classes of p-
valent starlike, convex, close-to-convex and quasi-convex functions with respect
to n-ply points, as well as p-valent starlike and convex functions with respect to
symmetric points, conjugate points and symmetric conjugate points respectively
are introduced. Inclusion and convolution properties of these classes will be inves-
tigated, and it would be evident that previous earlier works are special instances
of our work.

In Chapter 4, membership preservation properties of the operators F' and G
given by (1.16) and (1.17) on the subclasses of starlike, convex and close-to-convex

functions will be investigated. We shall also make connections with various earlier
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works.

In Chapter 5, the Duality Principle is used to determine the best value of
B < 1 that ensures the integral transform V) (f) in (1.18) maps the class Wg(a,7)
defined in (1.19) respectively into the class S of normalized univalent functions
and the class 87 of starlike univalent functions. Simple sufficient conditions for
V) (f) to be starlike are obtained. This will lead to several applications for specific
choices of the admissible function A\. In addition, the smallest value § < 1 is

obtained that ensures a function f satisfying

Re (f(2) + azf"(2) +7221"(2)) > 8

is starlike. This result generalizes the earlier work of Fournier and Ruscheweyh [48],
Kim and Rgnning [63], and Ponnusamy and Regnning [96].

In Chapter 6, a subclass SPp(a, A) of p-valent parabolic starlike functions
of order o and type A, and a subclass CPp(a, A) of p-valent parabolic convex
functions of order a and type A will be introduced and studied. It is shown
that these two classes are closed under convolution with prestarlike functions. In
addition, new inclusion criterion for functions to belong to the class SPp(a, A)
will be derived, and the d-neighborhood for functions belonging to the classes

SPp(a, A) and CPp(a, A) will be investigated.
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CHAPTER 2
SUBORDINATION PROPERTIES OF HIGHER-ORDER
DERIVATIVES OF MULTIVALENT FUNCTIONS

2.1 Higher-Order Derivatives

Let f € A be given by

0
f(z) =2+ Z ak+pzk+p.
k=1

Upon differentiating both sides of f g-times with respect to z, the following dif-

ferential operator is obtained:

FOE) = Mps )2+ Y Ak + 15 Q)ag 2P,
k=1

where

Ap;q) = (p>q;peN;qgeNU{0}).

(»—q)!

As defined in Section 1.2, p. 16, a p-valent function f € Ay is starlike if it
satisfies the condition %Re (zf'(2)/f(2)) >0 (2 € U). More generally, let ¢ be
an analytic function with positive real part in U, ¢(0) = 1, ¢’(0) > 0, and ¢ maps
the unit disk & onto a region starlike with respect to 1 and symmetric with respect
to the real axis. The classes ST ,(¢) and CV)(¢) consist respectively of p-valent
functions f starlike with respect to ¢ and p-valent functions f convex with respect

to ¢ in U given by

1 zf"(2) s
< ¢(2), and f €CVp(¢) = ) (1 + T ) =< 9(2).

1)

[ E€STH(9) & » )

These classes were introduced and investigated in [8]. The functions hy , and kg,
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defined respectively by

1 Zh;ﬁp
]—9%% = Qb(Z) (Z < Z/{, h/(b’p S Ap), (2].)
»D
1 zkgp
]; 1+ /{/—7 = ¢(Z) (Z eu, k¢7p S Ap), (22)
b.p

are important examples of functions in ST p(¢) and CVp(¢).
In this chapter, corresponding to an appropriate superordinate function @
defined on the unit disk ¢, sufficient conditions are obtained for a p-valent function

f to satisfy the subordination

2f 0 (z)

F@(z)

ﬂ@@)

W < Q(Z), or

—p+q+1=<Q(2).

In the particular case when ¢ = 1 and p = 1, and @) a function with positive real
part, the first subordination gives sufficient conditions for univalence of analytic
functions, while the second subordination implication gives conditions for convex-
ity of functions. If ¢ = 0 and p = 1, the second subordination gives conditions
for starlikeness of functions. Thus results obtained in this work give important
information on the geometric properties of functions satisfying differential subor-
dination conditions involving higher-order derivatives.

The following lemmas are needed to prove our main results. These results are

special cases of Theorem 1.22.

Lemma 2.1 [75, Corollary 3.4h.1, p. 135] Let Q be univalent in U, and ¢ be
analytic in a domain D containing QU). If 2Q'(2)p(Q(2)) is starlike, and P is
analytic in U with P(0) = Q(0) and P(U) C D, then

2P(2)p(P(2)) = 2Q'(2)0(Q(2)) = P(2) < Q(2),

and () is the best dominant.
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Lemma 2.2 [75, Corollary 3.4h.2, p. 135] Let Q) be convex univalent in U, and 0

be analytic in a domain D containing Q(U). Assume that
Re (9’(@(2)) +1+ &/(j)) > 0.
If P is analytic in U with P(0) = Q(0) and P(U) C D, then
2P'(2) +6(P(2)) < 2Q'(2) + 0(Q(2)) = P(2) < Q()
and Q) is the best dominant.

2.2 Subordination Conditions for Univalence

The theorems below give sufficient conditions for the differential subordination

f(q)(z)

A(p; q)2P~4 < Q)

to hold. In addition, as corollary to these theorems, three sufficient conditions for

functions to be univalent are obtained.

Theorem 2.1 Let Q) be univalent and nonzero inUd with Q(0) = 1 and 2Q'(2)/Q(z)

be starlike in U. If a function f € Ay satisfies the subordination

() 2Q'(z)

00 < 00 +p—gq, (2.3)
then

S ()

e

and () is the best dominant.
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Proof. Define the analytic function P by

f9()
P(z) := N d

Then a computation shows that

2f a1 (2) _ zP'(z)
f@)  P(2) TP (24)

The subordination (2.3) yields

2P'(2) 2Q)'(2)
LB T R

or equivalently
PE) Q)
P(z)  Qz)

Define the function ¢ : C\ {0} — C by ¢(w) := 1/w. Then (2.5) can be written

(2.5)

as

2P'(2) - ¢(P(2)) < 2Q'(2) - (Q(2)).

Since Q(z) # 0, ¢ is analytic in a domain containing Q(U). Also 2Q’(2) - ¢(Q(z))

= 2Q'(2)/Q(z) is starlike. The result now follows from Lemma 2.1. I

Remark 2.1 For f € Ap, Irmak and Cho [57, Theorem 2.1, p.2] showed that

Zf(q+1)(z)

<) T\5) _ (q) . —q—1
Re 00 <p—q= Y] <Ap; )27

However it is evident that the hypothesis of this implication cannot be satisfied by

any function in Ay, as the quantity

2fHD ()

DG |, "

=
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Theorem 2.1 is the correct formulation of their result and under a more general

setting.
Corollary 2.1 Let -1 < B < A< 1. If f € Ay satisfies

@) A B)
@) (At A1+ Bz

+p_Q7
)

then
() - 14+ Az
Ap;q)zP~7 14 Bz

Proof. For —1 < B < A <1, define the function @ by

1+ Az
Then a computation shows that
/ J—
P20 (- B
Q(z) (1+ Az)(1+ Bz)
and
/ . 2
hz) = 2F'(z) _ 1— ABz

F(2) (1+ A2)(1+ Bz)’
With z = reie, note that

1 — ABr2e%i?
(1 + Are)(1 + Brei?)
(1 — ABr?)(1 4+ ABr? + (A + B)rcos#)
!(1+Ar6i9)(1+Br6i9)‘2 '

Re (h(re'?)) = Re

Now (A + B) > 0 yields

1+ ABr? + (A+ B)rcosf > (1 — Ar)(1 — Br) > 0,
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while (A+ B) < 0 gives
1+ ABr? + (A+ B)rcos0 > (1+ Ar)(1+ Br) > 0.

Thus Reh(z) > 0, and hence 2Q’(2)/Q(z) is starlike. The desired result now

follows from Theorem 2.1. |

Example 2.1

1. For 0 < 8 <1, choose A = 3, B = 0 in Corollary 2.1. Since w <

Bz/(1+Bz) is equivalent to |w| < 3|1 —w|, it follows that if f € Ay satisfies

2f D (z) 3 3
@) PPt R| ST
then
f(Q)(Z)
NI

2. With A=1 and B = 0, it follows from Corollary 2.1 that whenever f € Ay

satisfies
Zf(Q+1)(Z) 1
Re <—f(Q)(z) —-p+q] < 2
then
f9()
e <t

Taking ¢ = 0 and Q(z) = hy /2P given by (2.1), Theorem 2.1 yields the

following corollary:

Corollary 2.2 [8] If f € ST (), then

f(2)  hep
=
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Similarly choosing ¢ = 1 and Q(z) = kéb p/]ozp_1 given by (2.2), Theorem 2.1

yields the following corollary:

Corollary 2.3 [8] If f € CVp(®), then

/
/() < kcﬁ,p
[ N

Theorem 2.2 Let Q) be convex univalent in U with Q(0) = 1. If f € Ay satisfies

f9() (zf<q+1><z>

f(q)(Z) —p+ Q> = ZQ/(Z)7

then

and () is the best dominant.

Proof. Define the analytic function P by P(z) := f(@(2)/A(p;q)z?~9. Then it

follows from (2.4) that

F@)(2) (Zf(qul) (2)

Nprq) P D) —p+ q) = 2P/(2).

By assumption,
2P'(2)p(P(2)) < 2Q/(2)p(Q(2)),

where ¢ : C — C defined by p(w) := 1. Since Q is convex, and 2Q'(2)p(Q(2)) =

2Q)'(z) is starlike, Lemma 2.1 gives the desired result. 1

Example 2.2 When
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Theorem 2.2 reduces to Theorem 2.4 in [57]: If f € Ay satisfies

fHD ()
|f(q)(2) <f(T(z) —p+q

< [2[P7,

then

FD(2) = A )21 < =P,

In the special case ¢ = 1, this result provides a sufficient condition for multivalent

functions f to be close-to-convex.

Theorem 2.3 Let Q) be conver univalent in U with Q(0) = 1. If f € Ay, satisfies

2flt ()

Np Q)4 2Q'(2) + (p — )Q(2),

then

and () is the best dominant.

Proof. Define the function P by
P(z) =
It follows from (2.4) that
2P(2) + (0 — @) P(2) < 2Q'(2) + (0 — 9)Q(2),

that is,

2P (2) + 0(P(2)) < 2Q'(2) + 0(Q(2)),

where 6 : C — C defined by 6(w) := (p — ¢)w. The conditions in Lemma 2.2 are

clearly satisfied. Thus f(9)(2)/\(p; ¢)zP~7 < Q(z), and Q is the best dominant. 1
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Taking ¢ = 0, Theorem 2.3 yields the following corollary:

Corollary 2.4 [144, Corollary 2.11] Let Q be convex univalent in U, and Q(0) =

1. If f € Ay satisfies
f'(2)

2p—1

< 2Q'(2) + pQ(2),

then

With p = 1, Corollary 2.4 yields the following corollary:

Corollary 2.5 [144, Corollary 2.9] Let Q) be convex univalent inU, and Q(0) = 1.
If f € A satisfies
fl(2) < 2Q(2) + Q(2),

then

Theorem 2.4 Let Q be univalent and nonzero inU with Q(0) = 1 and 2Q’(2)/Q?(2)
be starlike. If f € Ay satisfies

Mp; )2~ 20tV (z) Q' (2)
F@)(z) ( F@)(z) Tpraf

then

and () is the best dominant.

Proof. Define the function P by

S9()
=
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It follows from (2.4) that

A(p; g)2P <zf<q+1><z> ) 1 zP'(z)  zP'(2)
—p-a) =5 = :
() P(z)  P2(2)

7@ () 7@ () -

By assumption,
2P'(2)  2Q'(2)
P2z) Q%)

. (2.6)

With ¢ : C\ {0} — C defined by p(w) := 1/w?, equation (2.6) can be written as

2P(2)p(P(2)) < 2Q/(2)0(Q(2)).
The function ¢ is analytic in C — {0}. Since 2Q’(2)p(Q(2)) is starlike, it follows
from Lemma 2.1 that P(z) < Q(z), and @ is the best dominant. 1

Taking ¢ =1, p=1, and Q(z) = (14 2)/(1 — 2) in Theorem 2.1, Theorem 2.2

and Theorem 2.3 yields three sufficient conditions for f to be univalent:

Corollary 2.6 A function f € A is univalent if it satisfies one of the following

subordinations:

() 2 < 12,

(ii) zf"(z) < (13—2)2, or

(i) e < woe

2.3 Subordination Related to Convexity

In this section we look for sufficient conditions to ensure the following differential

subordination

2fH ()
F)(z)

holds. As corollaries, sufficient conditions are obtained for functions f to be convex.

—p+q+1<Q(2)
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Theorem 2.5 Let Q) be univalent and nonzero in U with Q(0) = 1, Q(z) #

qg—p+1, and 2Q'(2)/(Q(2)(Q(z) + p — g — 1)) be starlike in U. If f € A,

satisfies

14 22

@ P ) (2.7)
szg?() SR Q) +p—a-1)
then
2f(z)
W —ptag+1=<Q(2),
and @) is the best dominant.
Proof. Let the function P be defined by
_ )
Upon differentiating logarithmically both sides of (2.8), it follows that
2P'(2) R AR ORI AR ©)
PO a1 | ) ) 29
Thus
22 (z) _ 2P'(2)
+f(q+—1)<z)—p+q+1—P()+p_q_1+P(Z). (2.10)
The equations (2.8) and (2.10) yield
1+—Zf(q+2)(z)—p+q+1 !
FatD(z) _ 2P'(2) 41 (2.11)
z (g+1) z — — ’ '
oG, o1 PAEE 20D

If f € A satisfies the subordination (2.7), equation (2.11) gives

2P/(2) . 2Q(2)

P)(P(z)+p—q—1) Q()Q(z)+p—q—1)
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that is,

2P(2)p(P(2)) = 2Q'(2)p(Q(2))

with ¢ : C\{0,1 — p+ ¢} — C defined by p(w) := 1/w(w+p—g—1). The desired

result is now established by an application of Lemma 2.1. |

Theorem 2.5 contains Corollary 4 in [102] as a special case. In particular, we
note that Theorem 2.5 with p = 1, ¢ = 0, and Q(z) = (1 + Az)/(1 + Bz) for

—1 < B < A <1 yields the following corollary:

Corollary 2.7 [102, Corollary 6, p. 123] Let —1 < B < A < 1. If f € A satisfies

2f(2)
e, (A-B)
2f'(z) (14 Az)2’
e

then f € ST[A, B].

For A=0, B=band A =1, B= —1, Corollary 2.7 gives the results of Obradovic

and Tuneski [83].

Theorem 2.6 Let Q) be univalent and nonzero inU with Q(0) =1, Q(z) # q—p+1
and 2Q'(2)/(Q(z) + p — q — 1), be starlike inU. If f € Ay, satisfies

20 () 2 fltl(z) 2Q'(2)

L+f@HK@ fla)(z) <Q(z)+p—q—1'

then
2f ()

F19(z)

and () is the best dominant.

—p+qg+1=<Q(2),

Proof. Let the function P be defined by (2.8). It follows from (2.9) and the

hypothesis that
P Q)
P(z)+p—q—-1 Q()+p—q-1
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Define the function ¢ : C\ {1 —p+ ¢} — C by

1

W) = ————.
ow) w+p—qg—1

Then (2.12) can be written as

2P(2)p(P(2)) < 2Q'(2)0(Q(2))-

Since ¢ is analytic in a domain containing Q(U), and zQ'(2)p(Q(z)) is starlike,

the result follows from Lemma 2.1. |

Theorem 2.7 Let Q) be a convex function in U with Q(0) = 1. If f € Ap satisfies

M( -/ zf”*”“)) <Q() Q) +p a1

F@)(2) )z fla)(z)
then
2flt ()
f(T(Z) —p+q+1=<Q(2),

and @) 1s the best dominant.

Proof. Let the function P be defined by (2.8). Using (2.9), it follows that

O (D) e
e\ e T e )T

and therefore

2 (2) (2 /() 20D ()

fla(z) ez @) ) =2P'(2)+P(z)+p—q—1.

By assumption,

2P(2)+P(z)+p—q—1=<2Q(2) +Q(2) +p—q—1,
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or

2P (2) + 0(P(2)) < 2Q'(2) + 0(Q(2)),

where the function 6 : C\ {1 —p+ ¢} — C defined by 6 := 1. The proof now

follows from Lemma 2.2. |

Theorem 2.8 Let Q) be a convex function in U with Q(0) = 1. If f € Ap satisfies

2f D) (2) 2fa+2)(z) 2 flat(z) ,
7@ (2) L+ FaD ey () <2 (2),
then
(g+1)
ZJ;T(Z()Z) —p+q+1=<Q(2),

and () is the best dominant.

Proof. Let the function P be defined by (2.8). It follows from (2.9) that

2P(2)p(P(2) < 2Q'(2)0(Q(2)),

where ¢ : C — C defined by ¢(w) := 1. The result follows easily from Lemma

2.1. |

Taking ¢ =1, p=1, and Q(z) = (1 + 2)(1 — 2) in Theorem 2.5, Theorem 2.6,

Theorem 2.7 and Theorem 2.8 yield four convexity conditions:

Corollary 2.8 A function f € A is convex if it satisfies one of the following

subordinations:

242f"(2)/ " (2) 2(1—2)?
0 TEFerme <1 T
(11) me( ) zf”(z)
(ii
(i

f)”() - f((Z)) = 17) |
zf” z2f"(z)  zf" 22(2—2
1) (5] (2+ e f/((Z))) =Tz

f// f/// Zf// P 22
) S (1+ sl - ) < 2

111

or

1v
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CHAPTER 3
CONVOLUTION PROPERTIES OF MULTIVALENT FUNCTIONS
WITH RESPECT TO N-PLY POINTS AND SYMMETRIC
CONJUGATE POINTS

3.1 Motivation and Preliminaries

As defined in Section 1.1, p. 7, a function f € A is starlike with respect to

symmetric points in U if

2f'(2) )
Re{ ————] >0
(f@)—f(—@
for all z € U. The class of all such functions, denoted by ST s, was introduced
and investigated by Sakaguchi [115]. El-Ashwah and Thomas [41] introduced the
class 87T . consisting of starlike functions with respect to conjugate points, and

the class ST g of starlike functions with respect to symmetric conjugate points

defined respectively by the conditions

Re (L(Z)_) >0, and Re <L(Z)_> >0
f(Z)+ /() f(z) = f(=%)

In 2004, Ravichandran [101] introduced the classes of starlike, convex and close-
to-convex functions with respect to n—ply symmetric points, conjugate points and
symmetric conjugate points, and obtained several convolution properties. Other
investigations into the classes defined by using conjugate and symmetric conjugate
points can be found in [4,38,62,133,134,136,137,139).

All these many investigations can be unified, and it is the aim of this chapter
to show such a unified method. For this purpose, several general subclasses of
p-valent functions are introduced such as starlike, convex, close-to-convex and

quasi-convex functions with respect to n-ply points, as well as p-valent starlike and
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convex functions with respect to symmetric points, conjugate points and symmetric
conjugate points respectively. Inclusion and convolution properties of these classes
will be investigated, and it would be evident that previous earlier works are special
instances of our present work.

The following theorems would be required.

Theorem 3.1 [75, Corollary 4.1h.1, p. 200] Let h be conver in U, and S and T
be analytic functions in U with S(0) = T(0). If Re (25'(2)/S(z)) > 0, then

T'(2)
5'(2)

T(z)
5(2)

< h(z) =

< h(z).

The following theorem provides a convolution result between a prestalike func-
tion of order «, f € R (cf. p. 15), and a starlike function of the same order «,

g € ST (a) (cf. p. 5).

Theorem 3.2 [113, Theorem 2.4, p. 54| Let « < 1, f € Ry and g € ST («).

Then
f*(Hg)
f*g

for any analytic function H in U, where co(H(U)) denote the closed convexr hull
of HU).

(U) C co(H(U)),

Theorem 3.2 due to Ruscheweyh [113] can easily be adapted to yield the fol-

lowing result for multivalent functions.
Theorem 3.3 If f(2)/2P~! € Ry and g(2)/2P~! € ST (a), then

f*(Hg)

g U) Ceo(H U))

for any analytic function H defined in U.
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Proof. Tt is evident that

Ere) 1o, 40

3.2 Multivalent Functions with Respect to n-ply Points

In the following sequel, the function g € A is a fixed function and the function
h is a convex univalent function with positive real part satisfying h(0) = 1. On
certain occasions, for example in Theorem 3.4, we would additionally require that
Reh(z) > 1 — (1 — «)/p, where 0 < a < 1. Multivalent functions starlike and

convex with respect to n—ply points are given below:

Definition 3.1 Let n > 1 be an integer, €" = 1, and € # 1. For f(z) = 2P +
pIya ak+pzk+p € Ap, define the function f, € Ay, with respect to n—ply points

by

-1
1 ,_
fn(z) = - § :e" pkf(ekz) = 2P 4 apn Pt +ap+2nzp+2” o

k=0
Definition 3.2 The class ST} (h) consists of functions f € Ap satisfying fn(z)/2P

# 0 in U and the subordination

1zf'(2)
p fn(2)

< h(z).
Denote by STy, 4(h) the class

STy (h):={feAy:frgeSTy(h)}.
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Similarly, CVyj(h) consists of functions f € Ap satisfying fhz)/ P~V 40 inU

and the subordination

and

CVpg(h) = {feAy:frgelVy(n)}.

Remark 3.1 Forn =1, the classes S’Tzlj,g(h) and CVZl,,g(h) were studied by Supra-

maniam et al. [127].

Evidently when g(z) = 2P/(1 — 2), the classes ST}, ;(h) and CVy; ,(h) reduced
respectively to the classes ST})(h) and CVjj(h). Thus these new classes of p-valent
starlike and convex functions with respect to n-ply points unify the classes & Tg(h)
and CVi(h). Note that for n =1, ST)(h) := STp(h) and CV,(h) := CVy(h).

It is clear that STZZQ,(h) = CV} 4(h). Interestingly the property that every
convex function is necessarily starlike remains valid even for multivalent functions

with respect to n-ply points. Indeed the following result holds:

Lemma 3.1 Let g be a fized function in Ay, and h a conver univalent function

having positive real part with h(0) = 1.
(i) If f € ST 4(h), then fn € STp g(h).
(i) The function f € CV} 4(h) if and only if zf'/p € ST} 4(h).

(iti) The inclusion CVy 4(h) C STy ,(h) holds.

Proof. 1t is sufficient to prove the result for g(z) = 2P /(1 — z).
(i) Let f € ST}(h). For any fixed z € U,

1:7()
P fn(2)

e h(U). (3.1)
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Replacing z by €¥z in (3.1), it follows that

In light of the fact that
fu(e"z) = & fu(2),

the containment (3.2) becomes

1eF=P) 5/ (k)
2_9 fn(2) < h).

Since h(U) is convex, it follows that

1231 F1=D) 5 (b 2)

— — € h).

n k:Op fn(2)

Using the identity
1 _
fulz) = =3 U (k).

it is seen that (3.4) becomes

1zf3(2)
p fn(2) € hll).

Thus
12£(2)
p fn(2)

< h(z2),

that is, f, € STp(h).

(ii) Since (zf'/p)n(2) = zf},(2)/p, it is evident that
(Zf/>/ (z) 17 <%zf,> (2)

) (B2fa(z)

=
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Thus f € CV}(h) if and only if 2f /p € STR(h).

(iii) Let f € CVj(h). Then part (ii) shows that zf,/p € 8T(h). We deduce from
part (i) that (zf//p)n € STy(h). From (zf//p)n = zf;L/p, part (ii) now shows
that f, € CVp(h). Since CVp(h) is subset of ST (h) [127, Theorem 2.1], it follows
that f,, € STp(h), and because h is a function with positive real part, the function
fn is starlike.

Define the functions T and S by
L
T(z) := 5zf (z) and S(z):= fu(z).

Since the function S is starlike and

Theorem 3.1 implies that

whence f € ST (h). I

Ruscheweyh and Sheil-Small [114] proved the Polya-Schoenberg conjecture
that the classes of convex functions, starlike functions and close-to-convex func-
tions are closed under convolution with convex functions. In the following theorem,
this result is extended for the convolution between prestarlike functions and mul-

tivalent functions with respect to n-ply points.

Theorem 3.4 Let h be a convexr univalent function satisfying the condition

1l—«
p

Reh(z) > 1— (0<a<l),
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and ¢ € Ap with ¢/zP~1 € R,.
(i) If f € ST} 4(h), then ¢xf € ST} 4(h). Equivalently, ST} ,(h) C ST;}’g*(b(h).
(ii) If f € CVy; 4(h), then ¢x f € CV}; 4(h). Equivalently, CVy; ,(h) C CVng*(b(h).

Proof. (i) Let f € ST};(h). From Lemma 3.1 (i), it follows that fn, € STp(h).

The function v, defined by

2p—1

is analytic and satisfies

Wh() | 2fe)
Yn(2) fn(2)

—(p—-1)=<ph(z) = (p—1).

Since Reh(z) > 1 — (1 — «)/p, it follows that

2 (2)

Re ———= > a,

Yn(2)

and hence 1, € ST (). Define the function H by

_1zf'(2)

H(z) = p fn(2) .

Since H < h and h is convex, an application of Theorem 3.3 shows that

Leox )(e) _ 952l (oxHENG)
PO Duz)  0E*fald) (@5 f)(E) |

and thus ¢ * f € ST} (h).

The general result for f € ST} ,(h) follows from the fact that
fe8Ty,(h) & frgeSTyh).

(ii) Now let f € CV} ,(h) so that zf,/p € 8Ty 4(h). The result of part (i) yields
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(zf' /p)xdp=2(fx9)/p€ STy 4(h), and thus ¢ x f € CV} (h). 1

Close-to-convex and quasi-convex multivalent functions with respect to n—ply

points are defined as follows:

Definition 3.3 The class CCV}j(h) consists of functions f € Ap satisfying the

subordination
1:7(2)
p Cbn(z)

for some ¢ € ST(h). The general class CCVy ,(h) then consists of functions

< h(z)

f € Ay satisfying the subordination

L0 NGy

p (9% )n(2)

for some ¢ € ST} ((h). The class QCVy;(h) consists of functions f € Ay satisfying

the subordination

1 (") (2)
p e M)

for some ¢ € CV}j(h), while the class QCV) ,(h) consists of f € Ap such that

1(z(9+ ) (2)
p (gx9)(2)

< h(z)

for some ¢ € CV} ,(h).

Lemma 3.2 Let g be a fized function in Ap, and h a convex univalent function

with positive real part satisfying h(0) = 1. Then
(i) CVp 4(h) C QCVy 4(h) C CCVy 4(h),
(ii) f e QCVE (h) if and only if zf /p € CCVIL ,(h).

Proof. (i) By taking ¢ = f, it is evident from the definition that CV} ,(h) C

QCV} 4(h). To prove the second inclusion, suppose that f € QCVy  (h). Then
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there exists ¢ € CV}) ,(h) such that

(g% 1)) ()

1
T O

Since ¢ € CVy 4(h), it follows that (gx¢), € CVp(h) which is subset of ST, (h) [127,
Theorem 2.1]. Thus (g * ¢)n, € ST p(h). The result now follows from Theorem 3.1
with

Lo )Y (2) and S(2) = (g% &)n(2).

T(z) = 1_72

(ii) Here the proof follows from the identity

and Lemma 3.1 (ii). 1
Theorem 3.5 Let h and ¢ satisfy the conditions of Theorem 3.4.

(i) If f € CCVy 4(h) with respect to a function fi € ST}, 4(h), then ¢ x f €
CCV} 4(h) with respect to the function ¢ * f1 € ST} ,(h). Also CCV} 4(h) C

CCVZ79*¢(h).

(ii) If f € QCV} 4(h) with respect to f1 € CVy, 4(h), then ¢ f € QCVy ,(h) with

respect to ¢ * f1 € CV 4(h). Also QCV} ,(h) C QCVZgw(h).

Proof. (i) Tt is sufficient to prove the result for the case g(z) = zP/(1 — z). Let
f € CCV}(h) with respect to a function f1 € ST}j(h). Theorem 3.4 yields ¢ f1 €
STy(h), and Lemma 3.1 (i) gives (f1)n is in ST p(h). Also it is easy to see that

the function (f1)n/2P~! € ST (a). Now define the analytic function H by

1:7)
p(fi)n(z)

H(z):
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Since H(z) < h(z), an application of Theorem 3.3 shows that

10 f)(2) _ 9C)52')  (6x HUDWE) h2)
p(¢x fi)n(2)  0(2) * (f)nlz) (&% (f1)n)(2) '

This completes the proof of part (i).
(i) If f € QCV) 4(h), then Lemma 3.2 (ii) gives zf'p e CCVy, 4(h). Since

L ! = 2*12/2’
So9x 1) (2) = 0(2) 52 (2),

the result of part (i) shows that z(¢ * f)'/p € CCV} ,(h). From Lemma 3.2 (ii),
o * f € eV, (h). I

3.3 Multivalent Functions with Respect to n-ply Symmetric Points

In this and the following two sections, it is assumed that p is an odd number.
Also, the function g € A is a fixed function and the function A is convex univalent
with positive real part satisfying h(0) = 1. The classes of multivalent functions
that are p—valent starlike and p—valent convex with respect to n-ply symmetric,
conjugate, and symmetric conjugate points are introduced, and their convolution

properties discussed.

Definition 3.4 For odd positive integer p , the class STSg(h) consists of func-

tions f € Ay satisfying (fn(2) — fu(—2)) /2P # 0 inU and the subordination

1 2:f(2)
p fn(2) = fa(=2)

< h(z).
Denote by STS}; 4(h) the class

STS), 4(h) == {feAy: fxgeSTS)(h)}.
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Similarly, CVS}(h) consists of functions f € Ap satisfying (fT/L(z) + fT/L(—z)) /2P

# 0 in U and the subordination

and

CVST (h) == {f € Ap: fxg€CVSE(h)}.

In the special case n = 1, we shall adopt the following usual notations:

STSzlo,g(h) =: ST Spg(h) and CVS}Q,g(h) =: CVSpg(h).

Remark 3.2 When p = 1, these two classes were investigated by Ravichandran
[101]. We also took note that these classes reduced to the classes studied in [100]

whenn =1 and g(z) = z/(1 — z).

Lemma 3.3 Let g be a fived function in Ap, and h a convex univalent function

with positive real part satisfying h(0) = 1.
(i) If f € STSy 4(h) and F(z) == (f(2) — f(=2))/2, then Fy, € ST g(h).
(i) If f € STS} 4(h), then fn € STSpq(h).

(ii) The function f € CVSy ,(h) if and only if zf//p € STSy 4(h),

() The inclusion CVSy, 4(h) C STSy ,(h) holds.

Proof. Again it is enough to prove the results for g(z) = 2P /(1 — z).
(i) Let f € STSy(h). For any fixed z € U,

12f(2)
p Fn(2)

€ h(U).
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Replacing z by —z and taking the convex combination of these two expressions, it

readily follows that

L (0, Gy 1P

2p \ Fn(2) Fo(—=2) ) p Fu(2)

This shows that the function F' € S7(h) and Lemma 3.1 (i) now yields Fy, €
ST p(h).
(i) Replacing z by €z in

1 2:f(2)
p fn(2) = fu(=2)

< h(u)v

and using (3.3) and (3.5), it follows from the convexity of h(U) that

1 2 11 2
pfn(z) - fn<—Z) n = pfn(EkZ) _ fn(_EkZ) S h(Z/{)

Thus f, € STSp(h).

(iii) Since (2f'/p)n(—2) = —zf} (=2)/p, it is clear that

1 2 (zf’)/ (2) 1 22(%2]“')’(2)
P I+ Ta(=2) P (E2fn(z) = Gz a(—2)

Thus f € CVS}(h) if and only if zf'/p € STSy(h).

(iv) Let f € CVSy(h) and F(z) := (f(z) — f(—=2))/2. The result in part (iii)
shows that zfl/p € STSy(h). Hence, by part (i), (zF//p)n € STp(h). Since
(zF,/p)n = ZF,/L/p, Lemma 3.1(ii) shows that F, € CVp(h). So it follows from
Lemma 3.1(iii) that F, € STp(h). Since h is a function with positive real part,
we deduce that the function F}, is starlike.

Now let T'(2) := zf'(z)/p and S(2) := (fn(2) — fu(=2))/2 = Fy(z). Since
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f e Ccvsi(n),

T 1 2E0E
: .

§'(z)  pIh() + fa(=2)
Since S is starlike, the above subordination together with Theorem 3.1 implies

that
1) T
p fn(2) = fa(=2) S(z)

and hence f € STSy(h). I

< h(z),

Theorem 3.6 Let h and ¢ satisfy the conditions of Theorem 35.4.

(i) If f € STS, (h), then ¢ x f € STSy 4(h). Equivalently, STS} ,(h) C
STSZ,g*cé(h)'

(i) If f € CVSy4(h), then ¢ x f € CVSy 4(h). Equivalently, CVS} ,(h) C

CVSZ,9*¢<h)'

Proof. 1t is enough to prove the results when g(z) = 2P /(1 — z).
(i) Define the functions F' and H by

_1z2f'(2)

F(z):= =)

(f(2) = f(=2)) and H(z)

Lemma 3.3 (i) shows that Fj, € ST,(h). Since h is a convex function with

Reh(z) > 1— (1 —a)/p, it follows that

2Fy(2)

Re Fu(2)

>p—1+aq,

and whence the function Fj,(z)/2P~1 is starlike of order . Since H(z) < h(z),

Theorem 3.3 yields

1 2:(6 * ) (2) _ o(2) % 32f'(2) _GrHRE)
p (&% [ln(z) = (0% [la(=2)  &(2) * (fu(z) = fu(=2))/2 (¢ * Fn)(2) ’
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and thus ¢ * f € STSy(h).
(ii) If f € CVS}(h), Lemma 3.3 (iii) and the result of part (i) above yield

& * Z%zf' = %z(gb x f) e STS,(h).
Hence ¢ * f € CVS}(h). I

3.4 Multivalent Functions with Respect to n-ply Conjugate Points

Definition 3.5 For odd positive integer p , the class STCg(h) consists of func-
tions f € Ap satisfying (fn(z) + fn(2)> /2P # 0 inU and the subordination
1 22f'(2)

—_—_— hZ
P+ Ta) )

Denote by STC}, ,(h) the class
STCZ’g(h) = {f cAp: frge STCﬁg(h)} )

Similarly, CVCy(h) consists of functions f € Ap satisfying (f,'l(z) + fﬁ(?)) /P71
# 0 in U and the subordination
1 2 (zf’)/ 2)

——— < h(z2),
RGN

and

CVCy 4(h) = {feAy: fxge CVCZ(h)} :

For n = 1, we adopt the following notations: S’TC]l%g(h) =: S§TCp 4 and CVC},,g(h) =:
CVCyp.g(h).

Remark 3.3 Ravichandran [101] investigated these two classes for p = 1. These

classes reduced to the classes studied in [100] when n =1 and g(z) = z/(1 — z).
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Lemma 3.4 Let g be a fized function in Ay, and h a conver univalent function

with positive real part satisfying h(0) = 1.
(i) If f € STCI (h) and F(z) = ( £(2) + ﬁ) /2, then F, € ST 4(h).
(1) If f € STCp 4(h), then frn, € STCpg(h).

(iii) The function f € CVCL ,(h) if and only if 2f /p € STCL ,(h).

() The inclusion CVC} 4(h) C STCy; 4(h) holds.

Proof. Again it is enough to prove the results when g(z) = 2P /(1 — z).

(i) Since Fu(2) = (fu(2) + fn(2))/2, if f € STCE(R), then

12/'(2)
p Fn(z2)

€ h(U)

for any fixed z € U. Thus

1 (zf’(z) +m> _ 1P h(U).

2p \ Fu(2) F,(2)) ] p Ful(?)

This shows that the function F' € ST7;(h) and by Lemma 3.1 (i) it follows that
Fy € STy(h).

(ii) Replacing z by "2 in

12206
P fn(2) + fn(Z) 7

and using (3.3) and (3.5), it follows from the convexity of h(Uf) that

1 2zff(z) 1 =g 2eb 2 f! (k)

€ h(U).

Pha(2) + Fa®) 1P fu(ekz) + fule F2)
Thus f, € STCp(h).
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(iii) Since

1 1
—zf’) zZ) = —zfl(Z),
( ()= ST
it follows that

1 2 (zf’)/(z) 1 22(%@“)/(2)

PIGE TG PLef () + T @)
Thus f € CVCy 4(h) if and only if zf'p e STCy 4(h).
(iv) If f € CVCE(h), then part (iii) gives zf /p € STCR(h). With F(z2) = (f(2) +

f(2))/2, it follows from part (i) that

n

Loy ) (G e)
2 F =
(o), ;
52fn + 52In(?)
2
_ %ZF,’L € ST,(h).

Lemma 3.1(ii) now gives Fj, € CVp(h), and so Fy, € STy(h). Thus F, is starlike.

Next let T'(2) := zf'(2)/p and S(2) := (fn(2) + fn(%))/2 = Fu(2). Since

and S is starlike, Theorem 3.1 shows that

Lnfe) TR,
VI e S M)

whence f € STC} ,(h). 1

Theorem 3.7 Let h and ¢ satisfy the conditions of Theorem 3.4 and ¢ has real

coefficients.
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(i) If f € STCp g, then ¢xf € STCP 4 (h). Equivalently, STCp o (h) C STC}! . (h).

(ii) If f € CVCy 4(h), then ¢ x f € CVC} ((h), and CVCy ,(h) C CVCZ’Q*QS(}L).

Proof. (i) Let f € STC}(h).Define the functions F'(2) and H(z) by

f2) + f(2) _12f'(2)
2

a 1_3 Fn(2)

F(z) = and H(z)

Using Lemma 3.4, and proceeding similarly as in the proof of Theorem 3.6, it

can be shown that the function Fy,(z)/2P~! is starlike of order o, where Fj(z) =

(fn(2) + fn(2))/2.
Since H(z) < h(z) and because ¢ has real coefficients, Theorem 3.3 yields

1 22(¢ * f)’(z) _ P(z) * %zf’(z) _ (¢ HF)(2) < h(z)

P@x D@ +xDn)  6(2)« (ful2) + 7@ /2 ©@*F)E)

or ¢« f € STCy(h).
(ii) If f € CVC} 4(h), it follows from Lemma 3.4 (iii) that zf'/p € STC} ,(h). By

part (i), it is now evident that
Lo 1 / n
¢ —zf =—z(¢x f) ESTCpg(h)a
p p ’
and thus we deduce that ¢ * f € CVCy ,(h) from Lemma 3.4 (iii). 1

3.5 Multivalent Functions with Respect to n-ply Symmetric Conjugate

Points

Definition 3.6 For odd positive integer p , the class STSCS(h) consists of func-

tions f € Ap satisfying (fn(z) - fn(—3)> /2P #0 inU and the subordination

E ZZJUL < h(z).
P fn(z) = fn(=%2)
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Denote by STSCy ,(h) the class
STSCy ,(h) :=={f € Ap: f+geSTSCy(h)}.

Similarly, CVSCy(h) consists of functions f € Ap satisfying <f,’L(z) + fﬁ(—?)) /2P

# 0 in U and the subordination

and

CVSCy 4(h) = {f € Ap: f+g € CVSCy(h)}.

The following usual notations STSC}%g(h) :=8TSCp g(h) and CVSC}%g(h) =
CVSCp g(h) are used for the case n = 1.

Remark 3.4 The above two classes were investigated by Ravichandran [101] for

p = 1. Ewvidently, these classes reduced to the classes studied in [100] when n = 1

and g(z) = z/(1 — 2).

The following two results can readily be established by proceeding analogously
as in the proofs of Lemmas 3.3 and 3.4, and Theorems 3.6 and 3.7. We omit these

proofs.

Lemma 3.5 Let g be a fized function in Ap, and h a convexr univalent function

with positive real part satisfying h(0) = 1.

(i) If f € STSC} 4(h) and F(2) := (f(2) — f(=%))/2, then Fy, € STp4(h).
(i) If f € STSCy 4(h), then fn € STSCpg(h).
(iii) The function f € CVSCy ,(h) if and only if zf'/p € STSCy 4(h).

() The inclusion CVSCy ,(h) C STSCy ,(h) holds.
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Theorem 3.8 Let h and ¢ satisfy the conditions of Theorem 3.4 and ¢ has real

coefficients.

(i) If f € STSCY.,, then ¢+ f € STSCE ,(h).

(ii) If f € CVSCy 4(h), then ¢ * f € CVSCy 4(h).
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CHAPTER 4
CLOSURE PROPERTIES OF OPERATORS ON MA-MINDA TYPE
STARLIKE AND CONVEX FUNCTIONS

4.1 Two Operators

As mentioned in Section 1.5, p. 26, Chandra and Singh [36] proved that the

integral

1 M/}
/f ) = IO g (£ 5,0 < i < 2m)

(et — e“/’)C
preserves membership in the classes of starlike, convex and close-to-convex func-

tions. This integral operator has been generalized in the following manner:

Definition 4.1 For a; > 0 and f; € A, define the operators F' : A" x 0w — A
andG:A”fo%Aby

ﬁ (fg(22C) f;(210)

Oéj .
F(2) = Ffyo g n(2) = /O ) iC (21,2 €10,

il (22 —21)C
(4.1)
)= N s o (filz2z) = fi(a12)\ T
G(z) = GfL..-,fn;Zl,ZQ( )= ]1—[1 ( (72 — 21)2 ) (21,22 €U). (4.2)

Here the powers are chosen to be principal. It is clear that G(z) = zF'(z). With

F and G as above, define the classes Fy, and Gy, respectively by

Falftsos fn) = {Ffy o friznz : fj € A 21,20 €U, (4.3)

and

gn(fla >fn) = {Gfl,m,fn;zl,zg : fj S Aa 215 %2 € Z{} . (44)

In the case n = 1, it is assumed that oy = 1 in (4.1) and (4.2), and we write

F(f) = F1(f) and G(f) := G1([f) respectively.
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Ponnusamy and Singh [97] introduced the operator F in (4.1) and investigated
its univalence. In this chapter, membership preservation properties of the opera-
tors F' and G on the subclasses of starlike, convex and close-to-convex functions
will be investigated. We shall also make connections with various earlier works.

The following lemma will be required.

Lemma 4.1 [72] Let G be analytic, and H convex univalent in U. If the range

of the function G'/H' is contained in a convexr set A, then so do the values

(G(22) = G(21)) / (H(22) — H(z1)) for 21,22 € U.
This lemma yields the following immediate result:

Lemma 4.2 Let ¢ be a convex function with p(0) =1 and 21,29 €U. If f € A

satisfies the subordination f'(2)/q'(2) < p(2) for some g € CV, then

f(z02) — f(212)
9(222) — g(212)

< @(z).

4.2 Operators on Subclasses of Convex Functions

Theorem 4.1 For j = 1,2,...,n, let aj > 0, 0 < B; < 1 and v := 1 —
>jm1ai(1 = B;). For f; € A, let F' and G be given by (4.1) and (4.2) re-
spectively. If f; € CV(B;), then F € CV(y) and G € ST (). In particular, if
Z?:l aj(1—=p3;) <1, then F €CV and G € ST.

Proof. Let f; € CV(B3;) so that

GG
T

211(2)
e

< 0g,(2), (45)

where vg; U — C is the convex function defined by

1+(1—2ﬁj)z
1—2z '

pp;(2) =
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For 0 < 3; < 1, ©B; (U) is the half-plane Rew > 3; and hence ©B; (U) is a convex
domain. Since f; is a convex function, Lemma 4.2 applied to the subordination

(4.5) yields
22fj(22) — 212fj(212)

Lo =Tz )

Zszj'.(ZQ,z) — zlzf]'»(zlz) _
Re( Ji 27— F17) ) s o)

A differentiation of (4.1) yields

lj <fj 292) fj(212)>aj7

29 — 21)

or equivalently,

and differentiating logarithmically shows that

2F'(z) - . - . Z2Zf]/'(z2z) - lefj/'(zlz)
T (1 leaj)Jrjzlaj ( 79 = (1) . (4.7)
It follows from (4.7) by using the inequality (4.6) that F' € CV(7):
F(2) s e o [(22f(e2) - mzf(a12)
1+ Re ) (1 jzzlaj)—l—j221% Re < 7iG27) = 13 (12)
> (1 —Zaj) +Za3ﬁj
j=1 j=1
= ’y'

The result that G € ST (v) follows from the fact that zF”(z) = G(z) and that
FecCV(y). 1

Interesting special cases of Theorem 4.1 are obtained in the following results.

Corollary 4.1 Let 0 < g < 1. Forj=1,2,...,n, letaj >0 and y:=1— (1 -
)Z; Laj. For fi € A, let I be given by (4.1). If f; € CV(B), then F € CV(y)
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and G € ST (7). In particular, if 2?21 aj <1, then F € CV(B) and G € ST ().

n

Corollary 4.2 Forj=1,2,...n,leta; >0, 0<8; <landy:=1- 3 a;(1-
=1

B;). For f; € A, let Fn(f1,..., fn) and Gn(f1, ..., fn) be given by (4.8) and (4.4)

respectively. If f; € CV(B;), then
Falft, s fr) CCV(Y) and Gu(f1, ..., fn) € ST (7).
In particular, if fl a;(1— B;) < 1, then
=
Fn(fi, oy fn) CCV and Gn(f1, ..., fn) C ST.

Also if f € CV(a), 0 <a <1, then F(f) C CV(a) and G(f) C ST ().

Corollary 4.3 [36, Theorem 2.1, p. 1271 and Theorem 2.4 p. 1273] Let 0 < o < 1.
If f(2) € CV(a), then G(f) C ST (a) and F(f) C CV(«).

Corollary 4.4 [121] If f € CV, then [;(f(t) — f(—t))/(2t)dt € CV.

4.3 Operators on Subclasses of Ma-Minda Convex Functions

For j=1,2,...,n,let a; >0,0< 3 <1 and Z?:laj = 1. For f; € A, let F be
given by (4.1). By Corollary 4.1, if f; € CV(8), then F' € CV(§3). This result is

next proved in a more general setting:

Theorem 4.2 For j=1,2,...,n, let a;j > 0 and Z?:l a; < 1. Let ¢ be convex
in U with positive real part, and normalized by p(0) = 1. If f; € CV(p), then F
given by (4.1) satisfies F' € CV(p), and G given by (4.2) satifies G € ST ().

Proof. Let f; € CV(p) so that




Since ¢ is a function with positive real part, it follows that

"
1 +Rem > 0,
fj(z)

and hence f; is a convex function. As shown in the proof of Theorem 4.1,

Lemma 4.2 yields
22fi(222) — 212fj(212)

fi(202) — fj(212)

< ¢(2),
or for any fixed z € U,

22fj(222) — 212fj(212)

[i(z22) — fi(212)

€ pU).

Since ¢ is convex, and 1 = ¢(0) € ¢(U), the convex combination of n+ 1 complex

numbers
22} (22) — 212fj(212)

1
T fi(z22) = fi(212)

is again in o(U):

(1— Xn: a;)(1) + i a; (Zszj(ZQZ) - Zlij(le)) € pU).

J=1 j=1 fi(z22) — fj(212)

1-3e+ Yoo (TR <ot

In view of (4.7), the above subordination becomes

2F"(2)
F'(z)

1+ < p(2),

which proves F' € CV(y). 1

Corollary 4.5 Let ¢ be convex in U with positive real part, and normalized by
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0(0) =1. If f € CV(p), then

fZ2C (21€) dc e CV(y) and f(z22) — f(212)

22_31 22 — %1

€ ST (p).

Corollary 4.6 For j =1,2,...,n, let a;j > 0 and Z?:l a; < 1. Let ¢ be convex
in U with positive real part, and normalized by p(0) = 1. If f; € CV(p), then
Fn(f1, - fn) CTCV(p) and Gn(f1, ..., fn) C ST (p). In particular, if f € CV(p),
then F(f) C CV(¢) and G(f) C ST (¢).

4.4 Operators on Subclasses of Starlike and Close-to-Convex Functions

In this section, we shall devote attention to the following special case of the oper-

ator F':

/ f(220) — ZlC) i,

22_21

Theorem 4.3 Let ¢ be convexr in U with positive real part, and normalized by

0(0)=1. If f € ST (p), then F1 € ST (p).

Proof. Since f € ST (y), there exists a function g € CV(p) such that f(z) =

zg'(2). In fact, such a function g satisfies

)_/Ozf(?é)

Using this identity, it follows that

(laf < 1).

[ 10 110) o _ sl —orz)

752_21 2 — %1

Since g € CV(yp), Corollary 4.5 shows that

g(292) — g(212) € ST(p)

22 — 21
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and hence F| € ST (). 1

Corollary 4.7 Let ¢ be convex in U with positive real part, and normalized by

0(0) =1. If f € ST (), then F(f) C ST (¢).

Corollary 4.8 [36, Theorem 2.3, p. 1273] Let 0 < a < 1. If f(z) € ST («v), then
F(f) Cc ST ().

Corollary 4.9 [121] If f € ST, then [5(f(t) — f(—1))/(2t)dt € ST

Definition 4.2 Let ¢ and ¢ be convex functions with positive real part and nor-
malized respectively by ¢(0) = 1 and ¥(0) = 1. The class CCV(p, 1)) consists of

functions f € A satisfying the subordination

i) ()
where h € CV(¢).

For 0 <a,7 <1, let oo :U — C and 9 : U — C be defined by

1+ (1-2a)z
B 1—-=2

1+ (1-27)2
N 1—z ‘

va(z) . Yal2)

In this case, the class CCV(p, ) reduces to the familiar class of univalent close-

to-convex functions of order o and type 7:

f'()
h'(2)

CCV(a, 1) := {feA:Re( >>a, hECV(T)}.

In this form, the class CCV,, investigated by Pommerenke [92] becomes a special

case of CCV(p, 1), that is,

«
ccva:ccv«l“) ,HZ).
1—=2 1—=z2

74




The following closure property for the class CCV(¢, 1) contains a result of Pom-

merenke [92].

Theorem 4.4 If f € CCV(p, 1)), then F| € CCV(p,1)).

Proof. 1If f € CCV(p,1), then there exists a function h € CV() such that

Corollary 4.5 yields

7 (=) — h(x10)
Hi(z) == /0 e eovw)

Since Re(z) > 0, the function h is convex. It follows from Lemma 4.2 that

f(z22) — f(212)
h(z9z) — h(z12) <¢2)
Since
F1(2) _ f(222) = f(212)
H{(z)  h(zz) — h(z12)’
we deduce that F| € CCV(p, ). |

Corollary 4.10 If f € CC(p, %), then F(f) C CC(p, ). In particular, for 0 <
a, 7 <1, if feCC(a,T), then F(f) C CC(a,T).

Corollary 4.11 [36, Theorem 2.6, p. 1274] Let 0 < a,7 < 1, if f € CC(a,T),
then F(f) C CC(a, 7).

Corollary 4.12 [121] If f € CCV with respect to the convexr function h, then
F(f) =[5 (f(t)= f(=t))/(2t)dt € CCV with respect to the convex function H(f) =

JE(h(t) — h(—t))/(2t)dt.
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CHAPTER 5
STARLIKENESS OF INTEGRAL TRANSFORMS VIA DUALITY

5.1 Duality Technique

For # < 1, the class R(() defined in Section 1.6, p. 29, consists of functions f
satisfying
Re (f'(2) +2f"(2)) > 8 (2 €U).

Ali [6] conjectured that for fy = —(2log2 — 1)/2(1 — log2) = —0.629, the class
R(By) € ST, and that fy is the best estimate. Fournier and Ruscheweyh [48]

proved that Ali’s conjecture was true. As the implication

Re(f'(2)+ 2f"(2) > B= fe ST

is equivalent to V(f) € ST whenever Re (f'(z)) > 3, where V : A — A is given
by

1 4
V(f)() = /O I2) 4,

t

Fournier and Ruscheweyh [48] introduced a more general operator V) : A — A

given by

/ (iz)dt, (5.1)

1
F(z) = Va(f)(2) = /0 At

where ) is a non-negative real-valued integrable function satisfying the condition
fol A(t)dt = 1. Using the Duality Principle [110,113], they proved starlikeness of

the linear integral transform V) over functions f in the class

P(G) == {feA:EIgbeRwith Ree' (f'(z) — B) > 0, zEL{}.
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In a recent paper, Miller and Mocanu [76] determined conditions on the kernel

function W so that the function f defined by

fz) = /01 /01 W(r, s, 2)drds

is starlike. Ali et al. in [7] considered a different kernel W. They considered

functions f € A given by the double integral operator of the form

1 rl
f(z) = /0 /0 G (zths”)t™ s Vdsdt.

Under this instance, it follows that

f'(z) = /01 /Olg(zt“sy) dsdt,

where G’ = ¢. Furthermore, this function f satisfies a third-order differential

equation of the form

')+ azf"(z) + 722" (2) = 9(2)

for appropriate « and «. For particular cases of a convex function h, Ali et al. [7]
investigated starlikeness properties of functions f belonging to the class R(a,, h)

defined by
R(a,~y,h) = {f e A: fl(2) +azf"(z) + 122 f"(2) < h(z), z¢€ Z/{} .
In the special case when the function A given by
(1-206)z

h(z) = hﬁ(z) =1+ TZ (ﬁ < 1),
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the class R(a, v, hg) reduces to the class

R(a,v,B) = {f € A:Re <f/(z) +azf’(2) +’yz2f”’(z)> >3, z¢€ Z/l}.
Fora>0,v>0and § < 1, let

Ws(a,v) = {f € A: 3¢ € R with Ree'® ((1 —a+ 2@@
: (5.2)

+(a—29)f"(z) +v2f"(z) = B) > 0,z e U}

The class Wg(a,v) is closely related to the class R(a, 7, 3). It is evident that
f € R(a,~,p) if and only if zf lies in a subclass of Ws(a,v) where ¢ = 0.
Recently, Kim and Rgnning [63] investigated starlikeness property of the integral

transform (5.1) for functions f in the class

Pa(B) :==Ws(a,0) = {f € A: 3¢ € R with

Re ¢! ((1 —a)@ +af(2) —6) >0,z eu}.

In 2008, Ponnusamy and Regnning [96] discussed this problem for functions f in

the class

Ry(B) :==Wg5(1+2v,7) ={f € A:3¢$ € R with

Re ¢/ (f'(z)+v2f"(z) = B) >0, z € Z/{} :

In this chapter, the Duality Principle is used to investigate the starlikeness of
the integral transform V) (f) over the class Wg(a, 7). The results obtained ex-
tend earlier works of Fournier and Ruscheweyh [48], Kim and Renning [63], and
Ponnusamy and Rgnning [96].

Interestingly the general integral transform V) (f) in (5.1) reduces to various
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well-known integral operators for specific choices of A\. For example,
Alt) == (14 0)t° (¢>-1),

gives the Bernardi integral operator, while the choice

= i og S (0> -1, p20)

gives the Komatu operator [66]. Clearly for p = 1 the Komatu operator is in fact
the Bernardi operator.

For a certain choice of A, the integral operator V) is the convolution between a
function f and the Gaussian hypergeometric function F'(a,b;c; z) := o F(a, b; ¢; 2),

which is related to the general Hohlov operator [49] given by

Heypo(f) = 2F(a,b;¢;2) « f(2).

In the special case a = 1, the operator reduces to the Carlson-Shaffer operator [33].

Here 9F(a,b;c; z) is the Gaussian hypergeometric function given by the series
a)n (b
Z—( Jn )nz” (zel),

where the Pochhammer symbol is used to indicate (a), = a(a+ 1),—1, (a)g = 1,
and where a, b, ¢ are real parameters with ¢ # 0, —1,—-2--- .

In Section 5.2, the best value of § < 1 is determined that ensures V) (f)
maps Wﬁ(a, 7) into the class of normalized univalent functions S. Additionally,
necessary and sufficient conditions are determined that ensure V) (f) is starlike
univalent over the class Wg(a,v). In Section 5.3, easier sufficient conditions for
VA(f) to be starlike is found, and Section 5.4 is devoted to several applications

of results obtained for specific choices of the admissible function A. In partic-
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ular, the smallest value § < 1 is obtained that ensures a function f satisfying

Re (f’(z) +azf’(2) + 722f’"(z)) > 3 in the unit disk is starlike.

5.2 Univalence and Starlikeness of Integral Transforms
First we introduce two constants p > 0 and v > 0 satisfying
pu+v=a—vy and puv=~-. (5.3)
When v = 0, then p is chosen to be 0, in which case, v = o > 0. When a = 1+ 2,
(5.3) yields uy+v=1+y=1+pv,or (u—1)(1—-v)=0.
(i) For v > 0, then choosing p =1 gives v = .
(ii) For y =0, then y=0and v = a = 1.

In the sequel, whenever the particular case o = 1 + 2+ is considered, the values of
w1 and v for v > 0 will be taken as = 1 and v = ~ respectively, while p = 0 and
v =1 = « in the case v = 0.

Next we introduce two auxiliary functions. Let

buatz) =14 Y2 DT D) 0 (5.4

and

wM,V(Z) = ¢;}/(Z) = 1+ Z (ny —|—T;;(_TL1,U/ + 1) &

_ / / dsdt (5.5)
1—t”s”z

)
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Here gb;}, denotes the convolution inverse of ¢, ;,, such that ¢, *gbﬁ)ly =z/(1-2).

If v =0, then =0, v = «, and it is clear that

n+1 L
—1 2" = —_—
Yo.alz +Zna+1 /0 (1 —toz)2

If v > 0, then v > 0, u > 0, and making the change of variables u = t¥, v = st

wl/v—1,1/p—1
——dudv.
w”’ ,uy// 1—uvz uew

Thus the function 1 can be written as

wl/v=1y1/p-1
/ / ———————dudv (v >0),

1—uvz

Yuw(z) = (5.6)

1
dt
| ey (=0 020

results in

Now let g be the solution of the initial value-problem

(5 Ll g1/t
= 1/0 <—2ds (v >0),

; v 1+ st)
L/ —
S (1 (1) . (5.7)
2+
EEREDE (v=0,a>0),

satisfying g(0) = 1. It is easily seen that the solution is given by

1 1/p—1,,1/v—1 —1)n¢n
dsdw —1=2 —1. (5.8
// (1+ swt)? S Z 1+/m 1+wvn) (5:8)
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In particular,

1t 1— st
gy(t)——/ sY12 % (v>0, a=1+2y),
0

v 1+ st

9 “1/a /t 7.1/04—1
t)=—t dr — 1 =0 0). 5.9
ga() a 0 (1+7_)2 T (’7 ’ a > ) ( )

Functions in the class Wg(«,v) generally are not starlike; indeed, they may
not even be univalent. Our central result below provides conditions for univalence

and starlikeness.

Theorem 5.1 Let p >0, v > 0 satisfy (5.3), and let < 1 satisfy

ﬁ - 1
5= /0 A(t)g(t)dt, (5.10)

where g is the solution of the initial-value problem (5.7) given by (5.8). If f €
Wga(a,7), then F'=Vy(f) € Wy(1,0) C S.
Further let

Ay(t) = /tl M2y > 0), (5.11)

/v

p

1
/ Ay(x)ml/”_l_l/“dm (v>0(u>0, v>0)),
t
I (t) = (5.12)

Aa(t) (v=0(p=0, v=a>0)),

\

and assume that 1/ A, (t) — 0, and tl/“HM’V(t) —0ast— 0. Let

hz)= > Z 7 =1, (5.13)
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Then

( 1 1/ -1 h(tZ) 1
Re/o I, ()t H ( o (1+t)2> dt >0 (v >0)

(5.14)

! 1/a—1 ( h(tz) 1 _
Re/o o o (1)t ( - (1+t)2> dt >0 (y=0).

L tz

if and only if F(z) = V\(f)(2) is in ST. This conclusion does not hold for smaller

values of [3.

Proof. Since the case v =0 (1 = 0 and v = «) corresponds to [63, Theorem 2.1],
it is sufficient to consider only the case v > 0.
Let
. f(2) / "
H(z) = (1 —a+2y)—=+ (@ =29)f(z) + 7217 (2).

z
Since v + p = a — v and uv =+, then

HZ) = (17— (o) T2 1 (0= 9) F2) +12"(2)

f(2)
— == I ) )+ (2)

= (l - 1) (% - 1) L) + (% - 1) P2 +vf'(z) + przf"(2)

14

_ Wzl—l/udi (Zl/u—l/V—H ((% B 1) Av=250) + Zl/u—lf/(z))>

z

_ Wzl_l/udiz <Z1/u—1/u+1i (Zl/u—lf(z)>) .

dz

With f(z) =z + Y 029 anz", it follows from (5.4) that

H(z) =1+ Y apg1(nv + 1)(np+1)2" = f/(2) * duu, (5.15)
n=1
and (5.5) yields
f1(z) = H(2) % ¢0(2). (5.16)
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Let g be given by
H(z)—p
1-38

Since Ree®g(z) > 0, from Theorem 1.23, without loss of generality, we may

9(z) =

assume that
1+ 2z2
1+yz’

9(2) =

[z =1, |yl =1 (5.17)

Now (5.16) implies that f/(z) = [(1 — 8)g(z) + 0] * ¢pv, and (5.17) readily gives

MZE/OZO _5)1+”’w+ﬁ)dww(z), (5.18)

z z

where for convenience, we write ¢ := 1, .
To show that F' € S, the Noshiro-Warschawski Theorem asserts it is sufficient

to prove that F”/(U) is contained in a half-plane not containing the origin. Now

F’(z)—/o1 LU /Olﬂdt*(u—m”“w)*wz)

1—tz 1—tz 1+yz
1 1+22
:/0 M) (t2)dt + ((1 e +6)

1+ xz
1+yz

-(/ A (1= Buie) + 9 it) s

It is known [113, p. 23] that the dual set of functions g given by (5.17) consists of

analytic functions ¢ satisfying ¢(0) = 1 and Re¢(z) > 1/2 in U. Thus

1 1
F' 40 <= Re /O AE) (1= B)o(t2) + B) dt >

1
= Re(1 - f) (/O AW (t2)dt + 1535_ 2(11—6)) > 0.

It follows from (5.10) and (5.6) that the latter condition is equivalent to

Re/o ((lw/ / 1?_1:;: 1dudv) - <1+2g(t))>dt>0. (5.19)
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Now

Re/ ((M / / 111/ v 1t/u 1dudv> — (1%‘(](0)> dt
A v —woiz)
> Re /O ((uv / / Uf;;}iu 1dudv> - (Hzg(t))) dt.  (5.20)

The condition (5.8) implies that

wl/v—1g1/p—1
/ / dsdw.
,uy (1 + swt)?

Substituting this value into (5.20) makes the integrand vanishes, and so condition

(5.19) holds. Consequently F'(U) C cog(U) with g given by (5.17) [113, p. 23],
[123, Lemma 4, p. 146], which gives Ree F'(z) > 0 for z € Y. Hence F is
close-to-convex, and thus univalent.

If f € Wg(a,v), a well-known result in [113, p. 94] states that

FEST@%(F*h)(z)%O (zel),

where
2(1+ 12)
he) = T2 =1

Hence F' € §7 if and only if

1 z
07 203G ) =1 ([ a0 aren)
_ /1 A®) o [ )
0 t

1—tz z z
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From (5.18), it follows that

/\
\
A~
’,'_T
E
[
+ |+
Qd%?
S
Q
~
IS
8
E
N
‘E\

it (1/0 ((1—ﬁ)1iw+ﬁ) ) ¥(2)
tz N G 0 ﬁzzd 165> 4Q
(/ Dt 125) 02 [} Tt 9

Hence

04 (1—B) (/01/\(25) G/Oz%d@dwlfﬁ)*izzw(z)

—Re(1- ) (/OIA(t) G/Ozhi%dw) dt+%) wi(z) > 3
Re(1— ) </01)\(t) <§/Oz%dw) dt+1fﬁ—2(11_ﬁ))*¢<z)>o
w)

——Re (/01/\(15) G/Ozhgfu) dw dt+1_ﬁ—2(1_5>> f(2) > 0.

Using (5.10), the latter condition is equivalent to

Re (/Olm) (2/;%@;—1%9(0) dt) £ (2) > 0.

86



From (5.5), the above inequality is equivalent to

0 < e /01 M) (i (nv + 1§?nu +1) thtzZ) - +2g(t)> dt
:Re/ (/ / 1 dndgcﬂ h(tz) B 1+2g(t)> dt
o 1—zn" tz
=re [ ([ [ M- )

which reduces to

1
/ (/ / 1 h(tzuw) 1/V—lvl/“_1dvdu _ 1+—g(t)> dt > 0.
j17% tzuv 2

A change of variable w = tu leads to

1 t
Re/ At) (/ / h(wzv) 1wt 1/u-1g, 0. t1/y1+9( )) dE >0,
o t1/v \Jo Jo wzv 2

Integrating by parts with respect to ¢ and using (5.7) gives the equivalent form

Re /1 Ay(t) /1 ht20) 1 jv1,1/n-1, —tl/V—l/l Sl/ids dt > 0.
0 o tlzv o (1+st)? -

Making the variable change w = vt and 1 = st reduces the above inequality to

1 t t . 1/u—1
Re / Ay(t)tl/’/—l/ﬂ—l / Mwl/ﬂ_ldw —/ il /M zdn | dt >0,
0 0 w2 0o (L+mn)

which after integrating by parts with respect to ¢ yields

1
Vp—1 (hz) 1
Re/o 0, (t)t ( ) 20

Thus F' € ST if and only if condition (5.14) holds.
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To verify sharpness, let [y satisfy

Bo
1 -5

_—/qmmmmt
0

Assume that 8 < fy and let f € Wg(a,v) be the solution of the differential

equation
1-a+2? 0@ 4 e =+ - BT
From (5.15), it follows that
_ — 2(1 — 5) n+1
ﬂ”_z+g%my+nmu+nz '
Thus
o _ - 2(1 B 5)7-71 n+1
G(2) =VA(f)(2) = 2+ Zl TECTE R
where 7, = fO t)t"dt. Now (5.8) implies that
B 1 (n+1)(=1)"7,
1—ﬁ0__/0 AD)g(0)d 1_22 (14 pun) 1+yn)
This means that
/ B B s (n+1)(=1)"m, 1 -3
G'(—-1)=1+2(1 5); T ) o) = 1 T <0.

Hence G’(z) = 0 for some 2z € U, and so G is not even locally univalent in U.

Therefore the value of  in (5.10) is sharp. 1

Taking v = 0 then 4 = 0 and v = «, the particular case Wg(«a,0) = Pq(f) is
given by Kim and Ronning [63]. Hence the following corollary can be obtained as

a special case.
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Corollary 5.1 [63, Theorem2.1] Let f € Wg(a,0) = Pa(B), a > 0 and 8 < 1,

with B satisfying (5.10) where

92 1/a /t Fl/a-1
t) = —t dr —1
gOé( ) a 0 <1+T)2 T )

and assume that tY/“A(t) — 0 as t — 0F. Let for any a > 0

U\ (z
Aa(t):/t %dm.

Then

Re /01 AotV 1(1) (h(m S )dt >0,

tz (1+1)2

where h(z) as defined in (5.13), if and only if F(z) = V\(f)(2) is in ST. The

conclusion does not hold for smaller values of 3.

Taking a = 1 in the above result the following corollary is obtained where Wﬁ(l, 0) =

P is the class considered by Fournier and Ruscheweyh [48].
Corollary 5.2 [48, Theorem?2] Let f € Wg(1,0) = Pg and 3 < 1,with

1
1—t

—_— = — At)——dt.

1-3 /0 Qhw

and

satisfies tA — 0 as t — 0. Then

Re/o1 A(%) (hgj) - <1jt)2) dt > 0,
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where h(z) as defined in (5.13) if and only if F(z) = V\(f)(z) is in ST. The

conclusion does not hold for smaller values of 3.

Note that y+v=a—-~vy=14+2y—vy =1+~ and puv =, hence p+v =1+ uv,
or (u—1)(1—-v)=0.

For v > 0, we have either y or v equal to 1, choosing = 1 gives v = v and

For v = 0, we have either u or v equal to 0, choosing = 0 gives v = a = 1.
Hence the following corollary is obtained for the class Wg(1 + 2v,7) = R+(3)

considered by Ponnusamy and Ronning [96].

Corollary 5.3 [96, Theorem2.2] Let f € Wg(1 + 2v,7) = R(8), v = 0 and

6 < 1,with
3 /1
_— = = At t)dt
i R RXOTIO
where
1 1l 1/y—11=st
g (1) = o st g (7> 0)
! = (v=0)
T+t T=Y)
Let
T A(s)
A~ () = d >0
'Y() /t' 81/7 S (7 )
and
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Then

Re/olﬂy(t) (hiiz) - (1it)2> dt >0,

where h(z) as defined in (5.13), if and only if F(z) = Vy\(f)(z) is in ST. The

conclusion does not hold for smaller values of 3.

5.3 Sufficient Conditions for Starlikeness of Integral Transforms

An easier sufficient condition for starlikeness of the integral operator (5.1) is given

in the following theorem.

Theorem 5.2 Let 11, and Ay be as given in Theorem 5.1. Assume that both
I, and Ay are integrable on [0,1] and positive on (0,1). Assume further that
w>1 and

1,0 (1)

1 2 is decreasing on (0,1). (5.21)

If B satisfies (5.10), and f € Wg(a,), then V\(f) € ST.

Proof. The function t1/#~1 is decreasing on (0, 1) when p > 1. Thus the condition

(5.21) along with Theorem 1.26 yield

1
Re/ L, , ()t (h(t'z) N )dt >0
0

tz  (1+1t2)

The desired conclusion now follows from Theorem 5.1. |

Let us scrutinize Theorem 5.2 for helpful conditions to ensure starlikeness of

VA(f). Recall that for v > 0,

I, ,(t) = A )y v 1 Vkay  and A (t) = Al
1,V _t v\Y)y Yy an V()_txl/’/x'
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To apply Theorem 5.2, it is sufficient to show that the function

p(t) = —1}” fg)

is decreasing in the interval (0, 1). Note that p(t) > 0 and

r'(t) Ay (1) 2t

= — + .
p(t) — AU, ) 12

So it remains to show that ¢/(t) > 0 over (0, 1), where

1—¢2

q(t) =Tl (t) — Ay()et/r=2"1n,

Since ¢(1) = 0, this will imply that p/(¢) < 0, and p is decreasing on (0,1). Now

(1) =10, (1) — 5 (1= )AL ()21

4 A () (=20) Y21 AL (1) (1 — £2) <% _9_ i) tl/z/—S—l/M)

1= sy, -1/ (1 1
= ——t ()\(t)t - (; —2- ;> Ay(t)) .

So ¢/(t) > 0 is equivalent to the condition

A@kz—A@ﬂU”+<%—2—%>Aﬂwgo. (5.22)

Since A(t) > 0 gives Ay(t) > 0 for t € (0,1), condition (5.22) holds whenever
I/v—2—-1/p<0,0rv>pu/(2u+1).

These observations will be used to prove the following theorem.

Theorem 5.3 Let A\ be a non-negative real-valued integrable function on [0,1].
Assume that Ay and 11, given respectively by (5.11) and (5.12) are both integrable

on [0,1], and positive on (0,1). Under the assumptions stated in Theorem 5.1, if
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A satisfies
1

o Ty B216>0) (5.23)
At) 3—1 (y=0, ae(0,1/3]U1,00)),

then F(z) = V\(f)(z) € ST. The conclusion does not hold for smaller values of
G.

Proof. Suppose p > 1. In view of (5.22) and Theorem 5.2, the integral transform
W\(f)(2) € ST for v > pu/(2u + 1). It remains to find conditions on x and v in
the range 0 < v < pu/(2p + 1) such that for each choice of A, condition (5.22) is
satisfied.

Now A(t) at t = 1 in (5.22) reduces to

A1) = —X(1) + (1 —2- —> Ay(1) = —A(1) < 0.

v 1t

Hence to prove condition (5.22), it is enough to show that A is an increasing

function in (0, 1). Now

fon -1 (1Y), 17— 1 1Y AQ@
A1) = ()t (1 V) (V ) M)tw

e (3)

and this is non-negative when t\(t)/A(t) <1+ 1/p.

In the case v =0, then =0, v = a > 0. Let

1
k(1) = Aa(D)tY 21 where Ay (t) = / /\S> dz.
t x/@

To apply Theorem 1 in [48] along with Theorem 5.1 the function p(t) = k(t)/(1—t?)
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must be shown to be decreasing on the interval (0, 1). This will hold provided

Since ¢(1) = 0, this will certainly hold if ¢ is increasing on (0,1). Now

(1%

d ) = S5 () - K ).

and

th" () — K (t) = AL (@)@ + 2 (l - 1) AL ()t o1y

«

(é _ 1) (é - 2) Aa(t)tt/ 2

— ALt/ - (l - 1) Aa(t)tt/ 2

= /a2 (Ag(t)ﬁ + AL ()t (% - 3)0; (é - 1) (é - 3) Aa(t)) .

Thus tk” (t) — k'(t) is non-negative if

AL ()82 + AL ()t (% - 3) + (é - 1) (l - 3) Aa(t) > 0.

(07

The latter condition is equivalent to

« « «

NV L Ayt Ye (3 - l) + (l - 1) (1 - 3) Aa(t) >0, (5.24)

Since An(t) > 0and (1/a—1)(1/a—3) >0 for a € (0,1/3]U[1,00), then ¢'(t) > 0

is equivalent to

N ()2 Ve L\ —e (3 - l) > ()
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Thus (5.22) is satisfied and the proof is complete. 1

Remark 5.1 For pu < 1, the conditions obtained will generally be complicated,

and for p > 1, the conditions coincide with those given in [96].

Taking & = 14 27, v > 0 and p = 1 in Theorem 5.3 the following corollary can

be obtained.

Corollary 5.4 [14, Corollary 3.1] [96, Theorem 3.1] Let A be a nonnegative real-

valued integrable function on [0,1]. Let f € Wg(1+2v,7), v >0 8 <1 with

8 1
=5 [ Moswa,

where g is defined by

1 ! 1— st
gy(t) = —/ 51/7*1—8(15.
Y JOo 1+ st

Assume further that I1, 1 and A+ are integrable on [0, 1] and positive on (0,1). If

A satisfies

then F(z) = V\(f)(z) € ST. The conclusion does not hold for smaller values of
B.

5.4 Applications to Certain Integral Transforms

In this section, various well-known integral operators are considered, and condi-
tions for starlikeness for f € Wﬂ(a, ) under these integral operators are obtained.

First let A be defined by

Alt) = (14 0)t° c¢> —1.
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Then the integral transform

1
Fc(z)—V/\(f)(z)—(lJrc)/o L Ndt, e > —1, (5.25)

is the Bernardi integral operator. The classical Alexander and Libera transforms
are special cases of (5.25) with ¢ = 0 and ¢ = 1 respectively. For this special case

of A, the following result holds.

Theorem 5.4 Let c > —1, and 3 < 1 satisfy

ﬁ _ 1@
5 (c—i—l)/o tq(t)dt,

where g is given by (5.8). If f € Wg(a,7), then the function

1
»ﬂﬁ@:u+@4t“vwwt

belongs to ST if

B L (02 10>0)
3—L1 (y=0, ae(0,1/3]U[1,00)).

(%

The value of 3 is sharp.
Proof. With A(t) = (1 + ¢)t¢, then

tN(@#) e+t
N

and the result now follows from Theorem 5.3. |

Taking v =0, a > 0 in Theorem 5.4 leads to the following corollary:
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Corollary 5.5 Let —1 <c¢<3—1/a, a € (0,1/3]U[1,00), and B < 1 satisfy

g L
= e 1)/0 g0 ()dt,

where go is given by (5.9). If f € Wg(a,0) = Po(8), then the function

1
() =1+ /0 171 f(t2)dt

belongs to ST . The value of B is sharp.
Taking o = 1 in Corollary 5.5 the following result can be obtained.

Corollary 5.6 [48, Corollary 1] Let —1 < ¢ <2 and 3 < 1 be given by

5 /1 Cl_t
— = 1 t¢——dt
1-p3 (c+1) 0 L1+t~

Then for f € Wg(1,0) = Pg the function

1
() = 1+ / 171 f(t2)dt

0
belongs to ST. The value of 3 is sharp.

Taking « =1+ 2v, ~ > 0and g =1 in Theorem 5.4 the following result is

obtained:

Corollary 5.7 [96, Corollary 3.2] Let —1 < ¢ <2,~v>0 and <1 given by

B Lo
-5 —(c+ 1)/0 t%g(t)dt,

where

1 ! 1— st
gy(t) = —/ 51/7*1—8(15.
Y JOo 1+ st
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Then for f € Wg(1 +27,7) = Py(8), the function

1
W) =1+ /0 171 f(t2)dt

belongs to ST. The value of (B is sharp.

The case ¢ = 0 in Theorem 5.4 yields the following interesting result, which

we state as a theorem.

Theorem 5.5 Let « >~y >0, ory=0, a > 1/3. If F € A satisfies
Re (F/(Z) +azF"(2) + 722F'"(z)> > [

inU, and B < 1 satisfies

B8

where g is given by (5.8), then F is starlike. The value of B is sharp.

Proof. It is evident that the function f = zF’ belongs to the class

Waola,y) = {f € A:Re ((1 —a+ 27)@ + (a—27)f'(2)
+72f”(z)) >3, z € L[}.

Thus

L f(tz
F(z):/o U )dt,

t

and the result follows from Theorem 5.4 with ¢ = 0 for the ranges o > v > 0,
or v =0, o > 1. Simple computations show that in fact (5.24) is satisfied in the
larger range v = 0, @ > 1/3. It is also evident from the proof of sharpness in
Theorem 5.1 that indeed the extremal function in Wg(a, ) also belongs to the

class Wg o(a, 7). I
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Remark 5.2 We list two interesting special cases.

1. Ify=0,a>1/3, and = /(1 + k), where (5.8) yields

! = n_ 1 1t 1/04—11 —t
k=— [ gtydt=—-1-2> (-1) ==/t ——dt,
0 o 1+ na a Jo 1+t

then
Re (f'(2) + azf"(z)) > 8= f € ST.

This reduces to a result of Fournier and Ruscheweyh [48]. In particular, if

B=(1-2In2)/(2(1 —In?2)) = —0.629445, then

Re (f'(2) + 2f"(z)) > 8= f € ST.

2. Ify=1, a0 =3, then =1 = v. In this case, (5.8) yields 3 = (6 —72)/(12—
7?) = —1.816378. Thus

Re (f’(z) +32"(2) + z2f’”(z)> > B= feST.

This sharp estimate of B improves a result of Ali et al. [7].

Theorem 5.6 Letb > —1, a > —1, and o > 0. Let § < 1 satisfy

where g is given by (5.8) and

o @+ Db+ DUEE (b a),

(a + 1)%t%log(1/t) (b= a).
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If f € Wg(a,v), then

a+1 b+1 f L1 — =0y f(t2)dt (b # a),

Grla,b;z) =

| (a+ 1)2 [ 19 Vog(1/t) f(t=)dt (b= a),

belongs to ST if

1+ (>0 (=)
0 < z (5.26)

3—L1 (v=0, ae(0,1/3]U[L,)).

(67

The value of 3 is sharp.

Proof. 1t is easily seen that fO t)dt = 1. There are two cases to consider. When
b # a, then

N (b—a)t @

At) 1 —¢th—a

The function A satisfies (5.23) if

1
(b—ayb—e J1+— (v>0)
< K

1—tb-a — 3—L (y=0, ae(0,1/3]U1,00)).

«

(5.27)

Since ¢ € (0,1), the condition b > a implies (b — a)t?=%/(1 — t*~%) > 0, and
so inequality (5.27) holds true whenever a satisfies (5.26). When b < a, then
(a—b)/(t% b —1) < b—a, and hence a — (b—a)t?=/(1 — ¥~ < b < a, and thus

(
inequality (5.27) holds true whenever a satisfies (5.26).
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For the case b = a, it is seen that

tN (t) 1

A T Tog(1/8)

Since t < 1 implies 1/log(1/t) > 0, condition (5.23) is satisfied whenever a satisfies

(5.26). This completes the proof. I

Taking v =0, a > 0 in Theorem 5.6 the following corollary can be obtained.

Corollary 5.8 Let -1 <a<3—1/a, a € (0,1/3]U[1,00) andb> —1. If3 < 1

given by
g /1
2 — | Ab)ga(t)dt.
5 ; (t)ga(t)
where X is defined by
A) (a—f—l)(b—l—l)% (b#a, b>—-1, a>—1),
(a + 1)%t%log(1/t) (b=a, a>—1),

and

2 “1/a /t 7_1/&—1
t) = —t dr — 1.
gOé() a 0 (1+7_)2 T

Then for f € Wg(a,0), the function G¢(a,b;z) defined by

(@O (Lot =0 f(ez)dt (b a, b>—1, a>—1),
Grla,b;2) =

(a+1)% [t Vlog(1/t) f(tz)dt (b=a, a> —1).
belongs to ST . The value of B is sharp.

Remark 5.3 Corollary 5.8 similar to Theorem 2.4 (i) and (ii) obtained in [13]
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for the case o € [1/2,1]. The condition b > a there resulted in a € (—1,1/a — 1].
When oo = 1, the range of a obtained in [13] lies in the interval (—1,0], whereas the
range of a obtained in Corollary 5.8 lies in (—1,2|, and with the condition b > a

removed.

Taking o = 1 in Corollary 5.8 following result can be deduced.

Corollary 5.9 Let -1 <a<2andb>—1. If 3 <1 given by

Y ARV
== /OA(t)1+tdt.

where X\ is defined by

(a+1)(b+1) 0= b#a, b>—1, a>—1),
A(t) =
(a +1)%t%1og(1/t) (b=a, a > -1),

then for f € Wg(1,0), the function Gy(a,b; z) defined by

% fol 10711 — b=9) f(tz)dt (b#a, b>—1, a> —1),
Grla,b;z) =

(a+1)% [3 1 Vlog(1/t) f(tz)dt (b=a, a>—1),
belongs to ST . The value of B is sharp.

Remark 5.4 Corollary 5.9 improves Corollary 3.13 (i) obtained in [15] and Corol-
lary 3.1 in [95]. Indeed, there the conditions on a and b were b > a > —1, whereas

in the present situation, it is only require that b > —1, a > —1.

Taking o« = 1+ 2y, v > 0 and g = 1 in Theorem 5.6 we got the following

corollary:

102



Corollary 5.10 Let —1 < a <2, v > 0and b > —1. Suppose that g(t) defined as

1y, 41 —st
m(0=3 [T

If 8 < 1 given by

ﬁ 1
5 [ osma

where X is defined by

(a+1)(b+1)=0L" (b#a, b>—1, a>—1),
At) =
(a + 1)%t%log(1/t) (b=a, a>—1),

then for f € Wg(1 + 2v,7), the function G¢(a,b; z) defined by

% fol o1 - tb_a)f(tz)dt (b#£a, b>—-1, a>—1),
Grla,b;2) =

(a+1)% [t Vlog(1/t) f(tz)dt (b=a, a>—1).
belongs to ST . The value of 3 is sharp.

Remark 5.5 Corollary 5.10 improves Theorem 4.1 in [14] in the sense that the

condition b > a > —1 is now replaced by b > —1, a > —1.

For another choice of A, let it now be given by

t(log(1/t)P~! (a>~1, p=0).
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The integral transform V) in this case takes the form

a 1
B = S [aog (1)t faiar (o> -1, p2 o)

This is the Komatu operator, which reduces to the Bernardi integral operator if

p = 1. For this A, the following result holds.

Theorem 5.7 Let —1 <a, a>0,p>1, and B <1 satisfy

__Lta / ' log(L/1) g 0t
0

where g is given by (5.8). If f € Wg(a,), then the function

(1+a)P
['(p)

1
Dplai2) * f(2) = | osta/p e ey

belongs to ST if

1+ (>0 =),
a < K (5.28)

3—L (v=0, ae(0,1/3]U[L,)).

«
The value of (3 is sharp.

Proof. 1t is evident that

tN@) _ (p—1)

Mo YT Tog(1/t)

Since log(1/t) > 0 for t € (0,1), and p > 1, condition (5.23) is satisfied whenever

a satisfies (5.28). 1

Taking v =0, a > 0 in Theorem 5.7 the following corollary can be obtained.
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Corollary 5.11 Let -1 <a<3—1/a, a € (0,1/3]|J[1,00) andp > 1. IfB < 1

given by

where

2 1/a /t 7_1/04—1
t) = —t dr — 1.
gOé( ) a 0 (1+T)2 T

Then for f € Wg(0,7), the function ®p(a;2) x f(z) defined by

(14 a)?

(I)p(a; Z) * f(Z) = F(p)

/1(10g(1/t))p_1t“_1f(t2)dt
0

belongs to ST . The value of (3 is sharp.

Remark 5.6 Corollary 5.11 similar to Theorem 2.1 in [13] and Theorem 2.3 in
[63] for the case o € [1/2,1]. When « = 1, the range of a obtained in [13] and [63]
lies in the interval (—1,0], whereas the range of a obtained in Corollary 5.8 lies in

(—1,2].
Taking o = 1 in Corollary 5.11 the following corollary can be obtained.

Corollary 5.12 [15, Corollary 3.12 (i)] Let —1 < a <2, andp > 1. If f < 1

given by

a 1 —
1 0 5 :—<1F+(p))p /O ta(log(1/t))1’—1i—+§dt.

Then for f € Wg(1,0), the function ®p(a; z) * f(2) defined by

(1+a)?

(I)p(a; Z) * f(Z) = F(p)

/1(10g(1/t))p_1t“_1f(t2)dt
0
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belongs to ST . The value of B is sharp.

Taking & =1+ 2v,v > 0 and ¢ = 1 in Theorem 5.7 the following result can
be deduced.

Corollary 5.13 [14, Theorem 4.2 (u=0)] Let -1 <a <2, v >0 andp > 1. If

6 <1 given by

where

11 1—st
gy (t) = _/ si/v-12=5 o
Y Jo 1+ st

Then for f € Wg(1 + 2v,7), the function ®p(a;z) * f(z) defined by

(1+a)P

(I)p(a; Z) * f(Z) = F(p)

/1(10g(1/t))p_1t“_1f(t2)dt
0

belongs to ST . The value of B is sharp.

Let ® be defined by ®(1 —¢) =1+ X5 1bp(1 —1)", by > 0 for n > 1, and
At) = Kt' 711 — )71 — 1), (5.29)

where K is a constant chosen such that fol A(t)dt = 1. The following result holds

in this instance.

Theorem 5.8 Let a,b,c,a >0, and 5 < 1 satisfy

s _ ! b—1 c—a—b
TG —K/O 71— 1) (1 —t)g(t)dt,

where g is given by (5.8) and K is a constant such that K fol (1 =)o bp(1—
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t)=1. If f € Wg(a,7), then the function

Vi(f)(2) = K/Ol 101 peaba(q — t)@dt

belongs to ST provided one of the following conditions hold:

(1) c<a+b and 0<b<1,

1
211 (50 (u>1)
(71) c>a+b and b< p

—% (v=0, @€ (1/4,1/3]U1,00)).

Q

(5.30)
The value of (3 is sharp.
Proof. For A given by (5.29),

t\N (1)
A(t)

(c—a—0bt td'(1—1t)
1—t  ®(1—t)

—(b-1)-

For the case ¢ < a + b, computing (b — 1) — ((¢c —a — b)t)/(1 — t)) and using the
fact that t®'(1 — ¢)/®(1 —¢) > 0 implies condition (5.23) is satisfied whenever
0 <b<1. For ¢ > a+b, asimilar computation shows that the condition (5.23) is
satisfied whenever b satisfies (5.30). Now the result follows by applying Theorem

5.3 for this special . |

Taking v =0, a > 0 in Theorem 5.8 leads to the following corollary:

Corollary 5.14 Let a,b,c,a > 0, and 3 < 1 satisfy

1
B _ —K/ P11 = )T 0D (1 — ) ga (),
1= 0
where gq 15 given by (5.9), and K is a constant such that K fol th=1(1—t)eobp(1—
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t)=1. If f € Wg(a,0) = Pa(f), then the function

Vi(f)(2) = K/Ol 101 peaba(q — t)@dt

belongs to ST whenever a,b, c are related by either (i) c < a+band 0 <b <1, or
(ii)c>a+band b<4—1/a, a« € (1/4,1/3]U[1,00), for all t € (0,1). The value

of (3 is sharp.

Remark 5.7 For a = 1, Corollary 5.14 improves Theorem 3.8 (i) in [15] in the
sense that the result now holds not only for ¢ > a+b and 0 < b < 3, but also to

the range c < a+b, 0 < b < 1.

Taking « =14 27, v > 0 and g = 1 in Theorem 5.8 reduces to the following

corollary:

Corollary 5.15 Let a,b,c > 0, and let 3 < 1 satisfy

B _ ! b—1 c—a—b
=5 —K/O 71 — 1) O(1 —t)gy(t)dt,

where gy is given by (5.9), and K is a constant such that K fol tb_l(l—t)c_a_bq)(l—

t)=1. If f € Wg(1 +2v,7), then the function

dt

1
WG =& [ ta—geeten -l
0
belongs to ST whenever a, b, c are related by either (i) c <a+band 0 <b <1, or

(ii) c>a+band 0 <b <3, forall t e (0,1) and v > 0. The value of 3 is sharp.

Remark 5.8 Choosing ®(1—t) = F (¢ —a,1 —a,c—a—b+ 1;1 —t) in Theorem
5.8(ii) gives

()

K = F T —a=b+ 1)
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whenever ¢ —a — b+ 1 > 0. In this case, the function V\(f)(z) reduces to the

Hohlov operator given by

A(N(2) = Hop,o(F)(2) = 2F(a, by ¢, 2) * f(2)

t
—K/ tbl cabF(c—al a,c—a—b%—l;l—t)@dt,

where a > 0, b >0, c—a—b+1> 0. This case of Corollary 5.14 was treated
in [13, Theorem 2.2(i), (u = 0)] and [63, Theorem 2.4], but the range of b provided
by Corollary 5.14(ii) yields 0 < b < 3, which is larger than the range given in [13]
and [63] of 0 < b < 1.
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CHAPTER 6
MULTIVALENT STARLIKE AND CONVEX FUNCTIONS
ASSOCIATED WITH A PARABOLIC REGION

6.1 Motivation and Preliminaries

For 6 > 0, Rusheweyh [112] introduced the d-neighborhood Ng(f) of a function
(cf. Section 1.7, p. 31) f(2) = 2 + 3.2 5 a2z (2 € U) to be the set consisting

of all functions g(z) = z + > 72, b.z" satisfying

00
Z k\ak — bk‘ < 4.
k=2

He proved among other results that Ny /4( f) € 8T for f € CV. In geometric func-
tion theory, several authors have investigated the neighborhood characterizations
for functions belonging to certain subclasses. For example, Padmanabhan [84] de-
termined the d-neighborhood of functions in the class UCV. This class consists of

uniformly convex functions f satisfying
"
Re (1 + Zf/ (Z)) >
f'(2)
while the analogous class of parabolic starlike functions PS7T consists of functions
2f'(2)

fre (ﬁ())) ~ 1756

It is clear that f € UCV if and only if zf' € PST (see pp. 8-9). For a function

2f"(z)
f'(2)

| Gew

f satisfying

—1‘ (z el).

F¢ defined by
f(z)+ ez

F =
€ 1+e¢

, feA

Padmanabhan [84] proved that Nj/o(f) C PST whenever Fe € PST and |e| <
0 < 1. Furthermore, he showed that for f € UCV, the 1/8-neighborhood N1/8(f) C
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PST.
The d-neighborhood concept is extended to p-valent functions. For 6 > 0,
and f € Ap, the d-neighborhood N(;’p(f) is defined to be the set consisting of all

functions g(z) = 2P + > 72, bp+kzp+k satisfying

) v D : |ap i = bps| <6
k=1

This chapter investigates the d-neighborhood of p-valent functions belonging
to general subclasses of p-valent parabolic starlike and p-valent parabolic convex
functions. For @ > 0, and 0 < A\ < 1, the subclass of p-valent parabolic starlike
functions of order a and type A, SPy(a, ), consists of functions f € A satisfying
2f'(2)

- -«

p(1—=XA)zP + Af(2)

(zel). (6.1)

1 2f'(2)
Re (5(1 TN Af(z)) o=

By writing f)(2) := (1 — A\)2P + Af(z), the inequality (6.1) can be written as

1)),
Re(wm)* -

The corresponding subclass of p-valent parabolic convex functions of order a and

P h) (62

12f'(2) _ a|_

type A, CPp(a, A), consists of functions f € A satisfying

Re (1—(zf’(z)) ) +a>|——F —

» 7 (=)

Observe that f € CPp(a, \) if and only if (1/p)(zf’) € SPp(a, N).
The geometric interpretation of the relation (6.2) is that the class SPp(a, A)

consists of functions f for which (1/p) (zf’/f)) lies in the parabolic region Q2 given
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Q:={w:|w—a] <Rew+a}l ={w=u+iv:v? < dou}. (6.3)

When p = 1, the classes SPp(a, A) and CPp(c, A) reduce respectively to the classes
SP(a, A) := SPi(a, \) and CPy(a, A) := CP(a, ) introduced recently by Ali et
al. in [9]. The authors in [9] investigated the d-neighborhood for functions in
CP(a, A). In addition, if A = 1, these classes reduce respectively to the classes
SP(a) :=SP(a,1) and CP(«a) := CP(«, 1) investigated in [125] and [138].

This chapter studies neighborhood problems for the two classes SPy(a, A) and
CPp(a, A). Motivated by Ruscheweyh [112], and using the notion of convolution, a
new inclusion criterion for the class SPp(a, A) will be derived. It will be shown that
the classes SPp(a, A) and CP(«, A) are closed under convolution with prestarlike
functions in U. A d-neighborhood description will also be obtained for functions
belonging to the class CPp(a, A). In particular, it is shown that, under certain
conditions, the d-neighborhood of a p-valent parabolic convex function consists of

p-valent parabolic starlike functions for an appropriate positive 9.

6.2 Multivalent Starlike and Convex Functions Associated with a Parabolic

Region

For a fixed a > 0, 0 < A < 1and t >0, let HSPp(c, A) be the class consisting of

functions H,, ; \ of the form

1 P(1—z+ 1)
Hpta(2) = 1 — (t £ 2/ati) ( (1- 2)219

2P 1 +1 z (14 Az
S 1-T\1-2 p(—2)2 1—2))

_ (ti%/&i)zp(l(—l(_lz—))\)z))
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where T' =t £ 2v/ate. It is easily seen that

2P < [k < ( AT
Hm,/\(z):l_T 1+Zz (1+——)\T)—T :Zp+z—
= k=1

Thus the function H,,; \(2) belongs to Ap. Also,

1
Hpia(2) = 17T (F1(2) = TFa(2)),
where
P ) X ptk
_ b _p p p+k
Fi(z) = 1-2)72 =2z +Z p T
k=1
and

Fy(2) = Zp(1<—1(_12—))\)2) _ Zp+)‘]€z::12p+k‘

Thus for f(z) = 2P + Y 72,4 ap+kzp+k,

and

(Fax f)(z) =22+ XY apy 2™ = f1(2).
=1

(6.5)

(6.6)

(6.7)

The following result yields a new criterion for p-valent functions f to be in the

class SPp(a, A).
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Theorem 6.1 Let a >0 and 0 < XA < 1. A function f € SPp(a, N) if and only if

S M) () £0 (e

forall Hy 4 \ € HSPp(a, N).

Proof. Let f € SPp(a,\). Then the image of U under w = (1/p) (zf'/f) lies
in the parabolic region Q given by (6.3). Since v? < 4au, this implies that v <

+2/au (u > 0), and hence

w#t+2V/ati (t>0),

12f'(2)
p fa(2)

Thus f € SPp(e, A) if and only if

£t + 2V ati.

5l (2) = Tha(z)
2P(1—-T)

%07

where T' =t &+ 2v/adti, or

1

o) (FxNE) —T(Ex f)(=) # 0.

Using (6.5), (6.6) and (6.7), it follows that

f € SPp(a, ) if and only if zip (f(z) § F1(z)1—_1;F2(z)) 40,

or equivalently,

Zip(f*H ) () £0 (zel, t>0),

for all H,,; \ € HSPp(a, A). I
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In order to establish the d-neighborhood of functions belonging to the class

SPp(a, A), the following two lemmas are needed.

Lemma 6.1 Leta>0and 0 < X< 1. If

0
Hpia(2) =22+ Cpip ()T € HSPy(a, N), (6.8)
k=1
then
Cpipp(t)] < 2pVell=a) | 7
Lk+p) (a>9),
for allt > 0.

Proof. Comparing (6.4) and (6.8)

prk A7

t)=-+L——
Cpri(t) T

where T' =t &+ 2v/ati. Thus for t > 0 and 0 < A < 1,

Lot p)— at) + datr?
Coria®]* = g j(L1pi t)224;
(%(k +p)+A— 2)\75) (%(k +p) — A)
(1—1)2 +4at
(]lg(k +p) + A) <%(k +p) — A)
(1—1t)2 +4at

:)\2+

For any t > 0,



For0<a§%and0<)\§1,

2
C #)]? < A2 (%k+p0 -
| p—f—k,)\( )l — + 4&(1 . a)
Since
A2 a2 (20— 1)2

P <0,

4a(l—a)  da(l —a)

it follows that 5
(3(k+p))

P
|Cprrn ()] < “la(l—a)

For o > % and 0 < A <1, evidently

D=

‘Cp+k,>\(t)‘2 <M+ ( 7

This completes the proof.

For each complex number € and f € A, define the function F¢ ) by

f(z) +e2?

Fe’p . 1 +€

%+p»2—A2 ) 2
< (]3(]{3 +p)) .

(6.9)

Lemma 6.2 Let o > 0, 0 < A < 1 and for some 6 > 0, let Fep defined by (6.9)

belong to the class SPp(a, \) for || < 6. Then

1

7 (FxHpn) ()| >0 (2 €U)

for every Hy 1 \ € HSPp(a, A).
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Proof. If Fep € SPp(a, A) for |e] <, it follows from Theorem 6.1 that

ip (FepxHpen) (2) #0 (2 €U),

which is equivalent to

1+e

Zip ((f*Hp’t7>\) (2) +ezp> L0,

and hence

S (f M) () # .

z

for every |e| < 0. Therefore

(M) (2)] > 6 |

z

Theorem 6.2 Let o >0, 0 < A< 1, f € Ay and 6 > 0. For a complex number
€ with |e] < 0, let Fep defined by (6.9) belong to SPp(a, A). Then Ng ,(f) C
SPp(a, A) for

20y/a(l — a)

0<a<y),
5 (2%)

§ =
Proof. Let g(z) = 2P + 372, bp+kzp+k € Ny p(f). For any Hy; \ € HSPp(a, )

02 ()| = |5 (0= 1+ 1) ) (2)

(9= ) * Hpn) ()]

1
> ‘Z—p (f % Hpr) (2)

117



Lemma 6.2 now gives

>0 —

1 1 & &
— (9% Hpe2) (2) —pz bptk — Apik) Cpai(t)2T

P

>0 - Z bk = apsie| |[Cpra(®)] -
k=1

Since g € Ngr p, using Lemma 6.1, it follows that

1 = [Cpra )]
’Z (9% Hpen) z_: \bp+k—ap+k\p+—k
bl 1
0<a<sy),
< 2\/a(1-a) ( < 2)
§— o (a>1)
Hence |5 (9% Hpypn) (2) pix € HSPp(a, \) provided that
1
5 20 1 — Oé 0<a §
J (> 3).
Using Theorem 6.1, g € SPp(a, A) and therefore Ny ,,(f) C SPp(a, A). 1

The following result shows that the class SPp(c, A) is closed under convolution

with prestarlike functions belonging to the class R defined on p. 15.

Theorem 6.3 Let f,g € Ap. If f/2"1e Ry, 0 <y <1, g € SPpla,N) and
g/ P e ST(v), then fxg € SPp(a, A).

Proof. 1t is evident that (f(2) * g(2))y = f(2) * g\(2), hence

L (f(z) v g(z)) L+ 23 120
f(2)*g(2)y f2) |, n)

Taking F = (1/p)(z¢’/gy), and taking into account that f/zP~1 & R~ and
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gr/2P~1 € ST (v), Theorem 3.3, page 50, gives

£G) ) o

p—1 ~p—1- — — 1 Zg/(Z))
CecoF(U) = —— |
Epro R e

or

L2 (f(2) % g(2)) 12¢'(2)
p @l = .
) xg@), (p n(2) >

Since g € SPp(a, N), it follows that (1/p) (z¢'/gy) lies in the parabolic region
Q given by (6.3), and hence so does (1/p) (2(f *g)'/(f*g)y). Thus f*g €

To obtain a similar result for the class CPp(a, A), the following lemma will be

required.
Lemma 6.3 Let f € Ay and f € ST (1 — (1 —7)/p). Then f/P~1 € ST (7).

Proof. Now f € STy (1 —(1—1)/p) yields

()

If G(2) = f(2)/2’71, then

/ /
Rezg(i>) —ReZJ{(S) —p+l>p—(1—7)—p+1>n,
and hence G € ST (7). I

Using the above lemma, the following result shows that the class CPp(c, ) is

closed under convolution with prestarlike functions.

Theorem 6.4 Let f,g € Ap. If f/p71 e Ry, 0 < v < 1,9 € CPp(a, \) and
gy €CVp (1 —(1—7)/p), then fxg e CPp(a, ).
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Proof. Using Alexander’s relation, gy € CVp (1 — (1 —~)/p) if and only if (1/p)(zg}) €
ST, (1—(1—7)/p), and hence Lemma 6.3 gives (1/p) (zgg\/zp_l) € ST (). Also

1
g €CPp(a, \) & 1_929/<Z) € SPpa, N),
and since f/2P71 ¢ R, Theorem 6.3 yields
L

f(z) = 2—929 (2) € SPp(a, N).
This is equivalent to

1

L7+ 9)(2) € SPyla ),

and hence f x g € CPp(a, A). 1

To investigate the d-neighborhood of functions belonging to the class CPp(a, A),
the following result will be required. First we recall the class of p-valent prestarlike
functions of order 3 as given on p. 18. This class Ry(3) consists of functions

h € A, satisfying
4

(]_ — Z)Qp(liﬁ)

h(z) * € STy(B).

Theorem 6.5 Let 0 < v <1, 0 < A <1 and a > 0. Further assume that the
function hy(z) = 2P(1 — pz)/(1 — z) € Rp(B) where p = €/(1 4+ €), and 3 =
1—(1—=7)/p. If f € CPp(a, A) and f\ € CVp (1 — (1 —7)/p), then Fe p(z) defined

by (6.9) belongs to the class SPy(c, X) for every complex number €.
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Proof. If f € CPp(c, A), then

f(z) +€zP
Fep(2) 1+e€
— ooy Gt prl
1+4+¢€
e (o (1) )
— ) (P (1= p) P )
= [(2) * hp(2),
where
hp(z):zp+(1—p)zp+1+...:2m(%_£z) (z e U).

Let g € Ap be given by

p +1 p +2
2) =P 4 —— P — P

It is evident that

p/oz hpT(t)dt = hp(2) * g(2), (6.10)

and

Thus
L,
Fep(z) = f(2) x hp(z) = el (2) % g(2) * hp(2).
Since f € CPp(a, A), it follows that (1/p)(zf) € SPp(a, A). Also f) € CVp (1 — (1 —7)/p)

yields (1/p)(zf}) € STp (1 — (1 —~)/p). The relation (1/p) (zf’))\ = (1/p) (2f})
and Lemma 6.3 implies that (1/p) (2f/(2)), /2P~1 € 8T (7). Now, to use Theorem
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6.3, it remains to show that (g hyp) /2P~! € R,.

The function hy € Rp(5) if and only if

zp
(1 — Z)Zp(l_ﬂ)

hyp(z) * e ST,(B).

Since the class ST () is closed under Alexander’s transform it follows that

2 hy(t) p—1
p/o ( pt ’ (1 —t)2p(1—ﬁ)> dt € STp(B).

For any two p-valent functions f(z) = 2P + Y72, ap+kzk and g(z) = 2P +

PRy} bp+kzk , it is evident that

p /0 (f * g)(t)dt = p /0 F(t)dt * zg(2).

Hence
% hy(t) z
p
p/o ;e (1 — z)2p(1-5) € STp(0).
Equation (6.10) now gives
oD
g(2) * hp(z) * € ST,(B).

(1—2)2p(1-0)

Using Lemma 6.3, and taking 5 =1—(1—+)/p, or 2p(1— () = 2(1 —7), it follows

that
g ehyl(z) 2
2p—1 (1—z)2(1=7)

€ ST(v),

and hence

9(2) * hp(2)

1 €Ry.

Now it follows from Theorem 6.3 that F¢ ;,(z) = (1/p)(zf) xg*hp € SPp(a, A). 1

Combining Theorem 6.5 and Theorem 6.2 yield the following d-neighborhood de-
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scription for functions in the class CPp(a, A).

Theorem 6.6 Let0 <~ <1, 0 <A< 1anda > 0. Further assume that for every
complex number €, the function hy(z) = 2P(1 — pz)/(1 — 2) € Rp(B), where p =
/(1+), and B=1— (1—2)/p. If f € CPy(a, ) and f € CVp(1— (1-7)/p),
then N ,(f) C SPpla, A) for

5 26\/a(l—a) (0<a<3),
| 5 (a>1).
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