SUBORDINATION AND CONVOLUTION OF
ANALYTIC, MEROMORPHIC AND HARMONIC
FUNCTIONS

CHANDRASHEKAR A/L RAMASAMY

UNIVERSITI SAINS MALAYSIA

2012



SUBORDINATION AND CONVOLUTION OF
ANALYTIC, MEROMORPHIC AND HARMONIC
FUNCTIONS

CHANDRASHEKAR A/L RAMASAMY

Thesis submitted in fulfilment of the requirements for the Degree of
Doctor of Philosophy in Mathematics

July 2012



ACKNOWLEDGEMENT

There are many people that I have to acknowledge and thank for all their help
and support during this research effort.

First and foremost, I sincerely acknowledge and am indebted to my main
supervisor, Dr. Lee See Keong for his continued support, motivation, guidance,
supervision and help throughout my research.

I would like to express my special thanks to the head of the Research Group in
Geometric Function Theory, Universiti Sains Malaysia (USM), Prof. Dato’ Rosihan
M. Ali, for his valuable suggestions, encouragement and guidance throughout my
research. I also deeply appreciate his financial assistance for this research through
generous grants, which supported my attending overseas conference and my living
expenses during the term of my study.

I gratefully acknowledge my field supervisior Prof. V. Ravichandran for his
guidance and advice during the progress of this work, particularly in the theory of
convolution, subordination and superordination. Another person who deserves my
sincere gratitude is my co-supervisor, Prof. K. G. Subramanian (currently in the
School of Computer Sciences, USM) for his assistance, encouragement and support
in carrying out my research especially in harmonic functions.

My gratitude also goes to Assist. Prof. A. Swaminathan, Assoc. Prof. B. Adolf
Stephen, Prof. S. Ponnusamy, Prof. Yusuf Abu Muhanna and Prof. Zayid Abdul-
hadi for their help and ideas in my studies.

[ am thankful to the Dean of School of Mathematical Sciences, Prof. Ahmad
Izani Md. Ismail, and the entire staff of the School of Mathematical Sciences,

il



USM, for the facilities and supports provided during my study.

I wish to express my gratitude to Universiti Sains Malaysia for granting me
USM Fellowship through Institute of Postgraduate Studies (IPS) to support my
studies at USM.

Not forgetting, my heartfelt thanks go to all my family members especially my
parents and Dr. Seetha, who have been very supportive during my study.

Last but not in the least, I would like to thank some good samaritans and
colleagues, Mr. Subra, ASP. Saralanathan, ASP. Subramaniam, Dr. Raja, Dr. Ve-
jayakumaran, Mrs. Shamani, Mrs. Maisarah, Dr. Abeer, Mrs. Mahnaz, Dr. Saiful,
Dr. Wong Voon Hee, Mr. Sara, Mr. Guna, Mr. Tisu and Mr. Suren who had helped

and encouraged me during my research work.

iii



TABLE OF CONTENTS

Page

ACKNOWLEDGMENT ii

TABLE OF CONTENTS iv

SYMBOLS vi

ABSTRAK Xiv

ABSTRACT xvi
CHAPTER

1 INTRODUCTION 1

1.1  Univalent Functions 1

1.2 Differential Subordination and Differential Superordination 15

1.3 Convolution and Hypergeometric Functions 17

1.3.1 Convolution 17

1.3.2 Hypergeometric Functions 18

1.4 Meromorphic Functions 23

1.5 Harmonic Functions 25

1.6 Scope of the Thesis 29

2 PRELIMINARY RESULTS 31

2.1 Differential Subordination and Differential Superordination 31

2.2 Convolution 33

2.3 Hypergeometric Functions 34

3 CONVOLUTIONS OF MEROMORPHIC MULTIVALENT FUNC-
TIONS WITH RESPECT TO N-PLY POINTS AND SYMMET-

RIC CONJUGATE POINTS 36
3.1 Introduction 36
3.2 Functions with Respect to n-ply Points 41
3.3 Functions with Respect to n-ply Symmetric Points 52
3.4 Functions with Respect to n-ply Conjugate Points 55
3.5 Functions with Respect to n-ply Symmetric Conjugate Points 59

4 DIFFERENTIAL SANDWICH RESULTS FOR MULTIVALENT

FUNCTIONS 62
4.1 Introduction 62
4.2 Subordination of the Dziok-Srivastava Operator 63

4.3 Superordination of the Dziok-Srivastava Operator 84

v



4.4 Subordination of the Liu-Srivastava Operator 91
4.5 Superordination of the Liu-Srivastava Operator 102

5 HALF-PLANE DIFFERENTIAL SUBORDINATION CHAIN 108

5.1 Introduction 108
5.2  Some Subordination Results 111
5.3 Sufficient Conditions for Starlikeness 122

6 HARMONIC FUNCTIONS ASSOCIATED WITH HYPERGE-

OMETRIC FUNCTIONS 139
6.1 Introduction 139
6.2 Coefficient Condition for Gaussian Hypergeometric Function 143
6.3 Integral Operators 149
6.4 Coefficient Conditions for Incomplete Beta Function 151
6.5 Coefficient Condition for Dziok-Srivastava Operator 153
6.6 Extreme Points and Inclusion Results 158
CONCLUSION 163
BIBLIOGRAPHY 164
PUBLICATIONS 179



Symbol

ccn(h)
ccp(h)
(D)

cy

CV(a)
CVIA, B]
CV(p)
CVy, VY

CV (h)

SYMBOLS

Description

Class of all p-valent analytic functions f of the form
f(z) =2P + Z?:pﬂ akzk (z € D)
Ay

Pochhammer symbol defined by

ala+1)(a+2)...(a+n—-1), neN.
Argument of a complex number
Complex plane
{feA:zf €Ss(a)}

Class of close-to-convex functions in A

{feA; jbi—gzz; <h(z),¢€87’”(h),¢”7(z)7é01n]1)>}
{feA: fxgeCC"(h)}
The closed convex hull of a set D

Class of convex functions in A

Class of convex functions of order o in A

{f cA: 1+ ij,/g(j) € PA, B]}

{fea+ ZJ{(g) < (=)}

Classes of harmonic convex functions

{feA:%<h(z),ﬂL(z)7éOinD}

vi

Page

18

44

38
38

34

14
27

37



cvr(n)
cven (h)
cver ()
cvs"(n)
cvsn(h)
cvser(h)

CvSci(h)

Sl

]D)*

{feA: fxgelV"(h)}

C 20 (2) (5 :
{feA: fxgelCVC"(h)}
{f € A: % < h(2), fi(2) + fL(—2) # 0 in ID)}

(feA: fxgeCVSH(h)

{f e 2lE) hz), fi(2) + fL(—=2) #0in ]D)}

o)+ (=2)
(feA: fxgeCVSC(h)}

Open unit disk {z € C: |z| < 1}

Closed unit disk {z € C: |z| <1}

Open punctured unit disk {z € C: 0 < |z| < 1}
Boundary of unit disk D

Ruscheweyh derivative operator

{C € 0D : lim ¢(z) = oo}
z—(C

Convolution or Hadamard product of functions f and g

Hohlov linear operator

Gaussian hypergeometric function

Bernardi integral operator

Generalized hypergeometric function

{rea:|(1+5d) () -1 <v <)

Subclass of all starlike harmonic functions f € Sy

Class of all analytic functions in D

Class of all analytic functions f in D of the form

vil

40

31

23

31

22

31

17

22

19

108

20

109

141



Ho := H[0, 1]

H = H[1,1]

l
Hp’m[al]

Hy™51)
" 3]

HP(«a, )

HT(a, B)

Im

meer(h)

f(2) =a+an2" +app12" T+

Class of analytic functions f in D of the form
f(2) = a1z +agz? 4+ -
Class of analytic functions f in D of the form
f(z)=14a1z+agz®+---
Dziok-Srivastava linear operator with respect to aj
Dziok-Srivastava linear operator with respect to 1
Liu-Srivastava linear operator
{f=h+geSy:

Re (az(h"(2) + ¢"(2)) + (W() + ¢/())) > 8)
{feSy:HP(o, ) TH}
Imaginary part of a complex number
Jacobian of the function f = u + v
Koebe function k(z) = z/(1 — z)?

Harmonic Koebe function

2,1
AN

E 3
=

IND| =

2—122+l23
ko(z) = (21—z)§ +

:
Carlson and Shaffer linear operator

Class of all meromorphic p-valent functions f of the form
f(2) =%+ 202 part (p>1,2€DY)

My

{fe/\/lp -1 ng),

viil

?7?

62

24

140

140

10

26

28

22

41

41

48



MCC(g, h)
MV (h)
MCV (g, h)
meven(h)
MCVC (g, h)

MCVSE(h)

MCVS (g, h)

MCVSC(h)

MCVSC (g, h)

MOC,

MOC (h)

MQC (g, h)
MST ()
MSTp(h)
MST (g, h)
MSTE(h)
MST (g, h)

MSTC(h)

¢ € MSTp(h), dn(z) # 0 in D*}
{feMyp: fxgeMCCH(h)} 48
{feMp:—%%M(z), fh(2) # 0 in D" } 13
{feMyp: frgeMCVy(h)} 43
{reat,: -1 2E0E h), i)+ 7o 20D | 56
{f eMyp: fxgeMcVCy(h)} 56
{feMp p%w(z), 5
fn(2) + fi(=2) # 0 in D*}
{feMyp: fxgeMCVSy(h)} 52
{fe/\/lp:—%%<h(z), 59
fo(2) + Fo(=2) # 0 in D}
{feMy: frge MCVSC)(h)} 59
Class of a-convex functions in A 6
{ feM,: —%<Z§;§§§)' < h(2), 19
¢ € MCVy(h), ¢, (2) # 0 in D*}
{feMy: frgeMACy(h)} 49
{feMp:—Re%Z]J:(())>a 0<a<1)} 42
{femy: L8 <n)} 43
(feMy:frge MST,(h)} 42
{fem, —]lfn'fj)) < (=), fal2) #0in D* | 43
{feMp: fxge MSTy(h)} 43
{reay 4220 <) (o) + @ £0m Dt} 55

X



MSTCy(g,h)

MSTS(h)

MSTSE}(g,h)

MSTSC(h)

MSTSC(g, h)

N

Qo
Q1
Qc
QC"(h)

QC” (h)

Ra

R[A, B

{feMp: frxge MSTCy(h)}
{rem: 3Bt <),
fn(2) = fa(=2) # 0 in D*}

{feMyp: fxge MSTS)(h)}

{remy: -4 200 <),

fa(2) = Fa(=2) # 0 in D*}
(f€My: frge MSTSCI(h)}
{1,2,3,...}
NU{0}
{p€H :withRep(z) > 0, z € D}
{p € H : withRep(z) > a, z € D}
{peH:p(zHg—g;, (—1§B<A§1)}
Set of all functions ¢(z) that analytic and injective
on D\ E(q) such that ¢(¢) # 0 for ¢ € aD\ E(q)
{g€ Q:4q(0) =0}
{g€ Q:q(0) =1}

Class of quasi-convex functions in A

{fea: CIVE) L p), ¢ € VIR, dly(2) # 0 in D}

P (2)
{feA: fxge QC"(h)}

Set of all real numbers

Class of prestarlike functions of order « in A

{fea:f) < ((1<B<A<}

25

52

52

29

29

23

23

11

11

12

31

31

31

34

108



Ssc(h)
SCCq
SCVq
SSTa

ST

ST(a)
STIA, B]
ST ()
STy, STY

ST

Rla, —a]

Real part of a complex number

Class of all normalized univalent functions f in A
Class of all sense-preserving harmonic functions f of
the form f(z) = 2 + 3705 az2F + m (z € D)
Class of all sense-preserving harmonic fucntions f of

the form f(2) = 2z + 370 ap2F + 32, b2k (2 € D)

(Class of parabolic starlike functions in A

Class of parabolic g-starlike functions of order « in A

L _22f'(2)
{f Ao h(z)}

{fGA:Re<f(Z&>>a (0§a<1/2)}

-F=2)
2:f(y)
{rea: 258 <he)|

_2f(y)
{f € A: B < h(z)}

Class of strongly close-to-convex functions of order v in A
Class of strongly convex functions of order « in A

Class of strongly starlike functions of order « in A

Class of starlike functions in .4

Class of starlike functions of order o in A

{feA:ﬁg>eﬂAB§
{feA:%%l<w@}

Class of harmonic starlike functions

Class of starlike functions with respect to

x1

108

12
14

927,28



ST

ST se

ST (h)
STy(h)
STC(h)
STC(h)
STS™(h)
ST (h)
STSC(h)

STSC(h)

Tr(la]7)
TV,
TSTY
ucy
UcV(a, B)

UsST

symmetric points in A
Class of starlike functions with respect to
conjugate points in A
Class of starlike functions with respect to

symmetric conjugate points in A

{f €A jcn'((j)) < h(2), fal2)/2 £ 0 in D}
(fed: fxgeSTh)

{feA:%<h(z),M%omﬂ)}

{feA: fxgeSTC"(h)}
(1t <00 MO0 4

(fE€A: fxgeSTS(h)}

z)=fn(=2)
(feA: frgeSTSC(h)}

{fEA:f(QZ¢<h(z),M%OinD}

Class of all sense-preserving harmonic mappings f of
with negative coefficient

{f €Su:Gullan, V)N TH}

{fesh .oy NTy}

{fesSy:STyNTu}

Class of uniformly convex functions in A

Class of uniformly S-convex functions of order « in A
Class of uniformly starlike functions in A

Subordinate to

Xil

37

37

39

39

39

39

40

40

140

141

29

29

10

11



Class of admissible functions for differential subordination
Class of admissible functions for differential superordination
Confluent hypergeometric functions

Gamma function

Fractional derivative operator

xiil

31

32

19

32

23



SUBORDINASI DAN KONVOLUSI FUNGSI ANALISIS, FUNGSI
MEROMORFI DAN FUNGSI HARMONIK

ABSTRAK

Tesis ini membincangkan fungsi analisis, fungsi meromorfi dan fungsi har-
monik. Andaikan A; sebagai kelas yang terdiri daripada fungsi-fungsi analisis ter-
normal dalam bentuk f(z) = Zp_i_zzO:erl arz¥ (p € N), yang tertakrif pada cakera
unit terbuka D. Apabila p = 1, A := A;. Tambahan pula, kelas yang terdiri dari-
pada fungsi-fungsi meromorfi adalah berbentuk f(z) = Zip—kzzozl_p apz" (p € N),
tertakrif pada cakera unit terbuka berliang D* dan ditandakan sebagai M, dengan
M = My. Andaikan juga Sp sebagai kelas yang terdiri daripada fungsi-fungsi
harmonik yang tertakrif pada cakera unit terbuka D. Fungsi f € S boleh ditulis
sebagal f = h+g, dengan h(z) = z+Y " 5 apz" and g(z) = Y 00 1 bpz™, |by| < 1.
Tesis ini mengkaji empat masalah penyelidikan.

Bagi suatu fungsi f € My, f,, ditakrifkan sebagai f,,(2) := %Zz;é etk f (ekz) :
dengan n > 1 suatu integer, € = 1 and € # 1. Dengan menggunakan fungsi ini,
kelas teritlak bagi fungsi meromorfi p-valen bak-bintang, cembung, hampir cem-
bung dan kuasicembung terhadap titik n-lipat, serta juga kelas teritlak bagi fungsi
meromorfi p-valen bak-bintang dan cembung, terhadap titik simetri n-lipat, titik
konjugat dan titik konjugat simetri diperkenalkan. Sifat tutupan terhadap konvo-
lusi bagi kelas-kelas tersebut dikaji.

Keputusan berkaitan subordinasi pembeza juga dikaji bagi fungsi-fungsi f €
Ajp. Dengan menggunakan teori subordinasi pembeza, suatu kelas fungsi diper-
oleh agar dapat memenuhi implikasi pembeza tertentu. Keputusan subordinasi
pembeza yang melibatkan nisbah antara fungsi yang tertakrif melalui pengoperasi
linear Dziok-Srivastava juga diperoleh. Konsep kedualan superordinasi pembeza

juga dibincangkan untuk mendapat beberapa keputusan ’tersepit’. Tambahan
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pula, masalah yang serupa bagi fungsi-fungsi meromorfi f € M,, yang tertakrif
melalui pengoperasi linear Liu-Srivastava dikaji.

Fungsi analisis ternormal f disebut bak-bintang Janowski jika zf’(2)/f(z)
adalah subordinat terhadap (1 + Az)/(1 + Bz), (-1 < B < A < 1). Den-
gan menggunakan teori subordinasi pembeza peringkat pertama, beberapa syarat

cukup diperoleh agar implikasi berikut dipenuhi:

1+Cz N 1+ Az
1+ Dz

(1 —a)p(2) + ap?(2) + Bzp () <

Masalah serupa dikaji dengan ungkapan p(z)+zp/(2) /p?(z) dan p?(2)+2p/(2)/p(2).
Dengan menggunakan implikasi (1), keputusan subordinasi pembeza yang teritlak
diperolehi dan digunakan kemudian pada pengoperasi kamiran Bernardi £}, : A —

A dengan

1
Fi(z) == (p+ 1)/0 L fz)dt (u> —1).

Tesis ini diakhiri dengan mengkaji kaitan fungsi harmonik dengan fungsi hiper-
geometri. Dua subkelas fungsi harmonik pada Sy diperkenalkan. Kelas-kelas
tersebut ditandakan dengan H P(a, ) dan Gg([aq], 7). Syarat-syarat cukup diper-
oleh bagi fungsi hipergeometri, fungsi beta tak lengkap dan suatu pengoperasi
linear untuk terletak di dalam kelas HP(«, ). Turut diperoleh adalah, batas
pekali, titik ekstrim, keputusan rangkuman dan tutupan terhadap suatu pengop-
erasi kamiran bagi fungsi-fungsi harmonik memuaskan kelas G g7 ([o1], 7). Fungsi-

fungsi harmonik dengan pekali negatif juga dilibatkan dalam kajian ini.
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SUBORDINATION AND CONVOLUTION OF ANALYTIC,
MEROMORPHIC AND HARMONIC FUNCTIONS

ABSTRACT

This thesis deals with analytic, meromorphic and harmonic functions. Let
Ay denote the class of normalized analytic functions of the form f(z) = 2P +
ZzO:erl ak,zk (p € N), defined on the open unit disk D where p is a fixed positive
integer. When p = 1, A := Aj. Further, the class of all meromorphic functions are
of the form f(z) = le + Zzozl_p azz" (p € N), defined in the punctured open unit
disk D* and denoted by M, with M := M. Also, let S denote the class of sense-
preserving harmonic functions defined in the unit disk D. A function f € Sy can be
written as f = h+g where h(z) = 2+ 29 apz" and g(z) = > 021 by2", |by] < 1.
Four research problems are discussed in this work.

Given a function f € My, let fy, be defined by f,(2) := % Zz;(l) Ntk g (ekz> ,
where n > 1 is any integer, €' = 1 and € # 1. Using this function, general classes of
meromorphic functions that are starlike, convex, close-to-convex and quasi-convex
with respect to n-ply points, as well as meromorphic functions that are starlike
and convex with respect to n-ply symmetric points, conjugate points and symmet-
ric conjugate points are introduced. Closure properties under convolution of these
classes are obtained.

Results associated with differential subordination are also investigated for func-
tions f € Ap. By using the theory of differential subordination, a class of functions
is determined to satisfy certain differential implication. Differential subordination
results involving the ratios of functions defined through the Dziok-Srivastava linear
operator are also obtained. The dual concept of differential superordination is also
considered to obtain sandwich type results. Further, similar problems for mero-

morphic functions f € My, defined through the Liu-Srivastava linear operator are
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investigated.

A normalized analytic function f is Janowski starlike if 2 f’(2)/f(z) is subor-
dinated to (1 + Az)/(1 + Bz), (-1 < B < A < 1). By making use of the theory
of first-order differential subordination, sufficient conditions are obtained for the

following implication to hold:

14+Cz 1+ Az
=

(1= a)p(2) + ap(2) + fap' (=) < T

Similar problem is also investigated with the expressions p(z) + 2p/(z)/ pz(z) and
p?(2) + 2p/(2)/p(2). Using the implication (2), a more general differential subordi-
nation result is obtained which is next applied to the Bernardi’s integral operator

Fj, : A— A given by

1
Fiu(z) = (p+ 1)/O )t (u> —1).

Finally, connections between harmonic functions and hypergeometric functions
are investigated. Two subclasses of Sy are introduced. These classes are denoted
by HP(a, ) and Gg([aq],7). Sufficient conditions are obtained for a hypergeo-
metric function, an incomplete beta functions and an integral operator to be in
the class HP(«, ). Further, coefficient bounds, extreme points, inclusion results
and closure under an integral operator are also investigated for harmonic functions
satisfying the class G g ([a1],7). Harmonic functions with negative coefficients are

also considered in this investigation.
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CHAPTER 1
INTRODUCTION

1.1 Univalent Functions

Geometric function theory is a branch of complex analysis which deals with the
geometric properties of analytic functions. The theory of univalent functions deals
with one-to-one analytic, meromorphic and harmonic functions.

Let C be the complex plane and D := {z € C: |z] < 1} be the open unit disk
in C. Let © be an open subset of C. Let f : 2 — C. The function f is analytic
at zg € Q if it is differentiable at every point in some neighborhood of 2y and
it is analytic on € if it is analytic at all points in 2. The analytic function f is
univalent (Schlicht) in €2, if it takes different points in Q to different values, that is
for any two distinct points z; and z9 in Q, f(21) # f(22). The function f is locally
univalent at a point zg € €, if it is univalent in some neighborhood of zy. For an
analytic function f, the condition f/(zg) # 0 is equivalent to local univalence at z.
The restriction of one-to-oneness (injectivity) on functions defined on 2 provides
a lot of information on the geometric and analytic properties of such functions.

We now recall the famous Riemann mapping theorem which states that, in
any simply connected domain (a domain without any holes) © which is not the
whole complex plane C, there exists an analytic univalent function ¢ that maps €2

onto the unit disk.

Theorem 1.1 (Riemann Mapping Theorem) [35, p. 11] Let Q be a simply con-
nected domain which is a proper subset of the complex plane. Let { be a given point

i . Then there is a unique univalent analytic function f which maps €2 onto the

unit disk D satisfying f(¢) =0 and f'(¢) > 0.

In view of this, the study of analytic univalent functions on a simply connected

domain can be restricted to the study of these functions in the open unit disk .

1



Let H(D) be the class of functions analytic in D. Let #H[a, n] be the subclass

of H(ID) consisting of functions of the form
f(z)=:a4—anzn4—an+1zn+1%—-~

and let Hog = H[0,1] and H = H[1,1]. The open mapping theorem for a non-
constant analytic function shows that the derivative of a univalent function can
never vanish. Also translations and dilatations do not affect univalency. This
enables us to consider functions f that are normalized by the conditions f(0) =
0, f/(0) = 1. Let A denote the class of such analytic functions f in D. A function

f € A has the power series expansion of the form
(0.¢]
2) :z+2akzk (z € D). (1.1)

More generally, let A;, denote the class of all analytic functions of the form

o
)=+ > apF (2eDpeN:={1,231}). (1.2)
k=p+1
The subclass of A consisting of univalent functions is denoted by S. Thus S is the

class of all normalized univalent functions in ID. The function k defined by

k(z) = -2 an (z e D)

called the Koebe function which maps D onto the complex plane except for a slit
along the half-line (—oo, —1/4], is an example of a function in S. It plays a very
important role in the study of the class §. In fact, the Koebe function and its
rotations e 1k (eio‘z) , a € R are the only extremal functions for various problem

in the study of geometric function theory.



In 1916, Bieberbach [28] proved that |ag| < 2 for f € S and that equality
holds if and only if f is a rotation of the Koebe function k. This result is known
as Bieberbach Theorem. He also conjectured that |a,| < n(n > 2) for f € S,
is generally valid. This conjecture is known as the Bieberbach’s (or coefficient)
conjecture. For the cases n = 3, and n = 4 the conjecture was proved by Lowner
[67], and Garabedian and Schiffer [41], respectively. Pederson and Schiffer [96]
proved the conjecture for n = 5. For n = 6, the conjecture was proved by Pederson
[95] and Ozawa [90], independently. Finaly, in 1985, Louis de Branges [34], proved
the Bieberbach’s conjecture (now known as de Branges Theorem) for all coefficients

n as in the following theorem:

Theorem 1.2 (de Branges Theorem) [34] If f € S is of the form (1.1), then
lan| <n  (n>2)

with equality if and only if, [ is the Koebe function k or one of its rotations.

The simple coefficient inequality |ag| < 2 yields many important properties of
univalent functions. As a first application, we will state the covering theorem: if

f €S8, then the image of D under f contains a disk of radius 1/4.

Theorem 1.3 (Koebe One-Quarter Theorem) [35, p. 31| The range of every func-

tion f € S contains the disk {w eC:|w| < %}

Another important consequence of the Bieberbach’s theorem is the distortion the-

orem that gives sharp upper and lower bounds for | f/(z)].

Theorem 1.4 (Distortion Theorem) [35, p. 32] For each f € S,

147
(1—r)3

LT <) <

A S (Jz| =r < 1).

The result is sharp.



The distortion theorem can be applied to obtain sharp upper and lower bounds

for |f(z)|. This result is known as growth theorem.

Theorem 1.5 (Growth Theorem) [35, p. 33| For each f € S,

r T

Grr WOy (H=r<h

The result is sharp.

One last implication of the Bieberbach’s theorem is the rotation theorem where

the sharp bound for |arg f’(z)| is obtained by using Loewner’s method in [43].

Theorem 1.6 (Rotation Theorem) [35, p. 99] For each f € S,

4sin" Ly <7“ < \%) ,
|arg f(z)] <

7+ lo —TZ <r>—1>
gl ’I”2 - \/i )
where |Z| =r <1. The bound is ShCHp.

The difficulty in proving the Bieberbach conjecture led to various developments
including new techniques for proving the conjecture as well as new classes of func-
tions for which the conjecture was easier to handle. These classes of functions
were defined by geometric considerations. Among the classes introduced are the
class of convex functions, the class of starlike functions, the class of close-to-convex
functions and the class of quasi-convex functions.

A domain €2 in the complex plane C is called convez if for every pair of points,
the line segment joining them lies completely in the interior of 2. That is, wy, w9 €
Q implies that twy + (1 — t)wy € Q for 0 < ¢ < 1. A function f € S is a convex
if the image f(D) is convex. The class of functions f € S which are convex is

denoted by CV. A domain €2 in the complex plane C is called starlike with respect
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to a point wq € €2, if the line segment joining wq to every other point w € €2 lies in
the interior of 2. In other words, for any w € Q and 0 <t < 1, twy+ (1 —t)w € Q.
A function f € S is starlike if the image f(ID) is starlike with respect to the origin.
The class of functions f € S which are starlike is denoted by ST .

Analytically, a function f € CV if and only if

2f"(2)
f'(2)

Re (1 + ) >0 (zeD). (1.3)

The condition (1.3) for convexity was first stated by Study [134]. Also, a function
f € ST if and only if

Re (ZJ{QS)) >0 (zeD). (1.4)

The condition (1.4) for starlikeness is due to Nevanlinna [79]. In 1936, Robertson
[107] introduced the concepts of convex functions of order o and starlike functions

of order o, 0 < < 1. A function f € S is said to be convez of order a if

Re(l+%)>a (z € D),

and starlike of order a if

Re (Z]J:Eg)) >a (zeD).

These classes are respectively denoted by CV(«) and ST («). Note that CV(0) =
CV and ST(0) =ST.

Every convex function is evidently starlike. Thus CV C ST C S. However,
there is a close analytic connection between convex and starlike functions. Alexan-

der [7] first observed this in 1915 and proved the following theorem.

Theorem 1.7 (Alexander’s Theorem) [35, p. 43| Let f € S. Then f € CV if and
only if zf' € ST.



Let a € R. A function f € S with (f(2)/2)f'(z) # 0 is said to be a-conver in D

if and only if

Re ((1 — a)ZJJ:(S) +a (1 + Z]]:,(S)> ) >0 (zeD).

We denote the class of a-convex functions by MOC. This class MOC, is a
subclass of S, and was introduced and studied by Mocanu [75]. If & = 1, then an
a-convex function is convex; and if a = 0, then an a-convex function is starlike.
In 1973, Miller et al. [74] proved that all a-convex functions are convex if o > 1
and starlike if o < 1.

Another subclass of S is the class of close-to-convex functions. Kaplan [57]
introduced close-to-convex functions in 1952. A function f € A is said to be close-
to-convex if there is a real number 6§, —7/2 < § < 7/2, and a starlike function ¢

(not necessarily normalized) such that

Re (dpw) >0 (zeD).

9(2)

Geometrically, close-to-convex functions maps each circle z = re'? with fixed r < 1
onto a simple closed curve with the property that the tangent vector cannot turn
back on itself more than —7 radians. The class of functions f € A that are
close-to-convex is denoted by CC. The subclasses of S, namely convex, starlike and

close-to-convex functions are related as follows:
CycSTccccsS.

Note that, it is not necessary to assume that f is univalent in the definition of a
close-to-convex function since it follows from the following Noshiro-Warschawski

theorem [81,144] about functions defined in convex domain.



Theorem 1.8 If a function f is analytic in a conver domain ) and
Re (ewf/(z)> >0 (—m/2<0<7)2)

in ), then f is univalent in €.

Kaplan [57] applied Noshiro-Warschawski theorem to prove that every close-to-
convex function is univalent.
In 1980, Noor and Thomas [82] introduced the class of quasi-convex functions.

A function f € A is said to be quasi-convez if and only if

Re(%)>0 (z e D)

for some g € CV. The class of functions f € A that are quasi-convex is denoted

by OC.

A function f € A is said to be starlike with respect to symmetric points in D if

/

Re (f(z;i—(;()—z)) >0 (zeD). (1.5)
This class was introduced and studied in 1959 by Sakaguchi [118]. Let the class
of these functions be denoted by ST . Geometrically, if f € ST, then for every
r < 1, the angular velocity of f(z) about the point f(—z) is positive as z traverses
the circle |z| = r in the positive direction. Further investigations into the class
of starlike functions with respect to symmetric points can be found in [31, 80,
92,120, 138, 140-143]. El-Ashwah and Thomas [39] introduced and studied the
classes consisting of starlike functions with respect to conjugate points, and starlike

functions with respect to symmetric conjugate points defined respectively by the



conditions

Re(L(Z)_) >0 (z€eD)and Re<L(z)_> >0 (zeD).
f(z)+ f(Z) f(z) = f(=2)

The classes of these functions be denoted respectively by ST and ST . . Geo-
metrically, if f € ST, then for every r < 1, the angular velocity of f(z) about
the point f(Z) is positive as z traverses the circle |z| = r in the positive direction
and f € ST g can be described similarly.

Brannan and Kirwan [29] introduced the classes of strongly convex and strongly
starlike functions of order a. A function f € A is said to be strongly convex of

order o, 0 < o < 1 if it satisfies

2f"(z)
f'(2)

arg<1+ >’<% (z € D).

The class of all such functions is denoted by SCV,,. Similarly, a function f € A is

said to be strongly starlike of order o, 0 < av < 1 if it satisfies

w(f)|<% e

The class of all such functions is denoted by SST . Since the condition Rew(z) > 0
is equivalent to |argw(z)| < 7/2, we have SCV1 = CV and SS§T1 =S8T

Reade [106] introduced the class of strongly close-to-convex functions of order
a. A function f € A is said to be strongly close-to-convex of order a, 0 < av < 1 if

there is a real § and a convex function ¢ that satisfies

arg (e‘iﬂ%)‘ < ozg (z € D).

The class of all such functions is denoted by SCC,. When g = 0, SCC; = CC.

In 1991, Goodman [45,46] introduced and investigated the classes of uniformly
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convex and uniformly starlike functions. A function f € S is uniformly convex
(starlike) if for every circular arc v contained in I with center ¢ € D the image
arc f(v) is convex (starlike with respect to f(¢)). The class of all uniformly
convex and uniformly starlike functions is denoted by UCV and UST respectively.
Analytically, f € UCV if and only if

f"(2)
f'(2)

Re<1+(z—() )20, (2 #(,(2,() e Dx D).

and f € UST if and only if

o (211

m) >0 (2#((2¢) €DxD).

In 1992, Ronning [109] and Ma and Minda [70] were able to give independently
a one variable characterization for the class UCV. The function f € S belongs to

UCY if and only if it satisfies

Re (1 + ZJ{,/;S)) >

2f"(z)
f'(2)

‘ (2 € D). (1.6)

Using this one variable characterization of the class UCV, it is easy to obtain trans-
formations which preserve the class U/CV. However, a one variable characterization
of the class UST is still unavailable. In exploring the possibility of an analogous
result of Alexander’s theorem between the classes UCV and UST, Ronning [110],
introduced a subclass Sy of parabolic starlike functions. The class Sp consist func-

tions F(z) = zf'(z), where f belongs to the class UCV. Clearly f € Sy if and only

() >

if
2f'(2)
f(z)

—1‘(26@) (1.7)



In order to interpret (1.6) and (1.7) geometrically, let
Qpap ={weC:Rew > |w—1]}.
The set 2p 4R is the interior of the parabola
(Imw)? < 2Rew — 1

and it is therefore symmetric with respect to the real axis and has (1/2,0) as its
vertex. Then f € UCV if and only if 1+ zf"(2)/f'(z) € Qpag and f € S, if and
only if 2f'(2)/ f(2) € Qpar.

In [108,109], Ronning introduced the classes UCV(«, 5) consist of uniformly (-
convex functions of order o and Sp(av, 3) consist of parabolic 3-starlike functions of
order v, =1 < o < 1, B > 0, which generalize the classes /CV and S), respectively.

The function f € A belongs to UCV(«, 3) if and only if it satisfies the condition

Re (14 J{(<)> ~a)

Similarly, the function f € A belongs to Sp(a, ) if and only if it satisfies the

e (T o) >l -

Indeed it follows from (1.9) and (1.8) that f € UCV(«a, B) if and only if zf’ €

2f"(2)
(2)

(z € D). (1.8)

condition

1‘ (2 € D). (1.9)

Spla, ). For =1 <a <1, >0, let

QPAR ={w e C:Rew —a> flw—1]}.
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The set Q%’ﬁ p is the interior of the parabola
(BImw)? < (Rew — a)? — f%(Rew — 1).

Geometrically, f € UCV(a, ) if and only if 1 + zf"(2)/f'(z) € Q%’fm and
f € Spla,B) if and only if 2f(2)/f(z) € QOPf’ﬁR. Clearly, UCV(0,1) = UCVY and
Sp(0,1) = Sp.

Several subclasses of starlike and convex functions can be unified by using
subordination between analytic functions. An analytic function f € A is subordi-
nate to an analytic function g € A, denoted by f < g, if there exists an analytic
function w, with w(0) = 0 and |w(z)| < 1 satisfying f(z) = g(w(z)). In particular,
if the function g € S, then f < g is equivalent to f(0) = ¢(0) and f(D) C g(D). If
f < g, we say g is superordinate to f.

Let P be the class of all analytic functions p of the form
o0
p(z)=1+c1z+cz> 4 = 1—|—an2”
n=1

with

Rep(z) >0 (z€D). (1.10)

Any function in P is called a Caratheodory function. More generally, for 0 < a <

1, we denote by P(«) the class of analytic functions p € P with
Rep(z) >a (z€D).

Most of the subclasses of functions in & are in one way or other related to the
class P. For example, the function f € ST if and only if 2f(2)/f(2) € P and the
function f € CV if and only if 1 + zf"(2)/f'(z) € P.
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In terms of subordination, the analytic condition (1.10) can be written as

1+=2
1—2

p(z) < (z € D).

This follows since the mapping ¢(z) = (1 + z)/(1 — z) maps D onto the right-half

plane. In this light, the conditions (1.3) and (1.4) are respectively equivalent to

2f"(z)  1+=z

1+ 702) —<1—z (z € D) (1.11)
and
2f'(z)  1+2
02) %1_2 (z € D). (1.12)

For |B] <1 and A # B, a function p, analytic in D with p(0) = 1, belongs to

the class P[A, B] if
1+ Az
p() <15,

e D).

In 1973, Janowski [55] introduced the class P[A, B] for —1 < B < A < 1. He
introduced and investigated the classes of Janowski convexr and Janowski star-
like functions by replacing the function (1 4+ 2)/(1 — z) in (1.11) and (1.12)
with (1 + Az)/(1 + Bz). The classes of Janowski convex and Janowski star-
like functions are denoted by CV[A, B] and ST[A, B] respectively. In particular
P[A,B] C P[1,—1] = P. It is also evident that, under the condition p(0) = 1
and 0 < a < 1, P[1 — 2a, —1] = P(«). Thus, the classes CV[A, B] and ST[A, B]
include the classes CV and ST respectively.

Rgnning [110] and Ma and Minda [70] showed that the function ¢p4Rr(z)

defined by

2
opan() =145 (105 77Y2) " (zeD)

maps D onto the parabolic region €2p 4. Therefore the classes UCV and S) can

12



be expressed in the form

UCV—{fGA:1+i{CT?<¢pAR(Z)} (1.13)
and
Sy = {feA: Z]{(Z) <¢pAR(z)}. (1.14)

Analogous to (1.13) and (1.14), the classes UCV(a, 3) and Sp(c, ) were also
defined in terms of subordination in [2,3,93] for 0 < o < 1 and 8 > 0. Let
p(z) =14+ 2f"(2)/f(2) or p(z) = zf'(2)/f(2). Then the conditions (1.8) or (1.9)
are rewritten in the form

p(2> = QQ,ﬂ(Z)v

where the function ¢, g for =0 and g =1 are

1+ (1—2a)z
CIa,O(Z) = ¥a and Qa,l('z) =1+

1—=2 2

52

For 0 < 8 < 1, the function g, g is

2
qu,ﬂ<Z) = 1_—a COs (% (COS_1 B) zlog 1+—\/E> _ 6 —a

and if § > 1, then ¢, g has the form

l—a . T u(z)/VB dt 32—«
sin / o) T
\/1_,52 n_pe) P -

s = = | 2R y

where u(z) = (2 — v/B)/(1 — /Bz) and K is such that 3 = cosh(rK'(2))/4K (z)).
In an effort to unify the subclasses of univalent functions, Ma and Minda [68]
gave a unified presentation of various subclasses of starlike and convex functions.

For this purpose, let ¢ be an analytic function with positive real part in D, nor-
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malized by the conditions ¢(0) = 1 and ¢(0) > 0, such that ¢ maps the unit disk
D onto a region starlike with respect to 1 that is symmetric with respect to the

real axis. They introduce the following classes

CV(p) = {f cA: 1+ Zj,/;ij) =< cp(z)}

and

ST@y:{feAzﬁé?<@@ﬁ.

These functions are called Ma-Minda convex and starlike functions respectively.
It is clear that for special choices of ¢, these classes envelop several well-known
subclasses of univalent function as special cases. For example, when p 4 g(z) =
(1+ Az)/(1+ Bz) where =1 < B < A <1, the class ST (¢4 p) = ST|[A, B], and
the class CV(¢ppar) = UCV.

Define the functions kg, hy : D — C respectively by

2k (2)
1+M&@:¢@ (€D, ky € A)
and
zh! (2)
h;(z) =p(2) (€D, hpec A).

In [68], Ma and Minda introduced the functions ky, and hy in CV(p) and ST ()
respectively, which turned out to be extremal for certain problems. For the class

of Ma-Minda convex functions, the following theorem is holds.

Theorem 1.9 [68] If f € CV(p), then, for |z| =,
k(=) < [f(2)] < kg(r),

k(1) < 1£(2)] < Kolr).
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Equality holds for some z # 0 if and only if f is a rotation of ky. Also either f is

a rotation of ky or f(D) contains the disk |w| < —ky(—1), where

ko(—1) = lim (~ky (1))

r—1-
Further, for |zg] =1 < 1,

Jarg('(z0))| < max | arg K (2)]

Theorem 1.9 gives distortion, growth, covering and rotation results for the class
CV(p). Corresponding results for functions in ST (¢) were also obtained by Ma and
Minda [68]. The additional assumptions min, _, [¢(2)| = |¢(—r)| and min|,_, [¢(2)] =
|o(r)| are needed in the distortion theorem for f € ST (¢).

More information on univalent functions can be found in the books by Good-
man [44], Duren [35], Pommerenke [97], Graham and Kohr [47] and Rosenblum
and Rovnyak [111]. Certain aspects of the subject have also been covered in the

books by Nehari [78], Goluzin [42] and Hayman [50].

1.2 Differential Subordination and Differential Superordination

The theory of differential subordination and the dual theory of differential superordi-
nation were developed by Miller and Mocanu [72, 73]
Let 1(r,s,t;2) : C3 x D — C and let h be univalent in . If p is analytic in I

and satisfies the second order differential subordination

¥ (p(=2), 2/ (2), 229" (2): 2) < (), (1.15)

then p is called a solution of the differential subordination. The univalent function
q is called a dominant of the solution of the differential subordination or more
simply dominant, if p < ¢ for all p satisfying (1.15). A dominant ¢; satisfying
q1 < q for all dominants ¢ of (1.15) is said to be the best dominant of (1.15). The
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best dominant is unique up to a rotation of D. If p(z) € H[a,n], then p will be
called an (a,n)-solution, q an (a,n)-dominant, and q; the best (a,n)-dominant.

Let Q C C and let (1.15) be replaced by

0 (p(z), 2/ (2), 220" (2); z) € Q, for all z € D. (1.16)

Even though this is a “differential inclusion” and v (p(2), zp/(2), 2p(2); z) may

not be analytic in D, the condition in (1.16) will also be referred as a second order
differential subordination, and the same definition of solution, dominant and best
dominant as given above can be extended to this generalization. See [72] for more
information on differential subordination.

Let 9(r,s,t;2) : C3 x D — C and let h be analytic in . If p and

Y(p(2), 20 (2), 20" (2); 2)

are univalent in D and satisfies the second order differential superordination

h(z) < ¥ (p(2), 2p' (), 22" (2); 2), (1.17)

then p is called a solution of the differential superordination. An analytic function
q is called a subordinant of the solution of the differential superordination or more
simply subordinant, if ¢ < p for all p satisfying (1.17). A univalent subordinant ¢;
satisfying g < ¢ for all subordinants ¢ of (1.17) is said to be the best subordinant
of (1.17). The best subordinant is unique up to a rotation of D. Let @ C C and

let (1.17) be replaced by

QC {@Z)(p(z),zp/(z), z2p//(z);z)|z € ]D)} : (1.18)

Even though this more general situation is a “differential containment”, the con-
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dition in (1.18) will also be referred as a second order differential superordination
and the definition of solution, subordinant and best subordinant can be extended
to this generalization. See [73] for more information on the differential superordi-

nation.

1.3 Convolution and Hypergeometric Functions

1.3.1 Convolution

For two analytic functions f and g given by their Taylor series f(z) = ajz +
ap? +az + - = S akzk and ¢g(z) = b1z + boz2 + b33 4o = >ory bkzk,
the convolution or Hadamard product, denoted by f * g is defined by the analytic

function
O
(f *9)(2) = a1byz + agboz® + aghsz® + - = > ayby2F.
k=1

The product is named after Jacques Hadamard [48] who published the first in-
depth analysis of this product in 1899. The Hadamard product is commutative
and associative. The first derivative of the product f x g is related to the first

derivatives of f and g by

2(fx9)(2) = ((2f) *9)(2) = (f * (z9)") (2).

The second derivative of the product is related to the first derivative of f * g, f

and g by

P(fx9)" () +2(f#9) (2) = 2(2(f #9)') (2) = 2((z1") x9) (2) = (/) % (29)) ().

For any analytic function g with g(0) = 0, the function f(z) = > 72 2" = z/(1—2)
is an identity. Hence, (f * g)(2) = g(2).
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The importance of convolution lies in the fact that many linear operators in
geometric function theory are special cases of the convolution operator f —— fx*g
for an appropriate fixed g. Polya and Schoenberg [101] conjectured that the classes
of convex functions CV and starlike fucntions ST are preserved under convolution
with convex functions. In other words, if f € CV and g € CV(g € ST), then
fxgelV(fxgeST).

In 1973, Ruscheweyh and Sheil-Small [116] proved the Polya-Schoenberg con-
jecture. In fact, Ruscheweyh and Sheil-Small [116] prove that the class CC of
close-to-convex functions is also closed under convolution with convex functions.
They proved the following more general theorem that plays an important role in

the theory of convolutions:

Theorem 1.10 [116, p. 128] If f € CV, g € ST and ¢ € P, then L1 e p.

1.3.2 Hypergeometric Functions

The exploitation of hypergeometric functions in the proof of the Bieberbach con-
jecture by Louis de Branges has given function theorists a renewed impulse to
study this special function. As a result there are a numbers of works on this
topic [20,30,69,71,99,117].

The Pochhammer symbol or ascending factorial is defined by

ala+1)(a+2)...(a+n—-1), (neN)

where I'(a), denotes the Gamma function.

It is well known that the functions f(z) = (1 —2)"! and g(z) = (1 — 2) ™% can
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be represented as in the following geometric series :

(1—2)"t=) 2~ (1.20)

(1-27"=%" ( ¢ )(—z)k =3 %z’“ (1.21)

k=0

The geometric series representations (1.20) and (1.21) lead to the consideration of

the function defined by

Zgzi1)§+a(a+1)(a+2)f+..., (1.22)

a z
Bla,c;z)=1+22
(@.c2) =14 797+ )2 " elc+1)(c+2) 3!

c 1!

where a,c € C with ¢ # 0,—1,—2--- . This function, called a confluent (or Kum-

mer) hypergeometric function, satisfies Kummer’s differential equation
2w (2) + (c — 2)w' (2) — aw(z) = 0.

By using (1.19), (1.22) can be written in the form

> a z C > a Zk
®la,c;2) =Y ( ):f _ I ; > FECH:))_.' (1.23)

The function in (1.22) can have a generalized form as defined by the following

function:
abz  ala+1)b(b+1) 2
Flabe;2) =1+ 22 z
(ab,¢:2) Tt cle+1) 2!

(1.24)

This function, called a Gaussian hypergeometric function, satisfies the hypergeo-

metric differential equation

2(1—=2)w"(2) + e — (a + b+ 1)z]w'(2) — abw(z) = 0.
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Using the notation (1.19) in (1.24), F'(a,b,c; z) can be written as

F(a,b,c;z) = i (@) (B)y; =* I'(c) i T(a+ k)T(b+ k) 2F

(A k! T(a)I(b) T(c+ k) R (1.25)

k=0

More generally, for a; € C (j =1,2,...,1) and 8; € C\{0,-1,-2,...} (j =

1,2,...m), the generalized hypergeometric function [100]

1Fin(2) o= Fn(oa, . B, s 2)

is defined by the infinite series

e.¢]

(01)g - .- (ap)g 2
Fp(ay,....a; 81, -, Bm; 2) == E — 1.26
tFm{en b1 3 2) = (B1)k - (Bm)g K (1.26)

(I <m+1;l,me Ng:=NU{0})

where (a)y, is the Pochhammer symbol defined by (1.19). The absence of parame-

ters is emphasized by a dash. For example,

0 Zk
0F1(=3b;2) = :
,;) (b)rk !
is the Bessel’s function. Also
o
0Fo(—;—;2) = Z = exp(z
and
o (a)2" 1
1F0(CL,—,Z):Z L :(1—,2)&'
k=0
Similarly,
Fi(a,b;b;z) = ! Fi(1,1;1;2) = !
21(1’7’2_(1_2)0,’ 2471 7”2_1—2’
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—1In(1 — 2) 1
_— d 9F1(1,2;1;2) = .
P I an 2 1( )y < ’Z) (1 o 2)2

9F1(1,1;2;2) =

Recall that, for two functions f(z) given by (1.2) and ¢(z) = zp—l—ZZO:erl bz,

the convolution (or Hadamard product) of f and g is defined by

(fxg)(z) =2+ > apbpz” = (g% )(2). (1.27)

k=p+1

Corresponding to the function
hp(aq, ..., B1, .. Bmsz) =20 (Fip(aq, ..., o 01, -, Bm; 2),
the Dziok-Srivastava operator [37,38,129]
H](?l’m)(al, coan B Bm) Ay = Ay
is defined in terms of convolution as follows:

H](j’m)(ala s 7al;617 s 7Bm)f(z)
= p(at, o, g3 Bl s B ) % £(2)

o0 (Oél)k;_p .. (O‘l)k—p akzk
P | |
+k§r1 (B1)k—p - -- (Bm)k—p (k= p)! (1.28)

For brevity,

HYoq)£(2) = B ™ on, . ag B ) (2).

The linear (convolution) operator H]l)’m[al] f(2) includes, as its special cases,
various other linear operators in many earlier works in geometric function theory.

Some of these special cases are described below.
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The linear operator F : A — A defined by

Fla, 8,7)f(2) = BV (@, B:9) £ (2)

is Hohlov linear operator [51]. The linear operator £ : A — A defined by

Ll f(z) = HPD (0, 1,9) f(2) = Fla, 1,9)£(2)

is the Carlson and Shaffer linear operator [30]. The differential operator D

A — A defined by the convolution:

S S = HPYOA T LLD (), (A2 -1 f €A

Af(g) = — 2
DR =0

is the Ruscheweyh derivative operator [115]. This operator also implies,

D"f(z) := =

, (mneNy, feA.

In 1969, Bernardi [27] considered the linear integral operator F' : A — A defined
by

1
F(z):=(p+ 1)/0 L fz)dt (u> —1). (1.29)

This operator is called the generalized Bernardi-Libera-Livingston linear operator
[27,62,66]. The operator in (1.29) was investigated by Alexander [7] for p = 0
and Libera [62] for 4 = 1. This operator can be written as a special case of

Dziok-Srivastava operator in the follwing form:
(2.1)
F(z)=H{" (p+LLp+2)f(2), (u>-1f€A).

It is well-known [27] that the classes of starlike, convex and close-to-convex func-

tions are closed under the Bernardi-Libera-Livingston integral operator.
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Definition 1.1 [88,89] The fractional derivative of order X is defined by
1 d [*
DM(2) = =—— /1;&Qﬂx 0<A<1)
0

T(1-NdzJy (z—O)>

A—1

where f(2) is constrained, and the multiplicity of (z—() is removed by requiring

log(z — () to be real when z — ¢ > 0.

Definition 1.2 [88,89] Under the hypothesis of Definition 1.1, the fractional

derivative of order n + X is defined, by

d’rL
DIFAf() = T DXf(z) (0 A <1, neN).

In 1987, Srivastava and Owa [130] studied a fractional derivative operator
O A — A defined by QNf(2) := T'(2 — \)2*D2 f(2). The fractional derivative
operator is a special case of the Dziok-Srivastava linear operator since

P f(2) = B (2,12 - V) (2)

=L(2,2-XNf(z), (AEN\{1},f € A).
1.4 Meromorphic Functions

A function f which is meromorphic multivalent in ID can be redefined, by a simple
fractional transformation to have it’s pole of order p at the origin.

Let M), denote the class of all meromorphic multivalent functions of the form

[ =5+ > et =), (1.30)
k=1-p

that are analytic in the open punctured unit disk

D*={2€C:0<|z| <1},
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and let My := M (the class of all meromorphic univalent functions). For two

functions f, g € My, where f given by (1.30) and

1 00
= _p+ Z bkzk,

k=1-p

the Hadamard product (or convolution) of f and g is defined by the series

(f*x9)(2) = + Z apbp2® =: (g% f)(2).

k=1-p

Corresponding to the function

h;(a177a1761775ma2) = Z_p lFm(ala"'7Oél;ﬁl7'”7ﬁm;z)7

where ; Fyy, is defined by (1.26), the Liu-Srivastava operator [64,65,102,131]

—~ (I
H*I(?’m)(al, oo P, Bm) t My — My is defined by the Hadamard product

IT+ (l7m)

H*p (a{17"'7&l;617"'7ﬁm)f(z)::h*(a17"' Oél;ﬁl,...,ﬂm;Z)*f(Z)

o~ (@D (@ pgp  ap2F
-+ Z

(B k4p - - - (Bm)jtp (k4 p)!

k=1-p
(1.31)

where a; € C(j = 1,2,...,1), 35 € C\{0,-1,-2,...} (j = 1,2,...m), [ <
m+1;1,m € Ny := NU{0} and (a), is the Pochhammer symbol defined by (1.19).

For convenience, (1.31) is written as

(l;m)

MBSz = HY (@, ap B Bm) F(2):
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1.5 Harmonic Functions

A real function u : Q@ C R?2 — R is called harmonic if all its second partial
derivatives are continuous in () and it satisfies the Laplace equation:

9% 0%u B

A = — —_—
“ 8x2+0y2

0.

A one-to-one mapping u = u(z,y),v = v(z,y) from a region €2 in the zy-plane is a
harmonic mapping if both u, v are harmonic. It is convenient to use the complex
notation z = x + iy and w = u + iv and to write w = f(2) = u(z) + iv(z).

In 1984, Clunie and Sheil-Small [32] found significant results for complex valued
harmonic functions defined on a domain 2 C C and given by f = u + ‘v where u
and v are both real harmonic in €2. In this dissertation, the domain 2 will be the
unit disk D, which is simply connected. Since v and v are real harmonic functions,

when 2 is simply connected there exist analytic functions F' and G such that

F+F -G
+ andv:ImG:G .

=nhe 2 %

This observation gives the representation

f_F+F+G—@_ F+@\ (F-G
2 2 2 2 ‘

Letting h = (F 4+ G)/2 and g = (F — G)/2, the harmonic function f can be
expressed as f = h+g. The analytic functions h and g are called the analytic and
co-analytic parts of f respectively.

A mapping is said to be a sense preserving mapping if it preserves the orien-
tation, or sense, of the angle between two curves in the domain of the mapping.
A sense preserving mapping does not necessarily preserve the magnitude of the

angle between the intersecting curves.
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The Jacobian of the function f = u + v is

Uy Ug
Jr(z) = = UpVy — UyUs.
Uy Uy

If f is analytic function, then its Jacobian has the following form:
Tp(2) = (uz)® + (v2)* = | /' (2) >

For analytic functions f, J f(z) # 0 if and only if f is locally univalent in . Hans
Lewy [60] showed in 1936 that this statement remains true for harmonic functions.
If f(z) = h(z) + g(z), is harmonic function, then its Jacobian has the following

form:

Ji(2) = W) =g ().

A necessary and sufficient condition [32] for a harmonic function f = h+7 to
be locally univalent and sense preserving in a simply connected domain 2 is for
|/ (2)] > g/ (2)] in Q. If W (2)| < |¢'(2)] throughout Q, then f is sense reversing.
Throughout this dissertation it will be assumed that the harmonic functions are
sense preserving.

Let a harmonic function f of the unit disk I be given by f = h + g with
g(0) = 0. Then the representation f = h + g is unique and is called the canonical

representation of f. The power series expansions of h and ¢ are given by
o} o0
h(z) = Z apz" and g(z) = Z b2
k=0 k=1

Denote by Sg the class of all sense-preserving harmonic functions of the unit

disk D with ag = 0 and a1 = 1. Hence, the power series expansions of A and g for
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the subclass Spy are given by

0 o)
h(z) =z + Z apz” and g(z) = Z bp2". (1.32)
k=2 k=1

This class was introduced and investigated by Clunie and Sheil-Small [32]. The
class Sy, contains the standard class S of analytic univalent functions. The sub-
classes of Sy consisting of functions for which b; = 0 is denoted by S%. Therefore,

the series expansions of h and g for the subclass SIOJ are given by

00 00

h(z) =2+ Z akzk and g(z) = Z bkzk. (1.33)
k=2 k=2

Note that S C S?{ C Sg. Clunie and Sheil-Small [32] proved that the class Sgr is

a normal family of functions and the class S% is a compact normal family.

Let CV g and CV% denote the respective subclasses of Sy and S% that consist
of functions that map the unit disk DD to a convex domain. Geometrically the
classes of harmonic convex functions can be defined similar to analytic convex
functions. Clunie and Sheil-Small gave an analytic description for harmonic convex
functions [32, Theorem 5.7]. The theorem states that a harmonic function f = h+g
is in the class CV g of harmonic convex functions if and only if, the analytic
functions h — €'?g with 0 < ¢ < 27 are convex in the direction ©/2 and f is
suitably normalized. Clunie and Sheil-Small [32] also proved that the image of
the unit disk under any harmonic convex functions f € CV% contains the disk
{w: |w|] < 1/2}.

The class of functions f € Sy is harmonic starlike if its range is starlike with
respect to the origin. The class of harmonic starlike is denoted by ST g. Suppose
the function f = h+g is in Sg. Analogue to Alexander theorem, if zh'(z) — W
is starlike, then f is convex.

Two important examples of harmonic functions that Clunie and Sheil-Small
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[32] examined are

The function g maps D onto the half plane {w : Re(w) > —1/2}, and the function
ko maps D onto the complex plane C less a slit from —oo to —1/6 along the real
axis.

From the harmonic Koebe function it is clear that
1 1
anl = @0+ D+ 1), ool = 20— —1) (022)

for all functions f in S%. It has also been proved that for all functions f € S,
the sharp inequality |bg| < % holds.
The class of functions f € 82[ that are harmonic starlike is denoted ST%[.

Sheill-Small [121] proved that for f of the form (1.33)

lan] < (n—1)(2n—-1)

and |by| <

(n+1)(2n+1)
6

hold true for 87'(]){. It was shown in [32] by Clunie and Sheill-Small that

(n—1)
2

(n+1)
2

lan| < and |by| <

for f € VY. In 1998, Silverman [123] showed that if f of the form (1.33), satisfies
H

oo

S k(Jag] + Ibyl) < 1, (1.34)

k=2
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then f € ST%. Silverman [123] also proved that for f in the form (1.33), is in
eV if

0
>k (lag| + |by]) < 1. (1.35)
k=2

Silverman [123, 125] introduced the subclasses of 87‘9{ and CV%, denoted by

TST%{ and TCVOH, respectively, where f = h + 7,

0 o0
h(z)=2z— Z apz®, ap>0and g(z) = — Z bpz", by > 0. (1.36)
k=2 k=2

Silverman [123] showed that (1.34) and (1.35) are necessary and sufficient condi-

tions for f of the form (1.36) to be in the subclasses TS T% and 7C VOH respectively.

1.6 Scope of the Thesis

In this thesis, certain properties of analytic, meromorphic and harmonic functions
are investigated by using the techniques of subordination and convolution.

In Chapter 3, closure properties under convolution of general classes of mero-
morphic multivalent functions that are starlike, convex, close-to-convex and quasi-
convex with respect to n-ply points, as well as meromorphic multivalent functions
that are starlike and convex with respect to n-ply symmetric points, conjugate
points and symmetric conjugate points are investigated. These classes are in-
deed extensions of the classes of meromorphic convex, starlike, close-to-convex and
quasi-convex functions. Previous results are special cases of the results obtained
here.

In Chapter 4, differential subordination and superordination results for mul-
tivalent analytic functions associated with Dziok-Srivastava linear operator are
obtained. In addition, differential subordination and superordination results are
also obtained for meromorphic multivalent functions in the punctured open unit

disk D* that are associated with the Liu-Srivastava linear operator. These results
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are obtained by investigating appropriate classes of admissible functions. Certain
related sandwich-type results are also investigated.

Chapter 5 deals with the applications of the theory of first-order differential
subordination to obtain sufficient conditions for a normalize analytic function f
to be Janowski starlike. These conditions are expected to emerge from the inves-

tigation of the implication

1+Cz:> <)<1+Az
Z B —
1+ Dz P 1+ B2’

(1 —a)p(2) + ap?(2) + Bzp(2) <

and other similar implications involving p(z)+2p/(2)/p?(2) and p?(2) +2p'(2) /p(2)
where p(z) € P. The results obtained will also applied to Bernardi’s integral
operator to derive related results.

In Chapter 6 is to obtained results by investigating the connection between
harmonic functions and hypergeometric functions. In this chapter sufficient con-
ditions are obtained for a hypergeometric function and an integral operator to
be in a subclass of harmonic univalent functions. In addition, coefficient bounds,
extreme points, inclusion results and closure under an integral operator are also
investigated for a new subclass of complex-valued harmonic univalent functions,
using the Dziok-Srivastava operator for harmonic mappings. Results related to

harmonic functions with negative coefficients are also obtained.
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CHAPTER 2
PRELIMINARY RESULTS

In chapter 1, differential subordination, differential superordination, convolution
and hypergeometic functions were defined. In this chapter, some important results
related to differential subordination, differential superordination, convolution and
hypergeometic functions are highlighted. These results will be applied in obtaining

the main results.

2.1 Differential Subordination and Differential Superordination

Denote by Q the set of all functions ¢ that are analytic and injective on D\ E(q)
where

E(q) ={¢ € ID: ;EQ(Z) = oo},

and are such that ¢/(¢) # 0 for ¢ € D\ E(q). Further let the subclass of Q for
which ¢(0) = a be denoted by Q(a), Q(0) = Qp and 9Q(1) = Q.

Definition 2.1 [72, Definition 2.3a, p. 27| Let  be a set in C, ¢ € Q and n
be a positive integer. The class of admissible functions W[, q] consists of those

functions 1 : C3 x D — C that satisfy the admissibility condition

W(r,s,t;z) € Q (2.1)

whenever r = q(¢), s = k(¢ (¢), and

Re (2 + 1) > kRe (Cs,/;g) + 1) ,

zeD, €D\ E(q) and k > n. We write ¥1[Q2,q| as V[Q, q].
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If 1 : C2 x D — C, then the admissible condition (2.1) reduces to

¥(9(€), k¢d (€);2) € 9, (2.2)

zeD, (€dD\ E(q) and k > n.

In particular when ¢(z) = M(Mz + a)/(M + az), with M > 0 and |a| < M,
then ¢(D) = Dy := {w : |w| < M}, ¢(0) = a, E(q) =0 and ¢ € Q. In this case,
we set W, [Q2, M, a] := Uy[Q, q], and in the special case when the set 2 = Dy, the
class is simply denoted by ¥,,[M, al.

The following theorem is a main result in the theory of differential subordina-

tions:

Theorem 2.1 [72, Theorem 2.3b, p. 28] Let 1 € ¥,[Q, q] with q(0) = a. If the

analytic function p(z) = a + apz"™ + app12" T+ - satisfies
D(p(2), 20/ (2), 220" (2); 2) € Q,

then p(z) < q(z).

Definition 2.2 [73, Definition 3, p. 817] Let 2 be a set in C, q(z) € H[a,n] with
q'(z) # 0. The class of admissible functions W), q] consists of those functions

Y C3 x D — C that satisfy the admissibility condition
Y(r,s,t;¢) € Q (2.3)
whenever r = q(z),s = z¢'(2)/m, and
Re <£ + 1) < i Re <zq/”(z) + 1) ,
s m q'(2)

z€D, (€D and m>n>1. Whenn =1, we write ¥}[Q,q] as ¥'[2, g].
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Ifp) : C2xD — C Ifip: C2 xD — C, then the admissible condition (2.3)

reduces to

2q'(2)
o (40222 ¢) ¢ (2.4)
zeD, (€D and m > n.

The following theorem is a key result in the theory of differential superordinations:

Theorem 2.2 [73, Theorem 1, p. 818] Let v € U/ [Q, q] with q(0) = a. If

p € Qa) and Y(p(2), 2p(2), 229" (2); 2) is univalent in D, then
Q C {Y(p(2), 20/ (2), 2%p"(2); 2) : = € D}

implies q(z) < p(z).

The following lemma will be an important tool in obtaining the main results.

Lemma 2.1 [72] Let q be univalent in the unit disk D and 9 and ¢ be analytic
in a domain D containing q(D) with o(w) # 0 when w € ¢(D). Set Q(z) =
2q (2)p(q(2)) and h(z) := 9(q(2)) + Q(z). Suppose that either h is convez, or Q is
starlike univalent in D. In addition, assume that Re (zh'(2)/Q(z)) > 0 for z € D.

If p is analytic in D with p(0) = ¢(0), p(D) C D and

I(p(2)) + 20/ (2)(p(2)) < V(a(2)) + 24’ (2)(a(2)), (2.5)
then p(z) < q(z), and q is the best dominant.

2.2 Convolution

Ruscheweyh [114] introduced the class of prestarlike functions by using convolu-

tion.
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Definition 2.3 For a < 1, the class Rq of prestarlike functions of order « is
defined by

Ra::{fEA: f* z2_2a€ST(Oz)}7

=2
while Ry consists of f € A satisfying Re f(z)/z > 1/2.

Note that for a = 0, Rp is the class of univalent convex functions CV, and for

a =1/2, Ry o is the class of univalent starlike functions ST(1/2) of order 1/2.
The well-known result that the classes of starlike functions of order a and

convex functions of order « are closed under convolution with prestarlike functions

of order « is a consequence of the following:

Theorem 2.3 [113, Theorem 2.4] Let « <1, ¢ € Ry and f € ST (a). Then

0+ W) ) - (1 (D)),

¢* f

for any analytic function H € H(D), where co(H(D)) denote the closed convex
hull of H(D).

2.3 Hypergeometric Functions
Lemma 2.2 [6, Lemma 10] If a,b,c > 0, then

(i)

F(a+k,b—|—k;c—|—k;1):(c a(c)lg A F(a,b;c; 1), (2.6)
— U=V =hE

fork=0,1,2,...ifc>a+b+k

(i)

ZHEZ;:((SZ - c—aa—bb— 1F(a,b; ¢:1) (2.7)
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ifc>a+b+1

(iii)
- n2(a)n(b n _ (a)2(b)2 ab
g; (©)n(L)n (@—a—b—2h c—a—b—1
ifc>a+b+ 2.
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CHAPTER 3
CONVOLUTIONS OF MEROMORPHIC MULTIVALENT
FUNCTIONS WITH RESPECT TO N-PLY POINTS AND
SYMMETRIC CONJUGATE POINTS

3.1 Introduction

The class of analytic function starlike with respect to symmetric points which
was defined in Section 1.1, p. 7 can be defined more generally as in the following

definition:

Definition 3.1 Let h be a normalized function with Reh > 0, and h(0) = 1. The

class Sg(h) consists of functions f € A satisfying

22f'(2)

) — foey < M)

Remark 3.1.1 When h(z) = (1+2)/(1—2), the class S5(h) reduces to the class of
starlike functions with respect to symmetric points introduced by Sakaguchi [118].
Sakaguchi proved that the condition (1.5) is a necessary and sufficient condition
for a function, f € A to be univalent and starlike with respect to symmetric points.
Later Das and Singh [33] extend the results of Sakaguchi for classes of conver and

close-to-convex functions with respect to symmetric points.

Similarly, the classes of analytic functions starlike with respect to conjugate
and symmetric conjugate points which were defined in Section 1.1, p. 8 can be

define in the following form respectively:

Definition 3.2 Let h be a normalized function with Reh > 0, and h(0) = 1. The

class S;(h) consists of functions f € A satisfying

L/(i < h(z).
f(2)+ f(Z)
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Definition 3.3 Let h be a normalized function with Reh > 0, and h(0) = 1. The

class Sgp(h) consists of functions f € A satisfying

22f'(2)

— < < h(z).
f(z) = f(=2) )

Remark 3.1.2 When h(z) = (1 + 2)/(1 — 2), the classes S3(h) and Sgo(h) re-
duces to the classes of starlike functions with respect to conjugate and symmetric

conjugate points introduced by El-Ashwah and Thomas [39).

Ravichandran [103] unified the classes of starlike, convex and close-to-convex func-
tions with respect to n—ply symmetric points, conjugate points and symmetric
conjugate points, and obtained several convolution properties. Ravichandran in-
troduced these classes by using subordination as in the following definitions.

The classes of starlike and convex functions with respect to n—ply points are

defined in the following definitions respectively:

Definition 3.4 [103] Let ST™(h) denote the class of all functions [ € A satis-
fying fn(2)/z #0 in D and

2f'(2)
fn(2)

< h(z).

Denote by STy (h) the class

STh) = {f € A: f+geST"(h)}.

Definition 3.5 [103] Let CV™(h) denote the class of all functions f € A satisfying
fl(2) # 0 inD and

Denote by CVy (h) the class

CVI(h) == {f € A: fxgeCV"(h)}.
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Remark 3.1.3 If n = 1, the classes introduced in the Definitions 3.4 and 3.5
coincide with the classes introduced by Shanmugam [119].

If g(z) = 2/(1 = z) and h(z) = (1 + (1 — 20)2)/(1 — z), then we have the classes
introduced by Chand and Singh [31]

The classes of close-to-convex and quasi-convex functions with respect to n—ply

points are defined in the following definitions respectively:

Definition 3.6 [103] Let CC™(h) denote the class of all functions f € A satisfying

on(2)/z#0 inD and
2f'(2)
dn(2)

for some ¢ € ST"(h). Denote by CCy(h) the class

=< h(z)

CCy(h) :={feA:fxgecC"(h)}.
Definition 3.7 [103] Let QC™(h) denote the class of all functions f € A satisfy-

ing ¢,(2)/z # 0 in D and

for some ¢ € CV"(h). Denote by QCy(h) the class

QCy(h) ={feA:fxgeQC"(h)}.

Remark 3.1.4 If n = 1, the classes introduced in the Definitions 3.6 and 3.7

coincide with the classes introduced by Shanmugam [119].

The classes of starlike and convex functions with respect to n—ply symmetric,
conjugate and symmetric conjugate points are defined in the following definitions

respectively:
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Definition 3.8 [103] Let STS"(h) denote of all functions f € A such that
(fn(z) = fu(=2)) /2 # 0 and satisfying

22f'(2)
fn(2) = fn(=2)

=< h(z).

Denote by STSy(h) the class

STS!(h):={f € A: f+g€STS"(h)}.

Definition 3.9 [103] Let CVS™(h) denote of all functions f € A such that

fh(z) + fl(—=2) # 0 and satisfying

2(2f")'(2)
fn(2) + fn(=2)

=< h(z).
Denote by CVSy(h) the class
CVSy(h) ={f e A: f+xgeCVS"(h)}.

Definition 3.10 [103] Let STC™(h) denote of all functions f € A such that

(fn(2) + fa(2)) /2 # 0 and satisfying

22f'(2)

o)+ Fs) )

Denote by STCy(h) the class

STCIH(h) = {f € A: f g e STC(h)}.
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Definition 3.11 [103] Let CVC"(h) denote of all functions f € A such that

f1(2) + f1(Z) # 0 and satisfying

2(z1")'(=)

— 7 7 < h(z).
i)+ e e

Denote by CVCy(h) the class
CVCy(h) :={f e A: fxgelVC"(h)}.

Definition 3.12 [103] Let STSC™(h) denote of all functions f € A such that
(fn(2) = fu(=2)) /2 # 0 and satisfying

2ZJ‘“'(_Z)
fn(2) = fn(=2)

=< h(z).

Denote by STSCy(h) the class

STSCI(h) == {f € A: fxg € STSC"(h)}.

Definition 3.13 [103] Let CVSC™(h) denote of all functions f € A such that

fh(2) + fh(=Z) # 0 and satisfying

2=1'Y (2)
Falz) + Ta(—2)

=< h(z).

Denote by CVSCy(h) the class

CVSCI(h) == {f € A: fxg € CVSC"(h)}.

Remark 3.1.5 Ifn = 1,9(2) = z/(1 — 2) and h(z) = (1 + (1 — 2a))/(1 — 2),

then, the classes introduced in Definitions 3.8 and 3.9 are the familiar classes
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Ss(a),Cs(a) of starlike functions, convex functions with respect to symmetric
points in D by Das and Singh [33]. If n = 1,9(z) = z/(1 — 2) and h(z) =
(1+ 2)/(1 — z), then, the classes introduced in Definitions 3.10 through 3.13 are
the classes of starlike and convex functions with respect to conjugate and symmetric

conjugate points in D introduced by El-Ashwah and Thomas [39].
For the class defined in the Definition 3.4, Ravichandran [103] proved the following:
Theorem 3.1 If f € STy (h) and ¢ € Ra, then ¢ * f € ST (h).

He also proved similar results for the classes defined in Definitions 3.4-3.13. These
works were recently extended for multivalent functions by Ali et al. [18].

By using the convex hull method [113] and the method of differential subordi-
nation [72], Shanmugam [119] introduced and investigated convolution properties
of various subclasses of analytic functions, whereas Ali el al. [11] and Suprama-
niam et al. [135] investigated these properties for subclasses of multivalent starlike
and convex functions. Similar problems were also investigated for meromorphic
functions in [19, 49, 146]. Motivated by the works in [18,19,49,103,119], in this
chapter, certain subclasses of meromorphic multivalent functions in the punctured
unit disk D* := {z € C : 0 < |z| < 1} defined by means of convolution with
a given fixed meromorphic multivalent function are introduced, and their closure

properties under convolution are investigated.

3.2 Functions with Respect to n-ply Points

Let M, denote the class of all meromorphic p-valent functions of the form

1 > k
fO= 5t 3wt =), (3.1)
k=1-p
that are analytic in the open punctured unit disk D* with M := M. Analogous

to classes of starlike and convex analytic functions, classes of meromorphic multi-
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valent starlike and convex functions, and other related subclasses of meromorphic

multivalent functions, are expressed in the form

Lz(f *9)'(2)

MSETp(g,h) = {f €EM,: e

=< h(z)},

where g is a fixed function in M), and h a suitably normalized analytic function
with positive real part. For instance, the class of meromorphic multivalent starlike

functions of order o, 0 < @ < 1, defined by

MSET p(a) = {f cM,: —Re%Z;(S) > a}

is a particular case of MST p(g, h) with g(z) = 1/(2P(1 — z)) and
h(z) = (14 (1 —2a)2)/(1 — 2).

Remark 3.2.1 When p = 1 and o = 0, the class MSTp(a) = MST1(0) will

reduced to the well known class of meromorphic univalent starlike function.

In this section, four classes MST (g, h), MCV;(g, h), MCC}(g, h) and MQC}(g, h)
of meromorphic multivalent functions with respect to n-ply points are introduced
and the convolution properties of these new subclasses are investigated. These
new subclasses extend the classical classes of meromorphic multivalent starlike,
convex, close-to-convex and quasi-convex functions respectively.

Let the function g € M, be fixed, and h be a convex univalent function with
positive real part satisfying ~(0) = 1. On certain occasions, we would additionally

require that Reh(z) <1+ (1 — «)/p, where 0 < a < 1.

Definition 3.14 Let n > 1 be any integer, €' =1 and € # 1. For f € M, of the
form (8.1), let the function with n-ply points fn € My be defined by

n—1

1
fn(z) = - Z Pk g (ekz) =z Ptap_p"P+ aQn_pz%_p +-0 (3.2)
k=0

42



The classes of meromorphic multivalent starlike and convex functions with respect

to n-ply points are defined in the following definitions:
Definition 3.15 The class MST(h) consists of functions f € M) satisfying

fn(z) #0 in D* and the subordination

1:(2)
P fn(2)

< h(z).

The general class MST}(g,h) consists of functions f € My for which f * g,
belongs to MST(h).

Definition 3.16 The class MCV}(h) consists of functions f € My satisfying

fl(2) # 0 in D* and the subordination

/ /
—1—(Zf, () < h(z).
P ful(z)
The general class MCVy(g, h) consists of functions f € My, for which fxg, belongs
to MCVy(h).

Remark 3.2.2 Ifg(z) := 1/2P(1—2), then the classes MST (g, h) and MCVy (g, h)
coincide with MST (k) and MCVy(h) respectively. If p =1 and n = 1, then
the classes MST (g, h) and MCV}(g, h) reduced respectively to MST (g,h) and
MCV(g, h) which were introduced and investigated in [49]. The notation MST p(h)
will be used for the class MS'T})(h).

Theorem 3.2 Let h be a convexr univalent function satisfying

1 —
Reh(z)<1+70‘ 0<a<l), (3.3)

and ¢ € My with Py e R,

(i) If f € MST2(g,h), then ¢  f € MST™(g, h).
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(ii) If f € MCV}(g,h), then ¢ x f € MCV}(g,h).

Proof. (i) The proof begins by showing that if f € MST}j(h), then
¢ f e MSTy(h). Let f € MST}(h), and define the functions H and ¢ by

z) = _zf’(z) an z) =P (2
H(z) = oin(2) d o(z) =270 ful(2).
Thus for any fixed z € D,
—;]{n(é)) € h(D) (3.4)

Replacing z by €¥z in (3.2), it follows that

Fa(€F2) = (€ 2)7P 4+ ap_p(F2)" P + agn_p(ekz)%*p +...
— e PhP g an_pek(”_p)z”_p + agn_pek(%_p)z%_p +...

— Pk p + an_kan—kpZn—p + a2n_p62kn—kp22n—p +...

Therefore

Fu(Fz) = PR f(2). (3.5)
By replacing z by €z in (3.4), it follows that

Ekz ! sz
- pfi{;%) ')

In view of (3.5), it is clear that

(F2)f'(F2) _ (F2)f' ()

pfa(ekz) — pePRfu(2)
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bk gk

pfn(z)
Thus, the containment (3.4) becomes
k(14p) 1 k
_FTES) ¢ ).
pfn(2)

Since h(D) is a convex domain, this yields

n—1 k(1+p), g1 k
B St (COP

n =0 pfn(2)

From (3.2), it is evident that

fu(z) = = 32 M fl(eh )

Now, by using (3.7) in (3.6), it follows that

z2fn(2)
pfn(2)

€ h(D)

and thus in terms of subordination becomes

_z2f2)
pfn(2)

=< h(z).

(3.7)

(3.8)

Hence fp, € MSTp(h). Logarithmic differentiation of ¥(z) = P (2) vields

W(2) _ 2fh(2)
ERAE)

+p+ 1
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By applying (3.3) in (3.8), it follows that

—Re (—Zﬂl(z)> <1+ L—a

pfn(2) p

which in turn implies

Re (ZJZ;”(())> —p—1+a. (3.10)

From (3.9), it follows that

w(355) - () oo

and by using (3.3)

Re (z:ﬁgi;)) >—p—l+a+tp+l=a. (3.11)

Inequality (3.11) shows that the function ¢ belongs to ST («). Computation shows

that

A x f)(2) _ —ap (o x f)(2)
p(¢ * fn(2) (¢ fn(2)
(e (=pt2f)(2)
B (¢* fn)( )
B (Qb*fn)(z
_ (Po(2) * (H(2)v(2))
(2P T1e(2)) * (¥(2))

z

) (%)
)
)

Since 2PT1p € Ry and ¢ € ST (), Theorem 2.3 yields

(z7H19(2)) * (H(2)¥(2))
(P+16(2)) * (¥(2))

46

€ co(H(D)).



The subordination H < h implies

Thus ¢ * f € MST(h). The general case follows from the fact that

f € MST(g,h) & f g€ MSTE(h).

Indeed, if f € MST}(g,h), then fxg € MST}(h), and therefore

¢ * [+ g€ MSTp(h), or equivalently ¢ x f € MST} (g, h).
(ii) The identity

(g N'(2) _ zlgx L) (2)

plgx n(z) — plgx—ptzf'), ()

shows that
/

z

and by the result of part (i), it is clear that

O * (—%) € MSTZ(g,h)

which implies

o= f)
p

€ MST,(g,h).

Hence, in view of (3.13), ¢ * f € MCV}(g, h).
Corollary 3.2.1 The following inclusions hold:
(i) MSTy(g,h) C MST (¢ *g,h)

(ii) MCV2(g,h) C MCV (¢ % g, h)
A7

(3.12)

(3.13)



Proof. (i) In view of the fact (3.12) and Theorem 3.2(i), it is evident that ¢ fxg €
MST}(h), or equivalently f* (¢ xg) € MST}(h). Hence f € MST (¢ * g, h).
(ii) In view of the fact that f € MCV}(g,h) & f*g € MCVj(h), and
Theorem 3.2(ii), it follows that ¢ * f x g € MCV(h) or f x (¢ * g) € MCVy(h).
Therefore f € MCV} (¢ * g, h). 1

When n = 1 and p = 1, the following corollaries are easily deduced from Theorem

3.2(i) and Theorem 3.2(ii) respectively:

Corollary 3.2.2 [49, Theorem 3.3] Let h be a convex univalent function satisfying
Reh(z) <2—a,0< a <1, and p € M with 2peR. If f € MST (g, h) then
ox fe MST(g,h).

Corollary 3.2.3 [49, Theorem 3.6] Let h be a convex univalent function satisfying
Reh(z) <2—a,0< a <1, and ¢ € M with 220 € Ry If f € MCV(g,h) then
o f e MCV(g,h).

If n =1,p =1 and g(z) = 1/2(1 — 2), then the following result follows from
Theorem 3.2(i):

Corollary 3.2.4 [49, Theorem 3.5] Let h be a convex univalent function satisfying
Reh(z) <2—a,0 < a <1, and p € M with 20 e Ry If f € MST(h), then
f e MST(,h)

The classes of meromorphic multivalent close-to-convex and quasi-convex functions

with respect to n-ply points are defined in the following definitions:

Definition 3.17 The class MCCj(h) consists of functions f € My satisfying the

subordination
1z2f(2)
p an(z)

for some ¢ € MSETy(h) with ¢p(z) # 0 in D*. The general class MCC}(g,h)

< h(z)

consists of functions f € My for which f x g, belongs to MCCj(h).
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Definition 3.18 The class MQCy(h) consists of functions f € My satisfying the

subordination

for some ¢ € MCV) with ¢y, (z) # 0 in D*. The general class MQCy(g,h)
consists of functions f € My for which f x g, belongs to MQCJ(h).

Remark 3.2.3 Ifg(z) :=1/2P(1—2), then the classes MCCy(g, h) and MQCj;(g, h)
coincide with MCCy(h) and MQC}(h) respectively. If p =1 and n = 1, then
the classes MCCy(g,h) and MQC}(g,h) reduced respectively to MCC(g,h) and
MQOC(g, h) which were introduced and investigated in [49].

Theorem 3.3 Let h be a convexr univalent function satisfying

1_
I%M@<1+—;g 0<a<1),

and ¢ € My with Py e R,

(i) If f € MCCy(g,h) with respect to a function p € MST(g,h),
then ¢ x f € MCCy(g, h) with respect to ¢ x o € MST}(g,h).

(ii) If f € MQC}(g,h) with respect to a function p € MCVy(g,h),
then ¢ x f € MQC}(g, h) with respect to ¢+ ¢ € MCV}(g,h).

Proof. (i) It is sufficient to prove that ¢ * f € MCCj(h) whenever f € MCCy(h).
Let f € MCC(h) with respect to a function ¢ € MST}(h). Since

¢ € MST(h),

Theorem 3.2 yields

¢ xp € MSTR(h).
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Also it is easy to see from (3.8) and (3.3) that
on € MSTp(h) and PH o (2) € ST(w).
Now, define the functions H(z) and v (z) by
_2f'()

z) = an z:erlnz.
H(z) on(2) d P(z) =2 on(2)

Since 2P1¢(2) € Ry and H(z) < h(z), an application of Theorem 2.3 shows that

2o ) (2)
p(¢* p)n(2)
(6% (—2p 1 1)) (2)
(0% (H(2)en) ()
(¢ * on)(2)
_ (PT1e(2)) * (H(2)3(2))
(2PT10(2)) * (¥(2))

=< h(2).

Thus ¢ x f € MCC}j(h). The general case follows from the fact that

f € MCC(g,h) & f* g € MCCL(h). (3.14)

Indeed, if f € MCC}j(g,h), then f* g € MCC}j(h), and therefore
¢ * f*x g€ MCCy(h), or equivalently ¢ x f € MCC(g,h).

(ii) The proof begins with the identity

ey 2(e-F)
Wl (e )
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which shows that the function

/

f € MQC(g,h) & —% € MCC(g, h). (3.15)

From the result of part (i), it follows that

¢ * (-%) e MCCE (g, h)

which implies
z
_]_9<¢ + [)'(2) € MCCy (g, h).
Hence, in view of (3.15) ¢ x f € MQC}j(g, h). This complete the proof. I

Corollary 3.2.5 The following inclusions hold:
(i) MCCj(g,h) C MCCy (¢ * g, h)
(i) MQC}(g,h) C MQCH(¢*g,h)

Proof. (i) From the fact (3.14), it is clear that if f € MCC}(g,h), then f * g €
MCCP(h). Theorem 3.3(1), yields ¢ = f g € MCCP(h), or f * (¢ * g) € MCCR(h).
Therefore f € MCCj; (¢ * g, h).

(if) From the fact that f € MQCPE(g,h) & f*g € MQCH(h), and Theo-
rem 3.3(ii), it follows that ¢ = f x g € MQCR(h) or f * (¢ * g) € MQCR(h) Hence
f € MQC (¢ * g, h). This complete the proof. I

When n = 1 and p = 1, the following corollaries are special cases of Theorem 3.3(i)

and Theorem 3.3(ii) respectively:

Corollary 3.2.6 [49, Theorem 3.7] Under the conditions of Corollary 3.2.2, if
f € MCC(g,h) with respect to v € MST (g,h), then ¢ x f € MCC(g,h) with
respect to ¢ x 1 € MST (g, h).
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Corollary 3.2.7 [49, Theorem 3.12] Let h and ¢ satisfy the conditions of Corol-
lary 3.2.2. If f € MQC(g,h), then ¢ x f € MQC(g,h).

3.3 Functions with Respect to n-ply Symmetric Points

In this section and the following two sections, it is assumed that p is an odd

number. As before, it is assumed that the function g € M), is a fixed function and

the function h is convex univalent with positive real part satisfying h(0) = 1.
The classes of meromorphic multivalent starlike and convex functions with

respect to n-ply symmetric points are defined in the following definitions:

Definition 3.19 For odd integer p, the class MSTS}(h) consists of functions

[ € My satisfying fn(z) — fu(—2) # 0 in D* and the subordination

12
p fn(2) = fu(=2)

< h(2). (3.16)

The general class MSTS}(g,h) consists of functions f € My for which f x g,
belongs to MSTSy(h).

Definition 3.20 For odd integer p, the class MCVSy(h) consists of functions

f € My satisfying f;,(z) + f1,(—2) # 0 in D* and the subordination

L2/ () < h(z)
( .

P fh(2) + fh(=2)

The general class MCVS(g,h) consists of functions f € My for which f x g,
belongs to MCVSy(h).

Theorem 3.4 Let h be a convex univalent function satisfying
1 -«
Reh(z) <14+ —— (0<a< ),
p
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and ¢ € My with Py e R,
(i) If f € MSTS)(g,h), then ¢ * f € MSTS}(g,h).
(ii) If f € MCVS)(g,h), then ¢ * f € MCVS}(g,h).

Proof. (i) It is enough to show that if f is in MST S} (h), then so is ¢  f. Define

the functions F,, H and ¥ by

Fn<2) _ fn(Z) _an(—z)’ H(Z) - Zf (Z) and \II(Z) — Zp—i—an(Z)'

When n =1, F3)(2) = F(2).
Let f € MSTSy(h). Thus for any fixed z € D,

)
pFn(2)

€ h(D). (3.17)

Replacing z by —z in (3.17) and taking the convex combinations, it follows that

C2f'm) (A=) 1 (Zf'(z) N (—Z)f'(—z))
2pFn(z) 2pFn(—2) 2p \ Fu(2) Fn(=2)
1 (2f(x) | (=2)f(=2)
-5 (70 2R )
5 (f’(2)+2f/(—2)>
T pFn(2) € 1(D)
which implies
_ZF’(Z)
e € h(D).

This shows that the function F' € MST7(h), and the proof of Theorem 3.2 now
shows that F, € MST(h), or

EE) ), (3.18)



A computation from

U(z) = P E,(2)

shows that
W (2) _ 2F(2)

+p+ L (3.19)

By applying (3.3) in (3.18), it follows that

—Re(%) <1+1_pa

which implies

Re <Z£A((Z§)> >—p-1l+a. (3.20)

From (3.19), it is clear that

() (5 e

and by using (3.20)

2V (2) B
Re<\1j(2)>>—p—1+a+p—|—1—a. (3.21)

Inequality (3.21) shows that the function ¥ belongs to ST («). Another computa-

tion shows that

2 2(¢* ) (2) _ o) x—p  f'(2) _ (0x HF)(2)

(6 e — @ Da(—2)  g(a) « BELCE (63 F)(2)

Since 2PT1p € Ry and ¥ € ST (a), Theorem 2.3 yields

(¢* HFy)(2) _ (2P710(2)) * (H(2)v(2))

(¢ Fn)(2) (PF16(2)) * (v(2))

€ to(H(DD)),

o4



and because H(z) < h(z), it follows that

2 z(gzﬁ*f)/(z) _ (¢ * HE,)(2) < h(2).

P (@ az) = (9% Nln(=2) (6% Fa)(z)

Hence ¢ * f € MSTSy(h). The general result is obtained from the fact that

f € MSTSE(g,h) < f+g € MSTS(h)

which gives ¢ * f x g € MSTS}(h) or equivalently ¢ x f € MSTS](g, h).
(ii) The identity

ey 2 (9 —3) 2
g D@+ M=2)  p((g5-2L) ) (9+-L) (-2))
shows that
f € MCYSE(g,h) & —% € MSTS} (g, h), (3.22)

and, by the result of part (i), it is clear that

¢ * <—%f/> € MSTS;(g,h)

which implies

_z(ch*f)’ € MSTS"(g,h).

Hence, in view of (3.22), ¢ x f € MCVS}(g, h). I

3.4 Functions with Respect to n-ply Conjugate Points

The classes of meromorphic multivalent starlike and convex functions with respect

to n-ply conjugate points are defined in the following definitions:

Definition 3.21 For odd integer p, the class MSTCy(h) consists of functions
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e My, satisfying fn(z) + fu(2) # 0 in D* and the subordination

_1 22f/(L < h(z). (3.23)

P fn(2) + Fn(2)

The general class MSTC}(g,h) consists of functions f € My for which f x g,

belongs to MSTCy(h).

Definition 3.22 For odd integer p, the class MCVCj(h) consists of functions

f € M, satisfying fr,(z) + f1(z) # 0 in D* and the subordination

L2EE)
P fn(2) + fn(2)

The general class MCVCy(g,h) consists of functions f € My for which f x g,
belongs to MCVCy(h).

Theorem 3.5 Let h be a convex univalent function satisfying
1 -«
Reh(z) <14+ —— (0<a< ),
p

and ¢ € My with P e Ry, where ¢ has real coefficient.
(i) If f € MSTC(g,h), then ¢ x f € MSTCy(g,h).
(ii) If f € MCVCy(g,h), then ¢ * f € MCVCy(g,h).

Proof. (i) The proof is similar to the proof of Theorem 3.4(i) except for the defi-

nition of the function Fj,. Here the function Fj, is defined by
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Let the functions H and ¥ be defined by

H(z):=— 2I) and  W(z):=PTIE,(2).

pFn(2)

Let f € MSTCy(h). Thus for any fixed 2 € D,

_2f'(2)
pFn(2)

€ h(D). (3.24)
Replacing z by Z in (3.24) and taking the convex combinations, it follows that
) (EFE L [ (RFE)
2Ful2) (zpFn<z>) ( Fa(2) ( Fa(2) ))
_ 1 (2f'(x) | 2f'(2)
- ( o " Fn(z)>

. (f( )+ ))
€ h(D)

which implies

This shows that the function F' € MST7(h), and the proof of Theorem 3.3 now

shows that Fj, € MST(h). Since h is a convex function with

1 _
Reh(z) <1+ a
p
it follows that
2 (2) 2F) ()
Re =Re =22 +p+1>a,
U (z) Fa(z) "

and hence ¥ € ST (a). A computation shows that

22(¢ % f)'(2) _ o) x—ap T f(2) (0% HF)(2)

P((¢*f)n(2)+(¢*f)n(2)> ¢(z)*M (e Fu)(2)
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Since 2Pl € Ry and 2P F, € ST (a), Theorem 2.3 yields

G HENG) _ (70() ¢ (HEAPE)
(Cb * Fn)(z) B (zp‘f'lgb(z)) * (Zp—l-an(Z)) = (H(D))7
and because H(z) < h(z), it follows that
_2 2(¢* f)'(2) _@xrHE)G) o
Do ln(z) + (0% FHn(2) (9% Fn)(2) < h(z)

Hence ¢ x f € MSTC(h). The general result is obtained from the fact that
[ e MSTCL (g, h) & [xge MSTCy(h)

which gives ¢ x f x g € MSTC}(h) or equivalently ¢ x f € MSTC}(g, h).
(ii) The identity

2(=(g % ) (2))’ o 2 (g« ) (2)

(W DD+ D) ((a+-2), @+ (==, @)

shows that
/

f € MCVC(g,h) & —% € MSTC(g,h), (3.25)

and by the result of part (i), it is clear that
!/
&+ (_i) € MSTCL (g, h)
p

which implies

Z<¢’; ) MSTCL (g, h).

Hence, in view of (3.25) ¢ x f € MCVC}(g, h). I
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3.5 Functions with Respect to n-ply Symmetric Conjugate Points

The classes of meromorphic multivalent starlike and convex functions with respect

to n-ply symmetric conjugate points are defined in the following definitions:

Definition 3.23 For odd integer p, the class MSTSC}(h) consists of functions

e My satisfying fn(z) — fu(—=Z2) # 0 in D* and the subordination

_1 2zf/(z) < h(z). (3.26)

];fn(z) — fn(=2)

The general class MSTSCy(g,h) consists of functions f € My for which f * g,
belongs to MSTSECy(h).

Definition 3.24 For odd integer p, the class MCVSCjj(h) consists of functions

[ € My satisfying f;,(z) + f1,(—2) # 0 in D* and the subordination

1 2(ME h).
P fh(z) + fr(=2)

The general class MCVSCy(g, h) consists of functions f € My for which f g,
belongs to MCVSCy(h).

Theorem 3.6 Let h be a convex univalent function satisfying
1 -«
Reh(z) <14+ —— (0<a<),
p

and ¢ € My with Py e Ry, where ¢ has real coefficient.
(i) If f € MSTSC(g,h), then ¢ x f € MSTSCy(g, h).

(ii) If f € MCVSCy(g,h), then ¢ x f € MCVSCy(g, h).
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Proof. (i) Again the proof is analogous to the proof of Theorem 3.4(i) except for

the definition of the function Fj,. Here the function Fj, is defined by

and let the functions H and ¥ be defined by

H(z):= —;ZJ:,”((?) and  W(z):= PTLE,(2).

Let f € MSTSCy(h). Thus for any fixed 2 € D,

_z2f'(»)
pFn(2)

€ h(D). (3.27)

Replacing z by —Z in (3.27) and taking the convex combinations, it follows that

_2%2’) ) ((2_1;12(—;)) =TT R WP

which implies
2F'(2)
pFu(z)

This shows that the function F' € M&T7(h), and the proof of Theorem 3.3 now

< h(D).

shows that Fj, € MST,(h). Since h is a convex function with

Reh(z) <14 (1 —«)/p, it follows that

20'(z) Re 2F(2)

R TE R e

+p+1>a,

and hence U € ST (). A computation shows that

22(¢* f)'(2) _ @)= (2) _ (0x HF)(2)

(05 P2~ (D) o(e)x B @2 F)E)
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Since 2Pl € Ry and 2P F, € ST (a), Theorem 2.3 yields

(6% HF)(2)  (2PT16(2)) * (H(2)2PT1Fy(2))

(¢ Fn)(2) (PF10(2)) * (2P TP (2))

and because H(z) < h(z), it follows that

(

)
P(d* fln(z) = (@* ln(=2) (&% Fn)(2)

Hence ¢ x f € MSTSCy(h). The general result is obtained from the fact that

f € MSTSCL(g,h) & f* g € MSTSCL(h)

which gives ¢ x f x g € MSTSC}(h) or equivalently ¢ * f € MSTSC}(g, h).

(ii) The identity

shows that
/

f € MCVSCL (g, h) —% € MSTSC (g, h), (3.28)

and by the result of part (i), it is clear that

& % (_%) € MSTSC (g, 1)

which implies

GARI MSTSCL (g, h).
p

Hence, in view of (3.28) ¢ x f € MCVSC}(g, h). I
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CHAPTER 4
DIFFERENTIAL SANDWICH RESULTS FOR MULTIVALENT
FUNCTIONS

4.1 Introduction

Various authors have used the Dziok-Srivastava operator

o

(1,m) . _.p (al)k—p s (al)k‘—p szk
H gy 3 ye ey Mm = .
p (a1, 081, Bm) f(2) = 2 +,gp;+1 B Gy (e =

The operator H]l)’m[ozl] = Hzgl’m) (a1, ... 00 B1, ..., Bm) satisfy the relation

a1 HY™ oy + 1)f(2) = 2(HY™ (0] £(2)) + (1 — p)Hy™ (o] £ (2).

In this chapter, the Dziok-Srivastava operator will be defined in terms of the

notation f[};m[ﬁl] as follows:

77 rr(m)

BYB1f(2) = Hy ™ (01, a5 B, Bn) £(2)

where ﬁé’m[ﬁl] and the parameter 31 in the denominator satisfy the recurrence

relation

B B1)f(2) = 2(Hy™ (61 + 1f(2)) + (81— ) HF "B+ Uf(2). (4.1)

The Dziok-Srivastava operator with respect to the parameter 31 which satisfies
the recurrence relation (4.1) was first investigated by Srivastava et al. [132]

Various authors also have investigated the Liu-Srivastava operator

— (Lm) 1 o~ (@D (@ pgp  ag2"
H* yee s QP - Pm ™
p (a0 ) f(2) Zp+k221_p(51)k+p..,<5m>k+p<k+p>!
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where is framed using the notation H]lg’m[al] f(2). Their works exploited the recur-

rence relation involving the parameter a; in the numerator satisfying

o By oy +1](2) = 2(HY™ [0 f(2)) + (a1 + p)H ™ [an] f(2).

In this chapter, the parameter S in the denominator of Liu-Srivastava operator
which also satisfies a recurrence relation will be investigated. Denoting the Liu-
m

[

—~1
Srivastava operator by H*," [B1]f(z), it can be shown that

BUE= " [B1)£(2) = (=" By + 1£(2) + (B1 + P 11+ 1f(2). (4.2)

4.2 Subordination of the Dziok-Srivastava Operator

In this section, the differential subordination result of Miller and Mocanu in The-
orem 2.1 is extended for functions associated with the Dziok-Srivastava linear
operator ﬁ[ll,’m[ﬂl]. A similar problem was studied by Aghalary et al. [1]. Related
results may also found in the works of [12-15,23, 24, 58]. The following class of

admissible functions will be required to obtain the main results.

Definition 4.1 Let Q be a set in C and ¢ € Qo NH|0,p]. The class of admissible
functions @[, q] consists of those functions ¢ : C? x D — C that satisfy the

admissibility condition ¢(u,v,w;z) € Q whenever

e () + (B +1-p)a(Q)
p1+1

Srlfr+Dw+(p—B)BL—p+1u B o (¢4 Q)
Re( i+ Do+ (= B~ Du (2051 p””)zm <q'<<> “)’

zeD, €D\ E(q) and k > p.

u = q(¢), (B1€C\{0,-1,-2,...}),

In the particular case q(z) = Mz, M > 0, and in view of Definition 4.1, the

following definition is immediate.
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Definition 4.2 Let Q2 be a set in C and M > 0. The class of admissible functions

O [Q, M] consists of those functions ¢ : C3 x D — C such that

. — . — _ i0
¢<Mezg7k+m+1 Prreio Lt BroprD)@k+f—pMe?

p1+1 B1(B1+1)

whenever z € D, 6 € R, Re(Le™ ") > (k — 1)kM for all real 6,
p1 € C\{0,—-1,-2,...} and k > p.

In the special case Q = ¢(D) = {w : |w| < M}, the class ®g[Q, M] is simply
denoted by ® g [M].

Theorem 4.1 Let ¢ € ®p[S2,q] and 1 € C\{0,-1,-2,...}. If f € A, satisfies

{o (5" 181+ 207 (=), B " (81 + 11/ (), B "[81]F(2);2) 2 €D} € 0, (44)

then

Hy™ B+ 2)f(2) < q(2), (2 €D).

Proof. Define the analytic function p in D by
p(z) == HS™ (81 + 2 f(2). (4.5)

In view of the relation (4.1), it follows that

(Br+) Hy " [B1+1)f(2) = 2 (Hy " [B14+2) £ () + (B +1-p) H " [B1+2) (2). (4.6)

Using (4.5), (4.6) can be written as

nﬂ@+0%+1—MM@‘

Hy"[B1 + 11£() = I
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From (4.1), further computations show that

22p"(2) +2(81 — p+ Dap'(2) + (B1 — p) (b1 —p + 1)p(=)

am = . (4.8
Define the transformation v from C3 to C by
vy g STBLH L= t 2B —pt Vs + (1 —p)(BL—p+ Dr
’ f1+1 ’ B1(B1+1) ’
(4.9)
where
r=pz), s=zp(z) and t=22p"(2).
Let

W(r, s, t;2) = ¢(u, v, w; z)
:¢(r s+ (B1+1—p)r t+2(51—p+1)s+(ﬁl—p)(ﬁl—p+1)r.z>.

B1+1 ’ B1(B1 +1) ’
(4.10)

From (4.5), (4.7) and (4.8), the equation (4.10), yields

V(p(=), 20/ (2), 220 (2): 2) = & (" (81 + 2F ), H™ (81 + 10F ), Hy " [B1]£():2)
(4.11)

Hence (4.4) becomes

W(p(2), 2 (2), 2 (2); 2) € .

To complete the proof, it is left to show that the admissibility condition for
¢ € D[, q| is equivalent to the admissibility condition for ¢ as given in Definition

2.1. Note that

s+ (BL+1-p)r
B B +1
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implies

s=v(By+1)— (B +1-p)r.

Computation from

w— t+2(B81—p+1)s+ (81 —p)(BL—p+1)r

B1(B1+1)
shows that
t . wh(Bi+1)—(Bi—p)Bi—p+Llu _ .
T A

Hence ¢ € Vp[Q, ¢]. By Theorem 2.1, p(z) < ¢(z) or

HY™By +2)f(2) < q(2). -

If Q # C is a simply connected domain, then 2 = h(D) for some conformal
mapping h of D onto Q. In this case the class ®g[h(D), ¢] is written as ®gh, ql.

The following result is an immediate consequence of Theorem 4.1.

Theorem 4.2 Let ¢ € Ppylh,q] and 1 € C\ {0,-1,-2,...}. If f € Ay satisfies

o (Hy™ By + 20/ (), Hy™ By + 11/ (), Hy "B (2):2) < h(z), (412)
then

HY™[By + 21 £(2) < q(2).

The next result is an extension of Theorem 4.1 to the case where the behavior of

g on 0D is not known.

Corollary 4.2.1 Let Q C C, q be univalent in D and q(0) = 0. Let ¢ € ® [, qp)

for some p € (0,1) where qy(2) = q(pz) and p1 € C\{0,-1,-2,...}. If f € A,
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and

o (Hy™81+21f (), Hy™ 81+ 1f (). H " [B1)f(2): 2) € O

then

A8y +21£(2) < q(2).

Proof. Theorem 4.1 yields ffé’m[ﬁl +2]f(2) < qp(2). The result follows easily from

the subordination g,(2) < ¢(2). 1

Theorem 4.3 Let h and q be univalent in D, with q(0) = 0, set qp(2) = q(pz)
and hy(z) = h(pz) and B1 € C\{0,—1,-2,...}. Let ¢ : C3 x D — C satisfy one

of the following conditions:
1. ¢ € ®ylh,qp| for some p € (0,1), or
2. there exists pg € (0,1) such that ¢ € ®gr[hy,qp] for all p € (pg,1).

If f € Ay satisfies (4.12), then
Hy™ By + 2f(2) < a(2).

Proof. (1) The function g, is univalent on D, and therefore F (qp) is empty and

qp € Q. The class ®p7[h, q,| is an admissible class and from Theorem 4.1 we obtain

Y™ (81 + 2] £(2) < gp(2).

Since g, < ¢ we deduce ﬁé’m[ﬁl +2]f(2) < q(2).

(2) From (4.11), it is evident that

(b € (I)H[hpa QP]
implies

b€ Vylhy, 4.
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If we let py(z) = p(pz), then

U (pp(2), 20,(2), 27y (2); pz) = ¥ (p(p2), p2p' (p2), P*22D" (p2); p2) € hy(D).

By using Thorem 2.1, with pz, a function mapping D into D we obtain
Pp(2) < qp(2), for p € (pp,1). By letting p — 17 we obtain p(z) < ¢(z) or

77l
Hy™[B1 +2]£(2) < a(2). 1
The next theorem yields the best dominant of the differential subordination (4.12).

Theorem 4.4 Let h be univalent inD, ¢ : C3xD — C and 51 € C\{0,—-1,-2,...}.

Suppose that the differential equation

¢ ((=), 24 (2), 224" (2); 2) = h(2) (4.13)

has a solution q with q(0) = 0 and satisfy one of the following conditions:
1. q€Qy and 6 € Dylh,q,
2. q is univalent in D and ¢ € ®g[h,qp] for some p € (0,1), or

8. q is univalent in D and there exists pg € (0,1) such that ¢ € ®rlhy,qp] for

all p € (po, 1).

If f € Ap satisfies (4.12), then

HY™(B1 +21f(2) < a(2),

and q(z) 1is the best dominant.

Proof. In view of Theorem 4.2 and Theorem 4.3 we deduce that ¢ is a dominant
of (4.12) . Since g satisfies (4.13), it is also a solution of (4.12) and therefore ¢ will
be dominated by all dominants. Hence ¢ is the best dominant. |
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Corollary 4.2.2 Let ¢ € ®y[Q,M] and 1 € C\ {0,—-1,-2,...}. If f € Ay

satisfies

7l 7l 7l
o (™16 + 205 (), Hy™ (61 + 05 (), HY " [B1)f ()i =) € 2,
then
Hy™ By + 2)f(2)] < M.
Proof. The result follows by taking ¢(z) = Mz in Theorem 4.1. I

Corollary 4.2.3 Let ¢ € @ [M] and 31 € C\{0,-1,-2,...}. If f € Ap satisfies

7l 7l 7l
o (H™" 181+ 211 (=), H5 " (81 + 11 (2), Hy " 131 (2): 2) | < M,
then
Hy™ By + 2)f(2)] < M.
Proof. By taking Q) = ¢(D) in Corollary 4.2.2, the result is obtained. 1

Taking ¢(u,v,w;z) = v in Corollary 4.2.3 leads to the following example.

Example 4.1 If Ref1 > (p—3)/2 and f € Ay satisfies

Hy™[By + 1]f(2)| < M,

then

Hy™ (81 + 2 (2)| < M.

Proof. By taking ¢(u, v, w; z) = v in Corollary 4.2.3, we have to find the condition
so that ¢ € ®p[M], that is, the admissibility condition (4.3) is satisfied. This

follows from

B+l ’ B1(B1+1)
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which implies

k _ .
‘f‘ﬁl‘l‘l pMelo ZM
B1+1
or
b+ B1+1—p| > [B1 +1]. (4.14)

Preceding inequality (4.14), shows that

Reﬁlzp%k—l.

Since k > 1, then it is sufficient to write

-3
Reﬁlsz

for (4.14) holds true.
Hence, from Corollary 4.2.3, if Re 1 > (p—3)/2 and ﬁé’m[ﬁl +1)f(2)| < M
then ‘fl};m[m +2] f(z)’ < M. '

Corollary 4.2.4 Let M >0 and 51 € C\ {0,-1,-2,...}. If f € Ay satisfies

Mp
|61 + 1|

<

s+ 00+ (55— 1) BT+ 2

then

[HS™ 81+ 2)f(2)] < M.

Proof. Let ¢(u,v,w;z) =v+ (p/(f1 4+ 1) — 1)u and Q = h(D) where
h(z) = Mz/|p1 + 1|, M > 0. It is enough to show that ¢ € [, M], that is, the

admissibility condition (4.3) is satisfied. This follows since

T B+l ’ B1(B1 +1)
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k’+51+1—p> i (29 ) it

_ M (L 1) M

‘( p1+1 ‘ pr1+1 ¢
EM

IR
> _Mp
51 + 1

for e D, § e R, p; € C\{0,—-1,-2,...} and k > p. From Corollary 4.2.2, the

required result is obtained. |

Definition 4.3 Let Q be a set in C and ¢ € Qo N Hg. The class of admissible
functions @H’l[Q,q] consists of those functions ¢ : C3 x D — C that satisfy the

admissibility condition ¢(u,v,w;z) ¢ Q whenever

o — KO + Pra(Q)
B1+1

u = q(C), (61 € C\{0,—1,=2,...}),

(B1+ v — Bu 7 (¢)

zeD, €D\ E(q) and k > 1.

Re (61«51 P OB 261> 2 kRe (CQ/II(O + 1) ,

In the particular case q(z) = Mz, M > 0, and in view of Definition 4.3, the

following definition is immediate.

Definition 4.4 Let €2 be a set in C and M > 0. The class of admissible functions

Dy 1[92, M] consists of those functions ¢ : C3 x D — C such that

"Pr+1 ’ Br(B1+1)

i0
¢<Mei9 kt+ By, i0 L+ B1(2k+ 51 —1)Me ;z) ¢ 0 (4.15)

whenever z € D, 0 € R, Re(Le_w) > (k—1)kM for all real 0,
p1€C\{0,—-1,-2,...} and k > 1.

In the special case Q = ¢(D) = {w : |w| < M}, the class @y 1[Q2, M] is simply
denoted by @ 1[M].
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Theorem 4.5 Let ¢ € @y 1[Q,q] and B1 € C\{0,—1,-2,...}. If f € Ap satisfies

;z) zeDy CQ,
(4.16)

zp_l ’ zp_l ’ Zp_l

{ ; (ﬁé””[ﬁl +2f(z) HY™BL +10f(z) BY™B1f(2)

then

A8 + 21£(2)

por) =< q(2).

Proof. Define the analytic function p in D by

™81 +2)f(2)
2p—1 '

p(z) = (4.17)

A computation shows that
~1 _
(Hy™" 01 +21f(2)" = (0 = D) pl=) + 2P (2). (4.18)
By replacing (4.18) in (4.6), it follows that

(B1+ D HY™ (81 +1](2)

— (p—1)2P"1p(2) + 2P0 (2) + (B + 1 — p)HY™[B1 + 2] £(2).

Hence, B
Hy" [y +10f(2) _ 2p'(2) + Bip(2)
2p—1 B s+l

(4.19)

From (4.19), it follows that

2Py (2) + B2 Ip(2)
f1+1

Y8 +11f(2) =

and




or equivalently

(BB +11£(2))
2p—1

= 611+ = (p0/(2) + 22 (2) + Bulp — V() + Brav(2)) (4.20)

In view of (4.1), it yields

BB (BB UIE) | BB B S o)
»p—1 o »p—1 2p—1 ' .
Using (4.19) and (4.20), (4.21) rewritten as
B B (2)
Zp—1
B (pzp’(Z) +22p"(2) + Bi(p — Vp(z) + ﬁlzp’(2)>
N B+ 1
(81— p) (20 (2) + B1p(2)) >
_'_
b1+ 1
_ 20"() + 28120 (2) + B1(Br — Dp(2)
(B1+1) '
Hence N
Y811 (2) _ 2p"(2) + 26129 (2) + B1(B1 — Dp(2) (4.22)
zp—1 B1(B1+1) . '
Define the transformation 1 from C3 to C by
_ s+ pir 42015+ BB — Dr
R Br(Br+1) (423)

where

r=p(z), s=zp(z) and t=22p"(2).
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Let

N N s+ pir t+261s+ B1(B1— 1)r
W(r, s, t;2) = ¢(u,v,w; z) = ¢ (7’, Bl 56+ 1) ,z) . (4.24)
From (4.17), (4.19) and (4.22), equation (4.24), leads to
U(p(2), 20/ (2), 220 (2); 2)
~l.m ~zlm ~l.m
(B By B0} s

Hence (4.16) becomes

¥ (p(2), 20 (2), 2" (2); z) € Q.

To complete the proof the admissibility condition for ¢ € @ 1[€2, ¢ is shown to
be equivalent to the admissibility condition for 1 as given in Definition 2.1. Note

that

U_S—I—ﬂlr
f1+1

implies
s=v(p +1) = Bir.
A computation from

_t+2Bis+ BB — Dr
B1(B1 +1)

shows that

t 1= wh(f1+1) — B1(f1 — 1u
S v(B + 1) — Pru

+1-261 (u=r).
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Hence ¢ € ¥[Q, g]. By Theorem 2.1, p(z) < ¢(z) or

™81 + 21£(2)
2p—1

< q(2). I

As in the previous case, if Q2 # C is a simply connected domain, then 2 = h(D)
for some conformal mapping h of D onto €. In this case, the class ® g 1[h(DD), q] is
written as ® g 1 [h, q]. The following result is an immediate consequence of Theorem

4.5.

Theorem 4.6 Let ¢ € @y 1[h,q] and py € C\{0,—1,-2,...}. If f € A} satisfies

f_jl,m 9 ﬁlvm 1 f{’l,m
¢< A AR B+ ngfjf<z>;z><h<z>,

then

™81 + 2)f(2)
2p—1

< q(2).

Corollary 4.2.5 Let ¢ € @y 1[0, M] and py € C\{0,-1,-2,...}. If fe€ A

satisfies

; (ﬁém[ﬁl +2f() B[+ 1) Hy"IAS (). ) ca

2P— 1 ’ 2P 1 ’ ZP— 1

then

< M.

‘ Y81 + 21 £(2)
2p—1

Proof. The result follows by taking ¢(z) = Mz in Theorem 4.5. 1

Corollary 4.2.6 Let ¢ € @y 1[M] and f; € C\{0,-1,-2,...}. If f € A

satisfies

2p—1 ’ 2Pl ’ 2Pl <M,

| ] (ﬁf,é’mwl 1) BB+ US () B, )
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then
< M.

‘ ™8y +2)f(2)

2p—1

Proof. By taking Q) = ¢(D) in Corollary 4.2.5, the result is obtained. 1

Taking ¢(u,v,w;z) = v in Corollary 4.2.6 leads to the following example.

Example 4.2 IfRe3; > —1 and f € Ay satisfies

Y81+ 11£(2)

2p—1

< M,

then _
Y8y + 2)f(2)

< M.
2p—1

Proof. By taking ¢(u, v, w; z) in Corollary 4.2.6, we have to find the condition so

that ¢ € @y 1[M], that is, the admissibility condition (4.15) is satisfied. This

follows
o (v EEPL L+pi2k+ B - )M N
P+l B1(B1+1) =
which implies
k+ BIM i0 > M
B1+1
or
|k + Bl > |81+ 1. (4.26)

Following inequality (4.26), a computation shows that

—(1+k:)‘

>
Re 1 > 5
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Since k > 1, then it is sufficient to write

ReB; > —1

for (4.26) holds true. Hence, from Corollary 4.2.6, if Re 81 > —1 and

~lm
Hy 1
p 161+ 1]f(2) <M,
2p—1
then
Hm
Hy 2
A,
2p—1
This completes the proof. |

Remark 4.2.1 The analogue of Corollary 4.2.3 and Corollary 4.2.6 can be ob-

tained by choosing suitable admissible function.

Definition 4.5 Let Q be a set in C and ¢ € Q1 N'H. The class of admissible
functions @ 9[Q, q] consists of those functions ¢ : C3 x D — C that satisfy the

admissibility condition ¢(u,v,w;z) & ) whenever

_ - (51 + 1)q(<) L

=40 = gy e (B EC\ O L2 Q) £0),
(8 +1u s+l B\ B+L o (4"

Re(v(5+2)—(6+1)u—W( v w 1) . 1)2’“3‘ (q’<<> “)’

zeD, €D\ E(q) and k > 1.

In the particular case ¢(z) = 14+ Mz, M > 0, and in view of Definition 4.5, the

following definition is immediate.

Definition 4.6 Let Q2 be a set in C and M > 0. The class of admissible functions

D 2[Q2, M] consists of those functions ¢ : C3 x D — C such that
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(B1+ 1)(1+ Me)
(Br+1)— Meif(k+1)

Br(1+ Me) (B +1— Me(k + 1)) =) ¢
(B1+1—Mef(k+1)) (8 —2Me(k+ 1)) — (1 + Me®) (L + 2Meif)’ ‘

10) (1 + Mew,

whenever z € D, 0 € R,

((B1+1) = M (k + 1)) (1 — kMe™®) — L(1 + Me™®)
e kMe® (1 + Mei) = (k)
for all real 0, p; € C\ {0,—-1,-2,...} and k > 1.

In the special case 2 = ¢(D) = {w : |w — 1| < M}, the class ®p 5[, M] is simply

denoted by ® 7 o[ M].

Theorem 4.7 Let ¢ € @y 9[Q,q] and B1 € C\{0,—1,-2,...}. If f € Ap satisfies

{¢ <ﬁ]ly’m[51 +31£(2) ﬁ?ﬂﬁl +2]f(2) ﬁ]l)’m[ﬁl + 1]f(z);z> Ry D} cQ,

Y8+ 21£(2) HY™ B+ 1)f(2) HS™[B1F(2)
(4.27)

then N
" [0 +3)f(2)
Y81+ 2)f(2)

Proof. Define the analytic function p in D by

—~
N
~—

oo o B3
T

L) + 2 f(z)

(4.28)

By using (4.28), a computation shows that get

zp/(Z) _ z(ffé’m[ﬁl + 3]f(z))/ _ Z(ﬁll)’m[ﬁl + Q]f(z))/ (4.29)

p(z)  H™(B +3)f(2) A8y + 2] (2)
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In view of the relation (4.1), it follows that

(Bu+ 2)H™ 81+ 201 (2) = 2(H™ 81+ 311(2))" + (B + 2= p)Hy™ 81 + 31/ (2).
(4.30)
Using (4.6) and (4.30), (4.29) can be written as

2p/(2) _ (B + 2H;" B+ 20f(2) — By +2 = p)Hp" 81 + 3] (2)
P(2) HY™(81 4+ 31 (2)
- ((m + D) H" B+ 1f(2) = By + 1 — p) Hy" By + 2]f(2)>

Y™ B+ 2)f(2)

G DE B+ 2S() (B DEM B+ USGE)

H5™81 + 3] (=) Hy™ By + 2 (=)

By (4.28), it follows that

B+ DHS B +10f(2)  (BL+2)  2p(2)

= — -1
Hy™ 61 +2)f(2) pi) )
_ (B1+2) —2p(2) — ()
p(z)
H" [0+ 1f(2) _ (B1+2) = =/(2) = plz).
Y™ (81 + 2] £(2) (B1 + D)p(z)
Hence, N
"B+ A/ (e pz) 431)
s+ 10f(z) (1 +2)—2/(2) = p(2)
Further computations show that
<Efé””wl+2]f<z>> . A ,
" B+1f()) _ 2(Hp" B+ 2f(2)) 2 (Hp [+ 1]f(2)) (4.32)
(Efé’m[ﬁﬁz]f(z)) A8y +21(2) HY"[B1 + 1f(2)
HE" [B1+11£(2)

79



Using (4.1) and (4.6), (4.32) can be written as

. <f1};mwl+21f<z>>’ _ -
A 1)) (B DH™ B+ 1f(z) = (81 + 1 = p)Hp™ [B1 + 21/ (2)

(I}é’m[ﬂlwmz)) HS™ 81 + 2)f(2)
Y [Bi11f(2)

B (xalﬁzk%f(z) — (b1 — p)H" 81 + 11f<z>>
Hy™[B1 + 11£(2)

_ G DEMBLUSGR)  BH G

HE™ (51 + 2)f(2) Hy™ By +111(2)

or
_ . <w>
BLEZ"Bf(2) (Bt DHT(B +1f(E) T\ BBl

Hy™ (81 + 1] £(2) Hy™[By + 2] f() (_Igzl”m[ﬁlﬁ]f(z)) -
Hy™ [B1+11f(2)

(4.33)
Further computation shows that
( Hy™ By + 2/ z))
ﬁl + f(2)
(B1 2)((B1+2) = 2p'(2) = p(2)) = (= 2"(2) = 2p/(2)) ((B1 + 1)p(2))
((BL+2) — 2p/() = p(2))°

and

(I}é’mwﬁz]f(z))’

Hll,’m[ﬂﬁl]f(z) _ P (2) N 2p”(2) + 29/ (2)

(ﬁé’mww?]f(z)) p(z)  (Bi+2)— 20 (2) —p(2)
)

HS™B1+1)f (2
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Hence

. (Ij{f:’m[ﬂﬁ?}f@))/
Hy"Bi+1)f(2)) 21 (2) 22" (2) + 22p'(2) (4.34)
(ﬁzl)’m[ﬁﬁ?]f(z)) p(z)  (Br+2) = 2p/(2) = p(2) |
Hy™ [Bi+11£(2)

Using (4.31) and (4.34), (4.33) can be written as

BUE"BIF() (Bt 2) - () —p(z) 2 (2)

™81 4+ 1]1(2) p(2) 2 p(2)
(R +2(2)
( )

B1+2)—2p/(2) —p

which implies

1" (61 +1f(z) _ B R
Hy™Bf(2) B2 (@)-pl) _ w/(x) _ (P+20()
p(2) p(z)  Bit2—zp(2)—p(z)

Define the transformation v from C3 to C by

B+ Dr 51
pu— pu— == 4.
eny B1+2—s—1 v f1+2—s—r s (t+2s) 1 (4.36)

where

Let

U(r, s,t; 2) i= ¢(u, v, w; 2)

_ (B1+ )r 81 |
¢(T751+28T7M_§_M_172). (437)
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From (4.28), (4.31) and (4.35), the equation(4.37), yields

V(p(2), 20 (2), 0" (2); 2)

(BB 4 31F(2) HYMBL+2f(2) HEMB 4+ 11£(2)
= =L = L 2. (4.38)
™60+ 20£(2) HE 81+ 1)f(2) HY™B1£(2)

Hence (4.27) becomes

¥ (p(2), 20 (2), 2" (2); z) € Q.

To complete the proof the admissibility condition for ¢ € ® H72[Q, q] is shown to

be equivalent to the admissibility condition for 1 as given in Definition 2.1. Note

that
_ (Bt
fr+2—s—r
implies
g = U(ﬁ1+2>—(ﬁ1—|—1)7"—7”0. (439)
v
By using (4.39) in
b1
Pit2—s—r s _ __(t425) _ q’
T r B1+2—s—r
a computation shows that
t 1 1 1
LN (81 + Du fvl p Y At (u = 1)
s v(f1+2)— (b1 + 1u—vu v w v
(4.40)

and hence ¢ € U[Q, ¢]. By Theorem 2.1, p(z) < ¢(z) or

~zlm 5
ifzim[ﬁl +3]f(2) < q(2). I
Hy " [Br+2]f(2)
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As in the previous cases, if ) # C is a simply connected domain, then 2 = h(D)
for some conformal mapping h of D onto €2. In this case the class ® g o[h(D), q] is

written as @ o [h, q]. The following result is an immediate consequence of Theorem

4.7.

Theorem 4.8 Let ¢ € @pyolh,q] and B1 € C\{0, —1,-2,...}. If f € Ay satisfies

Hy™ (61 +31£(=) Hy™ (61 +2/(2) Hy" B+ 11f(2).
¢ lm P 2lm ’ ~l.m ' 2 <h(2),
H™(5y +2 /(=) Hy™ (61 + Uf(z) HY"[B1f(2)

then N
2" +31(2)
A8+ 21£(2)

Corollary 4.2.7 Let ¢ € @y o2, M] and py € C\{0,-1,-2,...}. If f e A

satisfies

; (ﬁé;’"[m +3)1(z) BB+ A0 () Hy" [+ 1S, ) .
5™ 81+ 2 (=) BY™[8 +11f(2) BY™[B11f(2) |

then L
Hy" (1 +3
B+ G|,
Hy ™ [B1 + 2] f(2)
Proof. The result follows by taking ¢(z) = 1+ Mz in Theorem 4.7. |

Corollary 4.2.8 Let ¢ € ®pyo[M] and f; € C\{0,-1,-2,...}. If f € A

satisfies

‘ ¢<Eémwl+3]f<z> By 5 + 21 f(2) ﬁ,@’mwl+1]f<z>;z> Y

HE™ 8y + 20f(2) HS™(By + 1£(z) HY™[B1]f(2)

then

— 1| < M.

'Ffé’m[m +3]f(2)
™81+ 21£(2)

Proof. By taking Q) = ¢(D) in Corollary 4.2.7, the result is obtained. |
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4.3 Superordination of the Dziok-Srivastava Operator

The dual problem of differential subordination, that is, differential superordination
of the Dziok-Srivastava linear operator is investigated in this section. For this

purpose, the following class of admissible functions will be required.

Definition 4.7 Let Q be a set in C and ¢ € H[0,p] with z¢'(z) # 0. The class
of admissible functions (I)/H [©2, q] consists of those functions ¢ : C? x D — C that

satisfy the admissibility condition ¢(u,v,w;() € Q whenever

B 2 (2)+m(BL+1—p)g(2) .
u=q(z), v= Y TESY (81 € C\{0,-1,-2,...}),

B1(B1+Dw+ (p—B1)(F1 —p+ Du 1 zq"(2)
Re( (i + Do+ (- b1 - Du ‘(wl_p)“)) SERe(qwz) “)’

zeD, (€dD and m > p.

Theorem 4.9 Let ¢ € @}I[Q,q} and f1 € C\ {0,-1,-2,...}. If f € Ap,

Y81 +2)f(2) € Qy and
o (Hy™81 +2)f (), Hy™ (81 + Uf (), Hy " [B1)f(2): 2)
is univalent in D, then
0 c {o (B +2f(), By 81+ 1f () Hy"[81)f(2):2) : 2 €D} (4.41)

implies
77l
q(z) < Hy"'[B1 + 2] f (2).
Proof. From (4.11) and (4.41), it follows that

QC {¢ (p(z),zp’(z),zQp”(z); z) Dz € D} :
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From (4.9), it is clear that the admissibility condition for ¢ € @}I[Q, q] is equivalent
to the admissibility condition for v as given in Definition 2.2. Hence ) € \I!;) 19, ql,

and by Theorem 2.2, ¢(z) < p(z) or

g(z) < Hy™ By + 2)f(2). -

If Q # C is a simply connected domain, then Q = h(D) for some conformal
mapping h of D onto €. In this case the class ®';[h(ID), ¢] is written as ®';[h, q].
Proceeding similarly as in the previous section, the following result is an immediate

consequence of Theorem 4.9.

Theorem 4.10 Let h be analytic in D, ¢ € ¥y [h,q] and f; € C\{0,-1,-2,...}.
If f € Ap, Hy™"[B1+2)f(2) € Qp and

o (Hy™ 51 +20£(2), By (1 + 11£ (), Hy ™ [B1)f(2); 2)

15 univalent in D, then

h(z) < 6 (Hy™ (B0 +201(2), By (60 + 1) H (B (2);2)  (4.42)

implies

g(2) < Hy™" 81+ 2)f(2).

Theorem 4.9 and 4.10 can only be used to obtain subordinants of differential
superordination of the form (4.41) or (4.42). The following theorem proves the

existence of the best subordinant of (4.42) for certain ¢.

Theorem 4.11 Let h be analytic in D, ¢ : C3xD — C and f; € C\{0,—1,—2,...}.

Suppose that the differential equation

6(q(2), 24 (2), 224" (2); 2) = h(z) (4.43)
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has a solution q € Qq. If ¢ € D[, q], f € Ap, fNI]lg’m[ﬁl +2|f(2) € Qy and

o (Hy™ (51 +20£(2), By (1 + 11£ (), Hy ™ [81)(2); 2)

18 univalent in 1D, then

p(z) < o (Hy™ 161+ 2F(2), Hy™ 61+ 11f(2), Hy ™ 1611 (=) 2)
implies
a(z) < Hy™ 1 +2)f()
and q 1s the best subordinant.

Proof. In view of Theorem 4.9 and Theorem 4.10 we deduce that ¢ is a subordinant
of (4.42). Since ¢ satisfies (4.43), it is also a solution of (4.42) and therefore ¢ will

be subordinated by all subordinants. Hence ¢ is the best subordinant. |

Combining Theorems 4.2 and 4.10, we obtain the following sandwich-type

theorem.

Corollary 4.3.1 Let hy and q1 be analytic functions in D, ho be univalent function
in D, g € Qo with q1(0) = ¢2(0) = 0, ¢ € Pylh,qo] N Py [h1, 1] and py €
C\{0,—1,-2,...}. If f € Ay, HY"[B1 +2f(2) € H[0,p] N Qp and

o (Hy™ (51 +20£(2), By (1 + 11£ (), Hy ™ [81)(2); 2)

18 univalent in D, then

m(2) < & (Hy™ By + 20f(2), Hy™ By + 1f(2), Hy ™ [B1)£(2):2) < ha(2),
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implies

q1(2) < BY™ (81 +2f(2) < a2(2).

Definition 4.8 Let Q be a set in C and ¢ € Hoy with 2¢'(z) # 0. The class of
admissible functions @}LI[Q,q] consists of those functions ¢ : C3 x D — C that

satisfy the admissibility condition ¢(u,v,w; () € Q0 whenever

u=gq(z), v=-2 (g(gl”ﬁ)q(z) (B € C\ {0, -1, -2,...}),

(B1+ v — pru

zeD, (€D and m > 1.

Next, the dual result of Theorem 4.5 for differential superordination will be

given.

Theorem 4.12 Let ¢ € @}{71[9,(]] and f1 € C\{0,-1,-2,...}. If f € A,

A B1+2f(2)

1 € Qp and

) (ﬁé’mwl /() BB+ 0S() BB, )

zpfl ’ prl ’ zpfl

18 univalent in D, then

2p—1 ’ 2p—1 ’ 2p—1

o { (b(ffé’m[ﬁlwmz) H™ (51 + 1)£(2) ﬁé’m[ﬁﬂf<z);z> :zem}

implies
Hy" (61 +2)£(2)
2p—1 '

q(z) <

Proof. From (4.25) and (4.44), it follows that

QcC {gb <p(z),zp/(z), zQp/’(z); z) iz € ]D)}
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From (4.23), it follows that the admissibility condition for ¢ € @}Ll[Q,q] is
equivalent to the admissibility condition for v as given in Definition 2.2. Hence

Y € ¥'[Q, q], and by Theorem 2.2, q(z) < p(z) or

Hy™ 61 + 2 ()

q(2) < 1

If @ # C is a simply connected domain, then Q = h(D) for some conformal
mapping h of D onto €. In this case the class @ | [2(D), ¢| is written as ®; [, q.

The following result is an immediate consequence of Theorem 4.12.

Theorem 4.13 Let ¢ € Hg, h be analytic on D, ¢ € @’Hl[h,q] and 1 € C\
lm ’
{0, — Y If f e Ay, MEQ and

zp_l ’ Zp_l ’ zp_l

; (ffé’m[ﬁl +2f(2) BB+ 10() H"BAG), z)

18 univalent in D, then

]’_V]l,m 2 [:v]l’m 1 ]’_:]l,m
h(z) < ¢< p [i;jl ]f(Z), p [i;jl ]f(z)’ b ZE)@_%f(@)g)
implies .
Hy" (51 + 201 (2)

2p—1

q(z) <

Combining Theorems 4.6 and 4.13, the following sandwich-type theorem is

obtained.

Corollary 4.3.2 Let hy and q1 be analytic functions in D, hy be univalent func-
tion in D, g2 € Qo with q1(0) = q2(0) = 0, ¢ € Py 1[ho, g2 N Py 4[h1, 1] and
BreC\{0,~1,-2,..}. If f € Ap, Me% N Qy and

2p—1 ’ 2p—1 ’ 2p—1

i’ (ﬁ};mwl +21(x) B 15+ 1f(2) BB (), )
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18 univalent in D, then

zl,m ~lm 7lm
h1<z><¢<Hp e (Z);z> <ha2),

implies
Hy™ 81 + 2 £(2)
2p—1

q1(z) < < q2(2).

Definition 4.9 Let Q be a set in C, q(z) # 0, 2¢'(z) # 0 and ¢ € H. The class
of admissible functions @}{’2[9, q] consists of those functions ¢ : C3 xD — C that

satisfy the admissibility condition ¢(u,v,w; () € Q0 whenever

s v — m(B1 +1)q(2) L .
U_Q( )7 m(ﬁl+2) —zq’(z) _mq(2>7 (61 € C\{O’ L, 27"'}7 Q( ) 7&0)7
. Bru(Br +1)(w — 1) _(B+1) 1e, 24" (2)
. (w(<51+1><v—u>+v<1—u>) v 1) <t ()

zeD, (€D and m > 1.

Now, the dual result of Theorem 4.7 for differential superordination will be

given.

Theorem 4.14 Let ¢ € @}{,Q[Q,q] and 1 € C\ {0,—-1,-2,...}. If f € Ay,

rlm
E[zllm[ﬁl"‘?’]f(z) e Ql and
Hy™ [51+2]f(2)

(ﬁé’m[ﬁl +31£(2) BB +2Af(:) H"Bi+ 1S (). )
H" 1+ 20 () BB+ 10FG) B [BFGE)

1s univalent in D, then

Qc {¢(ﬁé’m[ﬁ1+3Jf<z> Hy™ (51 +2)(2) ﬁé’mwﬁﬂf@;z) :zem}

BY™MBy+2f(2) H™ B+ 10f(z)  HY™[B1)f(2)
(4.45)
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implies

7lom 5
i) < )
Hy ™ [B1 +2]f(2)

Proof. From (4.38) and (4.45), it follows that

QC {(b (p(z),zp/( ), zQp"( ); > :ZGD}.

In view of (4.36), the admissibility condition for ¢ € <I>’H2[Q, q] is equivalent to
the admissibility condition for ¢ as given in Definition 2.2. Hence v € ¥'[Q, ¢,
and by Theorem 2.2, q(z) < p(z) or

HY™ By + 3)f(2)

W) < sy 2l

If Q # C is a simply connected domain, then @ = h(D) for some conformal
mapping i of D onto Q. In this case the class @' o[h(D), ¢ is written as & ,[h, q].
Proceeding similarly as in the previous section, the following result is an immediate

consequence of Theorem 4.14.

Theorem 4.15 Let ¢ € H, h be analytic in D, ¢ € @}LQ[h,q] and 1 € C\

L Hy™ (51431 ()
{0,-1,-2,...}. If f € Ap, A el ) € Q1 and

¢<ffé’m[ﬁ1+3]f(2) Hy" (51 +2)f(2) By (51 + 1)f(2), )
A58+ 20f () BE + 1S ) AEBSG)

18 univalent in D, then

M(2) < gﬁ<ff“”[m+31f<z> Hy™ By +2)f(z) Hy"[B1 + ]f(),z>
A58 + 2 f(z) HS™[B+1£(2) HE™BfF(2)

implies

Hom
(o)< BB )

BB+ 2f(2)
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Combining Theorems 4.8 and 4.15 yield the following sandwich-type theorem.

Corollary 4.3.3 Let hy and q1 be analytic functions in D, hy be univalent func-
tion in D, go € Q1 with q1(0) = q2(0) = 1, ¢ € Py a[ho, g2 N Py 5[h1, q1] and

B €C\{0,~1,—2,.. }. If f € p,% eHNOQ and
p

¢<ffé’m[m+s1f<z> ™[y +201() ™[y +111() )
5" [+ 207() BE o+ 05() A G)

18 univalent in D, then

M) < b (ﬁ};m[ﬂl L 3)f(2) BB+ 20 (2) BB+ 1)4(2)

~Im P ~Ilm ’ lm ;Z> = hQ(Z)’
Hy" (B +2f(2) Hy™ 151+ 10f(2)  Hy™[B1)f(2)

implies N
A1+ 3£ (2)
Y81+ 2)f(2)

q1(z) < =< q2(2).

4.4 Subordination of the Liu-Srivastava Operator

In this section, differential subordination results are obtained for multivalent mero-
morphic functions associated with the Liu-Srivastava linear operator in the punc-
tured unit disk. A similar problem was studied by Aghalary et al. [1,4], and related
results can be found in the works of [9,10,12-15,25,58,63]. The following class of

admissible functions will be required to obtain main results.

Definition 4.10 Let Q be a set in C and q € Q1 NH. The class of admissible
functions ®[Q,q] consists of those functions ¢ : C3 x D — C satisfying the

admissibility condition ¢(u,v,w;z) & Q whenever

im0 0L GO gy,
Srw—u) o (84"
Re(Z - @) 2ame (e 1),
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zeD, €D\ E(q) and k > 1.

Choosing ¢(z) = 14 Mz, M > 0, Definition 4.10 easily gives the following defini-

tion.

Definition 4.11 Let ) be a set in C and M > 0. The class of admissible functions

®[Q, M] consists of those functions ¢ : C3 x D — C such that

L+ (B + 1)(2k + ) Me'?
B1(B1+1)

kE+ 51 +1

Me? 1
B+ 1 e, 1+

2] €Q

¢ (1 + Me? 1+
(4.46)
whenever z € D, 6 € R, Re(Le™ ) > (k — 1)kM for all real 6,
p1€ C\{0,—-1,-2,...} and k > 1.

In the special case 2 = ¢(D) = {w : |w — 1] < M}, the class ® [, M] is simply

denoted by @ [M].

Theorem 4.16 Let ¢ € ®y[Q,q] and f1 € C\{0,-1,-2,...}. If f € M,

satisfies

{¢<ﬁﬁ%mwy+ﬂﬂwmﬁﬁﬁﬂ&+4U@xﬂﬁ%mWﬂﬂ@m):zem}ca,

(4.47)

then

PHY B+ 2f() <az)  (z€D).
Proof. Define the analytic function p in D by
plz) = " [y + 21 (2). (4.43)

In view of the relation (4.2), it follows that

(B 4+ )E" (51 +1f(2) = 2(H, " [B1+ A1 () + (B + 14 0) B8+ 2112,
(4.49)

92



Using (4.48), a computation from (4.49) shows that

(B + DI (B +1)7(2) = ZE_p2C) (14 PR(E)

or equivalently

m 1
i+ UG = s

PH ((B1+ Dpl2) + 20/(2)). (4.50)

By using (4.50), further computations from (4.2) show that

e (B1+ Dp(2) + zp’(Z)) T (By+p) ((61 +1p(2) + zp’(Z))

(81 +1)zP (B + 1)zP

i) =+ (

which implies

—~1l.m 220/ ( 5 o0l (2 ;
Bu(By + VE" (1] f(z) = 2R FHOL L) zg( )+ B1(B1 + (=)
Hence
gebm — 1 1 /
LH*[B]f(z) = A (22]9 (z) +2(61 + 1)zp'(2)) + p(2). (4.51)

Define the transformation 1 from C3 to C by

i o= s+élﬁl++11)r7 L, LT2B +611)($61++(511>><51 +1)r (452)
where
r=p(z), s=zp(z) and t=22p"(2).
Let
U(r,s,t;2) = d(u, v, w; z)
(g ).
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From (4.48), (4.50) and (4.51), equation (4.53) yields

V(p(2), 20 (2), 0" (2); 2)

—o ("

By + 205 (=), PIE" 181+ 10F (), P E" 812 ) - (59)

Hence (4.47) becomes

W(p(2), 2 (2), 220" (2); 2) € Q.

To complete the proof, it is left to show that the admissibility condition for ¢ €
O [, q] is equivalent to the admissibility condition for ¢ as given in Definition

2.1. Note that

s+ (B +D)r
B +1

implies

s=(B1+ D—7).

A computation from

= L2081+ s + (B1) (B + 1)r
B1(B1 +1)

shows that
B1(w — u)
(v—u)

and hence 1) € U,[€, ¢]. By Theorem 2.1, p(z) < ¢(z) or

fr1= —(2814+1) (u=r)

—~1m
PH*

B1+2]f(2) < q(z). I
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If Q # C is a simply connected domain, then Q@ = h(D) for some conformal
mapping h of D onto Q. In this case the class ® g [h(D), ¢] is written as ®gh, ql.

The following result is an immediate consequence of Theorem 4.16.

Theorem 4.17 Let ¢ € ®glh,q] with ¢(0) =1 and p; € C\ {0,—1,-2,...}. If
f € My and satisfies

¢(ﬁﬁ%mwy+nﬂwwﬁﬁﬁﬁﬁ+¢uuxﬁﬁimwmﬂ@w)<h@x

(4.55)
then
"

—~ 1,
sz*p

B1+2]f(2) < q(z).

The next result is an extension of Theorem 4.16 to the case where the behavior of

q on 0D is not known.

Corollary 4.4.1 Let Q C C, q be univalent in D and q(0) = 1. Let ¢ € ® [, qp)

for some p € (0,1) where q,(2) = q(pz) and p1 € C\{0,-1,-2,...}. If f € M,

and

m —~1I,m —~1I,m
[B1+21f(2), 2PH* ) [ + 1] f(2), 2P H,

¢(%ﬁ% Wﬂﬂ@w>€Q

then
m
[

P1+211(2) < q(2).

/—\_/17
sz*p

—~
Proof. Theorem 4.16 yields sz*p’m[ﬁl + 2]f(2) < qp(2). The result now follows

from the fact that ¢,(2) < q(2). I

Theorem 4.18 Let h and q be univalent in D, with q(0) = 1, set qy(2) = q(pz)
and hy(z) = h(pz) and B; € C\{0,—1,-2,...}. Let ¢ : C3 x D — C satisfy one

of the following conditions:

1. ¢ € ®glh,qp| for some p € (0,1), or
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2. there exists pg € (0,1) such that ¢ € ®gr[hy,qp) for all p € (pg,1).

If f € My, satisfies (4.55), then

—~1Im
PH" [0+ 20 (2) < al2).
Proof. (1) The function g, is univalent on D, and therefore F (qp) is empty and
qp € Q. The class ®p[h, gy is an admissible class and from Theorem 4.16 we
obtain
m
[

—~
Prrx>
' H*,

B1+2]f(2) < gp(2).

|

Since ¢, < q we deduce sz*p’m[ﬁl +2]f(2) < q(2).

(2) From (4.54), it is evident that ¢ € ®g[h), qp] implies ¥ € Wr[hy, qp). If we let
Py(z) = P(pz), then

Y (pp(2), 20,(2), 2205 (2): pz) = (p(p2), p21/ (p2), 727D (p2); p2) € hp(D).

By using Thorem 2.1, with pz, a function mapping D into D we obtain
Pp(2) < qp(2), for p € (po,1). By letting p — 1~ we obtain p < ¢ or
P+ 2]f(2) < q(2). !

—~1
2P H* p’m[
The next theorem yields the best dominant of the differential subordination (4.55).

Theorem 4.19 Let h be univalent in D, ¢ : C3 x D — C and B € C\

{0,—1,-2,...}. Suppose that the differential equation

6 (a(=), 24 (2), 224" (2); 2) = h(2) (4.56)

has a solution q with q(0) =1 and satisfy one of the following conditions:
1. g€ Q) and ¢ € ylh, g,

2. q is univalent in D and ¢ € ®glh,qp] for some p € (0,1), or
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8. q is univalent in D and there exists pg € (0,1) such that ¢ € ®glhy,qp] for

all p € (po, 1)

If f € My, satisfies (4.55), then

—~1Im
LH*)

B1+2]f(2) < q(2),

and ¢ is the best dominant.

Proof. In view of Theorem 4.17 and Theorem 4.18 we deduce that ¢ is a dominant
of (4.55) . Since g satisfies (4.56), it is also a solution of (4.55) and therefore ¢ will

be dominated by all dominants. Hence ¢ is the best dominant. |

Corollary 4.4.2 Let ¢ € @y [Q, M] and p1 € C\{0,-1,-2,...}. If f € M,

satisfies

¢ (zpfﬁﬁgmwl T2 f(), P B+ 1 (), PHY (1) (2); ) cQ,

then
2 H* 81+ 2]f(2) < M.

Proof. The result follows by taking ¢(z) = 1 + Mz in Theorem 4.16. 1

Corollary 4.4.3 Let ¢ € ®y[M] and f; € C\ {0,—-1,-2,...}. If f € M,

satisfies
"o+ 115 (=),

o (7" 0+ 2. ilf iz 1| <

then
PE 8 4+ 2)f(2) — 1| < M
z P (1 1f(2) < M.

Proof. By taking Q = ¢(D) in Corollary 4.4.2, the result is obtained. I
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The following example is easily obtained by taking ¢(u,v,w;z) = v in Corol-

lary 4.4.3.

Example 4.3 If Ref > —3/2 and f € M, satisfies

P81+ 1f(2) — 1| < M,

then
pffv*l’m +2 —1 M
z P (1 1f(2) < M.

Proof. By taking ¢(u, v, w; z) = v in Corollary 4.4.3, we have to find the condition
so that ¢ € ®g[M], that is, the admissibility condition (4.46) is satisfied. This

follows from

0 k+Bi+1 e L4 (Bi+1)(2k+ p)Me
1+ M 14+ 222 “ppet? 1 4 z || > M
|¢< f1+1 B1(B1 +1)
which implies
fr+1
or
\k+ b1 +1] > |p +1]. (4.57)

Using inequality (4.57), further computations show that

—(k+2
Re 3 > g
2
Since k > 1, then
3
Ref1 > b

is sufficient for (4.57) to hold true. Hence, from Corollary 4.4.3, if Re 81 > —3/2
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and

zpl?ki;m[m +1]f(z) 1| < M

then
m
[

zp]f:l\;i; p1+2]f(z) — 1] < M.

This complete the proof. |
Corollary 4.4.4 Let M >0 and 51 € C\{0,-1,-2,...} . If f € My, and

pr-_ﬁ;m[ﬁl +1]f(2) — pr‘f\;;’m[ﬁl +2]f(2) le\i 1|’

<

then
—~1I.m
LH*)

ﬁ1+2]f(z)—1‘ < M.

Proof. Let ¢(u,v,w;z) = v —u and Q = h(D) where h(z) = Iﬂf\illz’ M > 0. It

is sufficient to show that ¢ € ® [, M], that is, the admissible condition (4.46) is

satisfied. This follows since

; : 0
‘¢(1+M619,1+MM6291 L+ (B1+1)(2k + B1)Me z)'

fr+1 ’ B1(B1 +1) ’
— ’mezﬂ_ 1 — M
f1+1
kM
b1 +1
Mn

>
|51 + 1

ze€D, 0 eR, ;€ C\{0,-1,-2,...} and £ > 1. From Corollary 4.4.2, the

required result is obtained. |

Definition 4.12 Let ) be a set in C and q € Q1 NH. The class of admissible

functions @ 1[€2, q| consists of those functions ¢ : C? x D — C satisfying the
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admissibility condition ¢(u,v,w;z) ¢ Q whenever

_ Y (81 + Da(Q) .

U= 00, v = G S (L ECV (012 a(0) £0)
(B+ 1u B+1 5\ B+l o (¢4

Rﬂ(wﬁ+m—«ﬁ+wu—vu< v w 1) » 1>2kR (¢«>+£>

ze€D, (€ dD\ E(q) and k > 1.

In the particular case q(z) =1+ Mz, M > 0, Definition 4.12 yields the following

definition.

Definition 4.13 Let (2 be a set in C and M > 0. The class of admissible functions

Dy 1[Q2, M| consists of those functions ¢ : C3 x D — C satisfying

(81 + 1)(1+ Me¥)
(B1+1)— Me(k+1)’

Bl(l—i—Meie)(ﬁl+1—Mei9(k:+1)) )20
(B1+1— Me®(k+1)) (81 — 2Meb(k + 1)) — (1+ Mel®)(L + 2kMeib)

10) <1 + Mew,

whenever z € D, 6 € R, Re(Le~ ™) > (k — 1)kM for all real 0,
p1 € C\{0,—-1,-2,...} and k > 1.

In the special case 2 = ¢(D) = {w : |w — 1| < M}, the class @ 1[Q, M] is simply
denoted by @7 1[M].

Theorem 4.20 Let ¢ € ®p1[Q,q] and 81 € C\ {0,-1,-2,...}. If f € M,

satisfies

{¢(fﬁmwl+aﬂa7§§2wl+mﬂa’ﬁ§jfl+uﬂaﬂ):zGD}CQ,
H* ) (B +2f(z) H*y [B1+1f(2)  H* [A1f(2)

(4.58)
" 181+ 3£ (2)
0181+ 2f(2)

=< q(2).
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Proof. The proof is similar to Theorem 4.7. |

As in the previous cases, if ) # C is a simply connected domain, then Q2 = h(DD)
for some conformal mapping h of D onto €. In this case the class @ 1[h(D), q] is
written as @z 1[h, q|. The following result is an immediate consequence of Theorem

4.20.

Theorem 4.21 Let ¢ € ®pqlh,q] and p1 € C\{0,—-1,-2,...}. If f € M,

satisfies

™6y 3£ (z) B8+ 205 () BRSBy + 10£(2)

¢ — T —~1Im T —~—Im ' 2 <h(z)’
H*, (B +2)f(2) H*y [Br+1f(2)  H*, [B1]f(2)
then i
T+ AE)
H*, [P+ 2]f(2)

Corollary 4.4.5 Let ¢ € ®p1[Q2, M] and p1 € C\ {0,—1,-2,...}. If f € M,

satisfies

" "B+ 2f(z) HO B+ 1)£(2)

B +1f(2)  H " Bf(2)

Bi+3)f(z) H™,
Bi+2f(z) H*

—~1
*7
Hp

— — 2| €Q,
H*) | [

then .,
74" 161+ 3£ (2)
"B+ 2(2)

Proof. The result follows by taking ¢(z) = 1 + Mz in Theorem 4.20. 1

—1| < M.

—~1
*7
H*,

Corollary 4.4.6 Let ¢ € @p1[M] and fy € C\ {0,—1,-2,...}. If f € My

satisfies
"o+ 21() 1

Y

~Im

H*, [+ 2f(2) ﬁ*;’m[ﬁ +1]f(2)
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then .,
7" (61 + 3£ (2)
5" 161+ 21£(2)

Proof. By taking Q = ¢(D) in Corollary 4.4.5, the result is obtained. I

—1| < M.

4.5 Superordination of the Liu-Srivastava Operator

The dual problem of differential subordination, that is, differential superordina-
tion of the Liu-Srivastava linear operator is investigated in this section. For this

purpose, the following class of admissible functions will be required.

Definition 4.14 Let Q be a set in C and ¢ € H with 2¢'(2) # 0. The class of
admissible functions @}I[Q, q] consists of those functions ¢ : C?xD — C satisfying

the admissibility condition ¢(u,v,w;() € Q whenever

_ 24 (2) + m(B1 + 1a(2)
m(f1 +1)

Re (—51(7()1”_;;0 — (2B + 1)) < %Re (Z;J,/;(ZZ)) + 1) :

ze€D, (€D and m > 1.

u=q(z), (81 € C\{0,-1,-2,...}),

Theorem 4.22 Let ¢ € ¥, [Q,q] and f1 € C\{0,—-1,-2,...}. If f € M,,
zpl?*fo’m[ﬁl +2]f(2) € Q1 and
: (zpﬁﬁi;m[m £ 2f(2), PHY [y + 1 (), PHY 81 (2) )

1s univalent in D, then

Qc {¢> (zpf%ﬁ;m[ﬁl COf ), PEET B 1 F ), PE 1) ) ce D}
(4.59)
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implies
a(z) < PH" (81 + 2 £(2).

Proof. From (4.54) and (4.59), it follows that
0 {y (p(2), 2 (2), 2% (2):2) : 2 € D}

From (4.52), it is clear that the admissibility condition for ¢ € @}{[Q, q] is equiv-
alent to the admissibility condition for v as given in Definition 2.2. Hence

P € U[Q, q], and by Theorem 2.2, ¢(z) < p(z) or

a(z) < PH<" By + 2 (2). I

If Q # C is a simply connected domain, then Q@ = h(D) for some conformal
mapping h of D onto €. In this case the class ®';[h(ID), g] is written as &' [h, q].
Proceeding similarly as in the previous section, the following result is an immediate

consequence of Theorem 4.22.

Theorem 4.23 Let q € H, h be analytic in D, ¢ € (IJ’H[h,q] and B € C\
B1+2]f(2) € Q1 and

"

Nl’
{0,-1,-2,..}. If f € My, PH*,

6 (zpﬁﬁjgmm Lol f(2), PH " By + 1 f(2), P H B (2); )

1s univalent in D, then

h(z) < ¢ (zpf?i;mwl + 9 (=), PHS" By + 1] (=), P (B F(2); )

(4.60)

implies
a(=) < 25" 51+ 2)f(2).
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Theorem 4.22 and 4.23 can only be used to obtain subordinants of differential
superordination of the form (4.59) or (4.60). The following theorem proves the

existence of the best subordinant of (4.60) for certain ¢.

Theorem 4.24 Let h be analytic in D, ¢ : C3xD — C and f; € C\{0,—1,—2,...}.

Suppose that the differential equation
#(q(2), 24 (2). 2%¢" (2); 2) = h(z) (4.61)

By
has a solution q € Q1. If ¢ € Dy [h,q], [ € My, sz*p’m[ﬁl +2]f(z) € Q1 and

6 (zpﬁémwl Lo f(2), PH " By + 1) f(2), P H B F(2); )

1s univalent in D, then

h(z) < ¢ (zpf’ﬁﬁ;mwl + 9 (=), P By + 1 (=), PH " (B f(2); )

implies

and q 1s the best subordinant.

Proof. In view of Theorem 4.22 and Theorem 4.23 we deduce that ¢ is a subordi-
nant of (4.60) . Since ¢ satisfies (4.61), it is also a solution of (4.60) and therefore

g will be subordinated by all subordinants. Hence ¢ is the best subordinant. |

Combining Theorems 4.17 and 4.23, we obtain the following sandwich-type

theorem.

Corollary 4.5.1 Let hy and q be analytic functions in D, he be a univalent func-

tion in D, g2 € Q1 with q1(0) = ¢2(0) = 1, ¢ € ®glha, 2] N Py[h1,q1] and
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1€ C\{0,—-1,-2,...}. If f € My, zpﬁjkgm[ﬂl +2]f(2) e HN Q1 and

6 (zpﬁﬁjgm[m Lo f(2), PH " By + 1) f(2), P H B (2); )

1s univalent in D, then

hi(z) < ¢ (zpﬁkj;mwl + 9 (=), PH" By + 1] (2), P (B (2); ) < ha(2)

implies
—~1m
q1(z) < ZpH*p [

B1+2]f(2) < g2(2).

Definition 4.15 Let Q be a set in C and q € H with 2¢'(z) # 0. The class
of admissible functions @hl[Q,q] consists of those functions ¢ : C3 x D — C

satisfying the admissibility condition ¢(u,v,w; () € Q whenever

— (). v = m(B1 + V() L
u=q(z), B2 — 20 (2) —maa) (B1 €C\{0,-1,-2,...}),
B+ 1u s+1 B\ B+1 1 . 2q"(2)
Re(v(ﬂ+2)—(ﬁ+l)u—vu< v w 1) v 1>SmR (q’(z) +1>>

zeD, (€D and m > 1.
Next the dual result of Theorem 4.20 for differential superordination is given.

Theorem 4.25 Let ¢ € (I)}{,l[Q’CI] and B € C\{0,-1,-2,...}. If f € My,

;E Q1 and

"6y +2f(z) B

Y

lm

, (fﬁém[ﬂl <3/ f?%
7" 18+ 2f(z) BB+ 11f(2)

B+ 1f(2) )
" (£ (2)
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18 univalent in D, then

/—v*l7m ’\;l,m . ":kl,m -
S R O S O R G N B
"o +20f(z) BB+ 10f(2) T 316 (2)
(4.62)
implies l
" 3|f(z
q(z) ~ N?m[ﬁl"i_ ]f( )
H*, (B + 2] f(2)

Proof. From (4.38) and (4.62), it follows that
0. {o (), 20/(2), 2" (2);2) s 2 € D).

From (4.36), the admissibility condition for ¢ € ®; 5[, ¢ is equivalent to the
admissibility condition for ¢ as given in Definition 2.2. Hence 1 € ¥'[(, ¢, and
by Theorem 2.2, ¢(z) < p(z) or

—~Im

0%, [B1+ 3] f(2)

q(z) = — : 1
H*, (B + 2] (2)

If Q # C is a simply connected domain, then Q@ = h(D) for some conformal
mapping h of D onto Q. In this case the class @' {[2(D), ¢ is written as & ; [h, q].
Proceeding similarly as in the previous section, the following result is an immediate

consequence of Theorem 4.25.

Theorem 4.26 Let ¢ € H, h be analytic in D, ¢ € Q)’HJ[h,Q] and p1 € C\

—~1Im
0,-1,-2,..). If f e My, Lo i) o g g
T (5142 f(2)

P18+ 31f(z) Hey B+ 2f(z) Hey B+ 11£(2)

Y

B+1f(z) B Bf(2)

—~1
*
Hp

H" 3y +2)f(2) 1

m[ !
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18 univalent in D, then

)~ )

()<¢(“/ 61+ 31/(z) 57" (81 +2)/(2) ﬁ%mwl+mﬂa¢)
o+ () B 1S H B

implies
7" 181+ 37 (2)
Q(Z) = ~l m :
[61 +2]f(2)

Combining Theorems 4.21 and 4.26, the following sandwich-type theorem is

obtained.

Corollary 4.5.2 Let hy and q1 be analytic functions in D, hg be univalent func-
tion in D, g2 € Q1 with q1(0) = q2(0) =1, ¢ € ®palho, @] N 1 [h1,q1] and

51431 (2)
B eC\{0,—-1,-2,...}. If f e M,, Hy
1€ CAd J ! f,, B+ 2f(2)

e HNQq and

)

5 (Nl’m[51+3]f(Z) *p 181+ 2)£(2) fﬁ;mwﬁr”ﬂz)-z)
7" 0+ 20 () B B+ 0f ) 7 1)

18 univalent in D, then

A;l,m A:kl,m . ”"*l?m 5
hﬂ@<¢(§jm%*3”@1fij*2”<XH3$§+”“>M)<hﬂ@
) (B +2f(z) H*y [Br+1]f(2)  H* [B1f(2)
implies
q1(2) H* BEEEHO < q2(2)
181+ 2)f(2)
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CHAPTER 5
HALF-PLANE DIFFERENTIAL SUBORDINATION CHAIN

5.1 Introduction

As defined in Section 1.3.2, p. 22, Bernardi [27] introduced the linear integral

operator Iy, : A — A defined by

1
Fu(z) = <u+1)/0 e (p > —1). (5.1)

It is well-known [27] that the classes of starlike, convex and close-to-convex func-
tions are closed under the Bernardi integral transform.

Parvatham considered the class R[a| of functions f € A satisfying
1f'(z) =1 <alfl(z)+1] (zeD, 0<a<1),

or equivalently
1+ az
1—az

fi(z) <

(zeD, 0<a<l),

and obtained the following result:

Theorem 5.1 [94, Theorem 2, p. 440] Let 41 >0, 0 < o < 1 and § be given by

5::a<2—a+u(1—a)>.

14+ pu(l—a)

If the functions f € R[0], then the function F), given by Bernardi’s integral (5.1)
is in Rla].

The class R[a] can be extended to the general class R[A, B] consisting of all

analytic functions f € A satisfying

1+ Az

f/(2)<@, (ZE]D, —1§B<A§1),

108



or the equivalent inequality
|f'(z) =1] < |[A=Bf'(z)] (€D, -1<B<AL1).
For 0 < av < 1, the class R[1 — 2a, —1] consists of functions f € A for which
Refl(z)>a (z€D, 0<a<1),
and R[1 — «, 0] is the class of functions f € A satisfying the condition
1f'(z) =1 <l-a (€D, 0<a<]1).

When 0 < o < 1, the class R[a, —a] is the class R[a] considered by Parvatham
[94].
Silverman [122], Obradovi¢ and Tuneski [87] and many others (see [84-86,104,

105]) have studied properties of functions defined in terms of the expression

() ()

In fact, Silverman [122] obtained the order of starlikeness for functions in the class

Gy defined by

o= frea () (42 -

Obradovi¢ and Tuneski [87] improved the result of Silverman [122] by showing

<b,0<b§1,zeD}.

Gy C ST[0,—b] C ST (2/(1+ V1 +8b)).
Tuneski [139] took it further and obtained conditions for the inclusion
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Gy C STIA, B] to hold. Letting 2 f/(2)/f(z) =: p(2), the inclusion

Gy, C ST[A, B] is evidently a special case of the differential chain

zp'(2) 1+ Dz 1+ Az

()2 <7 o = p(z) < . (5.2)

1
+5 1+ Bz

For f € A and 0 < a < 1 Frasin and Darus [40] showed that

2f'(2)
f2(2)

(z/())" _22f'(z)  (1-a)z
f'(2) f(2) 2-a

—1‘<1—a.

Letting z2f'(2)/f2(2) as p(z), the above implication is a special case of the differ-

ential chain
/
2p'(z) 1+ Dz 1+ Az
< = =< .
o) it E. P S

148 (5.3)

Nunokawa et al. [83] showed that when p is analytic in D with p(0) = 1, then
T4+ 2p(2) < 1+ 2=p(z) < 1+ 2 (5.4)

They applied this differential implication to obtain a criterion for normalized an-
alytic functions to be univalent. Clearly (5.4) is a special case of the differential

chain

1—|—Dz:> (2) < 1+ Az
z )

1+E: P 1+ Bz

1+ B2p/(2) < (5.5)

The implications (5.2), (5.3) and (5.5) have been investigated in [16]. Analo-

gous results were also obtained in [8] by considering the expressions 1 + S2p/(2),

1L+ B(zp'(2)/p(2)), 1+ Bz (2)/p?(2)) and (1 — @)p(2) + ap®(2) + Bzp/(2) as
subordinate functions to the function /1 + z that maps D onto the right-half of

the lemniscate of Bernoulli . Each led to the deduction that p is subordinated to

Vv1+z.

Singh and Gupta [126] showed that whenever p and ¢ are analytic in D with

110



p(0) =1 =g(0) and
(1= a)p(2) + ap?(2) + ayzp/(2) < (1 — @)q(2) + ag?(2) + avzq (2),

then p(z) < ¢q(z). They also investigated similar problems in [127] and [128].

The present work investigates the differential implication

1—1—022> _<1—|—Az
1+ Dz

(1= a)p(z) + ap®(z) + B2p/(2) <

Using the implication (5.6), in this thesis, a more general result relating to the
Briot-Bouquet differential subordination is obtained which is then applied to the
Bernardi’s integral operator on the class R[C, D]. Analogous results are obtained
by considering the expressions p(z) + zp/(2)/p?(2) and p?(z) + zp/(2)/p(z). These
results are then used to obtain sufficient conditions for normalized analytic func-

tions in D to be Janowski starlike.

5.2 Some Subordination Results
Lemma 5.1 Let a,b,c,d € R.

(i) If a # 0 and b*> < 3ac, then

|rr|11n (at3+bt2+ct+d> —b+d—|a+c|.
t|<1

(i) If a # 0 and b*> > 3ac, then

min (at?’ b2 4t + d)
it)<1

(\G/[WV]

1
= min (2()3 — 9abe + 27da® — 2(b* — 3ac) ) ,b+d—la+c|).
2702
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(111) If a =0, then

bl (>0 and || < 2b),

min (bt2 +ct + d) =
lt]<1 b+d—le| (b<0 or |c|>2b).
Proof. (i) When a # 0, let f(t) = at® + bt? + ¢t + d. Then f'(t) = 3at® + 2bt + ¢

and f”(t) = 6at + 2b. Thus f/(t) = 0 if

L —b+Vb? — 3ac
— 2 )
Let
—b+Vb?% —3ac —b—Vb? — 3ac
to = 2 and t] = 0 . (5.7)

If b2 < 3ac, then

. 3 2 — i _
i (at + bt +ct+d> — min (f(1), f(—1))
=min{a+b+c+d, b+d— (a+c)}

=b+d—|a+.

(ii) Let a # 0 and b% > 3ac. Using (5.7),

_ 2 _
f”(to) _ ( b+ \/31; 3ac>

—b+Vb?% — 3ac
= 6a 3 + 2b
a

= 2v/b% — 3ca

>0

—b+vb%—3ac
oy Or—oae

and so tg = a

gives minimum value.
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When t) = f_b_ Y %2_3“,

,,(—b—vb2—3ac> (—b—vb2—3ac>
f 6a +2b

3a 3a
= —2/b% — 3ca
<0

iﬁ Vb?—3ac gives maximum value. It is clear that t = ¢y gives

and so t] = a

minimum value. Also

—b++/(b% — 3ac)
fto) = 1 3
a
B 2ab> — 9a2be + 27a3d — 2a(b? — 3CLC>%
B 27a3
1 3 2 2 3
=572 <2b — 9abc + 27da“ — 2(b* — 3&0)2) :

Thus,
min f(t) = min (f(t0)7 f(1)7 f(_l)) )

lt]<1

or equivalently

min (at3 02 et + d)
it)<1

1
= min (27@2 (2()3 — 9abc + 27da® — 2(b? — Sac)%> ,b+d—|a+ c|) :

This complete the proof for part (ii).

(iii) Let @ = 0. The result is clear for b = 0. Let f(t) = bt> + ¢t + d. Then
f/(t) =20t + c and f"(t) = 2b. Thus f'(t) = 0 if t = —g5. For b > 0, we first note
that

c> = +4bd

F)=btdte, fl-1)=b+d—ec f(—% -
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and
—c% + 4bd

— el >
b+d—|c| > I

is equivalent to

4% + 4bd — 4b|c| > —c? + 4bd

or

(2b—[e[)* = 0

which is trivially true. Thus, for b > 0,

f(1), f(=1) > f(—c/2b).

Case(1) (b >0, |c|] < 2b)

In this case, the function f(t) attains its minimum at ¢ = —g;. Thus the global

minimum of f(t) is given by

i ) = i (f(l),f(—1)7 F(-5) ) (L)

Case(2) (Otherwise)

In this case, either b < 0 or |¢| > 2b. If b < 0, then the point ¢ = —c/2b gives
maximum while for |¢| > 2b, the point t = —¢/2b lies at the boundary or outside
[-1,1]. Thus the minimum occurs only at boundary and thus the global minimum
is given by
|It1|1i§ri f(t) = min(f(1), f(=1))
=min(b+d+c,b+d—c)

=b+d— ||
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This complete the proof for part (iii). I
Now an application of Lemma 2.1 yields the following result.

Lemma 5.2 Let «, B, A and B be real numbers satisfying —1 < B <0,
A# B, #0, and

a+B+1 - (1-—a—p)B+2aA

5.8
52 3 (5.8)
Let q(z) = (1 + Az) /(1 + Bz). If p is analytic in D with p(0) = 1, and
(1—a)p(z) + ap?(2) + B2p' (2) < (1 — a)q(2) + ag?(2) + Bz (2), (5.9)
then p € P[A, B], and q is the best dominant.
Proof. Let the function ¢ : D — C be defined by
1+ Az
= . 5.1
1) =175, (5.10)
A computation from (5.10) gives
1rN Bz(A - B)
P2a(2) (14 Bz)%2’
Further computation shows that
(1 —a)g(2) + ag?(z) + Bzq (2)
1+ Az 14 Az 2 pz(A— B)
=(1- —_— P E—— 5.11
( a)(1+Bz>+a(1+Bz> "B (5.11)
1+ ((1+a+B)A+(1—a—B)B)z+ (1 — a)AB + aA?) 22
B (1+ Bz)? '
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Therefore

(1 a)q(z) + ag?(2) + B2q(2)

1+ ((1+a+BA+(1—a—pB)B)z+ ((1 - a)AB + aA?) 22
B (1+ Bz)? '

(5.12)

Define the function ¥ and ¢ by

I(w) = (1 —a)w+aw?,  pw)=p

so that (5.9) becomes (2.5). Clearly the functions ¥ and ¢ are analytic in C and
e(w) #0. Also let @, h : D — C be the functions defined by

Q(2) = 2¢'(2)¢(a(2)) = Bzd (2)

and

h(z) = 0(q(2)) + Q(2) = (1 — a)a(z) + aq®(2) + Bzq ().

Since q is convex, the function zq'(2) is starlike, and therefore Q is starlike univalent

in D. A computation yield

Qz) Q(z) Q(2) Q(2)
atftl | 4((1—a—B)B+204)>

W) _2(1=a)d () | 2024(z)d(z) | 2Q'(2)

Therefore
zh(2)  a+bz

Q(z) 1+ Bz

where a = %ﬁﬂ and b = %((1 —a— f)B +20A).
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In view of (5.8), it follows that

Re (Zg(g)> — Rea (iiéﬁ) >0

By Lemma 2.1, if p is analytic in D with p(0) = 1, and

(1= a)p(z) +ap’(2) + B2p(2) < (1 = a)q(2) + ag*(z) + B4 (2),

then p € P[A, B], and ¢ is the best dominant. This complete the proof. |
Setting p(z) = ZJJ:ES), B = aX and B = —1 where a,\ € R, a, A > 0 in

Lemma 5.2, we obtain the following result of Singh and Gupta [126]:

Corollary 5.2.1 [126] Let o and X be positive real numbers. Assume that —1 <
A <1 satisfies A < 1/a whenever a > 1. If f € A, f(2)/z# 0 in D and

2f'(2) (1 —a+all- A)Zf/(z) + a\ (1 + Zf”(z)> ) < h(z),

f(2) f(2) 7(2)
where
1 (14 a(l+ X)) A= (1= a(l+4))z+ (042 = (1 - a)4):?
Mz) = (1 2)2 ’
(5.13)
then

zf'(z2) 1+ Az
f(2) R

and (1 + Az)/(1 — z) is the best dominant.

Remark 5.2.1 By judicious choices for A, and X in Corollary 5.2.1, Singh and

Gupta [126] obtained a number of known results in [61,91,127].

The following result which is obtained by considering the expression
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p(2) + zp/ (2)/p?(2), gives sufficient condition for an analytic function to be in the

class P[A, B].
Lemma 5.3 Let -1 < B< A<1 and

A-B 1
< —. .
—A5<75 (5.14)

Let q(z) = (1 + Az)/(1 + Bz). If p is analytic and p(z) # 0 in D, p(0) = 1 and

/ /
zp'(2) 2q (2)
p(z) + < q(z)+ , 5.15
e T e 1)
then p € P[A, B] and q is the best dominant.
Proof. As in the proof of Lemma 5.2, let the function ¢ be defined by
1+ Az
= 1
) = o (5.16)
and by taking the logarithmic differentiation on (5.16) gives
! 1+ (4A-B 3A% — B? + BA)z% + 4323
q(z)+zq(z): + ( )z =+ ( + BA)z" + A’z ‘ (5.17)

q>(2) (14 B2)(1 + Az)?2

Now to show that (5.15) implies p(z) < ¢(z), let the functions ¥ and ¢ defined by

Since w # 0, the functions ¥ and ¢ are analytic in C and ¢(w) # 0.
Let Q,h : D — C be the functions defined by

2q'(z) _ 2(A- D)
() (1+ Az)?

Q(2) = 24 (2)p(q(2)) = (5.18)

118



and

z¢'(z) 14+Az z(A-DB)

h@%:WdQ%H%d:q@%kfk)—1+BZ+U+A@T (5.19)
A calculation from (5.18) yields
2Q)'(2) 1= Az
Q(2) 1+ Az
Further computations show that
Re(iigi>=Re(iljj)>g{1jg>o (5.20)

for —1 < A <1, which shows @ is starlike univalent in . Now (5.18) and (5.19)

yield
d(z) o 2Q'(2)
o) T
o 2Q'(2) zh'(2)
From (5.20) it is clear that Re < 00 ) > 0. Therefore, to show Re ( Q0 ) >0
it is enough to show Re(¢?(2)) > 0.
(2) = 1+ Az
N==1 + Bz
maps the disk D onto the disk
(2) - 1-AB _ A-B
SO =22 N 2

It is evident that for the disk |w — a| < r, the following inequality holds true:

|arg w| < sin™! <C>
a
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Therefore,

A-B

Further in view of (5.14), it follows that

— A—B
larg q(z)] < sin—! (%) —sin~! ( ) _
1-B2

sin~! A-B <T
1—-AB) — 4
which implies
s
larg q(2)] < 7
or
g ¢*(2)] < 3

which shows

Re (q2(z)> > 0.

Therefore, it is clear that from (5.20) and (5.21)

Re () > 0.
(@)

By Lemma 2.1, if p is analytic and p(z) # 0 in D, p(0) = 1 and

then p € P[A, B] and ¢ is the best dominant. This complete the proof.

Analogous to the condition in Lemma 5.3, the following result considers the ex-

(5.21)

pression p?(z) + zp/(2) /p(2) in order to obtain a sufficient condition for an analytic

function to be in the class P[A, B].
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Lemma 5.4 Let -1 < B < A<1 and

A-B _ 1
1-AB = /3

Let q(z) = (1 + Az)/(1 + Bz). If p is analytic and p(z) # 0 in D, p(0) = 1 and

(5.22)

then p € P[A, B] and q is the best dominant.

Proof. Similar to the proof of Lemma 5.3, let ¢(z) = (1 + Az)/(1 + Bz) and by

using logarithmic differentiation on q it yields

2q'(2) 2(A-B)

q(z) (1+ Az)(1+ Bz)
Another computations show that,

2¢(z) 1+ (4A—B)z+ (3A%2 + AB — B%)2% + 433
¢*(2) + O 11 A1 B : (5.23)

Let the functions ¢ and ¢ defined by

Iw) = w?, p(w) = %

Since w # 0 the functions ¥ and ¢ are analytic in C and ¢(w) # 0. Analogue in

the previous theorems, let ), h : D — C be the functions defined by

Qz) = 2d (2)p(q(2) = = (5.24)

and

(5.25)



A computation from

_ #A-DB)
O =T By
shows that
2Q'(2) _ 1 — ABZ?
Q(z) (14 A2)(1+ Bz)’ (5.26)
Thus

1 — ABz? 1 1
R ~R 1
e<(1+Az)(1+Bz)) e(1+Az+1+Bz )
1
> + 1
1+ |Al  1+|B]
1 —|AB]

:(1+]A|)(1+\B]) >0 (-1<B<A<1).

Therefore

Re (Zggg)) > 0. (5.27)

Therefore @ is starlike univalent in . Now (5.24) and (5.25) yield

h(z) = ¢*(2) + Q(z) = 2¢%(2) +

From the proof of Theorem 5.3, it is clear that Re(¢?(2)) > 0 and (5.27) show that

2Q'(z) 2h!(2) o '
Re( Q%) ) > 0. Therefore, Re ( 00 > > 0. By Lemma 2.1, it is proven that, if

p is analytic and p(z) # 0 in D, p(0) = 1 and

then p € P[A, B] and ¢ is the best dominant. This complete the proof. I

5.3 Sufficient Conditions for Starlikeness

By making use of Lemma 5.1(iii) and Lemma 5.2, the following result is proved.
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Theorem 5.2 Let A, B, C, D, o and (3 be real numbers satisfying |D| < 1, C #
D, |B| <1, A# B and B # 0. Let b = —4KM, ¢ = 2(IJ — L(K + M)) and
d=1>4+J? - L? — (M — K)?, where [ = (A — B)(1 + o+ f),
J=(A-B)Aa+B), K=C—-D, L=20B-DA(l+a+5)—DB(1—a—-f)
and M = CB? — DA(B + a(A — B)). Let

a+p+1 < (1—a—p)B+2aA
s B '

Further, suppose one of the following conditions hold:
(i) If b > 0 and |c| < 2b, then ¢® < 4bd,
(1) If b < 0 or |c| > 2b, then |c| < b+ d.
If an analytic function p in D satisfies p(0) = 1 and the subordination

1+Cx
14+ Dz’

(1—a)p(z) + 04p2(z) + Bzp/ () <

then p € P[A, B].

Proof. Let g be the convex function given by ¢(z) = (1 + Az)/(1 + Bz). By

Lemma 5.2, it follows that the subordination

(1 - a)p(2) + ap®(2) + B2p/(2) < (1 — a)q(z) + ag?(2) + Bzd (2)

implies
p(z) < q(2).

The result is proved if it could be shown that

_1+Cz

D, < (1= )a(2) + ag*(2) + B2 (2) = h(2) (5.28)

g9(2) :
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Since g is univalent, the subordination g(z) < h(z) is equivalent to the subordina-
tion

2= g (h(z)) = H(2).

The proof will be completed by showing that | H (¢!?)| > 1 for all 6 € [0, 2n]. First

note that from (5.12) we have

(1 —a)(1+ A2)(1+ Bz) + a1 + Az)? + B2(A — B)

h(z) = ) 5.29
(2) (1+ Bz)? (5:29)
Furthermore
(2) = 1+Cx
1= = 1+ Dz
yields
-1 . w—1
g (w) = oD (5.30)

Replacing w = h(z) in ¢~ !(w), we obtain

H(z) =g ' (h(2))
_ h(z)—1
~ C — Dh(z)
(A-B)(1+a+B)z+ (A— B)(Aa + B)2?
C—-D+(20B-DA(l+a+8)—DB(l—a-p))z

+(CB? = DA(B + a(A - B)) )22

By writing,

I=(A-B)(1+a+p),
J = (A— B)(Aa + B),
K=C-D,

L=2CB—DA(1+a+8)—DB(1 —a-p),
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and

M =CB%*~ DA(B + a(A - B))

we see that

B Iz 4 J22
K+ Lz+ M22
21+ Jz)
2(Kz=1+ L+ Mz)
I+ Jz
Kz l4+ L4+ Mz

Replacing z = ¢ in |H(z)| we get

I+ Jet?
Ke 0 + [+ Mett

[H ()| =

Kcosf —iKsind+ L+ Mcos8 + iMsind

_ I+ JcosB 4 iJsin6 ‘

B I+ Jcosf +iJsind
L+ (K + M)cos+i(M— K)sinf|’

Further computations show that,
H(e)? > 1

or

(I + Jcosh)? + J?sin? 6

>1
(L+ (K+M)cos(9)2+ (M — K)2sin26

or

I? +21J cos O + J? cos? 0 + J2(1 — cos® 0) 1
L2 +2L(K + M) cosf + (K + M)2 cos2 0 + (M — K)2(1 — cos26) —
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or

PvJg? =L (M—K)?>+2(1J - L(K + M)) cos§ — 4K M cos? 6 > 0. (5.31)

Let
b= —4KM,
c=2(IJ — L(K + M)),
d=1>+J?-L?> - (M - K)?,
and

t = cos@.
Then (5.31) can be written as,
bt? + ct +d > 0.
Now |H(e'?)|2 > 1 provided bt2 + ct 4+ d > 0 or equivalently
ﬁlg (bt2 +ct+ d) > 0.

By using Lemma 5.1(iii), we see that

4billEC2 (b > O a,’)’l,d |C| < Qb)a
min (bt2 et d) -
<1

brd—|c| (b<0 or | > 20)

Therefore, |H(e'?)| > 1 provided that when b > 0 and |¢| < 2b

4bd — 2

>
4b 20
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or equivalently 2 < 4bd , or when b < 0 or |c¢| > 2b
le] <b+d.

This complete the proof. |

An application of Theorem 5.2 to the Bernardi’s integral operator on the class

R[C, D] yields the following result.

Theorem 5.3 [17, Theorem 3.2] Let the conditions of Theorem 5.2 hold with
a=0and B =1/(u+1). If f € R[C, D], then F, given by the Bernardi’s integral
(5.1) is in R[A, B].

Proof. 1t follows from (5.1) that

(1 + 1) f(2) = 2F)(2) + pFpu(z),

and so
p+1

f'(z) = Fj(2) +

The result now follows from Theorem 5.2 with p(z) = F [L(z), a =0 and

B=1/(p+1). I

For A=~ B=—y,C=¢dand D=-§(0<~,0 <1),
then I = 2y((u+2)/(u+1)), J = =22, K = 26, L = —2ud7/(u+1) and M = 0.
Since KM = 0, condition (ii) in Theorem 5.2 holds provided

2y(n+ 1) (vz(u +2) + 52#‘ <52 (u2(1 — 0%) + 4(p + 1)) + (7t =)+ 1)

Thus, Theorem 5.3 yields the following result (see also [17, Remark 3.3]):
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Corollary 5.3.1 Let p>—1,0< 7,6 <1 and
2y(n+1) [V (n+2) + 52#‘ <A (u2(1 —0%) +4(n+ 1)) + (7t =)+ )%

If f € R[], then F), given by the Bernardi’s integral (5.1) lies in R[v].

Note that Corollary 5.3.1 extends Theorem 5.1 from the case u > 0 to p > —1.
ForA=1-+4,B=0,C=1-§dand D=0(0<~,d <1), then

I=(01-7)((p+2)/(p+1)), J=0, K =1-6, L =0and M = 0. Since KM = 0,

condition (ii) in Theorem 5.2 holds provided (1 —§)/(1 —v) < (p+ 2)/(n + 1).

Thus, Theorem 5.3 yields the following result (also see [17, Corollary 3.3]):
Corollary 5.3.2 Let u> —1,0<v,0 <1 and

1—6</VL—|—2.
11—y 7 pu+1

If f € Rs, then F,, given by Bernardi’s integral (5.1) is in R.

An application of Theorem 5.2 yield the sufficient conditions for normalized ana-

lytic function to be Janowski starlike.

Theorem 5.4 Let the conditions of Theorem 5.2 holds. If f € A satisfies

() ') @Y, ) ) L ke
) (B <” ) ) )* iy T ))<1+Dz

then f € ST[A, B].

Proof. With p(z) = %, a computation shows that
(1 —a)p(z) + ap®(z) + B2p/(2)

@ (BN ) (AR )
-a-F 3+ () 03 (1 3 - 55
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The result now follows from Theorem 5.2. |

The following sufficient condition for starlikeness of order « is an application

of Theorem 5.4.

Corollary 5.3.3 If f € A satisfies

f(2) fiz)  f(2) 5 (0<y <),

S (1, 2G| 1
then f € ST(v)

Proof. The result follows from Theorem 5.4 by taking o =0, f =1,
A=1-2y,B=-1,C=(1-7)/2and D=0(0 <~y < 1). 1

An application of Lemma 5.1 and Lemma 5.3 gives the following result.

Theorem 5.5 Let -1 < B< A< 1 -1 <D< C<1and(A-DB)/(1-
AB) < 1/v2. Let a = —8LR, b = 4IK — 4(LN + RM), ¢ = 2J(I + K) —
2(NM + LM+ NR—3LR) and d = J?> + (K — )2 — (M — R)?> — (L — N)?, where
I=2(A-B), J=2A+B)(A-B), K=A*(A-B), L=(C—-D), M =
(C(2A + B) = D(4A — B)), N = (AC(A + 2B) — D(34%? + AB — B?)), and
R = A%(BC — DA). Further, suppose one of the following conditions hold:

(1) Let a # 0.

(i) If

1
b > 3ac and |atc| < b+d—27—2 <2b3 — 9abe + 27da® — 2(b* — 3ac)
a

then

N[V

263 — 9abe + 27da’® — 2(b% — 3ac)2 > 0,
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(ii) 1If
1
b’ < 3ac or la+-c| > b+d—27—2 (21)3 — 9abe + 27da® — 2(b2 — 3ac)%) ,
a
then
la+c| <b+d.

(2) Let a = 0.

(i) Ifb> 0 and |c| < 2b, then ¢® < 4bd,

(1) If b <0 or |c| > 2b, then |c| < b+ d.
If p is analytic and p(z) # 0 in D, p(0) = 1 and satisfies the subordination

2p/(2) ~ 1+Cz
p2(z) 1+ Dz’

then p € P[A, B].

Proof. Let the function ¢ be defined by ¢(z) = (1 + Az)/(1 + Bz). Similar to the

proof of Theorem 5.2, by Lemma 5.3 it follows that the subordination

implies p(z) < ¢(z). In light of differential chain, the result is proved if it could be

shown that
1+Cxz 2q'(2)

g(z) == 5 D- <q(z)+ 20 =: h(z). (5.32)

Since g is univalent, the subordination g(z) < h(z) is equivalent to the subordina-

tion

2 < g Y (h(z) = H(2).

The proof will be completed by showing that | H(e?)| > 1 for all 6 € [0, 2n]. First
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note that from (5.17) we have

14 (4A — B)z + (3A%2 — B2 + BA)2? + A323

hz) = (1+ B2)(1 + A2)?

(5.33)

Now (5.33) and (5.30) yield

_ h(z)—1
~ O — Dh(z)
2(A— B)z+ (2A+ B)(A— B)z2 + A2 (A — B)z3

C—-D+ ((C2A+B)—D(4A - B))z

+ (AC(A +2B) — D(3A% + AB — B?)) 2% + A%(BC — DA)z3

By writing,

I =2(A-B),

J = (2A+ B)(A— B),

K = A*(A - B),

L=C-D,

M = (C(2A + B) — D(4A — B)),

N = (AC(A+2B) - D(34% + AB - BY)),
and

R = A%(BC — DA)

we see that

B I+ J22+ K23

L+ Mz+ Nz22+ R23
z(Iz_1+J+Kz)

Lz 4+ M4+ Nz+ R22

H(z) (5.34)
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Replacing z = e in |H(z)| we get

et0 (Ie_w +J+ Kew)

H(e| = . . :
[H ()] Le=® 4+ M + Net + Rei20

J+ I+ K)cost +i(K —1I)sinf
M+ (L+ N)cosf + Rcos20 + i[(N — L)sinf + Rsin20] |

A computation shows that,

[H(e®)? > 1

or

2 2 ¢in2
J+ I+ K 0 K—1 0
( + (I + K) cos )2—1—( )< sin =1 (5.35)
(M + (L4 N)cosf + Rcos26)” + (N — L)sinf + Rsin 26)

From the numerator of (5.35), computations show that

(J+ (I + K)cos ) + (K — I)?sin® 6

= J2 4+ (K —1)?42J(I + K)cos0 + 41 K cos® 0.
Similarly, from the denominator of (5.35), computations show that

(M+(L+N)COS¢9+RCOSQ¢9)2
= (M = R +2(M = R)(L + N)cos6 + ((L+ N)? + 4R(M — R)) cos>¢
+4R(L + N) cos> 0 + 4R? cos* 0,
and
((N = L)sinf + Rsin26)
— (L — N)? —4R(L — N)cosf + <4R2 — (L — N)2> cos? 0
+4R(L — N) cos®§ — 4R? cos* 6.
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Therefore
(M + (L + N)cos + Rcos20)? + (N — L) sin 0 + Rsin 26)?
= (M —R)?+ (L —N)?>+2(NM + LM + NR — 3LR) cos §

+ 4(LN + RM) cos” 0 + 8LR cos> 6.

Now (5.35) can be written as

J? 4 (K = 1)?+2J(I+ K)cosf + 41 K cos> 0

(M —R)2+ (L—-N)2+2(NM+ LM + NR — 3LR) cosf
+4(LN + RM) cos® 6 + 8LR cos> 0

or equivalently

J24+ (K -1’ (M—R)?—(L—-N)?
+ (2J(I + K) —2(NM 4+ LM + NR — 3LR)) cos

+ (41K — 4(LN + RM)) cos? — 8LR cos® 6 > 0.

Let
a = —8LR,
b=4IK — 4(LN + RM),
¢c=2J(I+K)—2(NM+ LM + NR — 3LR),
d=J?+(K—-1?—(M—-R)?—(L—N)?
and

t = cosb.

Then (5.36) becomes,

at® + bt + ct + d > 0.
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To show that |H(ei9)|2 > 1 we have to prove at? + bt2 + ¢t +d > 0 or equivalently

min (at3 +bt2 ot + d) > 0.
t=1

Thus, in view of Lemma 5.1 |H(e/?)| > 1 if one of the following condition holds:

(1) Let a # 0.

(i)

If

1
b2 >3ac and —s 203 — 9abe + 27da® — 2(b% — 3ac % < b+d—|a+-c|,
27a?

then

min (at3 + bt2 +ct + d)
t|<1

1
927402

(26° — 9abe + 27da® — 2(? - 3ac)%) >0

which implies

3
2

23 — 9abe 4 27da? — 2(b* — 3ac)2 > 0.

If

b? < 3ac or <2b3 — 9abc + 27da® — 2(b* — 3ac)%> > b4d—|a+c],

27a2

then

|n|11n (at3+bt2+ct+d> —b+d—la+c|>0
t|<1

which implies

la+¢l <b+d.
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(2) Let a =0.
(i) If b > 0 and |c| < 2b, then

4bd — 2
min (bt2+ct+d> _ - >0
<1 4b

which implies ¢2 < 4bd,

(ii) If b <0 or |c| > 2b, then

min <bt2+ct—|—d> =b+d—|c|>0
[t]<1

which implies |¢| < b+ d.
This complete the proof. |

The following theorem which gives sufficient condition for Janowski starlikeness is

a consequence of Theorem 5.5.

Theorem 5.6 Let the conditions of Theorem 5.5 holds. If f € A satisfies

2f'(2)

f(2) (1 n Zf”(Z)) L2 1+ 0z

70) o iy Ds

then f € ST[A, B].

Proof. With p(z) = Z;ES), logarithmic differentiation yields

2'(2) _ f(2) ( Zf”(Z)> 2f'(2)
PO T\ e ) T e Tt
The result now follows from Theorem 5.5. |

Lemma 5.1 and Lemma 5.4 will be use to prove the following result.
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Theorem 5.7 Let -1 < B< A<1 —-1<D<C<1and (A-B)/(1—
AB) < 1/v2. Let a = —8LR, b = 4IK — 4(LN + RM), ¢ = 2J(I + K) —
2(NM +LM +NR—3LR) and d = J?> + (K —I)> — (M — R)?> — (L — N)?, where
I=3(A-B), J=BA+2B)(A-B), K = AA*>-B?), L= (C—-D), M=
(C(A+2B) — D(4A — B)), N = (BC(2A + B) — D(3A% + AB — B?)), and
R = A(032 — DAQ). Further, suppose one of the following conditions hold:

(1) Let a # 0.

(i) If
1
B> 3ac and Jate] < bd—y (2b3 — 9abe + 27da® — 2002 — 3ac)%) ,
a

then

3
2

263 — 9abe + 27da® — 2(b* — 3ac)2 > 0,

(i) If

[\[J%)

1
b? < 3ac or |atc| > b+d——s <2b3 — 9abe + 27da® — 2(b* — 3ac)
27a?

).

then

la+4c| <b+d.
(2) Leta=0.
(i) Ifb> 0 and |c| < 2b, then ¢® < 4bd,
(ii) If b <0 or |c| > 2b, then |c| < b+ d.

If p is analytic and p(z) # 0 in D, p(0) = 1 and satisfies the subordination

2p/(z)  1+Cz

2
p(z) + ) S 11Ds
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then p € P[A, B].

Proof. Defined ¢(z) = (1 + Az)/(1 + Bz). Analogue to the proof of Theorem 5.5,

it is sufficient to prove

or equivalently by noting that
9(z) < h(z) = z < g~ (h(2)) = H(2)

we show that |H (ei?)] > 1 for all 6 € [0, 27]. From (5.23) we have

14 (4A — B)z + (3A%2 — B2 4+ BA)2? + A323

hz) = (1+ A2)(1 + B2)?

(5.37)

Now (5.37) and (5.30) yield

H(z) =g~ '(h(2))

h(z)—1

~ C— Dh(z)
3(A— B)z+ (3A+2B)(A — B)22 + A(A? — B?):3

C—D+ (C(A+2B)— D(4A - B))z

+ (BC(2A+ B) — D(3A%2 + AB — B?)) 22 + A(CB? — DA?)23

By writing,

I =3(A-B),
J = (3A+2B)(A - B),
K = A(A% — B?),
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M = (C(A+2B) — D(4A - B)),
N = (BC(2A + B) — D(34% + AB — B?)),
and

R = A(CB? — DA?)

we see that
B Iz—I—J22+KZ3
L+ Mz+ Nz22+4+ Rz3°

H(z) =g~ (h(2))

The proof of the remaining parts run along similar lines with the proof of Theo-

rem 5.5, p. 131. Therefore it is omitted. |

Theorem 5.8 Let the conditions of Theorem 5.7 holds. If f € A satisfies

1+

') | 2 () ) L 1+ Ce
& G (f(z) 1) “1yD:

then f € ST[A, B].

Proof. With p(z) = Z}CES), a computation shows that

2 () 2= 2f(2) (Zf’(Z) 3 )
PO T e e e )
The result now follows from Theorem 5.8. |
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CHAPTER 6
HARMONIC FUNCTIONS ASSOCIATED WITH
HYPERGEOMETRIC FUNCTIONS

6.1 Introduction

In the well-established theory of analytic univalent functions, there are several
studies on hypergeometric functions associated with classes of analytic functions
(See for example [30,36,59,71,89,98,117,124,136,137]) investigating univalence,
starlikeness and other properties of these functions. On the other hand only some
corresponding studies on connections of hypergeometric functions with harmonic
mappings have been done [5,6,22,77]. Pursuing this line of study, results that bring
out connections of hypergeometric functions with a class of harmonic univalent
functions considered in [145] are investigated in this chapter.

Recall that, for f = h+ g € Sy the series expansion for the analytic functions

h and g are expressed as

h(z) —z+2anz and g(z anz |b1| < 1. (6.1)
n=2

If ¢1 and ¢9 are analytic and f = h+ g is in S, the convolution or the Hadamard

product is defined by

f* (61 +d2) = hxd1+gxdo.

Let a,b and ¢ be any complex numbers with ¢ # 0, —1,—2,—3,--- . As defined in

Subsection 1.3.2, p. 23, the Gaussian hypergeometric function is defined by

(@]

Fla,bie;2) ZZ"f (6.2
n

where (\)p, is the Pochhammer symbol defined by (1.19).
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Since the hypergeometric series in (6.2) converges absolutely in D, it follows
that F'(a, b; c; z) defines a function which is analytic in D, provided that c is neither
zero nor a negative integer. In fact, F'(a,b;c;1) converges for Re(c —a — b > 0)
and is related to the gamma given by

F(e)T'(c—a—0)

F(a,b;c;1) = T(c—a)(c—b)

L c#£0,1,2,. .. (6.3)

In particular, the incomplete beta function, related to the Gaussian hyperge-

ometric function ¢(a, ¢; z), is defined by

—~

Cl

o0
ola,c;z) = zF(a,1;¢,2) = Z S el e40,1,2,. (6.4)

C
n=0

—~

Throughout this thesis, let G(2) = ¢1(2) + ¢2(2) be a function where ¢1(z)

and ¢9(z) are the hypergeometric functions defined by

o Flar b et ) — Zoo (a)n-1(b1)n-1 n
¢1(z) T F( 17617 1 ) + (C]_)n—]_(l n—1 ) (65)
o o _ = (a2)n(b2)n
¢2(2) = Flag,bo;ca:2) = 1= E: mz , lagba| <eal. (6.6)

Based on the study in [145], for « > 0 and 0 < 8 < 1, let HP(«, ) denote

the class of harmonic functions of the form (6.1) satisfying the condition

Re (az(h”(z) +4"(2)) + (1 (z) + g'(z))) > .

Also denote by HT (e, ) = HP(a, )Ty where Ty [123], is the class of

harmonic functions f such that

0 o0
2)=z—Y lanl" =) [balz",  |b1] < 1. (6.7)
n=2 n=1
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Note that when p = 1, the Dziok-Srivastava operator which is defined in Sub-

section 1.3.2, p. 24, is written as
l
i) lon] = H o). (6.8)

Throughout this chapter, the Dziok-Srivastava operator will be denoted by (6.8).
The Dziok-Srivastava operator when extended to the harmonic function f = h+79
is defined by

H'™on]f(2) = H ™ on]h(z) + HEM o lg(2). (6.9)

Motivated by earlier works of [22,26,52-54,56,76,112,123,133] on harmonic
functions, we introduce here a new subclass Gy ([ag],7) of Sy using the Dziok-
Srivastava operator extended to harmonic functions.

Let Gg(Ja1],7y) denote the subfamily of starlike harmonic functions f € Sg

of the form (6.1) such that

2(HY[ag]h(2))"

o \ 22 an]g(2)) + 22 (H[ar]g(2))"
Re | 1+ (1+¢€") >~ (6.10)
2(HEmaq]h(2)) — 2(HE™aq]g(2))

where HY™[a]f(2) is defined by (6.9) 0 <~y < 1, z € D and 1 real.

Also let Ty ([aa],7) = Gy ([a1], ") N Th-

Lemma 6.1 If f = h+ g is given by (6.1) and
(0.¢]
S nfaln— 1) + ) (lanl + a) <2 0< |l <1-6,  (611)
n=1

where a; = 1,a > 0 and 0 < B < 1, then f is harmonic univalent and sense

preserving in D and f € HP(a, B).
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Proof. For |z1| < |29| < 1, we have

|f(21) = f(22)| = |h(21) — h(22)| — 9(21) — g(22)|

o

| 2 et = )

= (21— 22) + > _ an(z] — 2)

00
> |21 — 22| = ) lan|2f — 25| — Z |bnll21 — 23
n=2 n=1

0
Z Z
= |z — 1— o] — 2
|21 — 22 b1l = (lan| + [ba]) Po— )
n=2
0
> |21 — 2| 1= |b1] = ) n(lan| + !bn|)|z2\"_1)
n=2
> |21 — 2o 1—|b1|—|272|z: a(n —1) +1)(|an|+|bn|)>

> |21 — 29| (1 = B — [b1| = |22|/(1 = B — |b1]))

= |21 — 29|(1 = B — |b1])(1 — |22]) > 0

Hence, |f(21) — f(22)] > 0 and f is univalent in D. To prove f is locally univalent

and sense-preserving in I, it is enough to show that |h/(2)| > |¢'(2)|.
o0
W () = 1= nlan|lz]""

n=2
%)

>1—Zn\an|
n=2
>1-8— Z a(n —1) 4 1)|an|
>Z a(n —1) +1)|by|
> Zn|bn||2|’”‘_1 = |g'(2)].
n=1

Using the fact that Rew > (3 if and only if |1 — S 4+w| > |1+ 8 —w|, it is sufficient
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to show that

[1=Btaz(h"(2)+g"(2))+h' (2)+g(2)| = [1+B—az(h" (2)+¢"(2) =1 (2) =4 (2)| > 0

(6.12)
in proving f € HP(a, (). Substituting for h(z) and ¢(z) in (6.12) yields,
2 5*%” (n=1) + Danz" 1+in(a(n—1)+1)bnzn_1
n=1
‘5 i n(a(n — 1) + Dap2""" - i n(o(n —1) + 1)by2" 1
n=2 n=1
> (2-p) - in(am — 1)+ Dlanlz]""" ~ f:ln(oz(n — 1) + 1) by |2
-~ Z (0= 1)+ DlanzP = 3 natn — 1)+ 1)
n=1
2 2 (1 — B =1l (i n(a(n —1) + 1)an| + i n(a(n —1) + 1)|bn|>>
n=2 n=1
>2(1-8)1—|z)) >0
by the condition (6.11). :

6.2 Coefficient Condition for Gaussian Hypergeometric Function

Theorem 6.1 If a;,b; > 0 and ¢; > a; +b; +2 for j = 1,2, then a sufficient
condition for G = ¢1 + ¢ to be harmonic univalent in D and G € HP (o, B), is
that

a(a1)2(b1)2 arby (2a + 1) )
+ + 1| F(a1,b15c151 6.13
((01—&1—191—2)2 c1—ap—b —1 ( ) (6.13)
a(ag)2(b2)2 asby )
+ + F(ag,by;c9;1) <2—7
((C2—a2—b2—2)2 cg —ag —by —1 ( )
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where a > 0 and 0 < § < 1.

Proof. Let

G(2) = ¢1(2) + ¢2(2)

When the condition (6.13) holds for the coefficients of G = ¢1 + ¢9, it is enough

to prove that

) <2-8. (6.14)

2
(c1)n—1(1)n—1 (c2)n(L)n

io: n(a(n —1) +1) ((al)nl(bl)nl n (a2)n(b2)n
n=1

Write the left side of equality (6.14) as

o i 1)W1t S (02)a(b2)

P DR sy DL
—  (@)n-100D)n-1 |~ (a2)n(b2)n
tm COn1(Wn1 2 (c2)n(D)n

01t 2" (eln(Dn

— i p2(at)n(b)n et D) i (@)n(b1)n N i (a1)n(b1)n

n—1 (c1)n(D)n = (c)n(Dn s (c1)n(Dn
WS 2 (@dnloln S (@)n(bo)n
i ngl (c2)n(1)n ( 1>n§1 (c2)n(D)n
=« ((Cl _(211)2_(211)2_ 2% + p_— aclllflbl — 1) F(ay,by1;c1;51)

Daib1 F bi:cq: 1
+(04+ )aib1 F(a1,by;cq; )+F(a1,b1;c1;1)
cp—ay —by —1

b b
ta ( (a2)2(b2)2 . agba
(cg—ag—ba—2)2 ca—ag—by—1

)F(az,bz;cz;l)
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(v — 1)agba F'(ag, ba; c2; 1)
co—ag —by—1

<( a(aq)2(b1)2 N a1by(2a +1)

cp—a;—by—2)y e¢1—a;—b—1

a(az)a(bg)o agby
+(( i

co—ag—by—2)y cg—ag—by—1

+'1) F(ay,b15¢1;1)

) F(ag, by; e2; 1),

by an application of Lemma 2.2. This yields (6.13) . In order to prove that G is

locally univalent and sense-preserving in I, it is sufficient to show that |¢}(z)| >

|05(2)], -

|#1(2)] =

n=2 n—29
1 = n(al)n(bl>n_ e (al)n(bl)n
=1 2 W 2 el

ab
- <m> Fa,b;¢;1) — (F(a, b;¢1) = 1)

a1by
=2 1| F —
(Cl_al—b1—1+> (alablvcla)
a(ar)2(br)2 a1b1(2a + 1)
=2- 1| F bi:c1:1
- <<Cl_a1_b1_2) +Cl—a1_b1_1+ (a17 1;C1;5 )
2 a262
= Flas,bysea; 1) (by (6.1
_(CQ—CLQ—[)Q—Z) +02_a2_b2_1) (a27 25 C2; ) (y(6 3))
agby
- (C2—a2_b2_1> (a27 25 C2; )
:i (ag)n(b2)n
ot (e2)n(Dn
00
a2)n(62)n n—1
zl <1
z:: CQ)n(l)n 12 (I )
)
a2 n b )” n—l /
- z
= | | = 14
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In fact, for |21]| < |22| < 1, we have

|G(21) — G(22)]
> |p1(21) — <251(22)| — |p2(21) — ¢2(22)|

(a (b1)
+Z 1n11n1711

Clnl nl

Z Ff)n (21 — 23)

n=1 2)n
(

. _a2_b?_oon (a1)n—1(b1)n a2)n(b2)n o1
2l == (1 o 2 (<c1>n_1<1>n_ () nun)'?' )

_|_

1_B_a2_b2_|22|z a(n—1) +1)<( Dn—1(b1)n—1

> | — 2 (1 — - 22y (1 - @?)) (by (6.14))
> | — 2 (1 - “2;’2) (1= J2af) > 0

Hence, |G(21) — G(22)| > 0 which shows that G is univalent in D. I

Lemma 6.2 If f = h+ g is given by (6.7), then f € HT («, B) if and only if
oo
Z a(n—1)+1)(lan| + bp]) <2-8, 0< || <15,

where a; = 1, >0 and 0 < B < 1.

The sufficiency of this result is from Lemma 6.1 and the proof of necessity is on

lines similar to the the proof of Theorem 2.2 in [145]. Define

Gl(z):z(2—¢17(z)) — ¢o(2)

_Z_Oo(al)nf nln - In(
B 1;2 (Cl)nfl( ngl n

on using (6.5) and (6.6). Clearly G € Tg.
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Theorem 6.2 Let a > 0,0 < 8 < 1,a;,b; >0,¢; > a;+bj+2, forj=1,2 and
agby < cg. Gy isin HT («, B) if and only if (6.13) holds.

Proof. In view of Theorem 6.1, sufficiency of (6.13) is clear. We only need to show
the necessity of (6.13). If G; € HT(«, 8), then Gy satisfies (6.14) by Lemma 6.2
and hence (6.13) holds. I

Theorem 6.3 Let 0 < 8 < 1,a5,b; > 0,¢j > a; +b; + 1, for j = 1,2 and
agby < co. A necessary and sufficient condition such that f*(p1+¢9) € HT (v, B)

for f € HT («a, ) is that
F(ay,bi;e1: 1)+ F(ag,ba;ep: 1) <3 (6.15)

where ¢1, ¢o are as defined, respectively, by (6.5) and (6.6).

Proof. Let f =h+g¢€ HT(«, ), where h and g are given by (6.7). Then

(f * (91 + 92)) (2) = h(2) * 61(2) + g(2) * 9a(2)

U NPT P Y TS MU
R 7;2 <Cl>”*1(1)n71 ! ngl (CQ)TL(l)n bpz"™.

In view of Lemma (6.2), we need to prove that (f * (¢1 + ¢2)) € HT(a, ) if and

only if

Z n(a(n N 1) + 1) <<(CLC11)>7’L—11((111))H—11 an + (a2)n<b2)nbn) <9-— B (616)
- n— n—

As an application of Lemma (6.2), we have

Zn(a(n— D)+ 1)(an+bp) <27
n=1

n(a(n —1) +1)a, + Zn(a(n -1 +1)b, <1-7

n=1

At
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which implies

n(a(n—1)+1)a, <1-4 and n(a(n—1)+1)b, <1 - 4.

Hence,
1-5 _93... an =5 10
anén(a(n—1)+1)’n_2’3’ ’ d bngn( (n—l)—l—l)’ =12
(6.17)
Rewriting (6.16) we get
- . (@)n-1(001)n-1_, (a2)n(b2)
2 nlaln=1)+1) (ot ton + ) <29
- B (a1)n—1(b1)n—1
2 el =D+ Ey S @, o
- f: n(a(n—1)+1) (a2)"(b2)”bn <1-4. (6.18)

(c2)n(L)n

By applying (6.17), the left hand side of (6.18) is bounded above by

- ( )n 1(b1)n 1 . n(b )n
7;2(1 N 6) ( )n 1(1)n 1 * Z 1 n(l)n
1 (@1)n(b1)n (az)n(bz)n
B (1 ﬁ) (nz:l (Cl)n(l)n * nzjl (02)n(1)n )

=(1 —5)(F(a1,b1;61 : 1)+ F(ag,b2;c9: 1) —2).

The last expression is bounded above by (1 — ) if and only if (6.15) is satisfied.

This proves (6.16) and the results follows. I
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6.3 Integral Operators

Theorem 6.4 If a;,b; > 0 and ¢c; > a; +b; +1 for j = 1,2, then a sufficient

condition for a function

z z
G2(Z)=/O F(a17b1301§t)d75+/0 (F(ag, b co;t) — 1)dt

to be in HP(«, B) is that

< a(aby)

cp—ay —by —1

b
N ( a(agb) + 1) F(ag, by;c9;1) <37
cg—ag —by—1

+1> F(ag,b15¢1;1)

where a > 0 and 0 < § < 1.

Proof. In view of Lemma 6.1, the function

(@)n-1bDn-1_pn , o= (@2)n-1(b2)n-1 _,
2l ”Z (cn1(Dn *;2 (c2)n 1D

is in HP(«, ) if

< B (a)n—1(01)n-1 | (a2)n—1(b2)n—1 B
2 nlan D+ (gt + (et ) <o @19

By a computation we can write the left hand side of (6.19) as

n=1
(11 n(b n (12)71 b n - (a2>n(b2)n
=« n——-———+ta«a n————
71231 Cl n(l n Z (02>n 1 Z n nz:l (CQ)n(l)n
aalby ozagbg

F bo;co; 1
P — (ag, bo; co; 1)

+ (F(a1,b15¢1;1) — 1) + (F(ag, by; ;1) — 1)
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cp—ay —by —1

N ( a(agbs)

co—ag —by—1

= ( o) 1) Fay,bryer;1)

+ 1) F(ag,bQ;CQ; 1) — 2.

The last expression is bounded above by (1 — ) and this yields the results. 1

Theorem 6.5 Ifay,b; > —1,¢1 > 0,a1b; <0,a2 > 0,b2 >0, and ¢; > a;j +b; +

2,7 =1,2, then

z z
G3(Z)=/O F(a17b1;01;t)dt—/o (F(ag,by; co;t) — 1)dt

to be in HT (v, 8) if and only if

a(ayby)
1) F bi:cq:1
<01—a1—b1—1+ > (a17 1,€1;5 )

B ( a(agbs)

cg—ag—by—1

+1) F(ag,by;e9;1) +12>

where a« >0 and 0 < < 1.

Proof. We write

_,_ Jaidy] — (a1 + Dp—a(b1 + Dns o . (a2)n-1(b2)n-1 _,,
Gs3(z) = c1 nZ::Q (c1 + 1)p—2(1)p Z (c2)n—1(1)n '

n=2

In view of Lemma (6.2) it is sufficient to show that

.- |a1bi] (a1 + 1)p—2(b1 + D)2 | (a2)n—1(b2)n—1 B
> nian—1) 1) (PR Rt | (et ) <1

n=2

(6.20)

By a routine computation (6.20) can be written as

= Jarb| (a1 + Dby + 1) (a2)n(b2)n
O‘nz_:o 0 . e



+Z!a1b1!(a1+1)n1b1+1n1 Z ) <(1-p)

—= «a (c1 + 1)p—1( —

which implies

(@ Dalbi+ U act g (@)n(ba)n
ar;) (e1 4+ Dn(Dn |a1b1] n;ln (c2)n(Dn

— (a1 + Dn(b1 + Dn 1 = (a2)n(b2)n _ c1(1—B)
+n§:% (c1 + Dn(D)pt1 + la1by| > < ,

But, this is equivalent to

ac) (al)n(bl)n+ acy in(az)n(bz)n

aiby o (c)n(Wn  larby] - (c2)n(L)n

C1 i (a1)n(b1)n 1 €1 i (a2)n(b2)n < Cl(l_m.

arby = (ct)n(L)n — larb1] Z= (c2)n(Dn |a1by]
which yields
a(aibr)
1) F ;ep; 1
(61 S ) (a1,b15¢151)

B ( a(agbs)

1| F boico 1l 1> 8.
Cz—ag—b2—1+) (a27 2702>)+ _6

This completes the proof. |

6.4 Coefficient Conditions for Incomplete Beta Function

In particular, the results parallel to Theorems 6.1, 6.3 ,6.4 and 6.5 may also be

obtained for the incomplete beta function ¢(a,c; z) as defined by (6.4). Let

#1(2) = p(ay, c1; 2) —Z+Z Jn—1 N
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$2(z) = 190((12,62;2) —1= f: <a2)n2n, las| < |cal.
z

Making use of

c1—1
(ala ; €15 ) Cl—(ll—l an ((12, ; €25 ) C2-CL2—1

az

the following theorems are obtained.

Theorem 6.6 If a; > 0 and ¢c; > aj +3 for j = 1,2, then a sufficient condition

for G = ¢1 + ¢9 to be harmonic univalent in D with ¢1 + ¢9 € HP(a, 3), is that

2a(ay)9 2cca1 + ¢ — 2 c1—1
+
(c1 —ap —3)2 c1—ay —2 cp—ap—1

+( 2aag)y _ a ) 2=l 5 5 (6.21)

(cg—ag—3)2 c@—ay—2)cg—ag—17"

where a >0 and 0 < 3 < 1.

Note that the condition (6.21) is necessary and sufficient for G' = ¢1 + ¢ to be in

HT(a, B).

Theorem 6.7 Let 0 < 8 < 1,a; > 0,¢j > aj + 2, for j = 1,2 and ay < co.
A necessary and sufficient condition such that f * (¢1 + ¢9) € HT (v, B) for f €

HT(a,B) is that
c1 —1 cg—1

<3-p.
cr—a1—1 co—ag—1" p

Theorem 6.8 Ifa; >0 and c; > a;+2 for j = 1,2, then sufficient condition for

V4 z
/ p(ar,cr;t)dt +/ (¢(ag, ca;t) — 1)dt
0 0

is in HP(«a, ) is

—1 —1
( aaq N 1) c1 N ( aa N 1) 9 <3_5

c1—ay—2 cp1—ap—1 co—ag —2 co—ag—1 "
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where a > 0 and 0 < § < 1.

Theorem 6.9 Ifay > —1,¢1 > 0,a1 <0,a2 >0, and ¢; > a; +3,j = 1,2, then

V4 z
/OSD(GLCl;t)dt—/O (¢(ag, co;t) — 1)dt

is in HT (a, B) if and only if

1 1
(—aal +1) “a —( a2 +1> @ +1>8

c1—a; —2 c1 —a; —1 cg—ag—2 cg—ag—1

where a > 0 and 0 < 5 < 1.

6.5 Coefficient Condition for Dziok-Srivastava Operator

A sufficient coefficient condition for functions belonging to the class Gy ([ay],7)

is now derived.

Theorem 6.10 Let f = h+g be given by (6.1). If

o0

2n—1— 2 1
Zn(—” V| + 21T ”wm) h<2 (6.22)
n=1 1=7 1-7

0 <~ <1, then f € Gy ([a], 7).

Proof. When the condition (6.22) holds for the coefficients of f = h+7g, it is shown

that the inequality (6.10) is satisfied. Write the left side of inequality (6.10) as

2(HY[an]h(2)) + (14 )22 (HY [ag]h(z))"”

+ (14 2e")2(H g )g(2)) + (14 €)22(HEm [ag]g(2))”
2(HM[on]h(2)) — 2(HE™aq]g(2))

Alz)
B(z)’
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where

Az) = 2(HMaa]h(z))" + (L + )22 (H ] (2))”

+ (1 +2e")2(HEM[aq]g(2)) + (1 + €) 22 (HEM[aq]g(2)) "

and

B(z) = 2(H"™[a1]h(2)) — 2(H™[a]g(2)).

Since Re (w) >« if and only if |1 — v+ w| > |1 + v — w|, it is sufficient to show
that

[A(2) + (1 =7)B(2)| = [A(z) = (1 +7)B(2)[ = 0. (6.23)

A computation shows that

A(z) + (1 =7)B(2)

= (2= 7)(H"Marlh(z) + (1 + )2 (H ] (2))"

+ (26" 4 9)z(HEM g (=) + (1 + V)22 (HE [ ]g(2))”

=27z +Y_ (2= 0+ (1 +e") 0 —n))lnans"

n=2
o0
+) (26" + )+ (1 +e¥)n(n — 1)) Cpb,z"
n=1

and
A(z) - (1+7)B(2)

= 2 (H [ h(2) + (1 -+ €)22(H g h(2)"

2+ 26" 4+ 7)2(HEarlg(2)) + (1 + )22 (HEaglg(=))"

(0. ¢]
= —yz + Z ((n2 —n—n)+ ¥ (n? - n))Tpanz"

n=2

o
- Z ((n2 +n+yn)+ eV (n® + n))Tnbnz".

n=1
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Hence,

[A(2) + (1 =) B(2)| = |A(2) = (1 +7)B(2)]

(0.}
> |2 =)zl = D (2= + (1+e¥)(n® = n))Thanz"
n=2
m . .
— Z ((26“/’ + )+ (14 eP)n(n — 1))pbyz"
n=1
(X) .
—|—z| — Z ((n2 —n—n)+ ¥ (n? — n))Tpanz"
n=2
w .
— ((n2 +n+n)+ e (n® + n))Tnbpz"
n=1
(0.¢]
>2(1—7)l2[ = ) 2n(2n — 1 = 7)Cnlan||["
n=2

oo
=) 2n(2n+ 1+ )Ty bnl[2["

n=1

o0 e}
Z 2n—1— Z 2n+1+

n=2 n=1
00

2n — 1 — 2n+ 1+
> 2(1 =)z (1 +lal = n <T77|a"| + 1fvﬁbno Fn)

n=1
>0

by the inequality

(0.
2n—1-— 2n+ 1+
> n (—'V|an| + —7|bn|> Iy <1+ aq. (6.24)
n=1 1__7 1__7

By the fact that 1+ |a1| < 2, (6.24) yield (6.22) , which implies that f €

Gr (o], 7). I

Now we obtain the necessary and sufficient condition for the function f = h+g

given by (6.7) to be in Tg([aq],7).

Theorem 6.11 Let f = h+7 be given by (6.7). Then f € Tg([aq],7) if and only
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[ee]

2n—1— 2n+1+

§ n (—Vyan\ + —7\an> r, <2 (6.25)
I—7 I—7

n=1

where 0 < v < 1.

Proof. Since Ty ([a1],v) € Gg([a1,B1]), we only need to prove the necessary part

of the theorem. Assume that f € Tg([a1],7), then by virtue of (6.10), we obtain

(1= 7)z(H "™ an]h(2)) + (1 + )22 (H [an]h(2))"

+ (26" 4+ 9+ D)(HEan]g(2)) + (1+ )22 (H g ]g(2))"”
2(HEM[on]h(z)) = 2(HY™[aq]g(2))

(6.26)

By taking the numerator of the left hand side of (6.26), a computation shows that

oo

z (1 — Z nFn|an|zn_1> + (1 +¢%)22 <— Z n(n — l)Fn|an|z”_2>

n=2

+ (26" 44+ 1)z < ann\bnyz" 1) +(14€¥)z ( Z (n — 1)Dp|bp|2" 2)

=3 (1= 7) + (L4 €)(n — 1) Tulag|"
n=2

=) 02+ 1) + (L+€)(n — 1)) Ty |bp[2"

n=1
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Therefore, by rewriting (6.26) it follows that

oo

(1—7)— Z n(n(l+ ew) — W)Fn|an|zn71
n=2

NINI

o
Zn(n 1+ ") —i—ew—l—v)F by |21
Re n=1

_
_ z —
1— E2nFn\an|zn 1+; E nlp|by 271
n=

> 0. (6.27)

n=1

This inequality (6.27) must hold for all values of z € D and for real ¢, so that
on taking z =r < 1 and ¢ = 0, (6.27) reduces to

00 o0
(Zn (2n — 1 —7)Tplan|r™™ 1+Zn(2n+1+7)rn|bn|rn_l>

n=2 oon:l > 0.
1- Z Dolan|r™ 1+ Tlby !
n=2 n=1
(6.28)

Letting » — 17 through real values, it follows that

(L—=7) - (Z n(2n —1—7)lplan| + Z n(2n+1+ ’Y)Fn‘bn’>

>0

(0] (0 ¢]
n=2 n=1

or

(1—7)— (Z n(2n — 1 —¥)Talan| + Y n(2n+ 1+ ’y)Fn\bny> >0. (6.29)

A computation shows that

(1—7) - (Z n(2n —1—)Tnlan| + Z n(2n+1+ V)Fn|bn|>
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(.¢]

2n — 1 — 2n+ 1+
> (1-1) (1+|a1‘_zn(Tﬂy7|a”|+1—77‘b”|> )

n=1

Hence, (6.29) is equivalent to

0
2n—1-— 2n+1+
(1—=7) (1 + |a1] - Z n (Tﬂmﬂ + 1—77|bn|> n) >0 (6.30)
n=1
which holds true if
o0
2n+ 1+
Z < |an| 1—ﬂ\bn|> Ip <1+ |aq]. (6.31)

By the fact that 1 + |aj| < 2, (6.31) yields (6.25). This completes the proof. 1

6.6 Extreme Points and Inclusion Results

We determine the extreme points of closed convex hulls of Tz ([a1],7) denoted by

coTy([a],7)-

Theorem 6.12 A function f(z) € coTg([a1],7) if and only if

z) = Z (Xnhn(2) + Yngn(2))

n=1
where

hi(z) =z, hp(2) = 2 — it} 2" (n>2)

1 o n2n —1—yIy 7 -
1 —n -n

z)=2z— zZ% (n>2),

gn(2) n(2n+14 )0y, (n=22)

(0. ¢]

D (Xn+Yn) =1, Xu>0 and Yy >0

n=1

In particular, the extreme points of Trr([aa],y) are {hm} and {gm}.
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Proof. First, we note that for f as in theorem above, we may write

f(z) = Z (Xnhn(z) + Yngn(2))

=1
e}
:zZ(Xn—i—Yn) (hi(z —zXl—l—Z hn(z) —2)X

n=1
o0
+ Z(gn(z) —2)Yy
n=1
— _ X n _ Y =N
: 712—:2 n(2n —1—~)y n* nz—:l n2n+1+)I'y n*
o] 0
n=2 n=1
where
1 —vy 1 —vy
Ay = X, and B, = )
" n@n—1—-)y " " a2n+ 149, "

(0. ¢]
n2n+1+~)I'y 1—7
Y,
+Z 1—7~ (n(Zn—l—l—i—’y)Fn "

o0 o0
:a¥y+<—xa4—§:X¢>4—§:}%
n=1 n=1
and hence f(z) € coTy([a1], 7).
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Conversely, suppose that f(z) € coTy([aq],7). Set

n(2n —1—~)ly, n2n+ 1+~

where > > (X, +Y;,) = 1. Then
00 00
00 1=~
. X =n
=~ Z Qn—l— Ny n® nz_:ln(2n+l—l—7)Fn n
00
= Z Xnhn(2) + Yngn(2))
n=1
as required. |

Now we show that Tz ([a1],) is closed under convex combinations of its mem-

bers.
Theorem 6.13 The family Ty ([a1],7) is closed under conver combinations.

Proof. For i =1,2,..., suppose that f; € Tg([aq],7) where

o0 (0.¢]
filz) = 2= lainl?" =) [bialz"
n=2 n=1
Then, by inequality (6.25)
(0]
2n — 2n+1+7vy
Z ( | zn| 1—|bzn|) Iy <2 (6'32)
_ Y
o0
For Y t; =1,0 <t; <1, the convex combination of f; may be written as
=1

D tifi(z) =2 - Z <Zt |a; n|> -> (Z ti|bi,n|) z"
=1 n=1

n=2

160



Using the inequality (6.25), it follows that

in< (zuam\) 2”“7” (zubmo)

(0.9] (0.9]
2n—1—» 2n+1+47
= Zti (Zn (?’%M ﬁwz n\) >

o0
and therefore Y t; f; € T ([a1],7).
1=1

Theorem 6.14 For0 < <~ <1,let f(z) € Tg([a1],7) and F(z) € Tg([aq],9).
Then f(z) = F(2) € Gy([aa],v) € Gp([oa],0).

Proof. Let
o0 o0
2)=z=Y lanlz" =Y |balz" € Ty ([ar],7)
n=2 n=1
and
oo (0.
2)=z2— ) |Anl" =Y |Balz" € Ty (leu], ).
n=2 n=1
Then

(0. (0.]
F2)*F(z) =2+ lanllAnlz" + Y [bml|Bin|2"
n=2 n=1

Note that |Ay,| <1 and |Bp| <1 for n > 2. Now we have

WE

2n—1—46 n+14+96
(ﬁMnHAn’ 1—|anBn\)

S
|

A
(e~

2n—1—5| I+ 2n+1—|—5|b|
n| ————la _
1-s5 " 1— "
n=1
> 2n—1—v 2n+ 14+~
< ZIR(T’CLM 1—|bn|>

3
I

IA
N

using Theorem 6.11 since f(z) € Ty ([aq],v) and 0 < ¢ <~ < 1. This proves that
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f(2)x F(z) € Gu([aa],7) € G (lat],0). 1

Now, we examine a closure property of the class T ([aq],y) under the gener-

alized Bernardi-Libera-Livingston integral operator F'(z)

1
F(z) = (u+ 1)/0 L) dt (n > —1)

which was defined earlier in Section 1.3.2, p. 22.

Theorem 6.15 Let f(z) € Tg([a1],7). Then F(z) € Tg([a1],7)

Proof. Let
o0 (0.0}
f2)=2=> lan|z" = |bnlz™.
n=2 n=1

Then

1 0 e R—
F) = (o) [ o ((tz) =3 ) =3 |bn|<tz>n) dt

n=2 n=1

00 oo
:z—ZAnz"—Zan”
n=2 n=1

where

1
Ay =P 20, and By =
n+n

+1
P2 by,
n+n

Therefore, since f(z) € Tg([aq],7),

0
n—1— +1 2n+ 1+ +1
Zn( ”(“ |an|)+ - 7(“ |bn|>)rn

=i L—n ptn ptn

o0

2n —1— 2n+1+
E n (1—7|an| + 1—7|bn|) 'y
el -7 -7

VAN

A
N\

Therefore by Theorem 6.11, F(2) € Ty ([a1], 7). 1
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CONCLUSION
A modest attempt has been made in this thesis to introduce and study certain
classes of analytic and harmonic functions defined on the open unit disk D and
certain classes of meromorphic functions defined on the open punctured unit disk

D* using subordination, superordination and convolution.

e Closure properties under convolution of general classes of meromorphic mul-
tivalent functions with respect to n-ply symmetric, conjugate and symmetric

conjugate points are obtained.

e Differential subordination, differential superordination and sandwich-type
results are obtained for multivalent meromorphic functions associated with
the Dziok-Srivastava and Liu-Srivastava linear operator by investigating ap-

propriate classes of admissible functions.

e Sufficient conditions for Janowski starlikeness of analytic functions by mak-
ing use of the theory of differential subordination which are also applied to

Bernardi’s integral operator are obtained.

e New subclasses of harmonic functions defined through hypergeometric func-
tions are introduced and coefficient bounds, extreme points, inclusion results

and closure under an integral operator are discussed.
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