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SIFAT-SIFAT RANGKUMAN PENGOPERASIAN LINEAR DAN
FUNGSI ANALISIS

ABSTRAK

Tesis ini mengkaji kelas A terdiri daripada fungsi analisis ternormalkan di
dalam cakera unit terbuka U pada satah kompleks. Kelas fungsi meromorfi di
dalam cakera unit berliang tidak termasuk titik asalan turut dikaji. Secara ke-
seluruhannya, tesis ini merangkumi enam permasalahan kajian. Pertama, sub-
kelas fungsi-fungsi bak-bintang, cembung, hampir cembung dan kuasi cembung
diitlakkan dengan memperkenalkan subkelas baru fungsi-fungsi analisis dan mero-
morfi. Sifat tutupan kelas-kelas baru ini akan dikaji dan akan dibuktikan bahawa
konvolusi kelas-kelas ini dengan fungsi pra bak-bintang dan pengoperasi kamiran
Bernardi-Libera-Livingston adalah bersifat tertutup.

Keunivalenan fungsi f(z) = z + Y 29 apz" € A dikaji dengan menyarankan
terbitan Schwarzian S(f, z) dan pekali kedua ao fungsi f memenuhi ketaksamaan
tertentu. Kriteria baru untuk fungsi analisis menjadi a-Bazilevi¢ kuat tertib tak
negatif dibangunkan dalam sebutan terbitan Schwarzian dan pekali kedua. Juga
syarat-syarat serupa untuk pekali kedua dan terbitan Schwarzian S(f,z) bagi f
diperoleh yang menjamin fungsi f tersebut terkandung di dalam subkelas tertentu
untuk S. Untuk suatu fungsi analisis f(z) = 2+ > n 9 apz” € A yang memenuhi
ketaksamaan Y " 5 n(n — 1)|ay| < B, batas tajam § diperoleh supaya f sama
ada bak-bintang atau cembung tertib «. Batas tajam untuk n juga diperoleh
agar fungsi f yang memenuhi » >, (om2 + (1 — a)n — B)lan| < 1 — B adalah
bak bintang atau cembung tertib a. Beberapa ketaksamaan pekali lain berkaitan
dengan subkelas-subkelas tertentu juga dikaji. Andaikan f(z) = z + > 029 apz"
analisis pada U dengan pekali kedua ag memenuhi |ag| = 2b, 0 < b < 1, dan

katakan f memenuhi sama ada |ap| < en+d (¢, d > 0) atau |ap| < ¢/n (¢ > 0)



untuk n > 3. Jejari tajam bak-bintang Janowski dan beberapa jejari berkaitan
untuk fungsi sedemikian juga diperoleh.

Sifat kecembungan pengoperasi kamiran umum V) (f fO f(tz)/tdt
pada suatu subkelas fungsi analisis yang mengandung beberapa subkelas terso-
hor akan dikaji. Beberapa aplikasi menarik dengan pilihan A berbeza akan dibin-
cang. Sifat-sifat geometrik untuk pengoperasi kamiran teritlak berbentuk Vy(f) =
pz+(1—=p)V\(f), p < 1 akan juga diterangkan. Akhir sekali, sifat subordinasi dan
superordinasi untuk pengoperasi linear teritlak yang memenuhi suatu hubungan
jadi semula pembeza peringkat pertama telah dikaji. Suatu kelas fungsi teraku
yang sesuai telah dipertimbangkan untuk mendapatkan syarat cukup bagi do-
mainan dan subordinan terbaik. Keputusan yang diperoleh menyatukann hasil

kajian terdahulu.

x1



INCLUSION PROPERTIES OF LINEAR OPERATORS AND
ANALYTIC FUNCTIONS

ABSTRACT

This thesis studies the class A of normalized analytic functions in the open unit
disk U of the complex plane. The class of meromorphic functions in the punctured
unit disk which does not include the origin is also studied. This thesis investigates
six research problems. First, the classical subclasses of starlike, convex, close-to-
convex and quasi-convex functions are extended by introducing new subclasses
of analytic and meromorphic functions. The closure properties of these newly
defined classes are investigated and it is shown that these classes are closed under
convolution with prestarlike functions and the Bernardi-Libera-Livingston integral
operator.

The univalence of functions f(z) = z + > o2 oanz" € A is investigated by
requiring the Schwarzian derivative S(f,z) and the second coefficient a9 of f to
satisfy certain inequalities. New criterion for analytic functions to be strongly a-
Bazilevic¢ of nonnegative order is established in terms of the Schwarzian derivatives
and the second coefficients. Also, similar conditions on the second coefficient
of f and its Schwarzian derivative S(f,z) are obtained that would ensure the
function f belongs to particular subclasses of S. For an analytic function f(z) =
24> 02 g anz"™ € Asatistying the inequality Y o o n(n—1)|ap| < f3, a sharp bound
on (3 is determined so that f is either starlike or convex of order a. A sharp bound
on 7 is obtained that ensures functions f satisfying Y ~° o (an2+(1—a)n— B)lan| <
1 — [ is either starlike or convex of order 1. Several other coefficient inequalities
related to certain subclasses are also investigated. Let f(z) = z + > 029 apz"
be analytic in the unit disk & with the second coefficient ag satisfying |ag| = 2b,

0 <b <1, and let f satisfy either |ap| < en+d (¢, d > 0) or |ay| < ¢/n (¢ > 0)

Xil



for n > 3. Sharp radius of Janowski starlikeness for such functions is obtained.
Several related radii are also obtained.

The convexity property of a general integral operator V) (f fO f(tz)/tdt
on a new class of analytic functions which includes several well-known classes is
investigated. Several interesting applications for different choices of A are dis-
cussed. The geometric properties of the generalized integral operator of the form
VA(f) = pz+ (1= p)Vi\(f), p < 1 are also inquired. Finally, subordination and su-
perordination properties of general linear operators satisfying a certain first-order
differential recurrence relation are investigated. An appropriate class of admissible
functions is considered to determine sufficient conditions for best dominant and

best subordinant. The results obtained unify earlier works.
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CHAPTER 1
INTRODUCTION

Geometric function theory is a remarkable area in complex analysis. This field is
more often associated with geometric properties of analytic functions. Geometric
function theory has raised the interest of many researchers since the beginning
of the 20th century. The purpose of this chapter is to review and assemble for
references, relevant definitions and known results in geometric function theory

which underlie the theory of univalent functions.

1.1 Univalent Functions

A function f is analytic at zp in a domain D if it is differentiable in some neigh-
borhood of zp, and it is analytic on a domain D if it is analytic at all points in
D. An analytic function f is said to be univalent in a domain D of the complex
plane C if it is one-to-one in D. It is locally univalent in D if f is univalent in
some neighborhood of each point 25 € D. It is known that a function f is locally
univalent in D provided f/(z) # 0 for any z € D [48, p. 5]. In 1851, Riemann
proved that any simply connected domain which is not the entire plane and the

unit disk & := {z € C: |z| < 1} are conformally equivalent.

Theorem 1.1 (Riemann Mapping Theorem) [48, p. 11| Let D be a simply con-
nected domain which is a proper subset of the complex plane. Let ( be a given
point in D. Then there is a unique univalent analytic function f which maps D

onto the unit disk U satisfying f(¢) =0 and f'(¢) > 0.

Therefore, the study of conformal mappings on simply connected domains
may be confined to the study of functions that are univalent on the unit disk .
The Riemann Mapping Theorem shows that there is a one-to-one correspondence

between proper simply connected domains (geometric objects) and suitably nor-

1



malized univalent functions (analytic objects).

Let H(U) denote the set of all analytic functions defined in the unit disk U.

Let A be the class of normalized analytic functions f defined in U of the form
0.}

f(2) :z+Zanzn. (1.1)
n=2

More generally, let A;, denote the subclass of A consisting of normalized analytic

functions f of the form

(0.9]
f2)=2"+ > ap (meN:={12-}).
k=m+1
Denote by S the subclass of A consisting of univalent functions. The class S are
treated extensively in the books [48,61,151]. Bernardi [33] provided a comprehen-
sive list of papers on univalent functions theory published before 1981.

The Koebe function defined by
P 0¢
k = — = n
RN

and its rotations e~ k(ew z), play an important role in the class S. The Koebe
function maps U in a one-to-one manner onto a domain D consisting of the entire
complex plane except for a slit along the negative real axis from w = —oo to
w = —1/4. A significant problem in the theory of univalent functions is the
Bieberbach’s conjecture which asserts that the Koebe function has the largest

coefficients in S.

Theorem 1.2 (Bieberbach’s Conjecture) [48] If f =>">° 1 apz" € S, then

lan| <n (n>2).



Equality occurs only for the Koebe function and its rotations.

In 1916, Bieberbach [36] proved the inequality for n = 2, and conjectured
that it is true for any n. In 1985, de Branges [37] proved this conjecture for
all coefficients n > 2. Before de Branges’s proof, the Bieberbach’s conjecture
was known for n < 6. Lowner [101] developed parametric representation of slit
mapping and used it to prove the Bieberbach’s conjecture for n = 3. The cases
n = 4,5,6 were proved by Garabedian and Schiffer [57], Pederson and Schiffer
[147], and Pederson [146]. In 1925, Littlewood [95] showed that the coefficients of
each function f € § satisfy |ay| < en (n > 2). Duren [48], Goodman [61] and
Pommerenke [151] provided the history of this problem.

As an application, a famous covering theorem due to Koebe can be proved
by Bieberbach’s conjecture for the second coefficient. This theorem states that if
f € S, then the image of U under f must cover an open disk centered at the origin

with radius 1/4.

Theorem 1.3 (Koebe One-Quarter Theorem) [61, p. 62| The range of ev-

ery function f € S contains the disk {w : |w| < 1/4}.

The Koebe function and its rotations are the only functions in § which omit
a value of modulus 1/4. The sharp upper and lower bounds for |f(z)| and |f’(2)|
where f € S are a consequence of the Bieberbach’s conjecture for the second

coeflicient.

Theorem 1.4 (Distortion and Growth Theorem) [61] Let f € S. Then for

each z = ret? e U,

1—r / 1+7r
TESEE |f1(2)] < TSR
and
T |f(2)] < 1=r)2



The above inequalities are sharp with equality occurring for the Koebe function and

its rotations.

1.2 Subclasses of Univalent Functions

The long gap between the formulation of the Bieberbach’s conjecture (1916) and
its proof by de Branges (1985) motivated researchers to investigate its validity on
several subclasses of §. These classes are defined by geometric conditions, and
include the class of starlike functions, convex functions, close-to-convex functions,
and quasi-convex functions. A set D in the plane is said to be starlike with respect
to an interior point wq in D if the line segment joining wq to every other point w
in D lies entirely in D. A set D in the plane is convez if it is starlike with respect
to each of its points; that is, if the line segment joining any two points of D lies
entirely in D. The closed convez hull of a set D in C is the closure of intersection
of all convex sets containing D. It is the smallest closed convex set containing D
and is denoted by ¢o(D).

A function f € A is starlike if f(U) is a starlike domain with respect to
the origin, and f is convex if f(U) is a convex domain. Analytically, these are

respectively equivalent to the conditions

2f"(2)
f'(2)

2f'(2)

R

>0 and Re(1+ )>O (zelU).

In 1915, Alexander [4] showed that there is a close connection between convex

and starlike functions.

Theorem 1.5 (Alexander Theorem) [4] Suppose that f'(z) # 0 in U. Then

f is convex in U if and only if zf is starlike in U.

Denote the classes of starlike and convex functions by S7 and CV respectively.

More generally, for a < 1, let ST («) and CV(«) be subclasses of A consisting

4



respectively of starlike functions of order v and convex functions of order a.. For

0 < o < 1, these functions are known to be univalent [48, p. 40], and are defined

ST(a) = {f € A:Re <ZJ{E$>> > a} | (1.2)

analytically by

and

CV(a) == {f € A:Re (1 + Z;,/Ei’j)) > a} . (1.3)

Clearly, ST = ST (0) and CV = CV(0).
In 1952, Kaplan [77] introduced the class of close-to-convex functions. A func-
tion f € A is close-to-conver in U if there is a starlike function ¢ and a real

number « such that
o zf/(z)
Y(2)

The class of all such functions is denoted by CCV. Geometrically, f is close-to-

Ree

>0 (zel). (1.4)

convex if and only if the image of |z| = 7 has no large hairpin turns; that is,
there is no sections of the curve f(C)) in which the tangent vector turns backward

through an angle greater than m. Starlike functions are evidently close-to-convex.

Another subclass of S is the class of quasi-convex functions. A function f € A

is said to be quasi-conver in U if there is a function ¢ in CV such that

———= >0 (z€l).

This set of functions denoted by QCV was introduced by Noor and Thomas [129].
Note that CV C QCV where ¢(z) = f(z). Every close-to-convex function is
univalent. This can be inferred from the following simple but important criterion

for univalence proved by Noshiro [130] and Warschawski [207].

Theorem 1.6 (Noshiro-Warschawski Theorem) [61, p. 47] If f is analytic



in a conver domain D and Re f'(z) > 0 there, then f is univalent in D.

The subclasses of S consisting of starlike, convex and close-to-convex functions

satisfy the following chain:
CycsSTccevces.

There are many criteria for functions to be univalent. In 1949, Nehari [123]
obtained univalence criterion which involves the Schwarzian derivative. Let S(f, z)

denote the Schwarzian derivative of a locally univalent analytic function f defined

0= (7)1 (54) -

A Mobius transformation M is defined by

by

_az+b

M(z) = P (ad —be #0). (1.6)

The function M is univalent on the closed complex plane containing the point at cc.
A function of the form (1.6) always maps "circles” onto ”circles” where a ”circle”
means a straight line or a circle [61, p. 10]. It can be shown that the Schwarzian
derivative is invariant under Mobius transformations, that is, S(Mof, z) = S(f, z).
Also, the Schwarzian derivative of an analytic function f is identically zero if and
only if it is a M&bius transformation [48, p. 259].

The following univalence criterion was given by Nehari.
Theorem 1.7 [123] If f € S, then

6

1S(f, 2)] < m



Conversely, if an analytic function f in U satisfies

2

TEERE (18)

1S(f,2)] <

then f is univalent in U. The results are sharp.

The preceding result was first proved by Kraus [85] but had been forgotten for
a long time. Nehari re-discovered and proved Theorem 1.7. The Koebe function
satisfies (1.7) and shows that the constant 6 is sharp. Also, the function

L(z) = %log Gfi) (1.9)

which maps U univalently onto the parallel strip | Imw| < 7/2 satisfies (1.8) and
shows that the constant 2 is sharp. Nehari [125] also showed that inequality (1.8)

holds if f is convex and this result is sharp for the function L defined by (1.9).

By considering two particular positive functions, Nehari [123] obtained a bound
on the Schwarzian derivative that ensures univalence of an analytic function in A.

In fact, the following theorem was proved.

Theorem 1.8 [123, Theorem II, p. 549] If f € A satisfies

2
ST ew,

then f € S. The result is sharp for the function f given by f(z) = (exp(inz) —
1)/im.

The problem of finding similar bounds on the Schwarzian derivatives that

would imply univalence, starlikeness or convexity of functions was investigated

by a number of authors including Gabriel [55], Friedland and Nehari [54], and



Ozaki and Nunokawa [139]. Chiang [41] investigated convexity of functions f
by requiring the Schwarzian derivative S(f,z) and the second coefficient a9 of
f to satisfy certain inequalities. In Chapter 3, it is assumed that the second
coefficient of an analytic function f is small enough and that the Schwarzian
derivative S(f,z) satisfies a certain inequality. Under these assumptions, it is
shown that f is univalent. Also, similar conditions on the second coefficient of f
and its Schwarzian derivative S(f, z) are obtained that would ensure the function
f belongs to particular subclasses of S.

Various subclasses of ST and CV were later introduced that possess certain
geometric features. Goodman [62] introduced the class of uniformly convex func-
tions UCYV. Geometrically, a function f € § is uniformly convez if it maps every
circular arc v contained in U with center ¢ € U onto a convex arc. Goodman [62]

gave a two-variable analytic characterization for the class UCV, that is,

Y
Uucy = {feS: Re<l+w) >0, g,zeu},
f'(z)
while Rgnning [167], and Ma and Minda [103] independently gave a one-variable

characterization for f € UCV by using the minimum principle for harmonic func-

tions:

feucy < ‘ A7) ' < Re <1 + Zﬁ?) (2 €U). (1.10)

For 0 < a < 1, let Q4 be the parabolic region in the right-half plane defined
by

Qu={w=u+iv: V¥ <4(l—a)(u—a)t={w: Jw—1] <1—2a+Rew}.

The class PST («) of parabolic starlike functions of order « is the subclass of A

consisting of functions f such that z2f'(2)/f(z) € Qq, 2 € U. Thus f € PST ()



if and only if

2f'(2)
f(2)

2f'(2)

G

< 1—2a+Re( ) (zeU). (1.11)

The class PST, called parabolic starlike functions, was introduced by Rgnning
[167]. Analytically, f € PST if

}1()) . 1’ <Re (Zf'('z)) (= e U).

Renning [167] also showed that
feUCy & zf € PST(1/2) = PST.

Closely related is the class UST of uniformly starlike functions introduced by
Goodman [63]. A function f € S is uniformly starlike if it maps every circular arc
~ contained in U with center ¢ € U onto a starlike domain with respect to f(().

A two-variable analytic characterization of the class UST is given by

UST::{feS:Re<%>>o,g,zeu}. (112)

Goodman [62] showed that the classical Alexander relation (Theorem 1.5) does
not hold between UST and UCV. Such a question between UST and UCV is in
fact equivalent to UST = PST, and it was shown in [62,168] that there is no

inclusion between UST and PST:
UST ¢ PST, PST ¢ UST.

Several authors have studied the above classes, amongst which include the works

of [62,102-104,165,179]; surveys on the classes UCV, UST and PST can be found



in [14] by Ali and Ravichandran, and in [166] by Regnning.

The class of meromorphic functions is yet another subclass of univalent func-
tions that will be discussed in the thesis. Let Y denote the class of normalized

meromorphic functions f of the form

o

f(z) =§+Zanz”, (1.13)

n=0

that are analytic in the punctured unit disk U* := {z : 0 < |z| < 1} except for a

simple pole at 0. In 1914, Gronwall [65] proved the following Area Theorem.

Theorem 1.9 (Area Theorem) If f is univalent function of the form
.y
JO=c+bo+) 7 (>0, (1.14)
n=1

then 3200 1 njbp|? < 1.

The interest of the class > arose from an application of the Area Theorem in
the proof of the Bieberbach’s conjecture for the second coefficient. A function f
of the form (1.14) and g € ¥ are related by the transformation f(1/z) = g(2).

The transformation
1

9(1/¢)

takes each ¢ in § into a function f of the form (1.14). By the transformation

f&) =

(gl > 1) (1.15)

(1.15), the Koebe function takes a particularly simple form

which maps the exterior of unit disk {{ € C : 1 < [{] < oo} onto the domain

consisting of the entire complex plane minus the slit —4 < w < 0.
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A function f € ¥ is said to be starlike if it is univalent and the complement
of f(U) is a starlike domain with respect to the origin where f(z) # 0 for z € U*.
Denote by £ the class of meromorphically starlike functions. Analytically, it is

known that f € 25 if and only if

2f(2)
T

<0 (zelU”).

Note that f € L% implies f(z) # 0 for z € U*. Similarly, a function f € ¥ is
conver, denoted by f € X if it is univalent and the complement of f(U) is a

convex domain. Analytically, f € ¥ if and only if

(=f'(2))

R

<0 (zelU").

In general, for 0 < a < 1, the classes of meromorphic starlike functions of

order a and meromorphic convex functions of order « respectively are defined by

S5 (q) = {fEE Re f’iz) }

f(2)
YY) = {f €X: Re <Z;,£j;) < a}

These classes have been studied by several authors [23,24, 88,116,117, 191, 192,
205]. We assembled geometric features and analytic expressions of the well-known

subclasses of univalent functions to apply for future convenience.

1.3 Function with Negative Coefficients

The following simple result follows from an application of the Noshiro-Warschawski

Theorem (Theorem 1.6).

Theorem 1.10 Let f(z) = z + Y oo gapz™ € U, and > 72 olan| < 1. Then
fes.
11



If ap, < 0 for all n, then the condition above is also a necessary condition for
f to be univalent. In 1961, Merkes et al. [105] obtained a sufficient condition for

f € A to be starlike of order «, which is also necessary in the event a, < 0.

Theorem 1.11 [105, Thorem 2, p. 961] Let 0 < o < 1, and f(z) = z +
Yool ganz € A. Then f € ST (a) if

oo

Z(n—a)]aﬂ <1l-oa. (1.16)

n=2
If ap <0 for all n, then (1.16) is a necessary condition for f € ST (a).

This motivated the investigation of functions whose coefficients are negative. The
class of functions with negative coefficients in A, denoted by 7T, consists of func-

tions f of the form
o0

fR)=2=> anz" (an>0). (1.17)

n=2

Denote by TST («) and TCV(«) the respective subclasses of functions with
negative coefficients in ST () and CV(«). For starlike and convex functions of or-
der a with negative coefficients, Silverman [182] determined the distortion theorem,
covering theorem, and coefficients inequalities and extreme points. Silverman [182]
also provided a survey, some open problems, and conjectures on analytic functions
with negative coefficients. In 2003, the classes TST and TCV were generalized in
terms of subordination by Ravichandran [158]. The subordination concept and its

applications will be treated in Section 1.8.

As in the case with the Bieberbach’s conjecture, there are several easily stated
questions related to the class T that appear difficult to solve. Related works to
analytic functions with negative coefficients include [10,11,26,89,118,119,136, 155,
156, 175]. Merkes et al. [105] proved Theorem 1.11 based on a method used by

Clunie and Keogh [46], which was later applied to obtain sufficient conditions for

12



functions f to be in certain subclasses of analytic functions. For instance, the

following lemma is a sufficient coefficient condition for functions f € A to satisfy

21z | 2f'(2)
Re(a 8 + f(z))>ﬁ (>0, B<1, z€U). (1.18)

Lemma 1.1 [97] Let 5 <1, and o > 0. If f(2) = 2+ > 25 anz" € A satisfies
the inequality
o0
> (an® + (1= a)n — B)lan| < 1- 5, (1.19)
n=2

then f satisfies (1.18). If ap < 0 for all n, then (1.19) is a necessary condition

for functions f to satisfy (1.18).

Geometric properties of analytic functions satisfying (1.18) will be investigated
in Chapters 5. Salagean [176] obtained several interesting implications for analytic
functions with negative coefficients. Motivated by the investigation of Salagean
[176], several implications are investigated for functions f € A satisfying (1.18).
The largest bound 3 for analytic functions f(z) = z + Y 2 9 apz" satisfying the
inequality > % o n(n — 1)|ap| < B are determined that will ensure f to be either
starlike or convex of some positive order. For f € TST(a), and f € TCV(a),
the largest value is obtained that bounds each coefficient inequality of the form
S nan, S n(n — Dan, S(n — Day and 3" na,. The results obtained will be
applied to ensure the hypergeometric functions zF'(a,b; ¢; z) satisfy (1.18). The

hypergeometric functions will be treated in Section 1.9.

1.4 Univalent Functions with Fixed Second Coefficient

Certain properties of analytic functions are influenced by their second coefficient.
In 1920, Gronwall [66] extended the distortion and growth theorems for an ana-
lytic function f(z) = z + Y n2 9 apz" with a pre-assigned second coefficient. Cor-

responding results for convex functions with a pre-assigned second coefficient were

13



also obtained [66].

Let the class Ay consist of functions f € A with a fixed second coefficient a

with |ag| =2b,0 < b < 1. Each f € Aj has the form

Let CVy(a) denote the class of convex functions of order a and ST () denote the
class of starlike functions of order a where f € Ap. Also denote by ST}, := ST4(0)
and CVy, := CVp(0) the class of starlike functions and the class of convex functions
with |ag| = 2b respectively. Finkelstein [52] obtained distortion and growth theo-
rems for the classes ST and CVy. The results obtained in [52] were generalized
to the class ST p(«) by Tepper [199] and the class CVj(a) by Padmanabhan [140].
Later in 2001, Padmanabhan [141] investigated the problem for general classes of
functions defined by subordination.

Silverman [181] investigated the influence of the second coefficient on the class
of close-to-convex functions. Here, a function f € Ay is close-to-convex of order
S and type «, denoted by f € CCVp(a, [3), if there is a function ¢ € CVy(«) such

that
S)
Y'(2)

Silverman [181] proved distortion and covering theorems for f € CCVy(a, 3). The

R

>3 (820).

theory of differential subordination for functions f € Aj; was discussed in [13,122].

Ali et al. provided a brief history of these works in [9].

Lewandowski et al. [92] proved that an analytic function f satisfying

2) | 2f'()
Re( ) + ) > >0 (z€elU) (1.20)

14



is starlike. The class of such functions was extended to the form (1.18) and has
subsequently been investigated by Ramesha et al. [157], Nunokawa et al. [133],
Obradovi¢ and Joshi [134], Padmanabhan [142], Ravichandran [160,162], and Liu
et al. [97]. For —a/2 < B < 1, Li and Owa [93] proved that functions satisfying

(1.18) are starlike. In 2002, the class of analytic functions satisfying

2f'(2)

e

<B (B>1, z€l)

was considered by Owa and Nishiwaki [128], while its subclasses were earlier in-
vestigated by Uralegaddi et al. [204,206], Owa and Srivastava [138]. Liu et al. [96]

investigated the class of functions satisfying

2z | 2f'(2)
Re(a ) + f(z))<ﬁ (>0, B>1, z€lU). (1.21)

In Chapter 7, the class of functions satisfying (1.18) and (1.21) will be put in

a generl form

z2f”(z) zf’(z) 1+ (1-25)
NI

E(a,ﬁ)ﬂAb::{fGAb:a Z,ﬁER\{l},azO}.

(1.22)
Also, the well-known class of analytic functions introduced by Janowski [73] defined

by
zf'(2) 1+ Az
f(z) B 1+ Bz’

ST[A,B]ﬂAb:{fG.Ab: —1§B<A§1}

will be considered. The radius properties for functions f € L(«, ) N A, and
f € ST[A, B] N Ay are investigated in Chapter 7. The radius problems will be

treated in the next section.
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1.5 Radius Problems

Let M be a set of functions and P be a property which functions in M may or
may not possess in a disk |z| < r. The least upper bound of all numbers r such
that every function f € M has the property P in the disk U, = {z : |z| < r}
is the radius for the property P in the set M. Every univalent analytic function
is univalent, but every univalent function is not always convex. However, every
univalent analytic mapping maps a sufficiently small disk into a convex domain.
The largest radius of the disk with this property is the radius of convexity. It is
known that the radius of convexity for the set S is 2 — v/3 and is attained by the
Koebe function [127]. Grunsky [67] proved that the radius of starlikeness for the
set S is tanh(m/4). The radius of close-to-convexity for the set S was determined by
Krzyz [87]. A list of such radius problems was provided by Goodman [61, Chapter
13).

For f(z) = 2+ Y oo 9apz" € S, de Branges [37] proved the Bieberbach’s
conjecture that |ap| < n (n > 2) (Theorem 1.2). However, the inequality |a,| <
n (n > 2) does not imply f is univalent; for example, f(z) = z + 222 satisfies
the coefficient inequality but f is not a member of S as f/(—1/4) = 0. In view of
this, it is interesting to investigate the radius of univalence, starlikeness, and other
geometric properties of f(z) = z+ Y o 9 apz" € A when the Taylor coefficients
of f satisfy |ap| < cn+d (n > 2).

The inequality |a,| < M holds for functions f(z) = z 4+ Y o2qapz™ € A
satisfying | f(z)| < M, and for these functions, Landau [90] proved that the radius
of univalence is M —v/M?2 — 1. For functions f(z) = 2+3.°0 5 a,2" € A satisfying
the inequality |ay| < n (n > 2), Gavrilov [58] showed that the radius of univalence
is the real root 7o ~ 0.1648 of the equation 2(1—r)3 —(14r) = 0, and for functions
f(z) =24+ 029 anz" € Asatistying |a,| < M (n > 2), the radius of univalence is

1—+/M/(1+4 M). Yamashita [209] showed that the radius of univalence obtained
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by Gavrilov is the radius of starlikeness as well. Indeed, Gavrilov [58, Theorem 1]
estimated the radius of univalence to be 0.125 < rg < 0.130, while Yamashita [209]
obtained rg =~ 0.1648. Yamashita also determined the radius of convexity for
functions f(z) = z+ Y oo g apz" € A satisfying |an| < n (n > 2) to be the real
root of (M +1) (1 —7)3 = M(1+7)=0.

Recently Kalaj et al. [74] obtained the radii of univalence, starlikeness, and
convexity for harmonic mappings satisfying similar coefficient inequalities.

In [161], Ravichandran obtained the sharp radii of starlikeness and convexity of
order « for functions f € Ay satisfying |a,| < nor |ay| < M (M > 0), n > 3. The
radius constants for uniform convexity and parabolic starlikeness for functions f €
Ay satistying |a,| < n, n > 3 were also obtained. Ravichandran [161] determined
the radius of positivity for the real part of the functions p(z) = 1+¢;2 g4
satisfying the inequality |cp| < 2M (M > 0), n > 3 with |co] =2b, 0 < b < 1.

Let f = z+ > 0 9anz" € A satisty either |ay| < en+d (¢, d > 0) or
lan| < ¢/n (¢ > 0) for n > 3. In Chapter 7, sharp L(«a, f)-radius and sharp
ST[A, B]- radius for these classes are obtained. The radius constants obtained
by Ravichandran [161] and Yamashita [209] are shown to be special cases of the

results obtained in Chapter 7.

1.6 Convolution

Let f(z) = Y nlpganz" , and g(z) = Y 2o bnz" be analytic in the unit disk U.

The Hadamard product of f and ¢ is defined by
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The alternative representation as a convolution integral

s =55 [ 1(F)00F <<

is the reason f x g is also called the convolution of f and g where Ry and Ry are
the radii of convergence for f and g respectively [172, p. 11]. Since f and g are

analytic in &, Ry > 1 and Ry > 1. Thus,

1
Risg

11
= 1imsup|anbn|% < (limsup|an|%> <limsup|bn|%) =——<1,

where Ry, is the radius of convergence for f x g. Hence f * g is analytic in
|z2| < RyRg. Mandelbrojt and Schiffer [150] conjectured univalence is preserved

under integral convolution; namely if f,g € S | then
z
t
G(z) = / Mdt €.
0

Epstein and Schoenberg [50], Hayman [70], and Loewner and Netanyahu [100]
proved counterexamples to the Mandelbrojt and Schiffer conjecture. In 1958, Pdlya

and Schéenberg [150] conjectured that
CV«CV CCV.

Suffridge [195] proved that the convolution of every pair of convex functions is
close-to-convex. In 1973, the Polya and Schéenberg’s conjecture was proved by
Ruscheweyh and Sheil-Small [173]. They also proved that the class of starlike
functions and close-to-convex functions are closed under convolution with convex
functions. However, it turns out that the class of univalent functions is not closed
under convolution. In fact, ST * ST is not even contained in the family §. For

example, let f = g = k € ST, where k is the Koebe function. Then fxg & S
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2

because a, = n® > n. Further details about related works can be found in [48].

A subclass of analytic functions considered by Ruscheweyh [172] known as
prestarlike functions was applied to the basic convolution results.

For a < 1, the class R, of prestarlike functions of order « is defined by

RaZ:{fGAS f*ﬁeé'*(&)},

while R consists of f € A satisfying Re f(z)/z > 1/2. In particular,

f Ry, @Re’z]{(g) > % (z € U),
2f"(2)
f€Rop< Re <1+ 702 ) >0 (z€lU). (1.23)

Therefore, Ry j9 = 8T /9 and Ry = CV. It is a known result [172] that the classes
of starlike functions of order o and convex functions of order o are closed under
convolution with prestarlike functions of order a.. Prestarlike functions have a num-
ber of interesting geometric properties. Ruscheweyh [172] and Sheil-Small [180]
investigated the significance of prestarlike functions. The results and techniques of
Ruscheweyh and Sheil-Small developed in [173] in connection with their proof of
the Polya-Schéenberg conjecture have been applied in many convolution articles.
The convex hull method is based on the following convolution result for prestarlike

and starlike functions.

Theorem 1.12 [172, Theorem 2.4] Let « < 1, ¢ € Ry and f € ST (). Then

ox(Hf)
o CHwW))

for any analytic function H € H(U), where c6(H(U)) denotes the closed convex
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hull of H(U).

In Chapter 2, the classical subclasses of starlike, convex, close-to-convex and
quasi-convex functions are extended to new subclasses of analytic functions. Using
the method of convex hull and the theory of differential subordinations discussed
later in Section 1.8, convolution properties of these newly defined subclasses of
analytic functions are investigated. It is shown that these classes are closed un-
der convolution with prestarlike functions. Also, new subclasses for meromor-
phic functions are similarly introduced, and the convolution features of these
subclasses are investigated. It is proved that these classes are also closed un-
der convolution with prestarlike functions. It is shown that the Bernardi-Libera-
Livingston integral operator preserve all these subclasses of analytic and meromor-
phic functions. It would be evident that various earlier works, for example those

of [3,35,44,120,148,159], are special instances of the results obtained.

1.7 Dual Set and Duality for Convolution

Let Agy be the set of all functions f € H(U) satisfying f(0) = 1. For V C Ay,

define the dual set

Vii={feAy: (fxg)(z)#0forallgeV,zeU}.

The second dual V** is defined as V** = (V*)*. It is of interest to investigate
the relations between V and V**. In general, V** is much bigger than V', but
many properties of V' remain valid in V**. Let A be the set of continuous linear
functionals on H(U) and A(V') := {A(f) : f € V}. In 1975, Ruscheweyh [170]

proved the following fundamental result, known as the Duality Principle.

Theorem 1.13 (Duality Principle) [170] Let V' C Ay have the following prop-

erties:
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(1) V is compact,
(2) f eV implies f(xz) € V for all |z] < 1.
Then A\(V') = AX(V*) for all X € A on A, and co(V') =co(V**).

The Duality Principle has numerous applications to the class of functions pos-
sessing certain geometric properties like bounded real part, convexity, starlikeness,
close-to-convexity and univalence. The monograph of Ruscheweyh [172], and also
the paper [170] in which many of the results of this topic were first published have
become basic references for duality theory. As an application of Duality Principle,
the following corollary was shown by Ruscheweyh [172]. The result is false with
V** replaced by co(V).

Corollary 1.1 [172, Corollary 1.1. p. 17] Let V' C Ag satisfy the conditions in
Theorem 1.13. Let A\, Ao € A with 0 & Ao(V'). Then for any f € V** there ezists

a function g € V' such that

Ruscheweyh determined a big class of sets in A in which the above result was

applicable.

Theorem 1.14 [170, Theorem 1, p. 68] If

Vo= {0-p1 T 45 el =l =1 BeR 5£1},
then
1-2
VE:{f€A0R€f<Z)>2(1—_g)},
and

Vi ={f € 4:36 € R withRee(f(z) - ) > 0, z€U}.
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Singh and Singh [187] proved the Bernardi integral operator
1
Fo(z) = (c+ 1)/ et (e > —1)
0
is starlike for —1 < ¢ < 0, where Re f/(z) > 0 in U. In 1986, Mocanu proved that
Re f'(2) > 0= F} € ST,

and the result was later improved by Nunokawa [131]. Singh and Singh [186] also
proved

Re f/(2) > —%  Fy(z) € ST.

Such problems were earlier handled using the theory of subordination which
will be discussed in Section 1.8. In 1975, Fournier and Ruscheweyh [53] used the
Duality Principle [172] to find the sharp bound for § such that F.(P(3)) C ST

where P(3) is given by
P(B) == {f € A:3p € Rwith Reel® (f/(z) — 8) >0, =€ u} L (124

and —1 < ¢ < 2.
Indeed, Fournier and Ruscheweyh [53] investigated starlikeness properties of a

general operator

tz)

1
PO =WE = [l

. (1.25)

over functions f in the class P(f) given by (1.24), where A is a non-negative
real-valued integrable function satisfying the condition fol At)dt = 1. Ali and
Singh [21] found a sharp estimate of the parameter 5 that ensures V) (f) is convex
over P(f).

22



The duality theory of convolutions developed by Ruscheweyh [172] is now
popularly used by several authors to discuss similar problems, among which include
the works of [27,27-31, 45,47, 83, 152-154]. As a consequence of these works,
several interesting results on integral operators for special choices of A were derived.
A survey on integral transforms in geometric function theory was provided by
Kim [81]. Integral operators will be treated again in Section 1.9.

The class Wg(«,v) defined by

Ws(any) = {f € A:3¢ € R with
f(z)

Re ¢/ ((1 —a+ 27)7 +(a=29)f"(2) +v2f"(2) — 5) >0, z € L{} ’

(1.26)

for > 0,7 > 0 and § < 1 was recently introduced by Ali et al. [12]. Ali et al. [7]
investigated the starlikeness of integral transform (4.1) over the class Wg(a,v) by

applying the Duality Principle.

In Chapter 4, the Duality Principle is used to determine the best value of
B < 1 that ensures the integral operator V)(f) in (1.25) maps the class Wg(a,v)
defined in (1.26) into the class of convex functions. Simple necessary and sufficient
condition for V) (f) to be convex are obtained. For specific choices of the admissible
function A, several applications are investigated. As an important consequence, it

is shown that a function f satisfying the third-order differential equation

Re (f'(:) +azf"(z) +72f"(2)) > 8

is convex in U where § > —0.629445. Also, the smallest value of 8 < 1 is obtained
such that the generalized integral operator of the form pz + (1 — p)Vi(f), p < 1,

over the class of Wg(a, ) is starlike. Corresponding result for pz + (1 — p)V)(f),
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p < 1, to be convex is also derived.

1.8 Differential Subordination

In this section, the basic definitions and theorems in the theory of subordination
and certain applications of differential subordinations are described. A function
f is subordinate to an analytic function g, written f(z) < g(z), if there exists
a Schwarz function w, analytic in & with w(0) = 0 and |w(2)| < 1 satisfying
f(z) = g(w(z)). If g is univalent in U, then f(z) < g(z) is equivalent to f(0) = ¢(0)
and f(U) C g(U). The following concepts and terminologies were introduced by
Miller and Mocanu in [111].

Let (r, s,t;2) : C3 xU — C, and h be univalent in /. If an analytic function

p satisfies the second-order differential subordination

b(p(2), 20 (2), 220" (2); 2) < h(2), (1.27)

then p is called a solution of the differential subordination. The univalent function
q is called a dominant of the solution of the differential subordination, or more
simply, dominant, if p(z) < q(z) for all p satisfying (1.27). A dominant ¢; satisfying
q1(z) < q(z) for all dominants ¢ of (1.27) is said to be the best dominant of (1.27).
The best dominant is unique up to a rotation of . Miller and Mocano provided
a comprehensive discussion on differential subordination in [111].
Let ip(r, s,t; 2) : C3xU — C, and h(z) be analyticinU. Let p and ¢ (p(2), zp(2),
2.1

2°p(2); z) be univalent in Y. If p satisfies the second-order differential superordi-

nation

h(z) < ¥(p(z), zp/(z), zzp”(z); z), (1.28)

then p is called a solution of the differential superordination. An analytic function

q is called a subordinant of the solution of the differential superordination, or
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more simply, subordinant, if q(z) < p(z) for all p satisfying (1.28). A univalent
subordinant ¢ satisfying ¢(z) < ¢i(z) for all subordinants g of (1.28) is said to be
the best subordinant of (1.28). The best subordinant is unique up to a rotation of
U. Further discussion on the differential superordination can be found in Miller
and Mocano [112].

In 1935, the simple first-order differential subordination
2p'(2) < h(z)
was considered by Goluzin [60]. He showed that if h is convex, then
z
p(e) < a(2) = [ bttt
0

and this ¢ is the best dominant. Suffridge [196, p. 777] proved that Goluzin’s result
even holds if A is starlike.

In 1947, Robinson [164, p. 22] considered the differential subordination

p(z) + 20 (2) < ().

He proved that if h and ¢(z) = 27! Jo h(t)dt are univalent, then ¢ is the best

dominant, at least for |z| < 1/5. The differential subordination

< h(z) (v#0,Rey 20),

was considered by Hallenbeck and Rusheweyh [69, p. 192] in 1975. They showed

that if h is convex, then

p(z) < q(z) = 7= /O "oy,
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and this is the best dominant.
In 1978, Miller and Mocanu [109] reformulated the above mentioned results by

considering the differential subordination implication

{b(p(2), 20/ (2), 2°D"(2);2) : 2 €U} C Q= p(U) C qU),

where Q € C, p € H(U), q € S, and 4 (r, s, t; z) an analytic function from C3 x U
to C.

Denote by Q the set of functions ¢ that are analytic and injective on U\ E(q),
where

E(q)={¢ead: limCQ(Z) = oo}

z—
and ¢/(¢) # 0 for ¢ € OU\FE(q). Let Q(a) be the subclass of Q for which ¢(0) = a.
Further, let Qg := Q(0) and Qp := Q(1).

The subordination methodology is applied to an appropriate class of admissible
functions. The following class of admissible functions was given by Miller and

Mocanu [111].

Definition 1.1 [111, Definition 2.3a, p. 27| Let Q2 be a set in C, ¢ € Q and m be
a positive integer. The class of admissible functions W[, q] consists of functions
Y : C3 x U — C satisfying the admissibility condition W(r, s, t;2) & Q whenever
r=q(¢),s = k¢q'(¢) and

Re(£+1) 21<:Re<%(5)+1),

z€eU,( € OU\E(q) and k > m. Denote by V[Q, q] := V1], q].

The next theorem is the foundation result in the theory of first and second-

order differential subordinations.
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Theorem 1.15 [111, Theorem 2.3b, p. 28] Let ¢ € ¥,,,[€2, q] with ¢(0) = a. If

p(2) = a+am2" + am+1zm+1 + -+ satisfies
V(p(2), 20 (2), 22" (2); 2) € 9,

then p(z) < q(z).

Analogous to the case of subordination, a suitable class of admissible functions

is required so that the differential superordination implication
Q C {¥(p2), 20 (), 22"(2):2) : z e U} = A C p(Ud), (1.29)
holds. In 2003, Miller and Mocanu [112] considered the following class of admissible

functions related to differential superordination.

Definition 1.2 [112, Definition 3, p. 817] Let Q be a set in C and q(z) =
a+ apmz™ + am+1zm+1 + -+ with ¢'(2) # 0. The class of admissible functions
U7 [Q, q] consists of functions ) : C3xU — C satisfying the admissibility condition

(1, s,t;,¢) € Q whenever r = q(z),s = 2¢/(2)/k and

Re (é n 1) < %Re <Z§,,;§) + 1) ,

z €U, €0U and k > m > 1. Denote by U2, ¢ := ¥} [, g].

Theorem 1.16 [112, Theorem 1, p. 818] Let ¢p € W/ [Q,q] with ¢(0) = a. If

p € Q(a) and ¥ (p(2),zp(2), 2p(2); z) is univalent in U, then
Q C {9(p(2), 20 (2), 2°p"(2); 2), 2 € U}
implies q(z) < p(z).
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The monograph by Miller and Mocanu [111] gives a good introduction to the
theory of differential subordination, while the book by Bulboaca [39] investigates
both subordination and superordination. In recent years, the theory of differential
subordination was applied by various authors to deal with many important prob-

lems in the field. Works in this direction include those of [8,16-20,22,43,208].

In Chapter 6, subordination and superordination results for general linear op-
erators satisfying a certain first-order differential recurrence relation are investi-
gated. By considering an appropriate class of admissible functions, sufficient con-
ditions for the best dominant and the best subordinant are determined. Several
sandwich-type results are obtained. As application of the results obtained, various
examples of differential inequalities and subordinations are presented. Addition-
ally, the admissibility conditions for functions with positive real part are studied.
The results obtained in Chapter 6 unify earlier works in this direction including

those of [8,16-19,19,20,121].

1.9 Linear Operators

In the theory of univalent functions, a variety of linear and nonlinear integral

operators have been considered. The Alexander operator [4] is defined by

e = [

while the Libera operator [94] is defined by
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The operator given by

1+7

Ly(f)(2) = W ldt (v > —1), (1.30)

is called the generalized Bernardi-Libera-Livingston integral operator [98].

One interesting problem in geometric function theory is to determine operators
from A to A which map a given C' C A into itself; in particular, the operators
that preserve the geometric properties of the domain. An example of such results

are those proved by Pascu [145], and Lewandowski et al. [92] as follows.

Theorem 1.17 [92,145] If L : A — A is the integral operator defined by (1.30)
and Re~y > 0, then

(1) L,[ST] C ST,
(2) Ly[CV] C CV,
(3) L[CCV] C CCV.

In fact, there is a vast number of articles dealing with integral operators between
classes of analytic functions. Further general operators were studied in the survey
articles by Miller and Mocanu [110] and by Srivastava [189], where a long list of

other references can be found.

For a,b,c € C with ¢ # 0,—1,—2,---, the Gaussian hypergeometric function
is defined by

n_14 22 4.
n(Dn HPETR c(e+1) TR

& 2
Fla,b:c: 2) Z (@)n(b)n abz ala+1)bb+1)z

where the Pochhammer symbol (), is given by (A), = A(A+1),-1, (A\)g = 1. The

series converges absolutely in Y. It also converges on |z| = 1 when Re(c—a—b) > 0.
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For Re(c—a—b) > 0, the value of the hypergeometric function F(a,b;c;z) at z =1

is related to the Gamma function by the Gauss summation formula

I'(e)l'(c—a—Db)

F(a,b;c;1) = I'(c—a)l'(c—Db)

(c#0,—1,-2,--).

The theory of hypergeometric functions developed with many applications and
generalizations after their use by de Branges [37] in the proof of the Bieberbach’s
conjecture. Hohlov [79] applied hypergeometric functions to define a generalized

integral operator by

Hepo(f)(2) := 2F(a,b;¢;2) % f(2).

Carlson and Shaffer [40] studied this operator in the special case a = 1.

The Hohlov operator reduces to the well-known operators as follows: A(f)(z) :=

Hy19(f)(2), L(f)(2) == H123(f)(2), and Ly (f)(2) := Hy ~ny14+2(f)(2).

Let A : [0,1] — R be a nonnegative function with

1
/ M)t = 1.
0

For f € A, Fournier and Ruscheweyh [53] introduced the general operator V) given
by (1.25). Various known integral operators are of the form (1.25) for specific

choices of A. For example,
A(t) = (14 0)t° (¢>-1),

gives the Bernardi integral operator, while the choice

p 1., 4
A(t) = "(log 1)L (0> —1, p20)
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yields the Komatu operator [84]. Clearly for p = 1 the Komatu operator is the

Bernardi operator. For a certain choice of A given by

()

MO = ST e —a—b+ 1)

11—t Fec—al—ac—a—b+1;1—1),

the integral operator V) in (4.1) is the convolution between a function f and
the Gaussian hypergeometric function F(a, b; ¢; z), which is related to the general

Hohlov operator.

In [21], Ali and Singh generalized the operator (1.25) to the case

1—ptz
1—-1z

1
VA(F)(2) = pz + (1= p)VA(f) = 2 /O AT e 1) (o< 1),

The order of starlikeness and convexity of the operator V) (f) where f € P(p)
defined by (1.24) were obtained by Ali and Singh [21].

In Chapter 4, convexity properties of the integral operator V) (f) is investi-
gated over the class Wg(a, ) defined by (1.26). As an application of the results
obtained, convexity of various known integral operators for different choices of A
is investigated. Also, sufficient conditions are obtained that would ensure the in-
tegral operator V)(f) over the class Wg(a,v) is starlike or convex. The results
obtained extended and improved earlier works by several authors.

Linear operators on the class of normalized analytic functions satisfying a
certain first-order differential recurrence relation are yet another object that will
be discussed in this thesis. Let a3, € C (k = 1,2,---,1) and g, € C\Z; :=

{0,-1,-2,---} (k= 1,2,---,j). The generalized hypergeometric function ; F;(a,
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a5 81, -, By ) is defined by

ap)p 2" _
ﬁ;)nﬁ (1<j+1). (1.31)

s (1) - (
F. PR . . =
Fjlar, -+, a381,--- 5 555 2) nZ:O (B)n - (

Note that the series in (1.31) converges absolutely for |z| < oo if [ < j+ 1, and for
zeUifl=j+1. Let
m l
T ST
k=1 k=1
The series in (1.31), with | = j+1, is absolutely convergent for |z| = 1 if Rew > 0,
and conditionally convergent for |z| =1 if —1 < Rew < 0 [193, p. 34].

Let

hm(ala"' 7al§ﬁl>“' 75]72) = 2" le(ala"' ,Oél;ﬁl,"' 7ﬁjaz)

The convolution operator Hf#(al, cea By, By 2) 1 Am — A was intro-
duced by Dziok and Srivastava [49,190] by means of Hadamard product involving

the generalized hypergeometric functions

H%’(al’... cap B, By 2) f(2) = hmlan, - a B, -, By 2) * f(2)

_,m () pom () apz”
="+ D (B k—m =+ (Bj)o—m (b —m)!’

(1.32)

It is known [49] that

aleﬁj(al +]-7 7al;61a"' ,ﬂ],Z)f<Z) = Z[Hf;ij(ala'” ,Oél;/Bl,"' 7Bj,2)f(2>]/

(g —m)Hi (a1, a3 81, -+, Bji 2) f(2),
(1.33)

Special cases of the Dziok-Srivastava linear operator include the Hohlov linear
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operator [72], the Carlson-Shaffer linear operator [40], the Ruscheweyh derivative
operator [169], the generalized Bernardi-Libera-Livingston linear integral operator
(34,94, 98], and the Srivastava-Owa fractional derivative operator [135,137].

The multiplier transformation Ij(n, A) on Ay, defined by

n z):=2" 3 kA ag2"
Im NS =" 3 (E£3) o (13)
satisfies

(m+ N Im(n+ 1,0 f(2) = 2[In(n, \) f(2)] 4+ M (n, N f(2). (1.35)

Certain important properties of these linear operators depend on the differen-
tial recurrence relation, for example as that given by (1.33) and (1.35). In Chapter
6, a general class consisting of such operators satisfying a certain recurrence re-
lation is introduced. Differential subordination and superordination results for
multivalent functions defined by the general linear operator are obtained. Chapter
6 aims to show that the class of functions defined through each of the general lin-
ear operators can be given a unified treatment. The unified operator includes as
special cases the Dziok-Srivastava operator defined in (1.32) and multiplier trans-
form defined by (1.34) as well as several other operators introduced by various

authors [17-19].

1.10 Scope of the Thesis

This thesis will discuss six research problems. In Chapter 2, general classes of
analytic functions defined by convolution with a fixed analytic function are intro-
duced. Convolution properties of these classes which include the classical classes
of starlike, convex, close-to-convex, and quasi-convex analytic functions are inves-

tigated. These classes are shown to be closed under convolution with prestarlike
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functions and the Bernardi-Libera integral operator. Similar results are also ob-
tained for the classes consisting of meromorphic functions in the punctured unit
disk.

In Chapter 3, a normalized analytic function f is shown to be univalent in
the open unit disk U if its second coefficient is sufficiently small and relates to
its Schwarzian derivative through a certain inequality. New criteria for analytic
functions to be in certain subclasses of functions are established in terms of the
Schwarzian derivatives and the second coefficients. These include obtaining a
sufficient condition for functions to be strongly a-Bazilevic¢ of order .

In Chapter 4, for X\ satisfying a certain admissibility criteria, sufficient condi-

tions are obtained for the integral transform

f(tz)
t

dt

1
()(2) = /O At

to map normalized analytic functions f satisfying

Rec' (1=t 2T = 2)7) 4 9207) - 8) > 0
into the class of convex functions. Several interesting applications for different
choices of A\ are discussed. In particular, the smallest value 8 < 1 is obtained that
ensures a function f satisfying Re (f’(z) +azf’(2) + fyz2f’"(z)) > [ is convex.

The aim of Chapter 5 is to determine a sharp bound on S so that an analytic
function f(z) = 2z + > 72 5 apz" satistying the inequality Y o7 o n(n — 1)|ay| < 6
is either starlike or convex of order . Several other coefficient inequalities related
to certain subclasses are also investigated.

In Chapter 6, a general class consisting of the operators satisfying a certain
first-order differential recurrence relation is introduced. For any operator in this

class, certain second-order differential subordination and superordination impli-
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cations are investigated on analytic functions generated by the operator. Several
sandwich-type results are also obtained. The results obtained unify earlier works.
In the final chapter, radius properties of analytic functions f(z) = z+Y oo apz"
with fixed second coefficient are investigated, where ag satisfies |ag| = 2b, 0 < b <
1. Sharp radius of Janowski starlikeness and radius constant of L(a, 3) are ob-

tained when |ap| < en+d (¢,d > 0) or |ap| < ¢/n (¢ > 0) for n > 3.
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CHAPTER 2
CONVOLUTION OF ANALYTIC AND MEROMORPHIC
FUNCTIONS

2.1 Introduction and Definitions

The theory of differential subordination has been applied in numerous areas of
univalent function theory. Ma and Minda [102] used differential subordination to
give a unified presentation of various subclasses of starlike and convex analytic
functions.

For 0 < o < 1, let ST () and CV(«) be subclasses of A consisting respectively
of starlike functions of order o and convex functions of order a. These functions

are defined analytically by

ST(a) = {f € A:Re <2J{£S)> > a} |

and

CV(a) = {f € A:Re (1 + Z;,/Ef))) > a} .

Let h be an analytic function in U with positive real part, h(0) = 1, and
h'(0) > 0. Further let h map the unit disk & onto a region starlike with respect

to 1. Ma and Minda [102] introduced the classes

ST(h) = {f €A: Z}{(/S) < h(z)} ,

i
CV(h)—{feA:1+ﬁ,—@<h(z)}, (2.1)
f'(2)
and obtained growth, distortion and covering theorems. For h(z) = (1 + (1 —
20)z) /(1 — 2), 0 < o < 1, ST (h) reduces to the familiar class ST («) of starlike

functions and CV(h) to the class CV(«) of convex functions.

Let g be a fixed function in A and h be a convex function with positive real
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part in &/ normalized by h(0) = 1. By using the convex hull method and differential

subordination, Shanmugam [178] introduced and investigated the following classes.

ST(g,h) == {f €A Zg:—gg))gg < h(z)},

CV(g,h) = {f cA: 1+ Zg:j;;;g < h(z)} ,
CCV(g,h) = {f €A Zg:—m < h(z), v € STy, h)} ,
QCV(g, h) = {f eA: % < h(z), ¢ € CV(g, h)}

Shanmugam [178] showed that the classes of ST (g,h), CV(g,h), CCV(g,h),
and QCV(g, h) are closed under convolution with convex functions. In particular,
these classes reduce to various subclasses of A for specific choices of g and h. For
instance, for g(z) = z/(1 — z), the classes ST (g, h) and CV(g, h) reduce to the
classes ST (h) and CV(h) defined by (2.1). If g = k, where

ka(2) = T _Zz)a (a>0), (2.2)

then ST4(h) == ST (ka,h), CV4(h) := CV(kq,h) and CCV4(h) = CCV(kq,h).
Padmanabhan and Parvatham [144] introduced the classes ST 4(h), CVq(h), and
CCVq(h) and investigated convolution properties of these classes. Some other
related studies were also made in [3,15,35,44,120, 121,148,159, 198|.

Let f, g € A satisfy

zg/(z)
f(z) +9(2)

2f'(2)

e 190

>0, Re > 0.

By adding the two inequalities, it is seen that the function (f(z) + g(2))/2 is

starlike and hence both f and ¢ are close-to-convex and hence univalent. This
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result motivates us to consider the following classes of functions.
It is assumed in the sequel that m > 1 is a fixed integer, g a fixed function
in A, and h a convex univalent function with positive real part in I/ satisfying

h(0) = 1.

Definition 2.1 The class STm(h) consists of f == (f1,fa, -+, fm), fx € A,

1 < k <m, satisfying Z;nzl [j(2)/2 # 0 inU and the subordination

= =<h(z) (k=1,--- ,m). (2.3

ST 1) )

The class STm(g,h) consists of f for which f g := (fi* g, foxg, -, fm *

g) € STm(h). The class CVi(h) consists of f for which zf' € STm(h) where

e U fee  f) and 2f = (fl, 2 fh e 2 fh). Bquivalently, f € CVyn(h)

if f satisfies the condition Z;nzl f;(z) £ 0 in U and the subordination
m(zf;) (2)

The class CVim(g, h) consists of f for which f g € CVm(h).

Now let f € STyn(h) and F(z) = (1/m) ZTZl [j(2). From (2.3), it follows

that

ehU) (k=1,---,m).
The convexity of h(U) implies that

1250 A)

- F (o) € h(U), (2.4)

which shows that the function F' is starlike in ¢. Thus, it follows from (2.3)
that the component function f;. of f is close-to-convex in U, and hence univalent.

Similarly, the component function fj, of f € CVy(h) is also univalent.
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If m = 1, then the classes ST (g, h) and CVp,(g, h) reduced respectively
to 8T (g,h) and CV(g,h) introduced and investigated by Shanmugam [178]. If
g = kq where kg is given by (2.2), then the class ST, (g, h) coincides with the class
STq(h) studied by Padmanabhan and Parvatham [144], and CV,,(g,h) reduces
to the class CVq(h) introduced by Padmanabhan and Manjini [143]. It is evident
that the classes ST (g, h) and CV;,(g, h) extend the classical classes of starlike

and convex functions respectively.

Definition 2.2 The class CCVy,(h) consists of f = (fi, [, fm), [r € A,

1 < k < m, satisfying the subordination

mzf,;(z)
BT h(z) (k=1 m),
> i1 ¥i(2) ) )
for some i € STm(h). In this case, we say that f € CCVy(h) with respect
to ) € STm(h). The class CCVp (g, h) consists of f for which f g = (f} *
g fax g, fm*g) € CCYm(h). The class QCVm(h) consists of f for which

zf’ € CCVp(h) or equivalently satisfying the subordination

M<h(z) (k=1,--,m),

S )
for some ¢ € CVp(h) with 2¢' = 4, ¥ € STm(h). In this case, we say that
fe QCV i (h) with respect to ¢ € CVp(h). The class QCV (g, h) consists of f
for which f % g € QCVm(h).

When m = 1, the class CCVp,(g,h) and QCVy, (g, h) reduces respectively to
Cg(h) and Qg4(h) introduced and investigated by Shanmugam [178]. If g = k,
where kg is defined by (2.2), then the class CCVyy, (g, h) coincides with CCVq/(h)
studied by Padmanabhan and Parvatham [144]. The classes CCVp,(g,h) and

QCVm (g, h) extend the classical classes of close-to-convex and quasi convex func-

39



tions respectively.
The class of prestarlike functions considered by Ruscheweyh [172] has seen
many applications in convolution results. For o < 1, the class R, of prestarlike

functions of order « is defined by

RQZ:{fEAI f*m68*<a)},

while R consists of f € A satisfying Re f(z)/z > 1/2.
The well-known result that the classes of starlike functions of order « and
convex functions of order « are closed under convolution with prestarlike functions

of order « follows from the following:

Theorem 2.1 (Theorem 1.12) Let a« <1, ¢ € Ry and f € ST (). Then

O 1) ) ¢ w(mwy)

¢x f

for any analytic function H € H(U), where c6(H(U)) denotes the closed convex
hull of H(U).

The following basic theorem on prestarlike functions is required.
Theorem 2.2 [172, Theorem 2.1, p. 49]
(1) Let a« < 1. If f, g € Raq, then fxg € Ry.
(2) If a < B <1, then Ro C Rg.

Ruscheweyh [169] showed the following result for a special convex function

which has an interesting convolution property.

Lemma 2.1 [169, Theorem 5, p. 113] Let Rey > 0, and h~ be defined by




If f €CV, then f % hy € CV. In particular, hy € CV.

In the following section, by using the methods of convex hull and differential
subordination, convolution properties of functions belonging to the four classes
STm(g,h), CVm(g,h), CCVm(g,h) and QCVp,(g,h) are investigated. It is seen
that various earlier works, for example [3], [35], [44], [120], [148] and [159], are

special instances of this study.

2.2 Convolution of Analytic Functions

The first result shows that the classes ST, (g, h) and CVpy,(g, h) are closed under

convolution with prestarlike functions.

Theorem 2.3 Let m > 1 be a fized integer and g be a fived function in A. Let h
be a conver uniwalent function satisfying Reh(z) > o, 0 < a < 1, h(0) = 1 and

¢ € Ra.
(1) If f € STm(g,h), then fx ¢ € STm(g, h).
(2) If f € CVm(g, ), then f*d € CVnl(g, h).

Proof. (1) It is sufficient to prove that f % ¢ € ST (h) whenever f € ST (h).
Once this is established, the general result for f € STm(g, h) follows from the fact
that

f€S8Tm(g.h) < f+ge€STm(h).

For k=1,2,--- ,m, define the functions F' and Hj, by

FE) = 30 fi(, i) =

It will first be proved that F' belongs to ST («). If fe STm(h) and z € U, then
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by (2.4), F' satisfies
2F'(2)
F(z)

=< h(z).

Since Re h(z) > a, the subordination (2.5) yields

Re (Z;:ES)) >,

and hence F € ST ().

A computation shows that

Apx fi)(z)  _ (xzfp)(=)
m (@ [)(2) (D% STy fi)(2)
zf’
) (6% —EF)(2)
(6 75 2T f1)(2)
(¢ x HyF)(2)
(¢ F)(2)

Since ¢ € Ry and F' € 8T («), Theorem 2.1 yields

(¢ * HiF)(2)

and because H}(z) < h(z) , we deduce that

(0 fi)'(2)
g1 (6% £)(2)

Thus f * ¢ € STm(h).

<h(z) (k=1,--,m).

(2.5)

(2.6)

2 e function f is in m(g, h) if and only i zf is in m(g, h) an
The f f CcV h) if and only if zf’ ST h d

by the first part above, it follows that ¢ % zf’ = z(¢ * f)’ € 8Tm(g,h). Hence

¢ x f €CVnlg,h).

Remark 2.1 For ¢ € Rq, the above theorem can be expressed in the following
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equivalent forms:

STm(g9,h) CSTm(¢*g,h), CVm(g,h) CCVn(d*g,h).

When m = 1, various known results are obtained as special cases of Theorem
2.3. For instance, Theorem 3.3 and Corollary 3.1 in [178, p. 336] are easily deduced

from Theorem 2.3 as follows:

Corollary 2.1 Let g be a fized function in A. Let h be a convexr univalent function

satisfying Re h(z) > 0, h(0) =1 and ¢ € CV.
(1) If f € ST(g,h), then ¢« f € ST (g,h).
(2) If f € CV(g,h), then ¢ x f € CV(g,h).

Proof. From (1.23) in page 19, it follows that CV = Ry. By Theorem 2.2 (2),
for 0 < a <1, Ry C Ra, and hence CV C Ry. Then part (1) is deduced from

Theorem 2.3 (1), while part (2) follows from Theorem 2.3 (2) when m = 1. 1

For ¢g(z) = ko where kq is defined by (2.2), then Theorem 2.3 reduces to

Theorem 4 and Corollary 4.1 in [143, pp. 110-111].

Corollary 2.2 Let h be a convex univalent function satisfying Re h(z) > 0, h(0) =
1, and ¢ € CV.

(1) If f € STa(h), then ¢ x f € ST4(h).
(2) If f € CVq(h), then ¢ f € CVq4(h).

Proof. 1f g(z) = kq where kg is defined by (2.2), then part (1) follows from Theorem

2.3 (1), and part (2) follows from Theorem 2.3 (2) when m = 1. I
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Corollary 2.3 Let m > 1 be a fized integer and g be a fized function in A. Let h
be a conver univalent function satisfying Reh(z) > a, 0 < a < 1. Define

v+

Fi(z) = —

z
/ tv_lfk(t)dt (vyeC, Rey >0, k=1,---,m). (2.7)
0

If f € STm(g,h), then F = (F1, -+ ,Fp) € STm(g,h). Similarly, if €
CVm(g,h), then ' € CVp(g,h).

Proof. Define the function ¢ by

S 1
() = hy(2) =2+ 3 Zinz”
n=2

For Re~ > 0, by Lemma 2.1, the function ¢ is a convex function. Since CV = R
by (1.23), it follows that ¢ € Ry. Theorem 2.2 (2) shows that Ry C R, for

0 < a <1, and hence ¢ € Ry,. It is evident from the definition of F}. that

7+1/% ~1
= 7 t)dt
Sl S (10

1 [? >
- 7; /O 1 <t+ Zant”> dt

n=2

Fi(2)

a 1
= f1(2) * <z+ i z”)
nZQv—l-n

:<fk*¢)<z) (’YGC, Revzo,kzl,---,m),

so that F' = f x ¢. By Theorem 2.3 (1), it follows that F=fx¢c STm(g,h).

The second result is proved in a similar manner. |

Corollary 2.4 [144, Theorem 2, p. 324 Let h be a convexr univalent function
satisfying Reh(z) > 0, h(0) = 1. If f € STa(h), then F € ST4(h) where F is
given by (2.7).
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Proof. With g(z) = kq(z) defined by (2.2), desired result follows from Corollary

2.3 when m = 1. |

Theorem 2.4 Let m > 1 be a fized integer and g be a fixed function in A. Let h

be a conver univalent function satisfying Reh(z) > a, 0 < a <1, and ¢ € Rq.

(1) If f € CCVim(g, h) with respect to 1 € STm(g, h), then f+ ¢ € CCVm (g, h)
with respect to 1 x ¢ € ST (g, h).

(2) [ff € QCVp(g,h) with respect to ¢ € CVp(g,h), then f* » € QCVm(g, h)

with respect to p x ¢ € CVp(g, h).

Proof. (1) In view of the fact that
feCCVm(g,h) < fxgeCCVm(h),

we shall only prove that f % ¢ € CCVp(h) when f € CCVp(h). Let f € CCVp(R).

For k =1,2,--- ,m, define the functions F' and Hj by

FE) = 30, o) = S
j=1

Since ¢ € STn(h), it is evident from (2.6) that F € ST ().

That ¢ % ¢ € STm(h) follows from Theorem 2.3 (1). Now, a computation

shows that
Ao f)(2)  _ (@x2f)()
YT () (2) (B am STy ¥)(2)
_ (¢x Hpl)(2)
(¢ * F)(2)

Since ¢ € Ry and F' € ST (a), Theorem 2.1 yields

(¢ + HF)(2)
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and because Hy(z) < h(z), it follows that

(0 fi)'(2)
g1 (0 +15)(2)

<h(z) (k=1,--,m).

Thus f % ¢ € CCVm(h).
(2) The function f is in QCVy (g, h) if and only if zf’ is in CCVy(g, k) and by
the first part, clearly ¢ zf' = z(¢x f) € CCVin(g, h). Hence ¢ f € QCVpm (g, h).

Again when m = 1, known results are obtained as special cases of Theorem 2.4.
For instance, [178, Theorem 3.5, p. 337] follows from Theorem 2.4 (1), and [178,
Theorem 3.9, p. 339] is a special case of Theorem 2.4 (2). Indeed, the following

result was proved by Shanmugam [178].

Corollary 2.5 Let g be a fized function in A. Let h be a convexr univalent function

satisfying Re h(z) > 0, h(0) =1 and ¢ € CV.

(1) If f e CCV(g, h) with respect to ) e ST(g,h), then fxge CCV(g,h) with
respect to 1 % ¢ € STg, h).

(2) If f € QCV(g,h) with respect to p € CV(g,h), then f+ ¢ € QCV(g,h) with

respect to ¢ x ¢ € CV(g, h).

Proof. In view of the fact that CV = Ry, and by Theorem 2.2 (2), for 0 < a < 1,
® € Rg C Ra. When m = 1, the first part follows from Theorem 2.4 (1), and the

second part is a special case of Theorem 2.4 (2). I

As an application of Theorem 2.4, the following result shows that the class

CCV (g, h) is closed under Bernardi-Libera-Livingston integral transform.

Corollary 2.6 Let m > 1 be a fized integer and g be a fized function in A. Let

h be a convexr univalent function satisfying Reh(z) > «, 0 < a < 1. Let F},
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be the Bernardi-Libera-Livingston integral transform of fi. defined by (2.7). If
f€CCVm(g,h), then F = (Fy,--- , Fp) € CCVm(g,h).

The proof is similar to the proof of Corollary 2.3, and is therefore omitted.

Corollary 2.7 [144, Theorem 4, p. 326] Let h be a convexr univalent function
satisfying Re h(z) > 0, h(0) = 1. Let F be the Bernardi-Libera-Livingston integral

transform of f defined by (2.7). If f € CCVq(h), then F € CCVq4(h).

Proof. Choose g(z) = kq(z) defined by (2.2) in Corollary 2.6. I

2.3 Convolution of Meromorphic Functions

Let ¥ denote the class of functions f of the form
1 o0
f(z) = P X:Oanzn (2.8)
n=

that are analytic in the punctured unit disk #* = {z : 0 < |z| < 1}. The

convolution of two meromorphic functions f and g, where f is given by (2.8) and

9(2) = 1 43209 bp2", is given by

(f*9)(z):= % + Z anbn2".
n=0

In this section, several subclasses of meromorphic functions in the punctured
unit disk are introduced by means of convolution with a given fixed meromorphic
function. Convolution properties of these newly defined subclasses will be investi-
gated. Simple consequences of the results obtained will include the work of Bharati
and Rajagopal [35] involving the function kq(z) := 1/(2(1 — 2)%), a > 0, as well
as the work of Al-Oboudi and Al-Zkeri [3] on the modified Salagean operator.

Motivated by the investigation of Shanmugam [178], Ravichandran [159], and

Ali et al. [15], several subclasses of meromorphic functions defined my means of
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the differential subordinations were introduced by Mohd et al. [120]. For instance,
the familiar classes of meromorphic starlike and convex functions and other related

subclasses of meromorphic functions can be put in the form

)= {res: S ),

cv o . (f *g) 5
R e (e ToaR L)}

where ¢ is a fixed function in ¥ and A is a suitably normalized analytic function
with positive real part. The class of meromorphic starlike functions of order «,

0 < a < 1, defined by

{9

is a particular case of Y% (g, h) with g(z) = 1/2(1 — 2) and h(z) = (1 + (1 —

2a)2)/(1 — 2).

Let
1 1 & A Y,
S — = - S . 2.9
pe) = e Z+g%(k+1+A) @)
Now for >0, A > 0, u > 0, define the linear operator I)B\M : Y — X by

If"uf(Z) - <f * P * qﬂ,)\)(’z):

where f is given by (2.8). The functions g1, go, - - -, gm are in the class Eiﬂ(m, h)

if they satisfy the subordination condition

AT )
LTy 9i(2)

<h(z) (zelU*, k=1,2,---,m). (2.10)
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The class Zf M(m, h) was investigated by Piejko and Sokét [148].
Al-Oboudi generalized the known Salagean operator and defined the operator

DY f for meromorphic functions as follows;

DYFE) = £:), D) = (1~ 02 4+ AT 35 0
2 yn—1 !
112 = DADy () = (- N S TEL e

Al-Oboudi and Al-Zkeri [3] applied this operator and introduced the subclasses
Y(m,n, A\, h) and Q(m,n, A\, h) of X. The function f = {f1, fo, -+, fm}, fi € %,

1 <i < mis in the class X(m,n, A\, h) if

2(DY fi(z))

- < h(z zeUri=1,---,m 2.11
IYm e ) 240

where h is convex univalent in U* with h(0) = 1. Let Q(m,n, A, h) denote the

class of functions f € ¥ such that

DY)
+ > ity DYgj(z)

< h(z) (2 €U (2.12)

where g = {glvg27 o ng} € E(m7 n, >\7 h‘)
The class 3(m,a, h) consists of functions g = {g1,92, - ,9m}, g € &, 1 <

1 < m satisfying

_ 2(ka * g;)'(2)
LS (K * g5)(2)

<h(z) (zeU",i=1,2,---,m) (2.13)

where ZT:l(ka *g;)(2) # 0 in U*, h is convex univalent in U* with h(0) = 1, and
kg is given by

ko(2) == (a > 0). (2.14)

z(1—2z)@
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Let C*(m,a, h) denote the class of functions f € ¥ such that

 z(kax ) (2)
T > i (ka * g5)(2)

<h(z) (zeU*)i=1,2---,m) (2.15)

where g = {91,92, "+ ,9m} € X(m,a,h). The classes X(m,a,h) and C*(m,a,h)
were studied by Bharati and Rajagopal [35].

Here four classes ©5 (g, h), £5%(g, h), 2%V (g, h) and $7° (g, h) of meromorphic
functions are introduced. As before, it is assumed that m > 1 is a fixed integer, g
a fixed function in ¥, and h a convex univalent function with positive real part in

U satistying h(0) = 1.

Definition 2.3 The class X5L(h) consists of f = (fi, o, fm), fr €2, 1<
k < m, satisfying Z;n:l fi(2) # 0 in U™ and the subordination
mzfé(z)
—=——=<h(z) (k=1,---,m).

> ey £i(2)
The class S5t (g, h) consists of f for which fxg:= (fi*g,fa%g, -+, fm*g) €
S5t(h). The class SEV(R) consists of f for which —zf € $5t(h) or equivalently
satisfying the condition Zﬁl fj’(z) £ 0 i U* and the subordination

m(zf;) (2)

—WKh(Z’) (kzl,,m)
J=L7)

The class SV (g, h) consists of f for which f* g € S (h).

Various subclasses of meromorphic functions investigated in earlier works are
special instances of the above defined classes. For instance, if g(z) := 1/z(1 — 2),
then X5 (g, h) coincides with 25 (h). By putting g = Pu * qg,\ where py, and gg

are given by (2.9), the class ¥5(g, h) reduces to the class Ziu(m, h) given by
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(2.10) investigated in [148]. If g = kj, where

1 o0
k = — n,k )
n(2) =~ + D [1+ Mk + 1)), (2.16)
k=1
then the class of X5 (g, h) is the class X(m,n, A, h) given by (2.11) studied in [3].
If g = kq is given by (2.14), then the class £5! (g, h) coincides with ¥(m, a, h) given

by (2.13) investigated in [35].

Definition 2.4 The class X5 (h) consists of f = (fi,fo, - fm), freX, 1<

k < m, satisfying the subordination

mzf]’ﬂ(z)
—=m—— < h(z) (k=1,---,m),
21 ¥5(2)
for some 1 € S5t(h). In this case, we say that f € SCU(h) with respect to
= Y5L(R). The class X5V(g, h) consists of f for which f x g = (f1 * g, fo *
gy, fmxg) € XEV(h). The class S35 (h) consists of f for which —zf' € $EY(h)

or equivalently satisfying the subordination

_M<h(2) (k=1,---,m),

ST 2)
for some ¢ € CVm(h) with —2¢' = ¢ and ¢ € STm(h). The class L (g, h)

consists of f for which f+ g e LI"(h).

If g(z) :=1/2(1 — z), then X£5(g, h) coincides with XV (h). If g(2) = kn(2)
is defined by (2.16), then X55Y(g, h) reduces to Q(m,n, A, h) defined by (2.12) and
investigated in [3]. If g(z) = kq(2) is defined by (2.14), then the class 3$Y(g, h) is
the class C*(m,a, h) defined by (2.15) and studied in [35].

The following modification of Theorem 2.1 is required in the sequel.

o1



Theorem 2.5 Let « < 1, f,¢ € 8, 22¢ € Ro and 22f € S*(a). Then, for any

analytic function H € H(U),

oxUHD) ) oo
o) CT(HMU),

Theorem 2.6 Assume that m > 1 is a fized integer and g is a fized function in
Y. Let h be a convex univalent function satisfying Reh(z) < 2 —«a, 0 < a < 1,

h(0) =1, and ¢ € & with 22¢ € Ra.
(1) If f € S5t(g. h), then fx ¢ € Sit(g, h).
(2) If f € £5(g.h), then f ¢ € S(g, h).

Proof. (1) Since

fesslgh) & f+geii(h),

it suffices to prove the result for g(z) = 1/z(1 — z). For k = 1,2,--- ,m, define the

functions F' and H;. by

P = 230 o) = -,
=1

We show that F satisfies the condition 22F € ST (). For f € %5t(h) and

z € U, clearly

Hp(z) = —%’S) ehU) (k=1,---,m).

Since h(U) is a convex domain, it follows that

or

S22 h(2). (2.17)



Since Re h(z) < 2 — a, the subordination (2.17) yields

—Re <Z§£S>> < 2—a,

and thus

Re (w) e o (2.18)

Inequality (2.18) shows that 22F € ST ().

A routine computation now gives

L f)(2) (@ (=2f))(R)
BTG [)(2) (D% Ty fi)(2)
(px HyF)(2)
(6 F)(2)

Since 22¢ € Ry and z°F € ST (a), Theorem 2.5 yields

(¢ * HypF)(2)

and because Hy(z) < h(z), it is clear that

EEECEI NG
26 £)(2)

<h(z) (k=1,---,m).

Thus f % ¢ € D5t (h).

(2) The function f is in X% (g, h) if and only if —zf’ is in 25t (g, h) and the
result of part (1) shows that ¢ « (—zf") = —z(¢ * f)' € ©5t(g,h). Hence ¢ * f €
Sk (g.h). !

Remark 2.2 Let h be a convex univalent function satisfying Reh(z) < 2 — a,

0<a<l, and ¢ € X with z2¢ € Ra. The above theorem can be written in the

53



following equivalent forms:
Sim(9,h) C En(oxg,h), Ei(g,h) C B3 (6% g, h).

Corollary 2.8 [148, Theorem 6, p. 1265] Let h be a convex univalent function
satisfying Re h(z) < 2, and ¢ € ¥ with 226€CV. If f1, fo, -+, fm € Efﬂ(m, h),

then f1 %6, fax &, fn * 6 €3 (m, h).

Proof. By Theorem 2.2 (2), for 0 < a < 1, 22¢ € Rq. If g(2) = pu*qg. ) is defined

by (2.14), then the desired result follows from Theorem 2.6 (1). 1

Corollary 2.9 Assume that m > 1 is a fized integer and g is a fized function in
Y. Let h be a convexr univalent function satisfying Reh(z) <2 —a, 0 < a < 1.

Define

1 z
Fi.(2) = %/0 O @)dt (yeC, Rey >0, k=1,---,m). (2.19)

If f € 55L(g,h) , then F = (Fy, -, Fp) € S5(g, h). Similarly, if f € S¢(g,h),
then F € X¢(g, h).

Proof. Define the function ¢ by

For Rey > 0, by Lemma 2.1, the function 22(;5(,2) is a convex function. Since

CVY = Ry, and Theorem 2.2 (2) shows that Ry C Ry for 0 < a < 1, hence
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22¢(2) € Rq. It is evident from the definition of F}, that

Z v+1 n
7+2+n
:<f]€*¢)<2) (7667 R‘ef}/ZO; kzl?”'am)7

so that F' = f % ¢. By Theorem 2.6 (1), it follows that F' = f % ¢ € X5 (g, h).

The second result is established analogously. |

Again we take note of how our results extend various earlier works.

Corollary 2.10 [44, Proposition 2, p. 512] Let h be a convexr univalent func-
tion satisfying Reh(z) < v+ 1, v > 0. If fi,fo, -+, fm € Zfﬂ(m, h), then
Fi,Fy,--- by € Efu(m, h) where F}, is given by (2.19).

Proof. Choose g(z) = py *qg ) defined by (2.14), the result follows from Corollary
2.9. |

Corollary 2.11 [35, Theorem 2, p. 11] Let h be a convex univalent function sat-
isfying Reh(z) < Rey + 2. If f1, fo, -+, fm € X(m,a,h), then Fy, Fy,--- , Fy €
X(m,a, h) where F}, is given by (2.19).

Proof. Choose ¢(z) = kpn(z) defined by (2.16), Corollary 2.9 yields the desired

result. |

Theorem 2.7 Assume that m > 1 is a fized integer and g is a fized function in
Y. Let h be a convex univalent function satisfying Reh(z) <2 —a, 0 < a < 1,

and ¢ € ¥ with 22¢ € Ra.
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(1) If f € XE(g, h) with respect to ¢ € S5t(g,h), then f* ¢ € TEY(g, h) with

respect to 1 % ¢ € 5L (g, h).

(2) If f € S¥g, h) with respect to ¢ € LE(g,h), then f* ¢ € IV (g,h) with

respect to @ x ¢ € X (g, h).

Proof. (1) By using
feE5(g.h) & frgeSir(h),

it is sufficient to prove that f x ¢ € B¢V (h) when f € LU (h). Let f € XCV(h).

For k =1,2,--- ,m, define the functions F' and H}, by

F(o) = Yol Hi) = -
j=1

Inequality (2.18) shows that 22F € ST (a).

It is seen that

2 () (@ (=2fp))()
YT (G ) (2) (6 gm STy ¥g)(2)
(¢ HpF)(2)

(¢ + F)(2)

Since 22¢ € Rq and 22F € ST (), Theorem 2.5 yields

(6% HeF)(2)

and because Hy(z) < h(z), it follows that

2o f)'(2) —
T (e

Thus f % ¢ € BV (R).
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(2) The function f is in 247" (g, k) if and only if —zf' is in £ (g, h) and from
the first part above, it follows that ¢ * (—zf’) = —2z(¢ * f)’ € X%(g,h). Hence

¢* f e Xl (g,h). I

The following corollary shows that the class 3£5(g,h) is closed under the

Bernardi-Libera-Livingston integral operator.

Corollary 2.12 Assume that m > 1 is a fized integer and g is a fived function in
Y. Let h be a convex univalent function satisfying Reh(z) <2—a, 0 < a < 1. Let

Fy. be defined by (2.19). If f € (g, h), then F' = (Fy,--- , Fy) € 25V(g, h).
The proof is analogous to Corollary 2.3 and is omitted.

Corollary 2.13 [3, Theorem 3.1,p. 9] Let h be a convexr univalent function sat-
isfying Re h(z) < Revy + 2. Let F be defined by (2.19). If f € Q(m,n, A\, h), then
FeQ(m,n,\h).

Proof. Let g(z) = kn(z) be defined by (2.16). Then the desired result now follows

from Corollary 2.12. 1

Corollary 2.14 Let h be a convex univalent function satisfying Re h(z) < Rey+2.
Let F' be defined by (2.19). If f € C*(m,a,h), then F' € C*(m,a,h).

Proof. By choosing g(z) = kq(z) defined by (2.14). Then the result follows from

Corollary 2.12. I
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CHAPTER 3
GRONWALL’S INEQUALITY AND INCLUSION CRITERIA FOR
SUBCLASSES OF FUNCTIONS

3.1 Introduction

The Schwarzian derivative of analytic functions has important invariant properties.
We recall that the Schwarzian derivative S(f,z) of a locally univalent analytic

function f is defined by

o (7) -+ (5)

The Schwarzian derivative is invariant under Mobius transformations. Indeed, the

Schwarzian derivative of an analytic function f is identically zero if and only if it
is a Mobius transformation [48, p. 259].

Nehari showed that the univalence of an analytic function in &/ can be guaran-
teed if its Schwarzian derivative is dominated by a suitable positive function [124,
Theorem I, p. 700]. In [123], by considering two particular positive functions, a
bound on the Schwarzian derivative was obtained that would ensure univalence of

an analytic function in A. In fact, the following theorem was proved.

Theorem 3.1 [123, Theorem II, p. 549] If f € A satisfies

7T2

then f € S. The result is sharp for the function f given by f(z) = (exp(inz) —
1)/im.

The problem of finding similar bounds on the Schwarzian derivatives that

would imply univalence, starlikeness or convexity of functions was investigated by
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a number of authors including Gabriel [55], Friedland and Nehari [54], and Ozaki
and Nunokawa [139]. Corresponding results related to meromorphic functions were
dealt with in [55,68,123,149]. For instance, Kim and Sugawa [80] found sufficient
conditions in terms of the Schwarzian derivative for locally univalent meromorphic
functions in the unit disk to possess specific geometric properties such as starlike-
ness and convexity. The method of proof in [80] was based on comparison theorems

in the theory of ordinary differential equations with real coefficients.

For 0 < a < 1, let SST(«) be the subclass of A consisting of functions f

satisfying the inequality

S

o
< —.
-2

Functions in SST («) are called strongly starlike functions of order . Chiang [41]
investigated strong-starlikeness of order a and convexity of functions f by requiring
the Schwarzian derivative S(f,z) and the second coefficient ag of f to satisfy

certain inequalities. The following results were proved:

Theorem 3.2 [41, Theorem 1, pp. 108-109] Let f € A, 0 < o < 1 and |ag| =
n < sin(am/2). Suppose

sup [S(f, 2)| = 26(n), (3.1)
zel

where 6(n) satisfies the inequality

sin~ ! (1566/2) +sin~! (77 + l(1 + 77)566/2) < ar
2 2 2
Then f € SST (a). Further, |arg(f(2)/z)| < am/2.

Theorem 3.3 [41, Theorem 2, p. 109] Let f € A, and |as| = n < 1/3. Suppose
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(3.1) holds where §(n) satisfies the inequality
61+ 5(1 + n)de®/? < 2.

Then

Fecy <2 — 61 — 5(1+77)5e‘5/2>

2 — 21 — (1 +n)ded/2

In particular, if ag = 0 and 26 < 0.6712, then f € CV.

Chiang’s proofs in [41] rely on Gronwall’s inequality (see Lemma 3.1 below). In
this chapter, Gronwall’s inequality is used to obtain sufficient conditions for ana-
lytic functions to be univalent. Also, certain inequalities related to the Schwarzian
derivative and the second coefficient will be formulated that ensure analytic func-
tions possess certain geometric properties. The sufficient conditions for convexity
obtained by Chiang [41] will be seen to be a special case of our result. A suffi-
cient condition in terms of the Schwarzian derivative and the second coefficient for

function f to be starlike will also be obtained.

3.2 Consequences of Gronwall’s Inequality

Gronwall’s inequality and certain relationships between the Schwarzian derivative
of f and the solution of the linear second-order differential equation y” + A(2)y = 0
with A(2) := S(f;2)/2 will be revisited in this section. We first state Gronwall’s

inequality.

Lemma 3.1 [71, p. 19] Suppose A and g are non-negative continuous real func-

tions fort > 0. Let k > 0 be a constant. Then the inequality

t
o(t) <k + /O 9(5) A(s)ds
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implies

g(t) < kexp (/OtA(s)ds) (t > 0).

For the linear second-order differential equation
Y +Az)y =0 (3.2)

where A(z) := S(f;2)/2 is an analytic function, suppose that v and v are two
linearly independent solutions with initial conditions u(0) = v/(0) = 0 and u/(0) =
v(0) = 1. Such solutions always exist, and y1(z) = au(z) + bv(z) and yo(2) =
cu(z) + dv(z) with ad — bc # 0 and the ratio f(z) = y1(z)/y2(z) satisty (3.2).

Indeed, the logarithmic derivative of

'(5) = y/1(2>92(2) —yé(z)yl(z) _ 1

18

Hence,

The normalization of f gives a = 1 and b = 0. Since f/(0) =1, so d = 1. Hence

the function f is represented by

fz) = ——2) (3.3)



It is evident that

- _ , (3.4)
(cu(z) +v(2)> (cu(z) +v(2))?

where W(u, v) is the Wronskian of u and v. Also, the function f” given by

=2(c/ (2) +0/(2))

f(z) =
(cu(z) + v(z))3

together with the normalization conditions for v and v show that ¢ = —ao. Es-
timates on bounds for various expressions related to u and v were found in [41].

Indeed, using the integral representation of the fundamental solutions

u(z) =z+ [5(n—2)A(n)u(n)dn,
(3.5)

v(z) =1+ [5(n—2)An)v(n)dn,

and applying Gronwall’s inequality, Chiang obtained the following inequalities [41]:

[u(z)] < 72, (3.6)

@ 1)< 20, (3.7)
leu(z) + v(2)| < (1 +n)e?, (3.8)
lcu(z) +v(z) — 1| <+ %(1 +1)6e/2, (3.9)

The proof of these inequalities follows by taking the path of integration to be

nt) =t ¢ € [0,7], z = re?, and applying Gronwall’s inequality whenever
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|A(2)| < § and 0 < r < 1. For instance,

u(z)] = |z + /O (0 — 2) Al)u(n)dn

<1+ /Or(r — )| At Ju(te?)|dt

< exp( / "(r — AW dr) < exp(6/2).

This proves inequality (3.6). Note that there was a typographical error in [41,
inequality (8), p. 112], and that inequality (3.7) is the right form. Substituting
(3.6) back into (3.5) yields

u(z) — 2| =

/Oz(n - Z)A(U)U(U)dﬁ'
" i0 i0
< [ = olaue) juteea

r

gaexp(5/2)/ (r — 1)t
2

- 5exp(5/2)% < Jexp(6/2)/2.
Hence inequality (3.7) holds. From (3.5), it follows that
cu(z) +v(z) =1+cz+ /OZ(C — 2)A(Q)(cu(¢) + v(€))dc, (3.10)
and therefore
lcu(z) +v(z)| < 1+ |dr + /Or(r — O] At |(cu(te®) + v(te'?))|dt.
Gronwall’s inequality shows that, whenever |A(z)| < d and 0 <r < 1,

leu(z) +v(2)] < (1+]|c|) exp (/Or(r - t)]A(tei0)|dt)
< (1+|c|) exp(6/2). (3.11)
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This proves inequality (3.8). If (3.11) is substituted back into (3.10), then

lcu(z) +v(z) — 1] < |dr + /Or(r — DAt |(cu(te’) + v(te™?))|dt
<n+(L+m5wp®ﬂ%/Qr—ﬂﬁ
0

exp(9/2)

<n+(1+n) 5

Therefore, inequality (3.9) holds.

3.3 Inclusion Criteria for Subclasses of Analytic Functions
The first result leads to sufficient conditions for univalence.

Theorem 3.4 Let 0 < a<1,0< <1, f € A and |as| =n, where a, B and n

satisfy
. —1 2 -1 aT
sin— (B(1+7n)7) +2sin”n < - (3.12)
Suppose (3.1) holds where 6(n) satisfies the inequality
1
sin™! (8(1 +1)%%) + 2sin~} (n +50+ n)5e5/2> < % (3.13)

Then |arg(f!'(z) — B)| < ar/2.

Proof. 1t is evident that

0—0

lim (sin_1 (B(1+ 77)265) +2sin~ ! <77 + %(1 + 77)565/2) )

=sin~ ! (B(1 +n)?) +2sin" 7,

Let € = (am/2) — (sz'n_l(ﬁ(l + 7])2) + 2sin~1 7). From (3.12) follows that € > 0.
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The inequality
1
sin ™t B(141)%%) +2sin ! (77 + 51+ n)5e5/2) <sin~! (B(1+n)?) +2sin L e

together with condition (3.12) show that there is a real number 6(n) > 0 satisfying
inequality (3.13). The representation of f’ in terms of the linearly independent
solutions of the differential equation y” + A(2)y = 0 with A(z) := S(f;2)/2 as

given by equation (3.4) yields

_1-Bleu(z) +v(2)?

fl(z) =8 culE) + o) (3.14)
If follows from the fact |argw| < sin™! 7 that inequality (3.8) implies
|arg (1 — B(c u(z) + v(z))Q)\ <sin~! (B(1+ 77)265). (3.15)
Similarly, inequality (3.9) shows
larg (c u(z) +v(z))| < sin ! (77 + %(1 + 77)5@5/2) : (3.16)

Hence, it follows from (3.14), (3.15) and (3.16) that

|arg(f'(2) — B)| =

o (S e
(

< larg (1 — B(c u(z) +v z))Q)\ + 2| arg (c u(z) + v(2))]

< sin 181 + n)2%e®) + 2sin ! (77 + %(1 + 77)565/2)

aT
< I
- 2
where the last inequality follows from (3.13). This completes the proof. |

By taking 8 = 0 in Theorem 3.4, the following univalence criterion is obtained.
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Corollary 3.1 Let f € A, and |ag| = n < sin(an/4), 0 < a < 1. Suppose that

(3.1) holds where 6(n) satisfies the inequality
1 5/2 . [am
— < — .
77+2(1+77)56 _sm<4>

Then |arg f/(2)| < arn/2, and in particular f € S.
Example 3.1 Consider the univalent function g given by

z
= < .
92 =1 (<1, zel)

Since the Schwarzian derivative of an analytic function is zero if and only if it is
a Mdobius transformation, it is evident that S(g,z) = 0. Therefore the condition
(3.1) is satisfied with 6 = 0. It is enough to take n = |c| and to assume that n, a

and [ satisfy inequality (3.12). Now

|arg(g'(2) — B)| = argm — 8| < |arg(1 — B(1 + ¢2)?)| + 2| arg(1 + c2)]

<sin YA +¢))?) + 2sin7 ! |l
In view of the latter inequality, it is necessary to assume inequality (3.12) for g to
satisfy | arg(g'() — B)| < ar/2.

Let 0 < p <1, 0< X< 1, and « be a positive integer. A function f € A is

called an a-Bazilevi¢ function of order p and type A, written f € B(a, p, \), if

R%#%) >p (zel)

for some function g € ST (A). Bazilevic¢ [32] introduced the above class of functions

and proved such functions are univalent in . Thomas [200] called a function
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satisfying the condition

e )
Re(Jtne) 70 (€t 95T

an a-Bazilevi¢ function, written f € B(«). Certain subclasses of B(«a) have been
investigated widely by Keogh and Miller [78], Merkes and Wright [106] , Zamorski
[210], and Mocanu et al. [115].

The following subclass of a-Bazilevi¢ functions introduced by Gao [56] is of

interest. A function f € A is called strongly a-Bazilevic¢ of order (3 if

g ((m) - f’(Z))

For the class of strongly a-Bazilevic functions of order 3, the following sufficient

<%T (>0, 0<p <.

condition is obtained.

Theorem 3.5 Let « > 0, 0 < 8 < 1, f € A and |ag| = n, where n, a and B

satisfy

Suppose (3.1) holds where 6(n) satisfies the inequality
1 (L 52 1 1 52\ _ B
|1 — «a|sin 556 + (14 «)sin n+§(1+n)5e < - (3.17)

Then f is strongly a-Bazilevic of order [3.

Proof. Since

lim <\1 — asin™! (%565/2) +(1+a)sin~! (7} + %(1 + 77)566/2) )

6—0

= (14 a)sin" 1y,
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then the inequality
1 1
11— asin™! (5(565/2> +(1+a)sin™? <77 + 5(1 + 7])565/2> <(l+a)sin ly+e

holds for a given € = (87/2) — (1 + a)sin~17. This shows that the condition
(14 a)sin~ty < B7/2, or equivalently n < sin(f7/2(1 + «)) ensures that there is

a real number §(n) satisfying (3.17). Using (3.3) and (3.4) lead to

arg ((%) - f’(2)> ‘ — |arg ((@)M (cu(z) + v<z>>‘<a“>> |

<1 - af |arg (ﬁ)' Fla+ 1] Jarg(eu(z) +v(2))]

Inequality (3.7) shows that

arg (“(Z)N < sin~! (%(565/2) (3.18)

z

It now follows from (3.16), (3.17) and (3.18) that

e ((f()) i “”) ‘

<1 —alsin™! <%6e5/2) +(1+a)sin! (7] + %(1 + 77)5@5/2)

< b
-2

For oo > 0, consider the class R® defined by

R ={fe A:Re(f'(z) +azf"(z)) > 0}.

For this class, the following sufficient condition is obtained.
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Theorem 3.6 Let o« >0, f € A and |ag| =1, where n and « satisfy

_ _ 2na s
2sin”!n4sin”! (—— ) < <. 3.19
sin” " 1 + sin (1 - 77) 5 (3.19)

Suppose (3.1) holds where 6(n) satisfies the inequality

2sin (7]—|—2(1—|—77)6e )—irsm (2—277—(1+77)5€5/2 < 5" (3.20)

Then f € R(a).

Proof. Tt is evident that

5/2
lim (2 sin 1 <77 + %(1 + 77)565/2) 4 sin— ! (404(77 + (1 +mn)de ) ) )

=0 2 —2n — (14 n)ded/?

2
= 2rsilrl_177—|—sin_1 ( ne > .
L=n

Again it is easily seen from a limiting argument that condition (3.19) guarantees
the existence of a real number 6(n) > 0 satisfying inequality (3.20). It is sufficient

to show that

e (10 (0057 ) <

The equation (3.4) yields

NS

2f"(z) _ _2Zcu’(z) +v'(2)

70 cu(z) T oz) (3.21)

A simple calculation from (3.5) shows that

el (2) +0/(2) = ¢ /0 " A() (culn) + v(n))di.
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and an application of (3.8) leads to
() 4/ el 4 [ LAl eat) + oty <o (14 macl2, (32)
Use of (3.9) yields
lcu(z) 4 v(2)] > 1 |eu(z) + v(z) — 1] > 1 — 1 — %(1 Fa)sed2 (3.23)

The lower bound in (3.23) is non-negative from the assumption made in (3.20).

From (3.21), (3.22) and (3.23) , it is evident that

(O ey e
20(n + (1 + n)3e’?)

IN

Hence,

" 0
arg (1 + ozzf (Z)) ' <sin ! (4@(77 L+ m)oc /2) ) : (3.24)

f(2) 2 — 21 — (14 n)ded/2

From (3.16) it follows that

|arg f'(2)] = 2| arg(cu(z) + v(z))| < 2sin~ ! (77 + %(1 + 77)566/2> : (3.25)

Using (3.4) and (3.16), inequality (3.25) together with (3.24) and (3.20) imply that

e (10 (1 53))

e (o)

- 1 5/2) L o1 [ Aon+ (14 n)oc/?)
< 2sin <77+ 2(1—1—77)56 )—i—sm (2—277—(1—1—77)565/2

< |arg f'(2)| +

<=1

|

70



Generalizing the familiar starlike and convex functions, Lewandoski et al. [91]

introduced ~-starlike functions consisting of f € A satisfying

e () (1+5) ) 20 0=n <,

Further discussion can be found in [38,51,194]. More generally, let M(«, 5) be

the class of analytic functions defined by

M(a, ) = {fGA:Re ((z}fgi,;))“ (1+%)5) >0,a,BeR}. (3.26)

The following sufficient condition for the class M(«, ) is obtained.

Theorem 3.7 Let f € A, |ag| =n < 1/3, and 8, « be real numbers satisfying

2
|| sin~ !y + | 3] sin ! (%) < g (3.27)

Suppose (3.1) holds where 6(n) satisfies the inequality

1
|t sin ™! (5(565/2> + |asin™ (77~|— (147 565/2)

L pfsint [ A+ et/ \ _x (3.28)
2— 2 — (141)5e/2 ) ~ 2

Then f € M(a, ).

Proof. Condition (3.27) assures the existence of § satisfying (3.28). From (3.3)
and (3.4), it follows that

2f'(2) I 1
fz) u(z) cu(z) +o(2)

(z €U). (3.29)
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By (3.18) and (3.16),

/
arg <ZJJ:(S>> ’ < sin~! (%565/2> + sin™! (77 + %(1 + ?7)(565/2> : (3.30)
Using (3.24) with a = 1, (3.30) and (3.28) lead to

() (58 )

s (5 )| s (4 )|

< |of

4 A+ 1+ 77)665/2)

+ |8] sin
8 2 — 2 — (14 n)ded/2
T
< —.
-2
This shows that f € M(a, ). 1

Remark 3.1 Theorem 3.7 yields the following interesting special cases.

(1) If « = 0, p =1, a sufficient condition for convexity is obtained. This case

reduces to a result in [41, Theorem 2, p. 109].
(2) For a=1, =0, a sufficient condition for starlikeness is obtained.

(8) For « = —1 and 8 =1, then the class of functions satisfying (3.26) reduces to

the class of functions

G:=<cfeA: Re

This class G was considered by Silverman [184]. He proved that functions in

the class G are starlike in U. The class G was also studied extensively by
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Tuneski [132, 201-203).

Theorem 3.8 Let >0, f € A and |ag| = n, where n satisfies

sin~! () +sin~! (%) < g (3.31)

Suppose (3.1) holds where 6(n) satisfies the inequality

sin ! (%566/2> +sin~! (77 + %(1 + 77)566/2>

0/2
+sin~ ! 45(77+ (1 +m)oe / ) <
2 -2~ (1+n)5e0/2 ) ~ 2

Then

2f'(2) | 21(2)
Re( e +8 o) )>0. (3.32)

The proof is similar to the proof of Theorem 3.7, and is therefore omitted. Con-

dition (3.31) is equivalent to the condition

n (1+\/(1—n)2—462n2+2ﬁ 1—7;2) < 1.
For 8 = 1, the above equation simplifies to
n® —4n” + 1205 — 120° + 65t + 200 — 4n® —dn+1=0;

the value of the root 7 is approximately 0.321336. Lewandowski et al. [92] proved
that analytic functions satisfying (3.32) are starlike. Functions satisfying inequal-
ity (3.32) has been extensively studied by Ramesha et al. [157], Obradovi¢ and
Joshi [134], Nunokawa et al. [133], and Padmanabhan [142].
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Consider the class P, 0 < < 1, given by

Py::{fEA: @

g (1= 7)<

, ZEZ/I}.

The same approach using Gronwall’s inequality leads to the following result on the

bl

class Py .
Theorem 3.9 Let 0 <~y <1, f € A and |ag| = n, where n and v satisfy

1
Sin_l (ﬁﬁ) + Sin_l n < g (333)

Suppose (3.1) holds where §(n) satisfies the inequality

sin”~! (%565/2) +sin~ ! (77 + %(1 + 77)565/2)
(3.34)

IN

+Sin1( 7 L L ) T
L—72—2p— (1+n)0e/21 — 2¢/2 2

Then f € Px.

Proof. 1t is clear that

lim (sin1 (%(565/2) +sin~ ! (77 + é(l + 77)565/2>

6—0

. 27y 1 1
+sin~!
L—v2—2n—(1+n)6e0/21—2¢0/2

oy 1 .
= sin (—1_7—77_1)—1-8111 n.
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Thus, the inequality

sin ! (%566/2> +sin~! (17 + %(1 + 77)(565/2>

o (2] )
1—=792 -2y — (1+n)8ed/21 —2e0/2

1
<sin! (L—) + Sin_ln—i— €.
1l—vyn—-1

holds for € = (7/2) — sin™! (y/(1 —~)(n —1)) — sin~ ' 7. Therefore, condition
(3.33) assures the existence of a small enough real number §(n) > 0 satisfying
inequality (3.34).

A simple calculation from (3.5) and Lemma 3.1 shows that

wwwausv—1H¢A?c—AA«m«w4
s<z—nam<é?<—am«mm)

< 265/ 2,
The above inequality gives
z 1 1 1
< < < ) 3.35
u@ | = @] = T ) — 1] = 122 339

Therefore, for some 0 < 5 < v/(1 — ), (3.29), (3.35) and (3.23) lead to

zf'(2) B z 1
‘1+5f@>‘1W”3w@ cu(z) + o(2)]
< B 1
T 12921~ — 114 n)ded/2
23 1

1—2e0/22 — 2y — (14 n)ded/2
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Hence

. Zf’(Z))‘ - ( 2p 1 )
ag<1+ﬁ f(2) =3 1—2e0/22 —2n— (14 n)ded/2) (3.56)

Also, (3.7) and (3.16) yield

u(z)
z(cu(z) + v(2))

arg

<

arg + |arg(cu(z) + v(z))|

2
<sin~! (%565/2> + sin™! (77 + %(1 + 7])565/2> : (3.37)

Replacing 8 by v/(1—+) in inequality (7.14), and using (3.37) and (3.34) yield

/
arg ((1 — 7)@ + 7f’(2)> ‘ < |arg ﬂ,:) e (1 "1 - vz}ff(ij)) ‘
< sin~ ! (%566/2> +sin~! <77 + %(1 + 77)565/2)
. -1 2y 1 1 )
+ sin (1_71_265/22_277_(1—|-77)(5e5/2
T
< a)
- 2
and hence f € P,. !
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CHAPTER 4
CONVEXITY OF INTEGRAL TRANSFORMS AND DUALITY

4.1 Duality Technique

For f € A, Fournier and Ruscheweyh [53] investigated starlikeness properties of

the operator

f(tz)
t

1
FE) =@ = [ Aol (4.1)

over functions f in the class
P(B) = {f € A:3p € Rwith Ree!® (f/(z) — 8) >0, = eu}.

Here X is a non-negative real-valued integrable function satisfying the condition
fol A(t)dt = 1. Ali and Singh [21] used the Duality Principle [172] to find a sharp
estimate of the parameter § that ensures V)(f) is convex over P(f3). In 2002,
Choi et al. [45] investigated convexity property of the integral transform (4.1) over

functions f in the class

Pa(B) = {f € A: 3¢ € R with Ree’ ((1 _ a)@

—l—ozf’(z)—ﬁ) > 0, ZEU},
a € R. The class Py (3) is closely related to the class Rq () defined by

Ra(B) = {f € A:3¢ € R with Ree’® (f/(2) + azf"(z) — B) >0, z€ u} .

It is evident that f € Rq(f) if and only if zf’ belongs to Pqu(3).

Consider now the following class of functions that includes both classes P(3)
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and Py (5). For a > 0, v > 0 and f < 1, define the class

Wa(any) = {f € A: 3¢ € R with
f(z)

Re ¢! ((1 —a+29) =+ (a - 2N (2) +vzf"(2) — 5) >0, z¢€ u} .

(4.2)

Thus P(8) = Ws(1,0), Pa(B) = Ws(a,0), and Ry(8) = Wg(1 + 27,7). The
class Wg(a,v) is closely related to the class R(«,v,h) consisting of all solutions

f € A satisfying
F1(2)+azf"(2) +722f"(2) < h(z) (2 €U),

with h(z) = hg(z) = (1 + (1 —28)2)/(1 — 2). Here g(2) < h(z) indicates the
function g is subordinate to h, or in other words, there is an analytic function w
satisfying w(0) = 0 and |w(z)| < 1 such that g(z) = h(w(z)), z € U. When ¢ =0
in (4.2), it is clear that f € R(a,,hg) if and only if zf" belongs to Wa(a, 7).
Every function f € R(«,~,h) for a suitably normalized convex function h has a
double integral representation, which was recently investigated by Ali et al. [12].
In a recent paper, Ali et al. [7] investigated starlikeness properties of the in-
tegral transform (4.1) over the class Wg(«,y). The present chapter investigates
convexity of the integral transform V) over the class Wg(«,v) by applying the Du-
ality Principle. Specifically, in Section 4.2, the best value § < 1 is determined that
ensures V) maps Wg(a, 7) into the class of convex functions CV. Necessary and suf-
ficient conditions are also derived that ensure V) (f) is convex univalent. In Section
4.3, simpler sufficient conditions for V) (f) to be convex are derived. These are used
in Section 4.4 in the discussion of several interesting applications for specific choices
of the admissible function A. As a consequence, the smallest value § < 1 is ob-

tained that ensures a function f satisfying Re (f’(z) +azf’(2) + 722f”’(z)) > [
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is convex in the unit disk. The results obtained in this section extend and improve
earlier works by several authors. The final section is devoted to extending the main
convexity result to the generalized integral operator of the form pz+ (1 — p)V)\(f),
p < 1. The best value 8 < 1 is obtained that ensures the latter operator maps

Ws(a,7) into the class CV.

4.2 Convexity of Integral Operators
The following notations introduced in [7] are used. Let p > 0 and v > 0 satisfy
p+v=a—vy and pv=-. (4.3)
When v = 0, then u is chosen to be 0, in which case, v = a > 0. When a = 1+ 27,
(43) yields uy+v=1+y=1+pv,or (u—1)(1—-v)=0.
(i) For v > 0, choosing pn = 1 gives v = .
(ii) For y =0, then y=0and v = a = 1.

In the sequel, whenever the particular case a = 1 + 2+ is considered, the values of
1 and v for v > 0 will be taken as ;4 = 1 and v =  respectively, while ; = 0 and
v =1 =« in the case v = 0.

Next we introduce two auxiliary functions. Let

Gup(z) =1+ Z L +nl)inlu . l)zna (4.4)
n=1
and
4 B sl n+1 n
wp,y(z) = ¢M,V(Z) = 1+ Z (nv+1)(nu + 1>Z

n=1

- /o1 /01 %~ (4.5)
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Here gb;}, denotes the convolution inverse of ¢, ,, such that ¢, , * gb;}/ =1/(1-2).

If v =0, then =0, v = «, and it is clear that

n+1 L
—1 2" = —_—
Yo.alz +Zna+1 /0 (1 —toz)2

If v > 0, then v > 0, u > 0, and making the change of variables u = t¥, v = st

wl/v—1,1/p—1
——dudv.
w”’ ,uy// 1—uvz uew

Thus the function v, can be written as

ul/v—1 l/u 1
/ / ————dudv, v >0,
(1 —uwz)

1
dt
| e et

Now let ¢ be the solution of the initial-value problem

result in

¢M,V(2) =

Ly / st L5 g,
Qv 0 (1+ st)3

d 1/v .

%t q(t) = (4.6)
Lajaa L=t

{ (1+1)3

satisfying ¢(0) = 0. It is easily seen that the solution is given by
1 x 2
:i/ / 111 1= Ldsdw =3 (n+1)"(=1)"t" (47)
we Jo Jo (1+ swt) = (14 pn)(1 +vn)

In particular,
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1 1 1
4y (t) = —/0 51/7—1(—615, >0, a=1+2y,

v 1+ st)?
1 —1/a/t 1a-1 1—-7
t) = —t dr, —0, a>0. 18
4a(t) a OT (1+7')3T 7 “ (4.8)

A well-known result [172, p. 94] states that

fEST@%(f*h)(z);éO (z eU), (4.9)
where h is given by
z2(1+ %2) _
h(z) = W (lef =1). (4.10)

This can be verified from Hadamard product in (4.9). Let e = (1 — T /(1 4 iT),

and

h(z) = hp(z) = — ((1 _“"'2)2 + f”;) | (4.11)

T 14T

Now, f € ST implies Re(zf’/f) > 0, or equivalently zf’/f # —iT, thus

2f! +iTf 1 z , z
ca+ 70T AT (f* A2 T 1—2) 70

& by * )(2) #0,

where hp given by (4.11).
Functions in the class Wg(a, ) generally are not convex. The following is the

main result that gives conditions for convexity.

Theorem 4.1 Let > 0, v > 0 satisfy (4.3), and let 5 < 1 satisfy

B—-1/2
1—-5

= / 1 A(t)q(t)dt, (4.12)
0
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where q is the solution of the initial-value problem (4.6). Further let

Ay(t) = /tl ML) e v >0), (4.13)

z1/v

;

1
/ Ay(x)ml/”_l_l/“dx, v>0 (>0, v>0),
t

Aalt), V=0 (=0, v=a>0),

\

and assume that tY/V A\, (t) — 0, and tl/“HMV(t) — 0 ast— 0. Let Vy be given

by (4.1) and h given by (4.10). Then

/

1
1—¢
Re [ 1I ttl/“_l(h’t ——)dt>0, >0,

(4.15)

1
1—t
Re [ TIp . ()t L [ B (tz) — dt>0 ~v=0
e/o‘ 0,0é() < (Z) (1+t)3 ’ 7 )

\

if and only if F(z) = V\(f)(2) is in CV for f € Wg(a,v). This conclusion does

not hold for smaller values of 3.

Proof. Since the case v =0 (¢ = 0 and v = «) corresponds to Lemma 3(ii) [45, p.
121], it is sufficient to consider only the case v > 0.

Let

f(2)

H) = (1—a+2) 22+ (0= 29)f'(2) + 72" (2).

Since p+ v = a — v and pv = v, then

HE) = (47— (=) T 4 (0 =) 72) +20(2)

= =) T ) 1) o)
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With f(2) =2+ > 775 a,2", it follows from (4.4) that

H(z) =1+ > apr1(nv + 1)(np+1)2" = f/(2) * ¢uu(2), (4.16)

n=1

and (4.5) yields

f1(z) = H(2) * ¢0(2). (4.17)
Let g be given by
O

Since Ree!®g(z) > 0, the Duality Principle allows us to assume that

B 14+ z2

9(2) = T

(lz] =1, |y[ = 1). (4.18)

Now, (4.17) implies that f'(z) = [(1 — 8)g(z) + 8] * ¥y (z), and (4.18) readily

gives

@;é/@ ((1_@)11";“;%) dw * ) (2), (4.19)

where for convenience, we write 1) 1= ;.

If f € Wg(a,7), then (4.9) states that
1
FeST ;(F*h)(z) #0 (z€l),
where h is given by (4.10). Now F € CV if and only if zF’" € ST, and so

0 # —(2F'(2) * h(2))

Q=R

1 z
(F(2) % 20 (2)) = © [ /O A(t)@dt v 2 (2)

z

A0, G
_/0 dt W ().

1—tz z
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From (4.19), it follows that

04 Ol%dt* E/OZ ((1_5)1:;%5) dw*w(z)l L (2)

= [ 20 wen [ [ (0= 01 )] v

)
e ) 1 [*1+azw B
_/0 AR (t2)dt + (1 — B) ;/0 1+ywdw+1_ﬁ}*¢(2)

—(1-p) [/OIA(t)h’(tz)dt+ %} " 3/0 du s (2)

Theorem 1.14 (p. 21) states that the dual set of functions g given by (4.18) consists

of analytic functions p satisfying p(0) = 1 and Rep(z) > 1/2 in U. Hence

0% -9 [0 (2 [ W) 2] FEE o
<=Re(1—p) :/01)\(15) G/Ozh’(tw)dw) dt+1fﬂ} w(z) > %
Re(1— B) :/Olw) G /OZ h’(tw)dw) i+ - }

Using (4.12), the latter condition is equivalent to

Re Uol @) (% /OZ W (tw)duw — q(t)) dt} F(2) > 0. (4.20)

From (4.5), the above inequality is equivalent to

Re

1 e n n+1 n
/0)\(15) <1+23n+1(m) gt ) ] <1+Z T +W+1)z>>o

n=1
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where h(z) = 2+ Y 22 9 Byz". Thus

(0.9]

1
0 < Re / ) (1 + nzl (m(/”:Sij )" - q(t)) dt
Re /0 By
1
o J, ¥
Re / "

which reduces to

e/ A(t) {/ / —h/tzuv V=11 = 1dvdu—q()}dt>0.

A change of variable w = tu leads to

1 t 1
Re / A) [/ / B (wzv)ywt Y=Lt P dudw — ,thl/VQ(t)} dt > 0.
o tYv Lo Jo

Integrating-by-parts with respect to ¢ and using (4.6) gives the equivalent form

Z (nv + ljzlnu +1) I (t2) - q(t)) dt

(/o /o % # (t2) — q(t)) dt
(/o1 / 'tz (M) dnd( — q(t)> dt,

I
=)
>z

o

1 1 1 1—
Re / Ay(t) {/ B (tao)t /v =gy — tl/”_l/ sl/“_l—Stgds] dt > 0.
0 0 0 (1+ st)

Making the variable change w = vt and 1 = st reduces the above inequality to

1 t
Re / Ay(t)tl/”_l/“_l [/ B (wz)w' M dw —/ /i 11—nd77} dt > 0,
0 0 0 (1+n)?

which after integrating-by-parts with respect to ¢ yields
R /11'[ O (W) — 2 Y ar s 0
e Z2)— ——= .

o (1+1)3

Thus F' € CV if and only if condition (4.15) holds.
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To verify sharpness, let [y satisfy

Bo—1/2

1
- /O AB)g()dt.

Assume that 8 < fy and let f € Wg(a,v) be the solution of the differential

equation
(a2 a2tz ) = 8+ (- B
From (4.16), it follows that
_ - 2(1 — 5) n+1
(z) = Z+712:1 (w+ Dinp+1)°
and
— ! f( —_ = ) ! n n+1
G(z)—/o A(t) = z:: nH WH) (/ A(t)t dt)z .
Thus

where 7, = fO t)t"dt. Now (4.7) implies that

> (n+ 1)2<—1)n7n

1
— _/0 AMt)g(t)dt = =) (14 pun)(1+vn)’

n=1

Bo—1/2
1— By

This means that

(.¢]

1-p
G’y —1+2(1-8 (D" _ <0.
(:¢) z=—1 * Z —|—,un 1+ wvn) 1— 05

n:1

Hence (2G’)'(2) = 0 for some z € U, and so G’ is not even locally univalent in U.
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Therefore the value of 5 in (4.12) is sharp. 1

Theorem 4.1 yields several known results. The case vy =0 (u =0 and v = «)

corresponds to the following result proved by Choi et al. [45].

Corollary 4.1 [45, Lemma 3(ii), p. 121] Let Ay (t) be an integrable function on

1 i
Aa(t) :/t Mdfﬁa

21/

[0,1] defined by

satisfying limy_,g Aq(t) = 0. Further, let 1/2 < a < 1 and qo be defined by (4.8).

Defined B < 1 by
p-1/2 _
1-8

Then V\(Pa(B)) C CV if and only if

- / 1 A(t)ga(t)dt.
0

! 1a—1 [/ -t
Re /0 Aa()t <h (t2) — m) dt > 0

holds.
Remark 4.1 When v = 0, then p = 0, v = «, and n this particular instance,

Theorem 4.1 gives Lemma 3(ii) in Choi et al. [45, p. 121]. There the range of a

lies in [1/2,1], whereas the range of o in Theorem 4.1 for this particular case is

a > 0.

The special case a = 1 above yields a result of Ali and Singh [21, Theorem
1(ii), p. 301].

Corollary 4.2 [21, Theorem 1, p. 301 | Let f € Wg(1,0) = Pg and B < 1, with

g-1/2 [t 1
— _—/O M) et

87



and
A(t) = /t1 M) g (4.21)

satisfies tA — 0 as t — 0. Then

Re /0 A (h'(tz) - (1;7"> dt > 0, (4.92)

1+1t)3

where h as defined in (4.10) if and only if F(z) = V)\(f)(z) is in CV. The conclusion

does not hold for smaller values of 3.

If a =14 27, then p=1and v =~ for v > 0, while p =0 and v = a =1 for

~ = 0. In this instance, Theorem 4.1 gives the following result.

Corollary 4.3 Let f € Wg(1+27,7) = Ry(8), v > 0, and let 3 < 1 satisfy

B-1/2

1
=== | A

where qv is given by (4.8). Further let A~ be defined by (4.13),

¢ 1
/A7(3)31/7_2ds, v >0,
t

I, (t) = (4.23)

and h be given by (4.10). Then

Re /01 I (t) (h’(tz) — ﬁ) dt >0

if and only if F(z) = V)\(f)(2) is in CV. The conclusion does not hold for smaller
values of (3.
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4.3 Sufficient Conditions for Convexity of Integral Transforms

The conditions stipulated in Theorem 4.1 can be cumbersome to use. A simpler
sufficient condition for convexity of the integral operator (4.1) is now given in
the following theorem. The following lemma of Fournier and Ruscheweyh [53] is

required.

Lemma 4.1 [53, Theorem 1, p. 530 Let A be integrable on [0, 1], and positive on

(0,1). If A(t)/(1 — %) is decreasing on (0,1), then Ly (CCV) = 0, where

1 4
La(f) = inf/o AGt) (Re ftz) 1>2>dt (f €s)

z€D tz (1+¢

and

LA(CCV) = inf La(f).
AlCCY) Py ASf)

Theorem 4.2 Let 11, and Ay be given as in Theorem 4.1. Assume that both
I, and Ay are integrable on [0, 1], and positive on (0,1). Assume further that
w>1 and

Ay ()= (1 — 1/ ) 0 (t)
1—¢2

is decreasing on (0,1). (4.24)

If B satisfies (4.12), and f € Wg(a, ), then V\(f) € CV.

Proof. Integrating-by-parts with respect to t yields

1
1/p—1{ 31 . 1—-t
Re /0 I, ()t (h (tz) —(1 n t)3) dt
1
— 1p-19 (htz) 1 )

- Re/ol t/n=1 <Ay(t)t1/vl/u + (1 - i) HW,(t)) (hit;) -3 i t)2> dt.

The function ¢1/#~1 is decreasing on (0,1) when g > 1. Thus, condition (4.24)
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along with Lemma 4.1 yield

1
1—1¢
Re [ TI ttlﬂkq’(h'tz —-——————)cﬁ:>0.
The desired conclusion now follows from Theorem 4.1. |

Let us scrutinize Theorem 4.2 for helpful conditions to ensure convexity of

VA(f). Now for v > 0,

" A(2)

1/ dz.

1
T, (t) = /t Ay =1y and Ay (t) = /t

Xz

To apply Theorem 4.2, it is sufficient to show that the function

Ay =M (1= 1/, () p(t)
1—¢2 1 —¢2

k(t) =

is decreasing in the interval (0, 1). Note that k(t) > 0 and decreasing in the interval

(0,1) provided
1— ¢

-1 7
t t) <O0.
5 p(t) <

q(t) == p(t) +
Since ¢(1) = 0, this will certainly hold if ¢ is increasing in (0,1). Now

)
S ) o/ 1),

qd(t) =

and

1 tN (1)
o 2+4Mﬂ>

1
14
+ (l 1 2) (1 — 1) v =1n=1p (1),
voop v
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Thus tp” (t) — p/(t) is nonnegative if

s R G VI D EUINE

-2+

For pn > 1, the condition (4.3) implies v > p > 1. Thus condition (4.25) is

equivalent to

t\N (1)

(v>p>1).

==
|
| =

These observations result in the following theorem.

Theorem 4.3 Let A be a nonnegative real-valued integrable function on [0,1]. As-
sume that Ay and 11, given by (4.13) and (4.14) are both integrable on [0,1], and

positive on (0,1). Under the assumptions stated in Theorem 4.1, if \ satisfies

tN (1)

(v>p>1), (4.26)

==
|
N

then F(z) = V\(f)(z) € CV. The conclusion does not hold for smaller values of 3.
Remark 4.2 The condition pu > 1 is equivalent to 0 < v < a < 2y + 1.

Taking o« = 14+ 27, v > 0 and ¢ = 1 in Theorem 4.14 yields the following

result.
Corollary 4.4 Let A be a nonnegative real-valued integrable function on [0, 1]. Let

feWg(1+27,7) =Rg(v), v €[1,00), and let 3 < 1 satisfy

B-1/2
1—-5

1
- / A(t)ay ()dt,
0

where gy is given by (4.8). Assume further that 111, and Ay are integrable on

[0,1] and positive on (0,1). If X satisfies

tN (t)
A(t)

<3-

Y

= |~
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then F(z) = V\(f)(2) € CV. The conclusion does not hold for smaller values of 3.

In the case y =0 and o > 1 (u = 0,v = «), an easier sufficient condition for

convexity of the integral operator (4.1) is obtained in the following theorem.

Theorem 4.4 Let A be a nonnegative real-valued integrable function on [0,1]. As-
sume that Ao, and Il o given by (4.13) and (4.14) are both integrable on [0,1], and
positive on (0,1). Under the assumptions stated in Theorem 4.1, if \(1) = 0 and

A satisfies

N (#) — é)\’(t) =0 (a>1), (4.27)

then F(z) = V\(f)(z) € CV. The conclusion does not hold for smaller values of 3.

Proof. From Theorem 4.1, it suffices to show that

! a— / 1t _
Re /0 T, q (£)t1/ 271 (h (tz) — m) dt >0 (y=0).

Integrating-by-parts with respect to ¢ yields

Re /01 T q (£)t/ 271 <h’(tz) - ﬁ) dt
_ Re/ol /a1 (tl—l/wt) + (1 - é) Aa(t)> (hffj) 4 i t)g) dt.

The function ¢1/¢~1 is decreasing on (0,1) when a > 1. Thus, the condition

t=1on@) + (1 - é) Aa(t)
1—t2

is decreasing on (0, 1)

along with Lemma 4.1 will yield

1
Va1 {414y L1
Re /O o (1)t (h (tz) —(1 n t)3> dt > 0.
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Let p(t) = k(t)/(1 — t2), where k(t) = t171/2\(t) + (1 — 1/a)Aq(t). Taking
the logarithmic derivative of p and using the fact that p(t) > 0 for o > 1, the

condition p/(t) < 0 in (0, 1) is equivalent to the inequality

41—t
alt) = k(1) + W () —— <.

Clearly ¢(1) = 0 and if ¢ is increasing in (0, 1), then p will be decreasing in (0, 1).

Direct computations show that ¢/(£) > 0 provided (t~1&/(t))’ > 0. Since

1
) =V (o - N0
the desired result follows from (4.27). 1

4.4 Applications to Integral Transforms

The integral operators has been investigated extensively in Section 1.9. In this
section, various well-known integral operators are considered, and conditions for
convexity for f € Wﬁ(a, ) under these integral operators are obtained. First let

A be defined by
At)=(14c)t° (e>-1).
Then the integral transform

1
R = VNG = (40 [ >0, @)

is the Bernardi integral operator. The classical Alexander and Libera transforms
are special cases of (4.28) with ¢ = 0 and ¢ = 1 respectively. For this special case

of A, the following result holds.
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Theorem 4.5 Letc> —1,0< vy < a <1427, and B < 1 satisfy

5-1/2 _

1
5 —(c+ 1)/0 tq(t)dt,

where q is given by (4.7). If f € Wg(a,7), then the function

1
W) =1+ /O 171 f(t2)dt

belongs to CV provided

The value of B is sharp.

Proof. With \(t) = (1 + ¢)t¢, then t\(t)/\(t) = ¢, and the result readily follows

from Theorem 4.14. |
When oo =1+ 2v, v > 0, and u = 1, Theorem 4.28 yields the following result.

Corollary 4.5 Let —1 <c¢<3—1/y,v€[l,00), and p < 1 satisfy

p—-1/2 _
1-8

1
~e+) [,
where gy is given by (4.8). If f € Wg(1 +2v,7) = Ry(B), then the function
1
NNE =1+ [ e e
0

belongs to CV. The value of B is sharp.

The case ¢ = 0 in Theorem 4.5 yields the following interesting result, which

we state as a theorem.
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Theorem 4.6 Let 0 <y < a<1+2y. If F € A satisfies
Re (F’(z) + azF"(2) + ’722F”/(Z)) >

inU, and B < 1 satisfies

B 1
== [atar

where q is given by (4.7), then F is convex. The value of 3 is sharp.

Proof. It is evident that the function f = zF’ belongs to the class

Wg.ole,y) = {f €A:
Re ((1 —a+ 27>f(z) + (o —29)f'(2) + fyzf”(z)) >fp, zE€ L{}.

z

Thus

t

L f(tz
F(z):/o ft >dt.

The conditions on « and v imply that 1 < p < v. Thus the result now follows
from Theorem 4.5 with ¢ = 0. It is also evident from the proof of sharpness in
Theorem 4.1 that the extremal function in Wg(a,v) indeed also belongs to the

class Wg o(a, 7). 1

Example 4.1 If v = 1, a = 3, then p = 1 = v. In this case, (4.7) yields
B=(1-2In2)/2(1 — In2) = —0.620445. Thus

Re (f’(z) +32f"(2) + fo’”(z)> > 0= felV.
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Theorem 4.7 Letb > —1, a> —1, and 0 <y < a <2y + 1. Let § < 1 satisfy

—1/2 1
e R
where q is given by (4.7) and
Db+ DEAET g,
A(t) = ler DO+ V=5 7 (4.29)
(a+ 1)%t%log(1/1), b=a.

If f € Wg(a,7), then

(

% fol Y1 — 0= f(t2)dt, b +#a,

Grla,byz) = (4.30)

(ot 1)2 [ 19 Vlog(1/t) f(t=)dt, b=a,

belongs to CV provided
1
a<24+——— (v>u>1). (4.31)

The value of B is sharp.

Proof. 1t is seen that fol A(t)dt = 1. There are two cases to consider. When b # a,

then

The function A satisfies (4.43) if

(b—a)tb—@ 11
T <24 -2 (v>p>1). 4.32
a [ —fa = +M » (v>p=>1) ( )



Since t € (0,1), the condition b > a implies (b — a)t?=%/(1 — t*=%) > 0, and
so inequality (4.32) holds true whenever a satisfies (4.31). When b < a, then
(a—b)/(t% P —1) < b—a, and hence a — (b—a)t?=?/(1 — ¥~ < b < a, and thus
(4.32) holds if a satisfies (4.31).

For the case b = a, then

t\ (1) !
Aty log(1/t)

Since t < 1 implies 1/log(1/t) > 0, condition (4.43) is satisfied provided a satisfies

(4.31). This completes the proof. 1

The simpler condition (4.43) can also be applied to the choice

A(t) = (1F+(pf;)pta (]og G))pl (@a>—1, p>0).

The integral transform V) in this case takes the form

A(F)() = (1r+<pc;>p /01 <1og (%))plt“—lfuz)dt (> 1, p>0).

This is the Komatu operator, which reduces to the Bernardi integral operator when

p = 1. For this A, the following result holds.

Theorem 4.8 Leta>p—22> —1,and 0 <y < a<2y+1. Let B <1 satisfy

ﬁ1_—122 T (1;;5)]’ /o1 " (log G))pl e

where q is given by (4.7). For f € Wg(a,v), the function

By a; 2) # f(z) = (1F+(p‘;)p /0 1 (log (%))H Pl de (4.33)
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belongs to CV provided
1
a<24+——= (rv>p=>1). (4.34)

The value of 5 is sharp.

Proof. Brief computations show that

N _ (1)

) T log(1/t)

Since log(1/t) > 0 for t € (0,1), and p > 1, condition (4.43) is satisfied whenever

a satisfies (4.34). 1

We next apply Theorem 4.4 to the case A(1) = 0 as shown by the following

two theorems.

Theorem 4.9 Suppose a > —1, b > —1, a > 1 are related by
(1) -1 <a<0anda=Db, or

(2) —1<a<0and —1<a<b<1+1/a.

Let B < 1 satisfy

p—-1/2 _
1—-5

- / \Oar
0

where q and A are given by (4.8) and (4.29) respectively. If f € Wg(a,0) = Pg(a),
then G¢(a,b; z) defined by (4.30) belongs to CV. The value of B is sharp.

Proof. To apply Theorem 4.4, it suffices to verify inequality (4.27) for A defined
by (4.29). It is seen that
(a+1)(b+1)ta71(a . btbia), b> a,

Nipy=¢ "

(a+1)2 (—1 + alog(%)) to=l h=a,
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and

"o et DOF a1 (g(q — 1) = b(b — 1)eP~9), b > a,
t\"(t) =

(a+1)2 (1 —2a+ala—1) log(%)> o1 b=a.
Case (i). Let b = a > —1. Substituting the expression for X\ and t\" in (4.27)

yields the equivalent condition

1 1 1
alog<—> (a———1)+(—2a+—+1) > 0.
t o o

This clearly holds for ¢ € (0,1) whenever —1 < ¢ < min{0,1+1/a, (1+1/a)/2} =
0.
Case (ii). Let b > a > —1 with a € (—1,0] and —1 < b < 1+ 1/a. In this case,

condition (4.27) is equivalent to ¥¢(a) > 1¢(b), where

a ]' a
P(a) = ala — 1)t — Eat :

For a fixed t,

Yi(a) =t <20—1—é—a210g <%> —i—a(l—l—é) log (%));

that is, ¢}(a) < 0 for a € (—1,0). Thus, 1¢(a) is a decreasing function of a for
each fixed t € (0,1). In particular, for b > a with b € (—1,0) and a € (—1,0),
inequality (4.27) holds. When b > a with 0 < b < 14 1/«, then t¢(a) > 1¢(0) =0

for each fixed t € (0,1). For 0 <b <1+ 1/a,

Wy (b) = bt? (b— 1— 1) <0.

«

It follows then that ¢¢(a) > 0 > (b) holds for each fixed ¢t € (0,1). Thus,

inequality (4.27) holds for b > a > —1 witha € (—=1,0l and 0 <b <1+ 1/a. 1
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Remark 4.3 The conditions b > —1 and a > —1 in Theorem 4.9 yield several

improvements of known results.

(1) Taking v =0 and o > 1 in Theorem 4.9 leads to a result extending Theorem
3.4 obtained in [28, p. 12] for the case a € [1/2,1]. When o = 1, the range of
b there lies in (—1,0], whereas the range of b in Theorem 4.9 lies in the larger

interval (—1,2].

(2) With a = 1 above leads to improvement of a result obtained by Ponnusamy
and Ronning [152, Corollary 3.2]. There the parameters b > a > —1 must
satisfy a fairly complicated equation to deduce G f(a,b; z) is starlike of order
1/2. In our present situation, the conditions on the parameters a and b are

simpler to infer convexity.

Fora=1,v=0,a= —nand b = —n + 2, Theorem 4.9 reduces to Corollary
1 [21, p. 302] and Corollary 1 in [47, pp. 915-916, (y = 0)].

Corollary 4.6 [21, Corollary 1, p. 302] Let 1 >n >0 and 8 < 1 be given by

B-1/2  (Q-nB-n [t _,1-t
5 = > /O e (4.35)
Then for f € Wg(1,0) = Pg the function
1
\(f)(z) = w / 717 — ) f(tz)dt (4.36)
0

belongs to CV. The value of B is sharp.

Now, let ® be defined by ®(1 —t) = 14X by (1 —t)", by > 0 for n > 1, and
At) = K711 — )74 (1 — 1), (4.37)

where K is a constant chosen such that fol A(t)dt = 1.
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Theorem 4.10 Let a,b,c >0 and o > 1. Let < 1 satisfy

—1/2 K/ tb 1 c a— bCI)(l—t) (t)dt

where q is given by (4.8), and K is a constant such that K fol (1=t bp(1—
t)=1. If f € Wg(«,0), then the function

K/ 201 = DG (1 — ) f(t2)dt
belongs to CV provided
c>a+b+1 and 0<b<1.

The value of B is sharp.

Proof. As in the earlier proof, it suffices to verify inequality (4.27). Consider A

given by (4.37). Direct computations show that

)\,(t) _ Ktb72(1 N t)cfafbfl

<((b D)1=t = (c—a— b)) D1 —t) — (1 — )P (1 t)),

and

N (1) =K P=2(1 — ¢)e—a—b-2 (((b 1) (b —2)(1 — 1)
—2(b—1)(c—a—-bt1—t)+(c—a—b)(c—a—b—1)t*)D(1—1)

+(20c—a—b)t —2(b— 1)(1 = ))t(1 — HP'(1 — t) + £2(1 — 1) 2" (1 — t)).
Thus, (4.27) is satisfied provided

W(t) = (1 — )X () + t(1 — )P (1 — )Y (t) + t2(1 — 1)20"(1 — t) > 0,
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where

X)) =01-t)20b-1) (—$+b—2) —(c—a—Db)t(1—1) (—é+2b—2>

+(c—a—0b)(c—a—b—1)t

Y(t)=2(c—a—b)t+(1—1t) (é—?b%—?).

Since ®(1 —t) = 1+ X% 10p(1 —t)", by, > 0 for n > 1, the functions ®(1 — ¢),

®/(1—t) and ®”(1—t) are nonnegative for ¢ € (0,1). Therefore, it suffices to show
X(t)>0 and Y(t) >0,

and these evidently hold provided ¢ > a+b+ 1 and 0 < b < min{1,2+ 1/a, (2 +

1/a)/2} = 1. I

Remark 4.4 Fory =0 and o > 1, Theorem 4.10 extends Theorem 3.1 in [28, p.
9, (u=0)] for a € [1/2,1]. When a = 1, the range of b obtained in [28] lies
in the interval (0,1/2], whereas the range of b obtained in Theorem 4.10 for this

particular case lies in (0, 1].

Remark 4.5 As shown in [28], choosing
¢(1—-t)=F(c—a,l—a,c—a—-b+1;1—1%)

gives
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In this case, V\(f) reduces to the Hohlov operator given by

\()(2) = Hypo()(2) = 2F(a, b ¢; 2) * f(2)

—K/ 20— P F(c—a,1—a,c—a—b+1;1 —t) f(t2)dt,

where a >0,b>0, andc—a—0b+1>0. In the case vy =0 and a« > 1, Theorem
4.10 extends Theorem 1 in [45, p. 122] and Theorem 3.2 in [28, p. 11]. When
a = 1, the range of b obtained in [28] lies in the interval (0,1/2], whereas the
range of b in Theorem 4.10 lies in (0,1]. This result improves as well Theorem 1

obtained by Choi et al. [45] for the particular case o = 1.

In particular, for a = 1, b = a and ¢ = a + b, Theorem 4.10 yields Corollary 2
in [21, p. 302] and Corollary 2 in [47, p. 916, (y = 0)].

Corollary 4.7 [21, Corollary 2, p. 302] For 0 <a <1, b> 2 and f € Pg, let
F(2) = zF (1, aq;a + b; 2) * f(2),

and $ < 1 defined by

1 T(a+b) (1 dt
g 2 (a+ )/0 ta1<1—t>b1(1+t>2.

Then F is convex. The result does not holds for smaller 3.

Choosing now (see [28, Theorem 3.3, p.12])

O(1—t) = (101g(_1/tt)>p—1

in Theorem 4.10 yields the following interesting result, which we state as a theorem.
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Theorem 4.11 Let —1<a <0, a>1, andp > 2. Let § < 1 satisfy

g—1/2  (1+aP [T, 1\?~!
= () o

where q is given by (4.8). If f € Wg(a,0), then the function ®p(a;z) * f(2)
defined by (4.33) belongs to CV. The value of (5 is sharp.

Proof. Choose

(1 —t) = <w>p—l |

c—a—b=p—1and b= a+1so that \ defined by equation (4.37) takes the form

At) = Kt°(1 — )P 1o(1 —t), K=

The desired result now follows from Theorem 4.10. |

Remark 4.6 For the particular case o = 1, this result improves Theorem 3.3 by

Balasubramanian et al. [28], where the range of a obtained there has been improved

from (—1,—1/2] to (—1,0].

4.5 A Generalized Integral Operator
In [21], Ali and Singh generalized the operator (4.1) and considered

1 —ptz
1—-1z

1
VA(N)(2) 1= pz + (L= p)VA(f) = 2 /O AO~—LZdee f(2) (p<1). (438)

In this final section, Theorem 4.1 is generalized to obtain conditions on A such
that V) (f) is starlike or convex for f € Wg(a,7). As an application, the results
obtained will be applied for A(t) = (14-¢)t¢. Specifically, Starlikeness and convexity
of a generalization of the Bernardi transform are investigated.
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Theorem 4.12 Let 11, and Ay be given as in Theorem 4.1. Assume that both
I, and Ay are integrable on [0, 1], and positive on (0,1). Assume further that

p<land feA. Let( <1 satisfy

1
2(1=7)

1
== | Ao a-awa (1.39

where q is the solution of the initial-value problem (4.6). Then

.

1
1—t
I, (Ot (W () — ———— ) dt
Re/O u,u() ( (tz) (1+t)3> >0, v>0,

1
1—t
Re | Iy ()t (B (t2) = ——_)dt >0, v=0
o [ oo/t (e - =g )d >0, =0

\

if and only if V)\(f) is in CV for f € Wg(a,v). The conclusion does not hold for

smaller values of [3.

Proof. Let f € Wg(a,v). In view of the fact stated in (4.9) that
1
W\(f) € ST <= —W(f) *h)(2) #0 (2 €U),

where h is given by (4.10), and V)(f) € CV if and only if 2V|(f) € ST, the

condition becomes

0# (V) * h(z)
1
= 2oan et =1 = [ 200
_ /1A<t>1 0 IO )
0

1 —ptz
1—-1tz

dt x f(2)dt * zh(2)

1—tz z

105



From (4.19), it follows that

0#/’ (1)t {%AZQ —m1+xw ﬁ>muwma]*ww>
/Ow)l “aen')x |2 [ (a —ﬂ)ljxww)dw}*wz)

1—-1z
:/01)\(15)(1—/)) {h'(tz)—k%} dt + (1 — B) E/O ﬁﬁdwﬂfﬁ}*wz)

1
—(1-B)(1-p) [/0 MW (t2)dt + —,0)[21 5T fﬁ]

1 [*1
*—/ +xwdw*w(2)
zJo 1+yw

= (1= 8)(1—p) [/01 A1) (% /OZ h/(tw)dw) draz p)p(l —5) "1 fﬁ}
*1i§j*w@>

—a-m-a [0 (2 [ W) a1
*1izj*w@»

Theorem 1.14 (p. 21) shows that the set of functions g given by (4.18) has a dual

set which includes the analytic functions p satisfying p(0) = 1 and Rep(z) > 1/2
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in U. Hence

S O e T —

1+ x2

Tz V)

et [ [0 (3 f i) i
(2) > 1/2

=re( -9 [0 (L[ Wea)a -0 gt
f(2) > 0

—=Re Uol ) (% /OZ h’(tw)dw) = (1 g pi(l . ﬁ))} f(2) > 0.

Using (4.39), this condition is equivalent to

Re {/01 A®) G /OZ W (t)duw — q(t)) dt} F(2) > 0,

which as proved in Theorem 4.1, after changing variable and integrating-by-parts

with respect to t yields

1
1/pu=1 (31 o 1-t
Re /0 I, (1)t (h (tz) —(1 n t)3) dt > 0.

Taking v = 0 and a > 0, Theorem 4.12 leads to Theorem 2.5 obtained by
Balasubramanian et al. in [28] for the case o € [1/2, 1], and it reduces to Theorem

3 obtained by Ali and Singh in [21] when v =0, a = 1.

Corollary 4.8 [21, Theorem3, p. 303] Let A\, A be given as in Corollary 4.2.

Assume that A is integrable on [0, 1], and positive on (0,1). Assume further that
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p<land feA Let( <1 satisfy

1 ot 2+t
ST=BE=5 = MO

Then (4.22) holds if and only if V\(f) is in CV for f € Wg(1,0) = Pg. The

conclusion does not hold for smaller values of .

Theorem 4.13 Let 11, , and Ay be given as in Theorem 4.1. Assume that both
I, and Ay are integrable on [0, 1], and positive on (0,1). Assume further that

p<1landfe A Let[ satisfy

N
2<1—6><1—p>‘/o“”( 2 )‘“’ (4.40)

where g is the solution of the initial-value problem

9 1 1/p—1
—tl/’/_l/ (S—ds, v >0,
0

d 1 £)2
a151/’/(1 +g(t) = gyt1/a—1 + st) (4.41)
—— =0, a>0
a (1 + t)2’ ,Y Y Y
with g(0) = 1. Then
( 1
_1 [ h(tz) 1
Re [ TI,,(t)t"/m! - dt > 0 0
e/o N7V<> (tZ (1+t)2) >U, v>U,
(4.42)

1
_1 [ h(tz) 1
H 1/Oé 1 _ —
Re/o 0,a(t)t ( = it t)2) dt >0, v=0,

\

if and only if V\(f) is in ST for f € Wﬂ(a,v). The conclusion does not hold for

smaller values of 3.

Proof. Let f € Wg(a,v). From (4.9) follows that V\(f) € ST if and only if
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Wr(f)(2) * h(z))/z # 0 where h is given by (4.10), hence the condition becomes

0% Lon e ne) = = [0 =2 seganente

z

:/IA(t)l_ptZdt*f(Z) )
0

11—tz z z

From (4.19), it is evident that

o (]
_ /0 A=t [1 ( - 11“” 5>dw}*w<z>
:/01)\(t)(1—p) {%ﬂpp} dt % (1— B) E/{)Ziﬁdwnfﬁ}*wz)

1 4
=== | [0t P

*1/21+xwdw*¢(z)

—eaues) Volw (é/o%dw) dt+(1_p)p(1_5)+1fﬁ}

={1=A-0) [/olw (2] ") e =]
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By Theorem 1.14 (p. 21), it follows that

IR ——

Ty )

e [ [ (1[5 s g 1]
F(z) > 1/2

S s e—
(z) > 0

To complete the proof, it suffices to verify

re foxa [(2 [ 5w (1 gy )| e o

Substituting the value of 5 given by (4.40), the latter condition is equivalent to

Re </01)\(t) G /OZ %dw 2 +29(t)) dt) () > 0,

From (4.5), the above inequality is equivalent to

1 > (tz)" > n+1 n
/0 Alt) <1+7§::1Bn+1n+1_q ) ( 2:: nv + 1)( n,u+1) >>0

Re
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where h(z) = 2+ Y o2 9 Byz". Thus

1
0l /o M) (1 i nZ: (nv +E1}7)1(+nlu +1) - +29(t)> dt
1 > Pk h(tz) 1+ g(t)
= Re /0 At) (Z (nv+1)(np+ 1) i tz 2 ) at
B 1 Lol dpd¢ h(tz) 1+g(t)
_Re/OA(t)(/O/Ol_ZMH* 1 )dt

o [ bt n(ten”ct) L+ g(t)

which reduces to

1
1
e/ A(t) (/ / L h{tzuv) 1/V_1v1/”_1dvdu— +—g(t)> dt > 0.
J13% Ctauv 2

A change of variable w = tu leads to

1 t rl
e / At) ( / / h(wzv)wl/y_lvl/u_ldvdw_th/uH_g(t)) it > 0.
0 tl/V O 0 wzv 2

Integrating by parts with respect to ¢ and using (4.41) gives the equivalent form

1 1 1 1/p—1
Re / Ay(t) / Mtl/’/_lvl/“_ldv — /vl / S s | dt>o.
0 0 tzv o (1+st)?

Making the variable change w = vt and n = st reduces the above inequality to

1 t t o 1/u-1
Re/ Ay ()t /v=1/n=1 / Mwl/ﬂ_ldw —/ 7 dn | dt > 0,
0 0 w2 0 (1+n)?

which after integrating by parts with respect to ¢ yields

Re /Olnu,y(t)tl/ﬂl (h(tz) _ )2)dt>0.

tz (141

Thus F' € ST if and only if condition (4.42) holds.
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Taking v = 0 and o > 0, Theorem 4.13 leads to Theorem 2.4 obtained by
Balasubramanian et al. in [28] for the case o € [1/2, 1], and to Theorem 2 obtained

by Ali and Singh in [21] and Theorem 3 in [47, p. 916] for the case v =0, a = 1.

Corollary 4.9 [21, Theorem 3, p. 303] Let A\, A be given as in Corollary 4.2.
Assume that A is integrable on [0,1], and positive on (0,1). Assume further that

p<land feA Let( <1 satisfy

1 1 t
S MO

Then

! 1/a—1 ( h(tz) 1
Re/o At ( L —(1+t)2>dt>0

holds if and only if V)\(f) is in ST for f € Wg(1,0) = Pg. The conclusion does

not hold for smaller values of 3.

For the case a = 1 + 27, Theorem 4.12 reduces to the following result.

Corollary 4.10 Let f € Wg(1 + 2v,7) = Ry(8), v = 0, and let B < 1 satisfy
(4.39). Assume Ay is defined by (4.13) and IL, is defined by (4.23). Then

1
1-1
Re [ TIy(t) (W (tz) — ——= | dt >0
o [Fm (W - ) deso
where h is given by (4.10), if and only if F\(z) = V\(f)(z) is in CV. The conclusion

does not hold for smaller values of 3.

Now the results obtained are applied to the generalization of the Bernadri

transform. Choosing A(t) = (14-¢)t¢, Theorem 4.12 leads to the following corollary.

Corollary 4.11 Letc> —1, 7> 0, p< 1, and 8 < 1 satisfy

1
2(1-7)

1
T -+ [ ra—ama,
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where q is given by (4.6). If f € Wg(«,7), then the function

1
1&6X@=pz+ﬂ—wxb+d%;flﬂmﬂt

belongs to CV provided

The value of B is sharp.

The following sufficient condition for f € Ws(a,7) to be starlike was obtained
by Ali et al. [7, p. 816].

Theorem 4.14 [7, Theorem 4.2, p. 816] Let A be a non-negative real-valued inte-
grable function on [0,1]. Assume that Ay and 11, given respectively by (4.13) and
(4.14) are both integrable on [0, 1], and positive on (0,1). Under the assumptions

stated in Theorem 4.1, if \ satisfies

1

/ 1+_7 M21(7>0)a

Sl
3—1 y=0, a€(0,1/3]U[1,00),

then F(z) = V\(f)(z) € ST. The conclusion does not hold for smaller values of
B.

Using the sufficient condition (4.43) obtained by Ali et al. [7] and Choosing

A(t) = (1 + ¢)t¢ Theorem 4.13 reduces to the following result.

Corollary 4.12 Letc > —1, p <1, and § < 1 satisfy

2@—5u—m:“+@4%«3%&5“’
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where g is given by (4.41). If f € Wg(a,7), then the function

1
VA(F)(2) = pz + (1= p)(1 4+ ) /0 171 f(t2)dt

belongs to ST provided

I+4,  p>1(y>0),
1 4=0,a€(0,1/3]N[1,00).

The value of B is sharp.
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CHAPTER 5
COEFFICIENT CONDITION FOR STARLIKENESS AND
CONVEXITY

5.1 Introduction

For 0 < a <1, let ST(a) and CV(«) be the class of starlike and convex functions

of order a.. Analytically,

ST (a) :

Il
—N
~
Mm
o~
=
e}
VRS

N
=~
05
N——

V
o
——

and

CV(a)::{feA:Re(lJr%) >al.

Closely related are the classes of functions

STa::{fEA: Zj{;i;)—l‘<1—a},
and
_ | 2f"(2)
CVa.—{fEA. 702) <1—a},

introduced by Ruscheweyh [171]. Note that ST, C ST (a) and CV, C CV(a).

For a > 0, and 8 < 1, let

Ra(B)={f€A:Re (f/(z)—l—azf”(z)) >3, zeU}, (5.1)

and R(5) := R1(B). In 1962, Krzyz [86] by a counter example showed that
functions f € R(0) are not necessarily convex. In 1977, Chichra [42] proved that
R(0) C S, while in 1981, Singh and Singh [185] showed that R(0) C ST . Singh
and Singh [186] proved that for 5 > —1/4, R(8) € ST. Ali [5] conjectured the

best value of 5 is § = (1 —2log2)/(2 — 2log2) = —0.626. In 1994, Fournier and
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Ruscheweyh [53] applied the Duality Principle and verified Ali’s conjecture [5] for
S such that R(8) C ST. Ali and Singh [21] also investigated the sharp bound for
§ that ensures functions f € R(3) are starlike of order .
Mocanu [113,114] proved that
1 2f'(2)
Re ( f'(2) + =zf" z) > (0= Re
CCRE A 2

f(2)
) ’ =
2f(2)
)

> 0,

arg

Re (f'(z) +2f"(2)) > 0=

T
3’
47

R

Re (f’(z> + %zf”(z)) S 0=

arg

Salagean [176] improved the above mentioned results for the class T of all analytic

functions with negative coefficients of the form
o0
f2)=2=> anz" (an>0). (5.2)
n=2

We recall here the notations for subclasses of T as follows: TST (a) = TNST («v),
TSTa =TNSTa, TCV(o) = T NCV(w), and TCVy = T NCVq. Several
interesting results for functions f € 7 were determined by Salagean [176]. For

instance, Saldgean [176] proved the following result.

Theorem 5.1 [176, Corollary 2.2] If f € T, then

/
Re (f’(z) —I—vzf”(z)) > [ = Re ) > 0,
f(2)
where
. 2B Bel-1,0,7> 1,
27_2%7 66[071>77>O'
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Lewandowski et al. [92] investigated the class of analytic functions satisfying

2f'(z) | 2f'(2)
Re( ) + ) > >0 (z€el) (5.3)

and proved that a function f satisfying (5.3) is starlike. For f < 1, @ > 0, a

function f € A belongs to the class L(«, ) if it satisfies the inequality

2f'(z) | 2f'(2)
Re(a ) + f(z))>6' (5.4)

Clearly, £(0,8) = ST(B). For > —a/2, Li and Owa [93] proved that L(«a, 8) C
ST. The class L(a, ) has been extensively studied by Ramesha et al. [157],
Obradovi¢ and Joshi [134], Nunokawa et al. [133], Padmanabhan [142], Liu et
al. [97], and Ravichandran [162]. Ravichandran [160] also investigated functions f
satisfying (5.4) using differential subordination.

The following sufficient condition for functions f € A to belong to the class

L(a, B) is needed (Lemma 1.1).

Lemma 5.1 [97] Let f <1, and a > 0. If f € A satisfies the inequality
o0
> (an® + (1= a)n — B)lan| <1- 5, (5.5)
n=2

then f € L(a, ).

In Section 5.2, the largest bound for 3 is determined so that analytic functions
f(z) = z+ > 725 an2" satistying the inequality > o2 5 n(n — 1)|ay| < B is either
starlike or convex of some positive order. In Section 5.3, a similar problem is
investigated for functions f satisfying the coefficient inequality Y 2o (om2 +(1—
a)n — 5) lap| < 1 — B. In fact, the sharp bound for the order of starlikeness and
convexity of functions f satisfying the coefficient inequality > > o (cm2 + (1 -

a)n—f)|an| < 1— 3 are obtained. In Section 5.4, the largest value is obtained that
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bounds each coefficient inequality of the form > nay, > n(n —1)ay, > (n—1)ay
and 3" nay, so that the function is starlike or convex of positive order. In the final
section, the results obtained are applied to determine conditions on the parameters

so that the hypergeometric functions belong to the class L(«, ).

5.2 Sufficient Coefficient Estimates for Starlikeness and Convexity

In 1962, necessary and sufficient condition for a function to be starlike was proved
by Merkes et al. [105, Theorem 2, p. 961] (Theorem 1.11). In 1975, Silverman [182,
Theorem 1, p. 110] independently also obtained the same result and used it to
investigate several problems on functions with negative coefficients. Necessary and
sufficient conditions for convex functions follow by an application of Alexander’s
result, and it was proved in [182, Corollary 1, p. 110]. These results are stated in

the following theorem.

Theorem 5.2 Let 0 < o < 1.

(1) If f(z) = 2+ Y 009 anz" satisfies the inequality
o0

> (n—a)lan| <1-a, (5.6)

n=2
then f € STq. If ap <0, then (5.6) is also necessary for f € ST (a).

(2) Similarly, if [ satisfies the inequality
o0

Zn(n—a)|an| <1l-a, (5.7)

n=2
then f € CVq. If ap, <0, then (5.7) is necessary for f € CV(«).

The following theorem provides a sufficient coefficient inequality for functions

to be in the classes CVq or ST 4.
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Theorem 5.3 Let o € [0,1), and f(2) = 24> 029 anz"™ € A satisfy the inequality

(0.¢]

> n(n—1ay| <p <1 (5.8)

n=2

(1) The function f belongs to the class CVq if B < (1 —a)/(2 — «). The bound

(1 —-0a)/(2 - «) is sharp.

(2) The function f belongs to the class STo if B <2(1 —a)/(2 — «). The bound

2(1 —)/(2 — «) is sharp.

Proof. (1) Let f satisfy inequality (5.8) with § < (1 —«)/(2 — «). Since
n—a<2—-a)(n-1) (5.9)

for n > 2, inequality (5.8) leads to

o0 0

> nm—a)lan < (2-0a)> nn-1)a,|<2-a)f<1-a.

Thus, it follows from Theorem 5.2 (2) that f € CVy. The function fo: U — C

defined by
l—a 2
fo(z) ==z — 302 —a)
satisfies the hypothesis of Theorem 5.2 and therefore fy € CV,. This function fj
shows that the bound for (8 is sharp.

(2) Now, let f satisfy inequality (5.8) with 5 < 2(1—«)/(2—a). When n > 2,

inequality (5.9) leads to

n(n — a) < (2—a)n(n—1)

— <
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and hence

> = allaal < B S a0~ Dlan] < (1- ).
n=2 n=2

By Theorem 5.2 (1), f € ST 4. The function

fo(z) =2z — ;_Qz2 e ST

—

shows that the result is sharp. |

Theorem 5.3 (1) will be applied to a certain class of uniformly convex functions.
A function f € S is uniformly convex, if f maps every circular arc v contained in
U with center ( € U onto a convex arc. Goodman [62] introduced the class UCV
and gave a two-variable analytic characterization for the class YCV, while Rgnning
[167], and Ma and Minda [103] independently gave a one-variable characterization

for f € UCVY by using the minimum principle for harmonic functions:

< Re (1 + Z}C,l;i?) (z e l).

f//

erCV(:)‘

In 1999, Kanas and Wisniowska [75,76] extended the class UCV by introducing
the class k—UCV of k-uniformly convex functions. A function f € S is k-uniformly
convez (k > 0), if f maps every circular arc y contained in A with center ¢, (| < k,
onto a convex arc. Kanas and Wisniowska [75,76] showed that f € k—UCV if and

only if f satisfies the inequality

2f"(2)

"7

2f"(2)
<Re<1—|— f’(z)> (0<k<o0, zeU).

This analytic characterization was used by Kanas and Wisniowska [75] to obtain

the following sufficient condition for a function to be k-uniformly convex.
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Corollary 5.1 [75, Theorem 3.3, p. 334] If f(2) = 2 + > o g anz" € A satisfies

the inequality

e.¢]

1
S nln = Dlan] < .
n=2

then f € k —UCV. Further, the bound 1/(k + 2) is sharp.

Proof. From Theorem 5.3 (1), it follows that f € CV} (1), and hence

2f"(2) 1
6 < P (5.10)
Inequality (5.10) yields
2f"(2) ko 1 2f"(2) 2f"(2)
ol <mr =t < g < ().

and hence f € k —UCV. The result is sharp for the function fy € & —UCV given
by

Remark 5.1 The above result extended Goodman’s [62, Theorem 6] case of k =1
for functions to be k-uniformly convex. In the special case k = 0, Corollary 5.1

shows that the bound is 1/2 for functions to be conver.

Alexander’s relation shows that f € CV, if and only if zf' € ST, and

Theorem 5.3 (1) now readily yields the following result.

Corollary 5.2 Let o € [0,1). If f(z) =2+ 2 9anz" € A and

@]

1 —
> (= Dlan| < 5—.

o
n=2
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then f € STw. Further, the bound (1 — «)/(2 — «) is sharp.

The corollary above can also be deduced from Theorem 5.2 (1) and the inequality
n—a<(2-a)(n—1),n>2.
The class PST of parabolic starlike functions of order o € [0,1) consists of

functions f satisfying the inequality

<1-2a+Re (Z;:(/SU .

2f'(2)

e

A sufficient coefficient inequality condition for functions to be parabolic starlike

is given in the following result.

Corollary 5.3 [6, Theorem 3.1, p. 564] Let o € [0,1). If f(z) =2+ Y o9 anz"
satisfies the inequality > o> o(n — 1)|ay| < (1 — a)/(2 — @), then f is parabolic
starlike of order a. The bound (1 — «)/(2 — «) cannot be replaced by a larger

number.

Remark 5.2 Corollary 5.3 for the class of parabolic starlike functions of order p
was obtained by Ali [6, Theorem 3.1, p. 564/ by using a two-variable characteriza-

tion of a corresponding class of uniformly convex functions.
Theorem 5.4 Let o« € [0,1) and f(z) =z + > o ganz" € A.
(1) If Y onlan] <1—a, then f € STa.

(2) If S50 g nPlan| <1—a, then f € CVy.

(3) If 5 o n?lan| < 4(1 —)/(2 — a) , then f € STo and the bound 4(1 —

a)/(2 — a) is sharp.

Proof. The first two parts follow from Theorem 5.2 and the simple inequality
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n —a < n. Indeed,

o0 o0
Y (n—a)lan <> nlan] <1-a= f €8T,
=2 n=2

o0
n(n — a)lap| < Zn2|an| <l—-a=felV,.
2 n=2

M8:

n

The third follows from Theorem 5.2 (1) and use of the identity (n — a) < n?(2 —

a)/4  (n > 2). In view of this, it follows that

ZQ(n—a)]@n| < I 22712\@”] <l-a=feST,.
n= n—=

The result is sharp as demonstrated by the function fy given by

11—«

fo(z) =2z — 22 I

2 —«
5.3 The Subclass L(«q, 5)

The following theorem provides sufficient coefficient conditions for functions to

belong to either L(ao, 8) NSTy or L(a, ) NCVy, f < 1, for an appropriate value

n.
Theorem 5.5 Let 5 < 1, and f € A satisfy inequality (5.5).

(1) The function f is in the class STy if n < (2o + B)/(2ac + 1), a > 0. The
bound (2a + B)/(2ac + 1) is sharp.

(2) The function f is in the class CVy if n < (o =1+ ) /a, a >0, f > 0.
Proof. (1) If n < ngp := (2a+ B)/(2a + 1), then ST, C ST4. Hence it is enough

to prove that f € 8T,. The inequality

2a+1)n—-2a<an’+(1—a)n (n>2, a>0)
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together with inequality (5.5) show that

S (0 nollan| = 3 GaFn =20 =5

n=2 n=2 2041
2
an*+ (1 —a)n—p
<
<2 200+ 1 lan|
n=2
1-p
< =1-
= 2a+1 G

It is now evident from Theorem 5.2 (1) that f € ST7,. The result is sharp for the

function fy € STy, given by

1—-8

fo(z) ==z — 2t2-5"

(2) If n < mp := (v — 1+ B)/c, then CVyy, C CV;. Hence it suffices to show

f € CVy,. The inequality
an’+(1—an—-nB<an’+(1—an—8 (n>2, 8>0)

together with inequality (5.5) yield

o0 1 o0
> n(n —mo)lan| = o > (an? + (1 = a)n —np)|ay|
n=2 n=2
<l§: (an2+(1—a)n—5> |an|
-« n
n=2
1—
< v L =mno.
a
It follows now from Theorem 5.2(2) that f € CVy,. I

Along similar lines with Theorem 5.3, the following result provides a sufficient

coefficient inequality for functions to belong to the class L(«, ).

Theorem 5.6 Let <1, and f(z) =z+ Y o2 ganz" € A.
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(1) If f satisfies Y o2 gn(n — 1)|an] < 2(1 —B)/(2a+2— ), a > 0, then f €
L(a, B). The bound 2(1 — B)/(2a + 2 — B) is sharp.

(2) Let 0 < o <1 and n € R be given by

41— 8)/(Ba+1), a+p>1,
’[’]:
41-5)/2a+2—p), a+ <1

If f satisfies S.5° on?lan| < 7, then f € L(a,B). The result is sharp for

a+ B < 1.

Proof. (1) Since
2a0n® +2(1 —a)n —28 < 2a+2—Bn(n—1) (n>2),

it follows that

> (on (1= )n = H)lon < énzzzznm— 1)(2a+2— B)lan] <1 -,

Lemma 5.1 now yields f € L(«, ). The result is sharp for the function fy €

L(a, B) given by
1-p .2
20+2 -4

fo(z) =2z —

(2) Let a+ B > 1, and 352 o n?|an| < 4(1 — B)/(3a + 1). In this case, since
4 (cm2 +(1—a)n— ﬂ) < Ba+1)n? (n>2),

it readily follows that

> 300+ 1
Z(an2+(1—a)n—ﬁ)|an| < 1 Zn2|an| <1-p.
n=2

n=2
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Lemma 5.1 shows that f € L(a, ).
Now, let a4+ 8 < 1 and Y200 5 n?|an| < 4(1 — B)/(2a 4+ 2 — B). In this case,

the inequality

4(04712—1—(1—04)71—6) <n’(a+2-08) (n>2)

shows that
o0 1 (0. ¢]
> (an® + (1= a)n = B)lan| < 7 Y~ 0’20 +2 = Hlan| <15,
n=2 n=2

and hence, Lemma 5.1 implies that f € L(«, 5). The function fy € L(a, 8) given

by
1-8

fo(z) =z — 2at2_j"

demonstrates sharpness of the result. |

5.4 Functions with Negative Coefficients

For functions with negative coefficients, the next theorem proves the equiva-

lence between the inequalities Y oo o n(n — 1)a, < B and |f”(2)] < 8.

Theorem 5.7 Let >0, and f(z) =2z —Y 2 ganz" € T. Then

oo

1f"(2)] < B> n(n—1ay < B.

n=2

Proof. The necessary condition follows by allowing z — 17 in

oo

Z n(n — 1)anz""2

n=2

()| = < B
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If f satisfies the coefficient inequality Y o~ 5 n(n — 1)a, < 3, then

£ < 3 nn— Danl#"2 < 3 nn ~ Da < 4.
n=2 n=2

Remark 5.3 [t is known that functions f € A satisfying the inequality | f"(2)] <
B for 0 < B < lare starlike, and if | f"(2)| < B8 for 0 < B < 1/2, then f € CV [188,
Theorem 1, p.1861].

Theorem 5.8 Let 0 < a <1, and f(2) =2z —Y o ganz" €T.

(1) If f € TCV(«), then > 2 ynan < (1—a)/(2—a). The bound (1—a)/(2—«)

s sharp.
(2) If f € TCV(a), then > 07 on(n —1ay <1—a.

(3) If f € TCV(«), then Y o2 5(n — L)ay, < (1 —«a)/2(2 — «). The bound (1 —
a)/2(2 — «) is sharp.

(4) If f € TCV(), then 35° 5 nay < 2(1—a)/(2—a). The bound 2(1—a)/(2—)

s sharp.

Proof. The results follow from Theorem 5.2 (2).

(1) Since 2 —a < n —« (n > 2), it follows that

o

00
j{:nanfg
n=2

n(n — «a) l—«
an < .
; 2 -« 2 -«

n=

(2) From n — 1 < n — « readily follows that

o0 o0
Zn(n—l)an§2n(n—a)an§1—a.
n=2 n=2
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(3) The inequality 2(2 — a)(n — 1) < n(n — a) shows that
o0 o0
n(n — a) l—a
—1 < —_—ay, < .
2 b= 2 ) S -

(4) By using n?(2 — a) < 2n(n — «), it follows that

2n(n — «a) 2(1 —a)
P =
The results are sharp for the function fy given by

fo(z) =2z — %22. I

The Alexander’s relation between TCV(«) and TST («) readily yields the

following corollary.
Corollary 5.4 Let 0 < a <1, and f(2) =2z —> 2 sanz" €T.

(1) If f € TST (), then Y 02 gan < (1 —a)/(2—a). The bound (1 —a)/(2 — )

s sharp.
(2) If f € TST (), then > 02 5(n —1)ap <1 — .

(3) If f € TST (), then Y o> g nap < 2(1—a)/(2—a). The bound 2(1—a)/(2—a)

15 sharp.

Let TL(«, ) be the subclass of L(«, ) consisting of functions with negative

coefficients. For functions in 7 L(«, 5), the following lemma holds.

Lemma 5.2 [97, Theorem 8, p.414] Let f < 1, o > 0, and f(z) = z—Y 29 anz".
Then

fETE(oz,ﬁ)(:)Z(anQ—l—(l—a)n—B)angl—ﬁ.

n=2
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Corollary 5.5 Let 5 <1, a>0 and f € TL(«, B).

(1) The function f € TSTy provided n < (2o + ()/(2a + 1), and the bound

(2a+ B)/(2a + 1) is sharp.
(2) The function f € TCVy provided n < (o — 1+ f)/a, B> 0.
Proof. The result follows from Lemma 5.2 and Theorem 5.5. |

The next result shows that 7CV((2« + 38 — 2)/(2a + B8)) C TL(a,B) for

0<p<1,a>0.

Theorem 5.9 Let 0 < <1, and a > 0. If n > (2a+ 35 —2)/(2a + (), then
TCV(n) C TL(a, B).

Proof. For ng < n, TCV(n) C TCV(ny) and therefore it is sufficient to prove

TCV(no) € TL(«, 5) where ng = (2a+38—2)/(2a+ ). For n > 2, the inequality
20m® +2(1 — a)n — 28 < n((2a+ B)n — (2a+ 358 — 2))

holds. Theorem 5.2 (2) for f(z) =z — > 7% 5 apz" (ap > 0) yields

It is now evident from Lemma 5.2 that f € TL(«, ). I
Theorem 5.10 Let <1, and f(z) =2z —> ;" ganz" € TL(a,3). Then

(1) > on(n—1)ap < (1 — B)/a when a > 0;
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(2) 300 9(n—1)ay, <nwheren=(1-0)/(1-a), <3a+1, 0<a<]l.

(3) For0<a<1, and

(1—=28)/a, B<2(1—a),a>0
T’:
11-8)/Qa+2-08), f>201-a),>0,a>1/2

then S°°0 o nay, < n. The result for § > 2(1 — ) is sharp.
(4) Yoplonan <2(1—6)/(2a+2—p), o, > 0. The result is sharp.

Proof. The equivalence in Lemma 5.2 between f € TL(«a, 8) and

Z(om2+(1—a)n—ﬁ)an§1—ﬁ
n=2

is used throughout the proof of this theorem.
(1) Since

an(n—1)<an’+(1—apn—4 (n>2),

it readily follows that

00 00 2

an®+ (1 —a)n—p 1-p
Zn(n—l)an<z - In = ——
n=2 n=2

(2) If p <3a+1, then

m—1D(1—-a)<an(n—1)+n—-5 (n>2),

and use of this inequality shows that

00 00 2

an‘+ (1 —a)n—p 1-p
Z(n—l)angz o angl_a.
n=2 n=2
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(3) If B < 2(1 — «), the inequality
2 2 2
an“ <an“+2(l—a)—pF<an“+n(l—a)—p

shows that

(67

00 00 9

1—a)n— 1
ZHQGnSZan + (1 —a)n ﬁané 5‘
_ — a

In the case 8 > 2(1 — «), the inequality
(20 +2—B) <4(an’+ (1 —a)n—pB) (n>2),

readily gives

4(an? + (1 —a)n — B) 41— p5)
Z"“”SZ 25 "M%t a2_p

(4) For a, > 0, the inequality
(2a+2—-pF)n < 2(om2 +(1—a)n—p)

shows that

> 2 2(an? 4+ (1 —a)n — B) 2(1-7)
2 man < 200+ 2 — R T

n=2 n=2

The sharpness can be seen by considering the function fy given by

1-p

2
mz S T;C(O!, ﬁ)

fz)=2-
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5.5 Applications to Gaussian Hypergeometric Functions

In this section, appropriate theorems from the previous sections are applied to the
Gaussian hypergeometric functions. For a,b,c € C with ¢ # 0,—1,—2,---, the

Gaussian hypergeometric function is defined by

i (a)n(b)nzn 1 ab z n a(a+ 1)b(b + 1)£

Fla,bieiz):= ), o, 1l ler1) AT

where (M), is the Pochhammer symbol defined in terms of the Gamma function

by

(A)n:% (n=0,1,2,...).

This is equivalent to (A\)y, = A(A+1),,—1, (A\)g = 1 defined on page 29. The series
converges absolutely in /. It also converges on |z| = 1 when Re(c—a—b) > 0. For
Re(c —a —b) > 0, the value of the hypergeometric function F(a,b;c;2) at z = 1
is related to the Gamma function by the Gauss summation formula

L(e)'(c—a—0)

F(a,bie;1) = T(c—a)(c—b)

(c#£0,—-1,-2,---). (5.11)

By making use of Theorem 5.2, Silverman [183] determined conditions on
a,b,c so that the function zF'(a,b;c; z) belongs to certain subclasses of starlike
and convex functions. In this section, conditions on the parameters a,b,c are
determined so that the function zF'(a, b; ¢; z) belongs to the class L(«, 5). Similar
results holds for other classes of functions investigated in this chapter. The proof
follows by applying appropriate theorems from the previous sections, and the Gauss
summation formula for the Gaussian hypergeometric functions. The method of
proof is similar to those of Silverman [183], and Kim and Ponnusamy [82]. The
following Gauss summation formula for the Gaussian hypergeometric functions is

required.
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Lemma 5.3 [2, Lemma 10, p.169] Let a, b, ¢ > 0.

(1) Forc>a+b+1,

(2) Forc>a+b+2,

= (@)n(b)n (a)2(b)a ab B
;nQ(C)n(l)n B ((C—a—b—2)2 * c—a—b— 1) F(a,b;c;1).

Theorem 5.11 Let a,b € C and ¢ € R satisfy ¢ > |a| + |b| + 2. If either

(1) fora>0, <1,

Flal, |bl: ;1) ( (aDa(bD2 2|ab| ) _21-p)

(c—lal—|b| —2)2 c—la]—=|b|—1) = 2a+2—-p’
(5.12)
or
(2) forl—a>p, a€l0,1],
. (lal)2(b])2 3|ab| 6—53+ 2
Plek hes) (G2 el T ) S g
(5.13)

then the function zF(a,b;c;z) € L(a, ). In the case b = a, the range of ¢ in

either case can be improved to ¢ > max{0,2(1 + Rea)}.

Proof. Case 1. For a > 0, f < 1, it follows from the fact |(a)n| < (|a|])n and
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Lemma 5.3 that

o~ | @1 @1 | s (aDae1 (b
EQ”(” D@10 Sﬂ; = ) (Do
= F(lal, b]; ;1)
(laD)2(]b])2 2|abl
X((c—\ar—\b|—2>2+c—1a\—yb|—1>
2(1- 5)
T 2a+2-0

and Theorem 5.6 (1) shows that zF'(a,b;c; z) € R(a, 3).

Case 2. Let 1 —a > 8, @ € [0,1]. From Lemma 5.3 follows that

o [ @B | S 2 (aln 1 ()1
2 O Wt = 2™ O

= F(la], Pl:c; 1)
(laD2(16])2 3ab) ) )
X(<c—ra|—|b\—2>2+c—|ar—\b|—1“ !
41— )
~2a+2-0

The result follows from Theorem 5.6 (2). For b = @, the proof is similar to the

previous proof, and is therefore omitted. |
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CHAPTER 6
SUBORDINATION OF LINEAR OPERATORS SATISFYING A
RECURRENCE RELATION

6.1 Introduction

This chapter deals with the class A, of all analytic functions f of the form

(o.]
=" > ot (zeu), (6.1)
k=m-+1

with A := A;. Linear operators on 4,, continued to be of considerable interest,
and widely studied. Many of these investigations rely on the differential recurrence
relation inherited by the operators. For example, the Carlson-Shaffer operator [40]

Ly (a,c) on Ap, defined by

% ()
Lim(a,c)f( ZC_ k—i—mz o

satisfies the first-order differential recurrence relation

2(Lm(a,0)f(2)) = aLm(a +1,¢)f(2) = (a — m)Lm(a,c) f(2).

Here (a);, is the Pochhammer symbol given by (a), = a(a + 1)._1, (a)g =1 (p.
29). The multiplier transformation operator and the Dziok-Srivastava are other
examples with a similar first-order differential recurrence relation [18,49].
Consider now the class of all linear operators satisfying a certain first-order
differential recurrence relation. Specifically, let O, be the class of linear operators

Lo : Apy — Ay (a € C) satisfying the first-order differential recurrence relation

Z[Laf(z)]/ = cqlig11f(2) — (ca —m)Laf(2) (6.2)
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for some ¢, € C.

This chapter aims to show that the class of functions defined through each
linear operator L, in Oy, can be given a unified treatment. The class O, con-
tains various operators. These include the Bernardi-Libera-Livingston operator,
the Ruscheweyh derivative operator, the Carlson-Shaffer operator, the Hohlov op-
erator, the multiplier transformation as well as several other operators introduced
by various authors [17-19].

The Dziok-Srivastava operator [49,190] Hf{@j(al, con o By By z) s Am —

Ay, is defined by

k

Ho (g, ag By B ) f(2) = 2 (@0)k—m - (Wk-m _axz"
(oo Bl =+ D GG S T

(6.3)

It is known [49] that

z[HTl;Lj<Oél7"' ’al;ﬁlf" ,ﬂj,Z)f(Z)], = alHTZT,Lj<a1 + 17 ,Oél;ﬂl,"' ,ﬁj,Z)f(Z>

_(al _m)HTZ;LJ(ala ’ 7&13517' o 76]72)f(z)
(6.4)

Clearly, if a = ¢4 = a1, then Lo f(2) = H%’lj(al, - ,aq; B, 0, By 2) is the Dziok-
Srivastava operator defined in (6.3). Special cases of the Dziok-Srivastava linear
operator are the Hohlov linear operator [72], the Carlson-Shaffer linear operator
[40], the Ruscheweyh derivative operator [169], the generalized Bernardi-Libera-
Livingston linear integral operator [34,94, 98|, and the Srivastava-Owa fractional
derivative operator [135,137].

The multiplier transformation I, (n, \) on A, given by

In(n N f(2) = 2"+ Y (Zii)n apz", (6.5)
k=m+1
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satisfies
I (m, N f(2)] = (m+ N n(n 4 1,0 £(2) — M (n, N) £(2). (6.6)

The multiplier transformation I,,(n, \) f(z) defined in (6.5) is a special case of L, f
when @ = n and ¢, = m + A. Note that in this case a and ¢, are independent.

For « real, a function f € A is a-convezr if

(oo ) o

Miller and Mocanu [111, p. 10] have shown that a-convex functions are starlike

for 0 < a < 1. This result is in fact a particular case of the general subordination

implication

2f'(2)
f(2)

< q(2),

o(F21, L

o+ g 809) <o =

investigated by Miller and Mocanu [107], and Ali et al. [17]. Here S(f, z) denotes
the Schwarzian derivative of f.

In the sequel, we shall consider second-order differential subordination satisfied
by the class of functions defined through a linear operator in Oy,. This chapter

investigates three differential subordination implications for functions associated
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with the linear operator Lg € Op,:

{6 (Laf(2) Lat1f(2) Lat2f(2)i2) : 2 €U} C Q= Laf(2) < q(2),

(6.7)
(o (2ol 2enlD) 2ol s ey cam 2l g0,
(6.8)
Loy1f(2) Lat2f(2) La+3f(z),z . Lot1f(2) ;
{¢( Lof()  Las17() Laref(o)’ ) E”}CQ;‘ Lof(z) 4C)
(6.9)

Several differential inequalities and subordinations are obtained as applications of
these results. In Section 6.3, the corresponding differential superordination impli-
cations are also obtained. These results are applied to prove sandwich-type results
for the linear operator L, € Oy,. In Section 6.4, various interesting examples for
different choices of admissible functions ¢ are investigated. The obtained results

unify various earlier results, for example, those of [17-19].

6.2 Subordination Implications of Linear Operators

The following terminology introduced by Miller and Mocanu [111] will be required.

Denote by Q the set of functions q that are analytic and injective on U\ E(q) where

E(q) ={Cedu: 1imcq(2) = 00}

z—

and are such that ¢/(¢) # 0 for ¢ € OU\E(q). Let Q(a) be the subclass of Q for
which ¢(0) = a. Further, let Qy := Q(0) and Qp := Q(1) .

Definition 6.1 (Definition 1.1) Let Q be a set in C, ¢ € Q and m be a pos-
itive integer. The class of admissible functions W.,[$2, q] consists of functions
Y C3 x U — C satisfying the admissibility condition W(r, s, t;2) & Q whenever
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r=q(C),s = k¢q'(¢) and

Re(£+1) 2!@Re<%—l—l),

z€eU,( € OU\E(q) and k > m. Denote by V[Q, q] := V1], q].

The next theorem is the foundation result in the theory of first and second-

order differential subordinations.

Theorem 6.1 (Theorem 1.15) Let ¢ € U, [Q, q] with q(2) = a+ a1z + a9z +---.

Ifp(2) = a + amz™ + apme12™ T+ - satisfies
Y(p(2), 20 (2), 229 (2); 2) € Q,

then p(z) < q(z).

In the sequel, L, is a linear operator in Oy,. First, the differential subordina-
tion implication given by (6.7) is investigated. An appropriate class of admissible
functions is required to apply the subordination methodology. The class of ad-
missible functions ® (€2, ¢] associated with the Dziok-Srivastava linear operator
given by (6.3) was studied by Ali et al. [19]. Ali et al. [18] investigated the class of
admissible functions ®;[€2, q] related to the multiplier transformation defined by
(6.5). Now the following family of admissible functions is defined and theorems

analogous to those of Miller and Mocanu [111] are obtained.

Definition 6.2 Let Q C C, g € Qg N A, cq, cqr1 € C\ {0}, and m be a positive

integer. The class of admissible functions ®1 [, q| consists of functions ¢ : C3 x
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U — C satisfying the admissibility condition ¢(u,v,w;z) & 0 whenever

u=q(Q), v="TOY o = )

CaCar1W — (M — cq)(m — cqy1)u
R — -2
¢ ( cqV + (M — cq)u (¢a+ a1 —2m)

o (57910).

zeU, (€OU\E(q) and k>m.

If a = ¢q = aq, then the class @[, q] reduces to g[S, ¢] introduced and
investigated in [19, Definition 2.1, p. 1794]. If @ = n and ¢, = m+\, then the class
O [, q] coincides with the class @[, ¢] studied in [18, Definition 2.1, p. 125]. It
is seen that the class ®[€2, ¢| extends the classical class Wy, [€2, g] introduced by
Miller and Mocanu [111].

Theorem 6.2 Let f € Ay, and ¢ € P [, q]. If

{0 (Laf(2), Lav1(2), Lasaf(2);2) - z €U} C 4, (6.10)

then Lo f(2) < q(z).

Proof. The function p : U — C defined by

p(z) = Laf(2) (6.11)

is analytic in U as Lgf is well-defined and (6.10) holds. Thus the first-order

differential recurrence relation (6.2) yields

2p'(2) + (ca — m)p(2)

Lay1f() = (6.12)
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and

L(H_Qf(Z) _ ZQPII(Z) + (Ca + Ca+1 — 2m + l)zp/(z) + (Ca — m) (Ca—l—l — m)p(z)

CaCa+1
(6.13)
Define the transformations from C? to C by
u=r, v= S—i—(ca—m)r’
Ca
6.14
= t+ (cq + cor1 —2m+ 1)s + (cq — m)(cqyp1 —m)r (6.14)
CaCa+1 ’
and the function ¢ : C3 x U — C by
s+ (cqg —m)r
¢(T7 S, ta Z) = ¢(U, v, W, Z) = ¢ v
Ca
(6.15)

t+ (ca + cat1 — 2m +1)s + (cq — m)(coq1 — M)7 Z)

CaCq+1

It follows from (6.11), (6.12), (6.13), and (6.15) that

Y (p(2),20'(2), 2°0"(2):2) = (Laf(2), Lay1 f(2), Lavaf(2); ). (6.16)

The theorem follows from Theorem 6.1 provided ¢ € ¥,,[2, q] where g € Q(a).

Since

t L - CGaCar1t + (m — cq)(cqr1 — m)u
s cqU + (m — cq)u

— (ca + cqq1 — 2m),

condition (6.10) shows that ¢ € U,,[Q, ¢]. Thus, the admissibility condition for
Y € V[, g] as per Definition 6.1 is equivalent to the admissibility condition for

¢ € D[, q| as given in Definition 6.2. Hence from Theorem 6.1, p(z) = Lo f(2) <

q(2).
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Remark 6.1 Various known results are special case of Theorem 6.2 for suitable
choices of the parameters a and cq. For instance, Theorem 2.1 in [19, p. 1765] is
deduced from Theorem 6.2 where a = c¢q = a1. If a = n and ¢, = m + A, then

Theorem 2.1 in [18, p. 125] follows from Theorem 6.2.

For a simply connected domain 2 # C, there is a conformal mapping h of U
onto 2 (Theorem 1.1). In this case, the class @[, ¢] is written as ®[h, q]. The

following result is an immediate consequence of Theorem 6.2.

Corollary 6.1 Let f € Ay, and ¢ € ®plh,q]. If ¢ (Laf(2), Lay1f(2), Lar2f(2); 2)

s analytic in U, and

¢ (Laf(2), Lat1f(2), Lay2f(2); 2) < h(2), (6.17)

then Lqf(2) < q(2).

Remark 6.2 Ifa = ¢4 = ay, then Corollary 6.1 reduces to Theorem 2.2 in [19, p.
1766], and Theorem 2.2 in [18, p. 126] follows from Corollary 6.1 where a = n

and cqg = m + .

The next result extends Theorem 6.1 to the case where the behavior of ¢ on

OU is unknown.
Corollary 6.2 Let Q C C, g € Qo N A. Let ¢ € ®r[Q,qp] for some p € (0,1)

where qy(2) = q(pz). If f € Am, and

{Cb(Laf(Z)vLa+1f<z)>La+2f(Z)§ Z) NS Z/l} CQ,

then Lo f(2) < q(z).

Proof. Theorem 6.2 yields Lqf(2) < qp(z). The result is now deduced from

ap(2) < q(2). 1
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Remark 6.3 Ifa = cq = a1, then Corollary 6.2 reduces to Corollary 2.1 in [19, p.
1766], and Corollary 2.1 in [18, p. 126] follows from Corollary 6.2 where a = n

and cg = m + A.

The following result is similar to Theorem 2.3d in [111, pp. 30-31].

Theorem 6.3 Let h and q be univalent in U with q(0) = 0, and set q,(2) = q(pz)

and hy(2) = h(pz). Let ¢ : C3? x U — C satisfy one of the following conditions:
(1) ¢ € ®p[h,qp] for some p € (0,1), or
(2) there exists pg € (0,1) such that ¢ € ®p[hp,qp], for all p € (po,1).

If f € Am, ¢ (Laf(2), Las1f(2), Layaf(2); 2) is analytic in U, and Lo f satisfies
(6.17), then Lqf(2) < q(2).

Proof. Case 1. Let condition (1) be satisfied. From Corollary 6.1, it follows that
Laf(2) < qp(2), and since g,(2) < q(2), it is deduced that L, f(z) < q(z).
Case 2. Let py(2) = p(pz) = Laf(pz). If the condition (2) is satisfied, then

from (6.16) follows that

U(pp(2), 20 (2), 2%y (2); pz) = ¥ (p(p2), 20 (p2), 2% (p2); p2)

= &(Laf(p2), La+1f(pz), Lataf(p2); pz) € hp(U).
Using Corollary 6.1 shows that L, f(pz) < qp(2) for all p € (pg,1). By letting
p — 17, it is seen that L, f(2) < q(2). I

The next theorem yields the best dominant of differential subordination (6.17).

Theorem 6.4 Let h be univalent in U, and ¢ : C3 x U — C. Suppose that the

differential equation

U(q(2), 24 (2), 22" (2); 2) = h(2) (6.18)
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has a solution q with q(0) = 0 where v is given by (6.15) and satisfies one of the

following conditions:
(1) g € Qo and ¢ € Pr[h,q],
(2) q is univalent in U and ¢ € ®r[h,qpy] for some p € (0,1), or

(3) q is univalent in U and there exists py € (0,1) such that ¢ € ®rlhy, qp), for
all p € (pp,1).

If f € Am, ¢ (Laf(2), Lar1f(2), Layaf(2); 2) is analytic in U, and Lo f satisfies

(6.17), then Lqf(2) < q(2), and q is the best dominant.

Proof. From Corollary 6.1 and Theorem 6.3, it can be deduced that ¢ is a dominant
of (6.17). Since ¢ satisfies (6.18), it is also a solution of (6.17) and therefore ¢ will

be dominated by all dominants of (6.17). Hence ¢ is the best dominant of (6.17). 1

Remark 6.4 Ifa = ¢4 = ay, then Theorem 6.4 reduces to Theorem 2.4 in [19, p.
1767], and Corollary 2.4 in [18, p. 127] follows from Theorem 6.4 where a = n

and cq = m + .

As an application, it is of interest to investigate the differential subordination
implication (6.7) for the case of dominant by the disk of radius M. The class of
admissible functions @ [€2, q] reduces to the class @[, M| defined below where
q(z) = Mz (M > 0) in Definition 6.2.

Definition 6.3 Let Q@ C C, M > 0, and cq, cq+1 € C\ {0}. The class of

admissible functions @[, M| consists of functions ¢ : C3 x U — C such that

Ca

; ( it K ca=m g

L+ (ca+ car1 —2m+ DEMe" + (cq —m)(cqy1 — m)Me'? ) 0
A

CaCq+1
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whenever z € U, 0 € R, Re(Le~ ") > (k — 1)kM for all real 0, and k > m.

When a = ¢, = aq, the class ®1[Q2, M| reduces to ¢ [, M] introduced and
investigated in [19]. If a = n and ¢, = m + A, then the class @ [€2, M] coincides
with @[, M] studied in [18].

Corollary 6.3 Let f € Ay, and ¢ € [, M]. If

¢(Laf(z)> Lat1f(2), Lavaf(2); Z) €,

then |Lqf(2)] < M.

Remark 6.5 When Q = U and M = 1, various known results are obtained as
special case of Corollary 6.3. For instance, Theorem 1 in [1, p. 269] is deduced
from Corollary 6.3 when a = ¢ = a1. If a = n and cq¢ = m + A, then Theorem
2in [1, p. 271] follows from Corollary 6.3. If cq = a, Corollary 6.3 is reduced to
Theorem [25, p. 767]. Also, if a = cq = a1, Corollary 2.2 in [19, p. 1767] follows
from Corollary 6.3. If a = n and cq = m + A, then Corollary 2.2 in [18, p. 128]

follows from Corollary 6.3.

In the special case Q = ¢(U) = {w : |w| < M}, the class @1 [2, M] is simply

denoted by ®,[M]. Corollary 6.3 can be rewritten in the following form:

Corollary 6.4 Let f € Ay, and ¢ € O [M]. If

|9(Laf(2), Lav1f(2), Lat2f(2); 2)| < M,

then |Lqf(2)] < M.

Remark 6.6 If a = ¢4 = ay, then Corollary 2.3 in [19, p. 1767] follows from
Corollary 6.4. If a = n and cq = m + A, then Corollary 6.4 yields Corollary 2.3

in [18, p. 4].
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Now the differential subordination implication given in (6.8) is investigated.
The class of admissible functions @ 1S, q] associated with the Dziok-Srivastava
linear operator given by (6.3) was studied by Ali et al. [19]. Ali et al. [18] inves-
tigated the class of admissible functions @ 1[€2, | related to multiplier transform
defined by (6.5). The differential subordination implication given in (6.8) holds
when the function ¢ belongs to the class of admissible functions introduced in the

following definition.

Definition 6.4 Let 2 C C, g € Qo N A, and cq, cqr1 € C\ {0}. The class of
admissible functions ®r, 182, q] consists of functions ¢ : C3 xU — C satisfying the

admissibility condition ¢(u,v,w;z) & ) whenever

u=q((), v= kCQ'(C) + (ca — 1)‘](07

Ca

CaCar1w + (1 —cq)(cqr1 — Du
R —Cq — 2
¢ ( cqv + (1 —cq)u Ca = Catl ¥

o (391)

zeU, (€OU\E(q) and k> 1.

When a = cq = aq, the class @, 1[Q, q] reduces to @ 1€, q] introduced and
investigated in [19]. If @ = n and cq = m + A, then the class @, 1[€, q] coincides

with @7 1[Q2, ¢] studied in [18].

Theorem 6.5 Let f € Ay, and ¢ € ®,1[Q,q]. If

{(ﬁ (Laﬂ{(?, L“*;,iffz), Latﬁl(z) ; z) Lz € u} cQ, (6.20)
z z z
then
Lﬂf’? < q(z).
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Proof. The function p : Y — C defined by

p(e) = 1l (6.21)

is well-defined and analytic in & by (6.20). Thus the recurrence relation (6.2)
yields

Las1f(2) _ 20'(2) + (ca = Dp(2) (6.22)

I

»m—1 a

and

Lasaf(2) _ 24/(0) + (cat ast = D9/ + (ea = Dears = 0ple) (o0
Zm—1 CaCatl ' '

Define the transformations from C3 to C by

s+ (cg — Dr
u=r, v=-——->=
Ca
o t+ (ca+cqgr1—1)s+ (ca — 1)(cge1 — D)r
CaCa+1 ’

and the function ¢ : C3 x Y — C by

lr s, 12) = $lu,v,w; 2) = ¢<r, s+(ca=Dr

Ca

t+ (ca + cqy1 —1)s + (ca — 1)(cae1 — 1)1 B
CaCa+1 )

(6.24)
It follows from (6.21), (6.22), (6.23) and (6.24) that

Bl (2,22 2) = o ( Zod G, Pl 2) Zestl B ) o)
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In view of Theorem 6.1, it suffices to show that ¢ € ¥,,,[€2, ¢]. Since

t L1 CaCat1W + (1 —ca)(cqgr1 — Du

s cqv + (1 —cq)u

— Cq — Cg+1 +27

condition (6.20) shows that ¢ € W[, q]. Thus, the admissibility condition for
¢ as given in Definition 6.1 and the admissibility condition for ¢ € @ 1[€2, ] are

equivalent. Hence by Theorem 6.1, p(z) = Lo f(2)/2" ! < q(2). I

Remark 6.7 Theorem 2.5 in [19, p. 1769] is deduced from Theorem 6.5 where
a=cq=a1. Ifa=mn and cq = m + X, then Theorem 2.5 in [18, p. 129] follows
from Theorem 6.5.

For a conformal mapping h from U onto a simply connected domain €2 # C,
the class @7, 1[S2, q] is written as @, 1[h, g, and the following corollary is deduced

from Theorem 6.5.

Corollary 6.5 Let f € Ay, and ¢ € @, 1[h,q]. If

¢(Laf(z) Lay1f(2) me(z).z)

— ) _ ) _ 9
»m—1 »m—1 »m—1

1s analytic in U, and

(1) ol Do)
then

Lq

S L ye).

A special case of differential subordination implication (6.8) is of interest. Let
q(z) = Mz with M > 0. Then ¢(U) is the disk of radius M centered at origin. In

this case, the class of admissible functions @y, 1[S2, M] will be defined as follows.
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Definition 6.5 Let Q@ € C, M > 0, and cq,cqr1 € C\ {0}. The class of ad-
massible function <I>L71[Q, M] consists of functions ¢ : C3 x U — C satisfying the

admissibility condition ¢(r, s, t;z) & Q where

. L 1.
r :Mew, 5= Ktca—1 Me“g,
Ca
; L+ (cq+cqy1 — DkMe? + (cqg —1)(cqqq — 1) Met?
CaCa+1 7

whenever z € U, 0 € R, Re(Le™ ") > (k — 1)kM for all real 6, and k > 1.

When a = cq = a1, the class @ 1[Q2, M] reduces to @ 1[2, M] introduced
and investigated in [19]. If @ = n and ¢ = m + A, then the class @ 1[Q2, M]
coincides with @ 1[Q2, M] studied in [18].

Corollary 6.6 Let f € Ay, and ¢ € Oy 1[Q, M]. If

P (Laf(z) Lat1f(2) La+2f(z>_z) €q.

Zm—l’ Zm—l ? Zm—l ’

then
Lo f(2)

Zm—l

< M.

In the special case 2 = q(U) = {w : |w| < M}, the class ®r, 1[Q2, M] is simply

denoted by @y, 1[M].

Corollary 6.7 Let f € Ay, and ¢ € O 1[M]. If

‘¢ <Laf(2) Lat1f(2) La+2f(2).z)‘ <M,

— ) — b — b
Zml Zml Zml

then
Laf(2)

mel

< M.
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Ali et al. [19] introduced the class of admissible functions @ 5[S2, ¢ so that
the differential subordination (6.9) holds when L, f is the Dziok-Srivastava linear
operator given by (6.3). Ali et al. [18] determined the corresponding class @7 52, q]
of admissible functions where L, f is the multiplier transformation defined by (6.5).
Now, appropriate class of admissible functions is determined so that the differential

subordination implication (6.9) holds.

Definition 6.6 Let Q@ C C, ¢4 € C,cqq2cq+1¢a # 0 and ¢ € Q1 N Ag. The class
of admissible functions ®p, 9[$2,q| consists of functions ¢ : C3 x U — C satisfying

the admissibility condition ¢(u,v,w;z) ¢ Q whenever

Ca

u=q(¢), v=1--" 4

Ca+1 Ca+1

Ve w—1)c + (1 —-v)c
Re a+1(( Jea+2 + ( ) a+1) + cgr1(v —1) 4+ co(1 — 2u)
Ca+1V — Cql — Cq41 + Cq

sze(%H),

zeU, (€OU\E(q) and k> 1.

(Caq(C) +

When a = cq = aq, the class @, 9[Q, q] reduces to @ o[, q] introduced and
investigated in [19]. If @ = n and cq = m + A, then the class @, 5[, q] coincides

with @7 5[, ¢] studied in [18].

Theorem 6.6 Let f € Ay, and ¢ € @, 5[Q,q]. If

La—i—lf(z) La+2f(z) La+3f(z),z .
{¢( L) Lo f(2) Layaf (o) ) E“} ce (62)

then
La+1f(z)
Lo f(2)

< q(2).
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Proof. Define the function p : Y — C by

(2) = %{S) (6.27)

From (6.26), the function p is well-defined and analytic in #. By (6.2) and (6.27),

it follows that

Loaf) 1 (i
e Rl CLURLERLAS =] (6:28)

and

Latsf(z) _ 1 B 2p'(2)
Laraf(5)  capa \ "V T gy ezt

() PG (Zp’(Z))2

zcap'(2) + (2) | p(2) pz) ~ (6.29)

cap(2) + cqq1 — Cq + o)

Define the transformations from C3 to C by

S
(car + Cg41 — Ca + ;) ,

u=r v=
Ca+1
s S
1 s CaS—i-;—l-;—(;)Q
w = CaqT — Cq + — + Cqy2 + 5 |-
Ca+2 r ca” + Ca41 — Cq + —
r

If the function ¢ : C3 x U — C is defined by

Y(r, s, t;2) = ¢(u, v, w; 2),

then the equations (6.27), (6.28) and (6.29) show that

Lai1f(2) Laiof(2) La+3f(Z),Z>_ (6.30)

/ 21 c2) =
(p(2), 29 (2), 27" (2): 2) ¢( Laf(2) " Lat1f(2) Lay2f(2)
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Now, it is enough to show that the admissibility condition for ¢ € @y, 5[S2, ¢]

is equivalent to the admissibility condition for ¢ € W[, ¢] as given in Definition

6.1. Since
s
o UCq41 — Cal — Cq41 T Ca
! 5.8
o [(w—=T1)cgpo + (1 —v)cgr1]vcart — [cau+1 — ;];

5.5
= [(w = 1)cgt2 + (1 = v)cgr1]vegr1 — [veg1 — Car1 +ca+1 - 2;];

= [(w = D)cat2 + (1 — v)cat1]veat1
s
— [vegr1 — cqu1 + ca + 1 —2(vege1 — car — Cqy1 + ca)];
s

= [(w—=1)cgr2 + (1 = v)eg+1]veats + [cat1(v — 1) + ca(l = 2u) — 1]7,

it follows that

! +1= [(w—1)ear2 + (1 —v)caq1jvcart
s Caq4+1V — Cqlh — Cq41 + Cq

+ cqr1(v —1) + cq(1 — 2u).

Hence ¢ € U,,[€2, ¢] and by Theorem 6.1, p(z) = Lqy1f(2)/Laf(2) < q(2). 1

Remark 6.8 If a = ¢4, = aq, then Theorem 2.7 in [19, p. 1771] follows from
Theorem 6.6. If a = n and ¢, = m + A, then Theorem 6.6 yields Theorem 2.7
in [18, , p. 132].

If h is a conformal mapping from U onto a simply connected domain ) # C,
then @, 9[Q2, ¢ is written as ®f, 9[h, g], and the following result is obtained as a

consequence of Theorem 6.6.

Corollary 6.8 Let f € Ap, and ¢ € @ 5[S2, q. If

s (La+1f(2) Lat2f(2) La+3f(2).z)
Laf(2) " Lot1f(2)" Loyaf(2)’
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s analytic in U, and

Lat1f(2) Layof(2) Lass f(z)‘z .
i ( Lof(z) " Las1f(2) Lasof(z) ) < h(z),
then
%{S) =< q(2).

An interesting application of Theorem 6.6 is in the case of ¢({/) being the disk
lw — 1| < M. The class of admissible functions ®, 5[<2, M] introduced below is

needed in Corollary 6.9.

Definition 6.7 Let Q C C, ¢4 € C, cqcqt1¢q42 # 0, and M > 0. The class of
admissible functions ®p, o[Q2, M] consists of functions ¢ : C3 x U — C satisfying

the admissibility condition ¢(u,v,w;z) € Q0 whenever

(14 Mei)e, + kMem
car1(1+ Met?)
1 4 Met .
( + e )Ca—.i_kMele*F
caro(l+ Mei?)

(M + e_w)(Le_w +kM(cqg +1) + cakMzew) — k2 M?
caro(M +e=0) (cqM2e® + ¢y e + M(cq + o1 + k)’

u:1+Mew, v=1+

w=1+

zel,feR, Re(Le ) > (k — 1)kM for all real 0, and k > 1.

When a = cq = a1, the class @ 5[0, M] reduces to @ 9[2, M] introduced
and investigated in [19]. If @ = n and ¢ = m + A, then the class ®p o[2, M]

coincides with @ 9[Q2, M] studied in [18].

Corollary 6.9 Let f € Ap,, and ¢ € p o[, M]. If

Los1f(2) Lasaf(2) Lassf(z) )
¢ ( Laf(2) " Loyif () Layaf(z) °) €
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then

La—O—lf(Z) _ ‘
‘—Laf(z) 1| < M.

In the special case Q = q(U) = {w : |[w — 1] < M}, the class ®r,9[Q, M] is

simply denoted by @y, o[M].

Corollary 6.10 Let f € Ay, and ¢ € Oy o[M]. If

then

o (Bt 2o aate) ) <

Loy1f(2) B ‘
‘—Laf(z) 1| < M.

Remark 6.9 When a = ¢q = ay, Corollary 2.10 in [19, p. 1774] is easily deduced

from Corollary 6.10. If a =n and cq = m+ A, then Corollary 2.10 in [18, p. 133]

follows from Corollary 6.10.

6.3 Superordination Implications of Linear Operators

The differential superordination is the dual problem of differential subordination.

This section investigates three differential superordination implications for func-

tions related to the linear operator Ly € Oyy:

QcC {(b(Laf(Z)

e fo05)

oc o

La+1f<z>7La+2f(Z);Z> RS u} = Q<Z) = Laf('Z)?

Lat1f(2)

Lot1f(2) La+2f(2);z) L, eu} = g(2) < Laf(2)

Zm—l ’ Zm—l

Laf(z)

Lat2f(2) Lay3f(2). ) } Loy1f
Lot /() Lasaf(e) 7)) - 2 €Uy 7 a2) 2
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The results of the previous section combined with the corresponding results in this
section yield several sandwich-type theorems.

The following results obtained by Miller and Mocanu [112] are required.

Definition 6.8 (Definition 1.2) Let Q be a set in C and q(2) = a + amz™ +
12" with ¢/ (2) # 0. The class of admissible functions W' [Q, q] consists
of functions 1 : C3 x U — C satisfying the admissibility condition P(r, s, t;¢) € Q

whenever r = q(2), s = z¢(2)/k and

Re (2 + 1) < %Re (zj,lgiz)) + 1) :

zeU,(€dU and k> m > 1. Denote by ¥'[2, ] := ¥} [, g].

Theorem 6.7 (Theorem 1.16) Let ¢ € W/ [Q, ¢ with q(z) = a+a1z+agz> +---

If p € Q(a) and ¥ (p(z), zp/(2), 2p"(2); z) is univalent in U, then
QC {w(p(z),zp/(z), z2p/’(z); z), zeU}

implies q(z) < p(z).

Analogous to the case of subordination, a suitable class of admissible func-
tions is required to apply differential superordination methodology. Ali et al. [19]
introduced the class of admissible functions (ID’H €2, ¢] associated with the Dziok-
Srivastava linear operator given by (6.3). The class of admissible functions ®/[€2, ¢]
related to multiplier transformation defined by (6.5) was investigated by Ali et
al. [18]. The following class of admissible functions is now introduced to investi-

gate the differential superordination implication given in (6.31).

Definition 6.9 Let Q C C, ¢4 € C,cqi1cq # 0, and q € Ap, with 2¢'(z) # 0.

The class of admissible functions Q)’L €2, q] consists of functions ¢ : 3 xU = C
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satisfying the admissibility condition ¢(u,v,w; () € Q whenever

i gl o ) mlca = ma(z)

CaCatr1W + (M — cg)(Cqr1 — M)u
R - _2
¢ ( cqV + (M — cq)u (¢a+ o1 —2m)

()

zeUd, (€dUd and k>m.

Theorem 6.8 Let f € A, ¢ € D} [Q,q], and Lof € Qq. If
¢(Laf(2), Lag1f(2), Layaf(2); 2)
is univalent in U, then
Q C {¢(Laf(2), Lav1(2), Layaf(2);2) : z €U}

implies q(z) < Laf(2).

Proof. 1t follows from (6.16) and (6.34) that

QC {w(p(z),zp/(z), z2p"(z); z) 1z € M} ,

(6.34)

where v is defined by (6.15). From (6.14), it can be seen that the admissibility

condition for ¢ € CID’L[Q,q] is equivalent to the admissibility condition for ¢ €

Ul [, q] as given in Definition 6.8. Hence 1 € ¥/ [Q,¢] and by Theorem 6.7,

q(2) < p(2) = Laf(2).

For a conformal mapping h from U onto a simply connected domain €2, the

class ® [, ¢] is written as @ [h, q]. Consequently, the following result is obtained
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by Theorem 6.8.

Corollary 6.11 Let h be analytic in U and ¢ € @'L[h,q]. If fe A Lof € Qp,
and ¢(Laf(2), La+1f(2), Lataf(2); 2) is univalent in U, then

h(z) < (b(Laf(z)? Lat1f(2), La+2f(2); z),

implies q(2) < Lo f(2).
The best subordinant will be determined by the next theorem.

Theorem 6.9 Let h be analytic in U and ¢ : C3 x U — C and ¢ be given by
(6.15). Suppose that the differential equation 1 (q(z), z¢ (=), 22¢"(2); z) = h(z) has
a solution q € Qp. If ¢ € @'L[h,q], feA Lyf € Qy and

§Z§(Laf(2), La—|—1f(z)7 La_|_2f(2); Z)

1s univalent in U, then

h(z) < ¢(Laf(2), La+1f(2), Lav2f(2); Z)

implies q(z) < Lqf(2) and q(z) is the best subordinant.
Proof. The proof is similar to the Theorem 6.4 and is therefore omitted. |

Corollary 6.11 together with Corollary 6.1 give the following sandwich-type

result.

Corollary 6.12 Let hy and qq be analytic functions inU, ho be univalent function
inU, g € Qo with q1(0) = q2(0) = 0 and ¢ € ®plho, @] NP [hy, q1]. If f € A,
Laf(z) € AN Qg and ¢(Laf(2), Lat1f(2), Las2f(2); 2) is univalent in U, then

h1(2) < ¢(Laf(2), Lax1f(2), Lat2f(2); 2) < ha(z)
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implies q1(z) < Laf(2) < q2(2).

The differential superordination implication (6.32) holds for the class of ad-

missible functions @/ {[€2, ¢] introduced below.

Definition 6.10 Let Q C C, ¢q € C,cqr1cq # 0 and ¢ € A with 2¢'(2) # 0.
The class of admissible functions (I),L 1192, q] consists of functions ¢ : C3xU —C

satisfying the admissibility condition ¢(u,v,w; () € Q whenever

u=gq(z), v= 24/ (2) + m(ca — 1)61(2)’

CaCar1W + (1 —cq)(cgr1 — Du
R —Cq — 2
¢ ( eV + (1 —cq)u ‘o= Catl ¥

i (50),

zeU, (e€edld and k2>1.

Next, the dual result of Theorem 6.5 for differential superordination is ob-

tained.

Theorem 6.10 Let ¢ € <I>/L’1[Q,q]. If f € A, Laf(2)/2™" 1 € Qg and

¢(Laf(2) Lot1f(2) La+2f(2).z)

mel’ szl ’ mel !

15 univalent in U, then

ac {¢ (Laf(z) Lat1/f(2) La+2f(Z)_Z> e L{} (6.35)

»m—1’ .m-1 ' .m-1
implies q(z) < Lqf(z)/2m L.

Proof. 1t follows from (6.35) and (6.25) that

QC {w(p(z),zp’(z), zQp”(z); z) Dz € Z/l} ,
158



where 1) is given by (6.24). It is seen that the admissibility condition for ¢ €
CID'L’l[Q,q] is equivalent to the admissibility condition for ¢ € W/ [, q] as given
in Definition 6.8. Hence v € V] [Q,q] and by Theorem 6.7, q(z) < p(z) =
Laf(z)/z""1. 1

Let Q = h(U) where h is a conformal mapping. In this case, the class (I)/L,l €2, ¢

is written as CID/L 117, q]. By Theorem 6.10, the following result holds.

Corollary 6.13 Let h be analytic inU, g € A and ¢ € ¥} {[h,q]. If f € Ay and
Laf(2)/2™ 1 € Qy and

¢(Laf(z) Lo1f(2) La+2f(z).z)

mel’ mel ’ mel ’

15 univalent in U, then

h(z) _<¢<La (2) Lat1f(2) La+2f(z),z>

mel’ Zm—l ) mel ’

implies q(z) < Lqf(z)/2m L.

From Corollaries 6.5 and 6.13, the following sandwich-type theorem is ob-

tained.

Corollary 6.14 Let hy and qq be analytic functions in U, hy be univalent function
inU, g2 € Qo with q1(0) = 2(0) = 0 and ¢ € Py 1[ho, 2] N Oy [h1, 1] If
feAmn, Laf(2)/z" Ve AN Qy and

¢(Laf(z) Lat1f(2) La+2f(z).z)

sm—1" -m-1 > .m-1 7
18 univalent in U, then

) <o (Lal) el BeealiD) ) < g
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implies

Laf(2)

a(z) = —5—7 < e).

The class of admissible functions CI>’L 9[€2, q] defined below will be applied to

obtain the differential superordination implication given in (6.33).

Definition 6.11 Let Q C C, ¢, € C, cqy2¢q+1¢a # 0, and g € Ay with q(z) # 0,
2q'(2) # 0 . The class of admissible functions CIJ/Lz[Q,q] consists of functions

¢ : C3 xU — C satisfying the admissibility condition o(u, v, w;C) € Q whenever

1 2 (2)
u=q(z), v= — (caq(z) + Cqi1 — Cq + ma() )

ve w—1)c + (1 —-v)c
Re ( a+1(( Jea+2 + (1 = v)eg+1) (0 —1) + a1 - 2u)>
Ca+1V — CqlUl — Cq41 + Ca

i)

zeU, (€l and k>1.

Theorem 6.11 Let ¢ € <I>’L’2[Q,q]. If f € Ap, Las1f(2)/Laf(2) € Q1 and

& (La+1f(z) La+2f(z) La+3f(z) . Z)
Lof(2) ’ La+1f(2), La+2f(z)’

18 univalent in U, then

La—|—1f<z) La—|—2f(z) La—|—3f(z)_z .
e {¢( Laf(z)  Lasif() Lasef(s) ) 6“}

implies
Lot1f(2)

(=) < Laf(z)

Corollary 6.15 Let g € Agy, h be analytic in U and ¢ € <I>'L’2[h,q]. If f € Ap,
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Lat1f(2)/Laf(2) € Q1 and

& (La+1f(z) La+2f(z> Lat3f(2) . Z>
Laf(2) ’ La+1f(z), La+2f(z)’

15 univalent in U, then

Lot1f(2) Layof(2) La+3f(2),z)

o< o (S0 1T i

implies
La,—|—1f(z)

1) == ey

Corollaries 6.15 and 6.8 can be combined to show the following sandwich-type

result.

Corollary 6.16 Let hy and q1 analytic functions in U, he be univalent function
inU, g € Q1 with 1(0) = q2(0) = 1 and ¢ € Py g[ho, q2] N Oy o[h1, 1] If
f € Am, Lay1f(2)/Laf(z) € AN Q1 and

& (La+1f(z) Loy2f(2) La+3f(z),z>
Laof(z) La—i—lf(z), La+2f<z)’

15 univalent in U, then

La+1f(z) La+2f(z> La+3f<z),
Laf(2) La—i—lf(z)7 La+2f(z)’

me <o ) < hafe)

implies

q1(2) < %{S) < q2(2).

6.4 Applications

In this section, several examples are given by considering appropriate admissible

functions.
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Example 6.1 Let M >0 and 0 # ¢, € C. If f € Ay, satisfies

Mm
< -,
|Ca|

Lot )+ (2 1) Laf ()

a

then |Lqf(2)] < M.

Let ¢p(u,v) = v+ (m/cq — 1)u, and Q = h(U) where h(z) = Mz/|cq|. Since

where 0 € R, and k > m, the admissibility condition (6.19) is satisfied. Hence the

required result follows from Corollary 6.3.

Remark 6.10 If a = ¢4 = aq, then Example 6.1 yields Corollary 2.5 in [19, p.
1768].

Example 6.2 Let M > 0, and Recq > 0. If f € Ay, satisfies one of the following
(1) |Lat1f(2)] < M,

(2) |Las1f(2) + Laf(2)] < 2M,

then |Lqf(2)] < M.
(1) Let ¢p(u,v) = v, and Q = h(U) where h(z) = Mz. To use Corollary 6.3, it
is needed to show that the admissibility condition (6.19) is satisfied. This follows

since

‘gb (Meie,—k+ca _mMeia)‘ = '—/{—i—ca _mMew > M

Ca Ca

where 8 € R and k > m.
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(2) Let p(u,v) = v+ u, and Q = h(U) where h(z) = 2Mz. Since the admissi-
bility condition (6.19) is satisfied by

ok — . . k — .
'¢ (Mew,MMew)‘ _ ‘Mem ktca—m, ol < op
Ca Ca

where 8 € R and k > m, the result follows from Corollary 6.3

Example 6.3 Let M > 0, cq,cor1 € RT, and cqcqy1 # 0. If f € A, satisfies

one of the following
(1) |Laf(2) + La41f(2) + Lay2f(2)] < 3M,

(2) |Lav2f(2) + Lay1f(2)] < 2M,

then |Lqf(z)] < M.
(1) Let ¢(u,v,w) = u+ v+ w. It is shown that the admissibility condition

giwen in Corollary 6.3 is satisfied.

’ ( i Kt ca—m g

Ca

L+ (cq + cap1 — 2m+ DEMe? + (cq —m)(cqq1 — m)Mem)

CaCa+1
> M + ktca—m,,
Ca
N Re(Le™ ) 4 (cq + cap1 — 2m + 1)kM + (cq — m)(cap1 — m)M
CaCa+1
Z M + k + Cq — mM
Ca
N EM(k —1) + (ca + cqr1 — 2m + 1)EM + (cq — m)(cqy1 — m)M
CaCa+1
> 3M

where 8 € R and k > m. Hence by Corollary 6.3, the required result follows.
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(2) Take p(u,v,w) = w+v and Q2 = h(U) where h(z) = 2Mz. To apply Corol-
lary 6.3, it is needed to show that the admissibility condition (6.19) is satisfied.

This follows since

Ca

<25(Me“9 —k +Ca mMew

L+ (ca + cor1 — 2m 4+ DEMe + (¢ — m)(cqp1 — m)Me'?
CaCa+1

- Re(Le™ ) + (cq + 2cq11 — 2m + 1)kM + (cq — m)(2¢q41 — m)M

CaCa+1
S (k—1)kM + (cq + 2¢q11 —2m + 1)kM + (cq — m)(2¢q11 — m)M

CaCa+1

>2M

where 0 € R and k > m.

Example 6.4 Let M >0 and Recg > 0. If f € Ay, satisfies |La+1f(z)/zm_1| <
M, then |Laf(z)/zm_1| < M.

To show the result, it suffices to take ¢p(u,v,w;z) = v in Corollary 6.7.

Example 6.5 If M >0, cq,cq4+1 € R and f € Ay, satisfies

Loiof(z Loi1f(z
CaCa+1 a;;n 1< ) a a;;n_f ) —(ca —1)(cqr1— 1)

then |Lqf(2)/2™ 1| < M.

Take ¢(u, v, w; z) = caCqyr1W + cqv — (cq — 1)(cqr1 — 1)u and Q = h(U) where
h(z) = Mz(2¢cq + cq41 — 1).

The result follows by Corollary 6.6.
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Example 6.6 Let M >0, 0<cq11—cq <1, and cqy1 # 0. If f € Ay, satisfies

one of the following

(1)
‘LaJr?f(z) ~ Lat1/(2) M Lo 1
Lat1f(2) Lof(2) lcax1] |1+ M a a+l|>
(2)
Lat1f(2) (La+2f(z) B LaJrlf(z))‘ B )
‘ i) \Zaenif ) Laf@ )| = Teapal (1 Mlears = o)l
(5)
a+2f(2)
a+1f(z) M 1
Lay1f(2) —Hs (L4 M)cgrq] |11 8 TG~ Catl]s
Laf(z)
(4) Let 6 > 0.

5M+(1—5) Lai1/(2) 1‘ M + dcq + cqr1(1—9)],

Lat1f(2) Laf(2) [car] |1+ M
In particular,
L M 1
Lat1/(2) [Cat1] |1+ M
then
Lat1f(2) ‘
———= -1 < M.
’ Laf(2)

It suffices to show that the admissibility condition in Definition 6.7 for ap-
propriate admissible function ¢ is satisfied so that the required result follows from
Corollary 6.9.

(1) Take ¢(u,v,w;z) =v—u and Q = h(U) where

Mz 1
+ Cq

h(z) = —Car1l
& = el [T 31 7 Cont
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Hence

(1+MeNea +k i
. e
ca+1(1+ Mele)
M k+ (14 Me?)(cq — carr)
LM k= (14 M)(cars —ca)
~ lea+] 1+ M
M 1
>
|Cat1] |1+ M

| (u,v,w; 2)| = |1+ 11— Mt

+ cq — Cgt1

where z €U, 0 € R and k > 1.

(2) Let ¢(u,v,w;z) =u(v —u) and Q = h(U) where

M=z
M) = e = (14 M) (cqs1 — ca).
|Ca+1‘
Thus
|6(u, v, w; 2)| = k+ (ca — cas1)(1+ Me'™)

|Ca+1|
M

> |k — (a1 — ca)(1 + M)
|Ca+1|
M

> 11— (cqu1 — ca)(1 4+ M)].
|Ca+1’

(3) Take ¢p(u,v,w;z) = (v —u)/u and Q@ = h(U) where

Mz
(1+ M)leg1]

1
T+ e Catl

h(z) =

(4) Let ¢p(u,v,w;z) = dv + (1 = §)u and QL = h(U) where

d
H—M +6Ca+0a+1<1 —5)‘

M=z

h(z) =
&)= ]
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Thus

(14 Meyey + k

u,v,w;z) — 1| = .
|¢< ) | Ca+1(1+M67’9)

5+ Mse" + (1 —6)(1+ My —1

(14 Me)ey + k
car1(1+ Mew)
kd
1+ Met

d

1+ M +dcq + cqr1(1 — 5)|'

=M d+(1—-9)

M

N |Ca+1|
M

N |Ca+1|

+ cqd + cqr1(1 — 5)‘

where z €U, 0 € R and k > 1.

Remark 6.11 Ifc, =1 and m = 1, then Example 6.6 (2) reduces to [19, Example
2.2, p. 1775] while for cq =1 and m =1, Ezample 6.6 (3) reduces to [19, Example
2.3, p. 1775]. If a = ¢q = «q, then [19, Corollary 2.11, p. 1774] follows from
Ezxample 6.6 (1).

6.5 Dominant for Functions with Positive Real Part

In this section, the class Wy [€2, q] is considered where ¢(2) = (1 + 2)/(1 — z). If

€] = 1, then (¢) = ip (p € R), (¢'(¢) = —(1+p%)/2 and Re (1+¢¢"(¢) /¢ (()) = 0
[111, p. 26]. First, the class of admissible functions W (€2, ¢] for this particular ¢

is introduced.

Definition 6.12 Let Q C C. The class of admissible functions @[S, 1] consists

of functions ¢ : C> xU — C satisfying the admissibility condition d(u, v, w; z) & Q

whenever
Ca Cap2 — 0
u=1p, v=1-— + Z,
Ca+1 Ca+1P
wel_ Sa o cap? —0. p(p+0) + (vp+ caop? + 02)i

Cat2  Cat20  Cay20(0 = Cap? + (Car1 — Ca)ip)’
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o< —-m(1+p?)/2, o+p<0, zelUd and m>1.

If Q = qU) = {z : Rez > 0}, then the class of ®r[q(Uh),1] consists of functions
¢ : C3 x U — C satisfying Re ¢(u, v, w, ; z) < 0 whenever o < —m(1 + p2)/2 <0,

o+ p <0, cocgr1cq+2 #0, and z € U.

In view of Definition 6.12, next theorem is a immediate consequence of Theo-

rem 6.6 where ¢(z) = (14 2)/(1 — z).

Theorem 6.12 Let ¢ € 1 [Q,1]. If f € Ay, satisfies

La—i—lf(z) La+2f(z) La+3f(z),z -
{¢ ( Laf(2) " Lay1f(2)" Lagaf(2)’ > e U} <&

then

La+1f(2)
he Laf(2)

In particular, if ¢ € ®r[qU), 1] where q(z) = (14 z)/(1 — z), then

> 0.

> 0.

Lay1f(2) Lagaf(2) La+3f(z), ) Loy1f(2)
Re¢( Laf@)  Larif(2) Lasef(z) ) 7 T R ap )

Example 6.7 If f € Ap, and cq41 > 0, then

a—|—2f<z)
Re &+1f<z) > an + m = Re La+1f(z) > 0
a—i—lf(z) 2¢q41 Laf(z)
Lof(2)
Let ¢(u,v) = v/u. Since
2 _
Re¢<z‘p,1— Ca_ | Cab 02’) _ fe 20
Ca+1 Ca+1pP Ca+1  P"Ca+1
Ca m

>

)
Catrl  2Ca41

whenever o < —m(1+ p?)/2, and m > 1, the admissibility condition in Definition
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6.12 is satisfied. Hence the result follows from Theorem 6.12.

Example 6.8 Let 0 < ¢4 < cq41 and 0 > 0. If f € Ay, satisfies

(o) o)

then

and, in particular,

La+2f(2)) Loi1f(2)
Re (—La+1f(z) > 0= Re —Laf(z) > 0.

To wverify the admissibility condition in Definition 6.12, take ¢(u,v) = dv +

(1 —9)u. Since

2 _ 2 _
Re ¢ <ip,1 _ ‘a + CaP Jz') = Red (1 _ ‘a + L +(1- 5)ip>
Ca+1 Ca+1pP Ca+1 Ca+1P

:5(1— Ca )
Ca+1

the result follows from Theorem 6.12.

Example 6.9 Let 0 < cq < cqr1- If f € Ay satisfies

Lat1f(2) | Lavaf(z) [ Lat1f(2) ? _ Ca_
Re( Laf(z) +La+1f(z> ( Laf(z) ) ) = Cat1’

then
Lay1f(2)
Lo f(2)

Let ¢p(u,v) = u+ v — u?. The admissibility condition given in Definition 6.12

Re > 0.
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follows from

2 2 _

Re¢(¢p,1— o Cab gi) — Re <i,0—|—1— o Cab Ui—(z’p)Q)
Ca+1 Ca+1pP Ca+1 Ca+1P

>1_

Ca+1

Then Theorem 6.12 proves the result.
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CHAPTER 7
RADIUS CONSTANTS FOR ANALYTIC FUNCTIONS WITH
FIXED SECOND COEFFICIENT

7.1 Introduction

This chapter deals with radius properties of analytic functions with fixed second
coefficient. Let M be a set of functions and P be a property which functions in M
may or may not possess in a disk |z| < r. The least upper bound of all numbers r
such that every function f € M has the property P in the disk U, = {z : |z] < r}
is the radius for the property P in the set M.

de Branges [37] proved the Bieberbach conjecture that |a,| < n (n > 2) for
f(z) = z+ Y 7 9anz" € S. However, the inequality |ap| < n (n > 2) need not
imply f is univalent; for example, f(z) = z + 222 is not a member of S.

Gavrilov [58] showed that the radius of univalence for functions f € A satisfy-
ing |an| < n (n > 2) is the real root g &~ 0.1648 of the equation 2(1—7)3—(147) =
0, and the result is sharp for f(z) = 2z — z/(1 — 2)2. Gavrilov also proved that
the radius of univalence for functions f € A satisfying |ap| < M (n > 2) is
1 —/M/(1+ M). The inequality |a,| < M holds for functions f € A satisfying
|f(2)] < M, and for these functions, Landau [90] proved that the radius of uni-
valence is M — /M2 — 1. Yamashita [209] showed that the radius of univalence
obtained by Gavrilov [58] is also the radius of starlikeness for functions f € A
satisfying |an| < nor |ay| < M (n > 2). Additionally Yamashita [209] determined
that the radius of convexity for functions f € A satisfying |ap| < n (n > 2) is the
real root 7o ~ 0.0903 of the equation 2(1 —r)* — (1447 +r2) = 0, while the radius

of convexity for functions f € A satisfying |ap| < M (n > 2) is the real root of
(M+1)(1=7)>=M(1+r)=0.
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Recently Kalaj et al. [74] obtained the radii of univalence, starlikeness, and con-
vexity for harmonic mappings satisfying similar coefficient inequalities.

This chapter studies the class A consisting of functions

0
f2)=z+) anz" (lag]=2b, 0<b< 1,z €U).
n=2
Univalent functions in A have been studied in [9,13,122,161]. In [161], Ravichan-
dran obtained the sharp radii of starlikeness and convexity of order « for functions
f € Ay satistying |ap| < n or |ap| < M (M > 0), n > 3. The radius constants
for uniform convexity and parabolic starlikeness for functions f € A; satisfying

lap| < n, n >3 were also obtained.

In [92], Lewandowski et al. proved that an analytic function f satisfying

2f'(2) | 2f'(2)
Re( ) + f(z)>>0 (zel) (7.1)

is starlike. The class of such functions is easily extended to

2"z | 2f'(2)
Re(a 8 + f(z))>ﬁ (>0, <1, z€U), (7.2)

and has subsequently been investigated in [97, 133, 134, 142, 157, 160, 162]. For
—a/2 < B < 1, Li and Owa [93] proved that functions satisfying (7.2) are starlike.
In chapter 5, sufficient conditions of convexity and starlikeness of positive order
were obtained for functions satisfying (7.2). Several coefficient inequalities related
to this class were also investigated.

Another related class is the class of analytic functions satisfying

2f'(2)

R

<p (B>1, z€l).

This class was studied in [128,138,204,206]. In [96], Liu et al. extended the class
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to functions satisfying

2f(2) | 2f'(2)
Re(a 8 + f(z))<ﬁ (>0, B>1, z€U). (7.3)

Now functions satisfying (7.2) or (7.3) evidently belongs to the class

20M:) | ) 1+ (1-2)

cla0) = {1 e asa™fri 4 8 < B

© BeR\ {1}, ozZO}.
(7.4)

Denote by Lg(«, ) its subclass consisting of functions f € A satisfying

2 ¢l /
‘O/ fE) 2B s s (BeR\ {1, a>0, zeU).

f(2) f(2)

A sufficient condition for functions f € A to belong to the class L(a, ) is

given in the following lemma.

Lemma 7.1 [97,197] Let f € R\ {1}, and o« > 0. If f(2) =2+ 2qanz" € A

satisfies the inequality
oo
Y (an® + (1= a)n —f)lan| < |1 - 5], (7.5)
n=2

then f € L(«, ).

Next let ST[A, B] denote the class of Janowski starlike functions f € A satis-

fying the subordination

2f'(z) 1+ Az
f(2) B 1+ Bz -

This class was introduced by Janowski [73]. Certain well-known subclasses of star-
like functions are special cases of ST A, B] for suitable choices of the parameters A

and B. For example, for 0 < 5 < 1, ST(f) := ST[1 — 23, —1] is the familiar class
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of starlike functions of order 3, and ST g := Lo(0, 8) = ST[1—43,0]. Janowski [73]
obtained the exact value of the radius of convexity for ST[A, B].

Another result that will be required in our investigation is the following result

of Goel and Sohi [59].

Lemma 7.2 [59] Let -1 < B < A<1. If f(z) = 2+ > ;29 anz" € A satisfies
the inequality

oo

Y (1=Bn—(1-A)ay| < A-B, (7.6)

n=2

then f € ST[A, BJ.

The Taylor coefficients of functions f(z) = z + Y oo 9apz" € A are known
to satisfy certain coefficient inequality. For instance, starlike, and close-to-convex
functions are bounded by |ay| < n (n > 2) ( [126], [163]).

A domain D is convex in the direction of the imaginary axis if its intersection
with each parallel line to the imaginary axis is connected (or empty). A function
f is convex in the direction of the imaginary axis if f(U/) is a domain convex
in the direction of the imaginary axis. Goodman [61, p. 210] showed that the
Taylor coefficients of convex functions in the direction of imaginary axis satisfy
lap| <n (n>2).

For starlike functions f(z) = z + Y no 9 apz" of order 1/2, it is known that
lap| <1 (n >2) [177]. Loewner [99] showed that a convex function f satisfies the
sharp inequality |a,| < 1 (n > 2). Sakaguchi [174] introduced the class of starlike
functions with respect to symmetric points and proved that if f is univalent and
starlike with respect to symmetric points, then f satisfies |a,| < 1 (n > 2) and
the result is sharp .

A function f is said to be close-to-convex with argument 3 if there is a ¢ € CV
such that

Re M > 0.
elfgl(2)
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Goodman [64] showed that if f is close-to-convex with argument f, then |ay,| <
1+ (n—1)cosB. The class of uniformly starlike and uniformly convex functions

are respectively defined by

UCV:—{fES:Re<1+w>>O, g,zeu}, (7.7)

f'(2)
usT = {resire (2N so coend.

The Taylor coefficients of uniformly starlike functions are bounded by |a,| <
2/n (n > 2) [63], and the uniformly convex functions by |a,| < 1/n (n > 2)
[62].  Also, functions f(z) = z + > ;2 ganz™ € A with Re f/(z) > 0 satisfy
lap| < 2/n (n > 2).

This chapter studies functions f(z) = z + > o2 o anz" € A satisfying either
lan| < en+d (e, d>0) or |ay| < ¢/n (¢ > 0) for n > 3. Sharp L(«, §)-radius and
ST|A, Bl-radius are obtained for these classes. Several known radius constants

are shown to be specific cases of the results obtained in this chapter.

7.2 Radius Constants

In the present section, the sharp Lg(«, f)-radius and L(«, §)-radius of functions
f(z) =24 > 02 g anz™ € Ay satisfying the coefficient inequality |a,| < cn + d for

n > 3 are obtained.

Theorem 7.1 Let § € R\ {1}, and a > 0. The L(«, f)-radius of f(z) = z +
Yol ganz" € Ay satisfying the coefficient inequality |an| < en +d, ¢,d > 0 for

n >3 is the real root in (0,1) of the equation

[(c+d) (1 —B)+ |1 — B+ (2a+2— B)(2(c — b) + d)r] (1 — r)*
= ca(l+4r+1%) + (1= )+ ad)(1 - ) (7.9)

+((1—a)d — Be)(1 —7)% — Bd(1 —r)3.
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For B < 1, this number is also the Ly(c, B)-radius of f € Ap. The

sharp.

Proof. For 0 < rg < 1, the following identities hold:

> 1
Z Ty = o 1—rp,
n=3 "0
o0
angz—l L 5 — 1 —2r,
o0
ZnQTZ}: ﬂ—l—élro,
(1—rp)?
n=3
00 P
Zn?’rg = —1+4T0+T0 —1—8r.
(1 7o)
n=3

results are

(7.10)

(7.11)

(7.12)

(7.13)

The number 7 is the L(«, §)-radius of function f € Ay if and only if f(rgz)/rg €

L(c, 8). Therefore, by Lemma 7.1, it is sufficient to verify the inequality

Z (om2 +(1—a)n— 5)|an|rg_1 <|1-4|,

n=2

where 7 is the real root in (0,1) of (7.9). Using (7.10), (7.11), (7.12),
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for f € Ay lead to

Z (om2 +(1—a)n— B)|an]r6hl
n=2

< 2(2a+2 — B)brg + Z (om2 +(1—a)n— B) (en + d)rg—l

n=3

1+4 2
= 2(2a + 2 — B)brg + ca Lﬂiﬁ—l—&g
(1—=ro)

+ ((1 = a)c+ ad) ((11jr7;0)3 —1- 4r0>

(1= a)d - ) (m - 2T0)

(i)

=(c+d)(B—1)— (2a+2—B)(2(c —b) +d)rg

+ (ca(l + 4rg + r%) + (1 — a)c+ ad)(1— 7‘(2))
+ (1= a)d = Be)(1 = 19)* = Bd(1 — o)) /(1 = o)
— -8l

For 8 < 1, consider the function

fol2) = Z—sz2—i<cn+d)z" = (c+1)z+2(c—b)2% —

n=3

cz _d23 (
(1-2)2 1-2

7.15)

At the point z = rg where g is the root in (0,1) of (7.9), fy satisfies

Re (az2fé'<z> . zf6<z>) (I 7.16)

fo(2) fo(2)
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where

2crg(2a+ 1) 60047”3
(1-r0)3  (L—ro)*
2dr¢(3a+1)  dr3(6a+1)  2drja
1—rg (1-r9)* ~ (1—mp)?
c dr%
(1—=rg)? 1-rg

N(rg) = =2(c—b)(2a+ 1)rg +

D(rg) =c+1+2(c—b)rg —

This shows that r( is the sharp L(a, §)-radius for f € A,. For § < 1, equation

(7.16) shows that the rational expression N(ry)/D(rq) is positive, and therefore

20 | 26(2)

e f) “l=tes

Thus, rg is the sharp Lo(«, §)-radius for f € Ay when 5 < 1.
For 5 > 1,
cz d=3

“_ZP+1_Z(7N)

fo(z) = z+2bz2+2(cn+d)z" — (1—c)z42(b—c)2 +

n=3

shows sharpness of the result. The proof is similar to the case f < 1, and is thus

omitted. 1

For ¢ =1,d =0 and a = 0, Theorem 7.1 reduces to the radius of starlikeness

of order g for functions in A, as follows;

Corollary 7.1 [161, Theorem 2.1, p. 3] Let f(z) = 2z + Y noganz’ € Ay and

lap| < n forn > 3. Then f satisfies the inequality

2f'(2)
f(2)

- 1] <1-8 (2l <) (7.18)
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where vy = ro(B) is the real root in (0,1) of the equation
1-B+1+B)r=2(1-8+2-8)1—br)1—r)3
The number ro(5) is also the radius of starlikeness of order 3. The number ro(1/2)

18 the radius of parabolic starlikeness. The results are sharp.

For § = 0, and 0 < b < 1, Corollary 7.1 yields the radius of starlikeness

obtained by Yamashita [209].

Corollary 7.2 [209] Let f(z) = 2+ Y o2 g anz" € A satisfy the coefficient in-
equality |ap| < n for n > 2. The radius of starlikeness of [ is the real root

ro ~ 0.1648 of the equation 2(1 — r)3 —(1+7r)=0.

Proof. Choose = 0 in Corollary 7.1, and let r; be the real root of
L4r=2+41-b)r)(1—r)3 (0<b<1). (7.19)

Thus every function f € A4, is starlike in each disk C) = {z : |z| < r} for every

r < 1. Differentiating implicitly from (7.19) with respect to b gives

or 4r(1 — r)3 <0
b A1 -0 (1 —rPB-301—-r)22+4(1—byr)—1"

It shows that if b varies from 0 to 1, then the radius starlikeness of functions f € Ay

is decreasing. Therefore,

7‘1<"'<T’3/4<T’1/2<T’1/4<"'<T‘0,

In view of the facts that

A= U Ab> 07‘1: m CTba
0<b<1 0<b<1

179



it follows that every function f € A is starlike in each disk C) for every r < ry.

In the case @« = 0, ¢ = 0 and d = M, Theorem 7.1 leads to Theorem 2.5

in [161, p. 5].

Corollary 7.3 [161, Theorem 2.5, p. 5] Let f(z) = 2z + Y oo gapz" € Ay and
lan| < M for n > 3. Then [ satisfies (7.18) where ro = ro(/3) is the real root in

(0,1) of the equation
M1 =B+ pr)=((1+M)(1-p)— (2= B)(2b— M)r)(1-r)

The number ro(5) is also the radius of starlikeness of order 5. The number ro(1/2)

15 the radius of parabolic starlikeness. The results are sharp.

Next, the sharp L(a, B)-radius of f(z) = z+ > 25 anz" € Ay satisfying the

coefficient inequality |ap| < ¢/n, ¢ > 0 for n > 3 is obtained.

Theorem 7.2 Let f € R\ {1}, and o > 0. The L(«, )-radius of f(z) = z +
Yool a2 € Ay satisfying the coefficient inequality |an| < ¢/n for n > 3 and
¢ > 0 is the real root in (0,1) of

c(l—ﬁ)+|1—ﬁ|+(2a+2—ﬁ)r<§—Qb)}(1—7")2

JJog(1—1) (7.20)

=ca+ (1 —a)c(l —7r)+ Be(l —71)

For B < 1, this number is also the Ly(c, 8)-radius of f € Ap. The results are

sharp.

Proof. By Lemma 7.1, rq is the L(«, 3)-radius of functions f € A, when (7.14)

holds for the real root rg of equation (7.20) in (0,1). Using (7.10) and (7.11)
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together with

a 0 2
for f € Ap imply that
(0.9)
Z (om2 +(1—a)n— 5)\an]7°3_1
n=2
e c
< 2(2a + 2 — B)brg + Z (om2 + (1 —a)n—p) (ﬁ) 7’8*1

n=3

1

+(1—a)c<1_1m—1—r0)

e (_log(l —r0) r_o)

0 2

—(B=1)+ (2a+2 = B)ro (20— )

2
carg+ (1 —a)e(1 —ro)rg + Be(l — 7’0)2 log(1 — rg)
+
(1—rg)?rg
-4

To verify sharpness for 5 < 1, consider the function

o
C

folz) = 2z — 2b2% — Z Con = (14+c¢)z+ (5 — 2b> 22 4 clog(l — 2).

n
n=3
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At the point z = ry where 7 is the root in (0, 1) of equation (7.20), fy satisfies

2 ¢elt !
o[ N0 2 h()
. ( @) fo<z>>

log(1 —
_(E_%)m@a+m+ cma2 ¢ clos(l=ro)
2 (1 —rp) 1—rp 0o
=1- c clog(1l —rg) (7.23)
(1+c¢)+ (5—2b>ro+T
-y

Thus ¢ is the sharp L(a, §)-radius of f € Ayp. Since § < 1, the rational expression

in (7.23) is positive, and therefore

Pfy(z) | 2fy(2)

@ ) !

:l_ﬁv

which shows r( is the sharp Ly(«, 5)-radius of f € A;. For § > 1, sharpness of

the result is demonstrated by the function fy given by

0
_ 2 (- 92 _
fo(z) = =z +2bz —i—nX;) 2 (1—-c)z+ (Qb 2) 2% —clog(1 — 2).

For e = 0, Theorem 7.2 coincides with the radius of starlikeness of order § for

f € Ay obtained by Ravichandran [161].

Corollary 7.4 [161, Theorem 2.8, p. 6] Let f(2) = z + Y o9 anz’ € Ay and
lan| < M/n for n > 3. Then f satisfies the inequality (7.18) where ro = ro(B) is

the real root in (0,1) of the equation

2M(1+ B(1 —r)log(l —r) = r(2(1 + M)(1 — B) + (2 — B)(M — 4b)r) (1 — 7).
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The number ro(5) is also the radius of starlikeness of order 5. The number ro(1/2)

15 the radius of parabolic starlikeness. The results are sharp.

7.3 Radius of Janowski Starlikeness

The next result finds the sharp ST[A, Bl-radius of f(z) = z + Y 2 5 an2" € A,

satisfying the coefficient inequality |ay| < cn+d, ¢,d > 0 for n > 3.

Theorem 7.3 Let —1 < B < A < 1. The STI[A, B]-radius of f(z) = z +
Yol g anz" € Ay satisfying the coefficient inequality |an| < cn +d for n > 3 and

¢, d >0 is the real root in (0,1) of

(A= B)(c+d+1)— (20— 2c—d)(2(1 — B) — (1 — A))r](1 —r)3
(7.24)

=c(1=B)(1+7)+ (d(1 = B) —c(1 = A)(1 —7) — (1 — A)d(1 — 1)
The result is sharp.

Proof. Tt is evident that rg is the ST[A, B]-radius of f € Ay if and only if

f(roz)/ro € ST[A, B]. Hence, by Lemma 7.2, it suffices to show that
(0.
> (A=Bjn—(1—A)anlrf ' <A-B (-1<B<A<1),  (7.25)
n=2

where rq is the root in (0, 1) of equation (7.24). From (7.10), (7.11), and (7.12)
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for function f € Ay, it follows that

oo

> (=B —(1—A))|anlr§~"

n=2

<2(2(1-B)— (1= A)bro+ Y _ (1= B)n—(1—A))(cn+dyry
n=3

=2(2(1-B) — (1= A))brg +c(1 — B) ((fj—;o)?) —1- 47‘())

+ (d(1 = B) — ¢(1 — A)) (m —1 —2r0)

=i (1)

1—7g

=(B—-A)(c+d)+(2b—2c—d)(2(1— B) — (1 — A))rg
+ (et = B)(1+10) + (d(1 = B) = e(1 = A))(1 = r9)
— (1= A)d(1 = 70)?) /(1 = rg)?

=A-B.

The function fy given by (7.15) shows that the result is sharp. Indeed, at
the point z = ry where rq is the root in (0,1) of equation (7.24), the function fy
satisfies
2dr(2) drg’ 2crg
1-rg  (1-r9)* (1—rp)’

c drg
(1-r0)* 1-rg

—2(c—b)rg +

2fp(2)
fo(z)

_1‘:

?

c+1+2(c—b)rg—
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and

zfo(2)
fo(z)

(c+1)(A— B)+2(c—b)rg(A—2B)
c B dr%
(1-rg)* 1—rg
c(A— B) 2crgB dr3(A - 3B) drg B
(1—r0)>  (1—r0)®  1-rg (1 —rp)?
c dr% '
(1—1rp)2 T 1-rg

4-5

c+1+4+2(c—b)rg—

c+1+2(c—b)rg—

Then (7.24) yields

/ /
ZJ{)O((;)) —1‘ - 'A—szf;f)((j)) (-1<B<A<1, 2=rp), (7.26)
or equivalently fo € ST[A, B]. |

Applying Theorem 7.3 to the particular case ¢ = 1, and d = 0 yields the

following corollary.

Corollary 7.5 Let —1 < B < A < 1. The ST[A, Bl-radius of f(z) = z +
Yool g anz™ € Ay satisfying the coefficient inequality |an| < n for n > 3 is the real

root in (0,1) of
2(A=B)—(b—1)(21—=B) = (1= A))r)(1—7)3 = (1= B)(1+7)— (1 - A)(1—7).

The result is sharp.
For ¢ =0, and d = M, Theorem 7.3 leads to the next corollary.

Corollary 7.6 Let —1 < B < A < 1. The ST[A, B|-radius of f(z) = z +

Yontganz € Ay satisfying the coefficient inequality |an| < M for n > 3, and
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M >0 is the real root in (0,1) of

(A= B)(M +1) — (2b— M)(2(1 = B) — (1 — A))r)(1 — )3

— M1 -B)(1—r)—(1—A)M(@1-r)?

The result is sharp.

Remark 7.1 The ST[1—28, —1]-radius for function f(z) = z+Y o2 9 anz"™ € Ay
satisfying |an| < en+d, ¢,d > 0 coincides with the radius of starlikeness of order (3
for function f € Ay obtained in Corollary 7.1. The radius of starlikeness of order
1/2 for function f(z) = z+ Y oo ganz" € A satisfying |an| < n (n > 2) is the
real root 7o ~ 0.1203 of the equation 2(1 — )3 = 1+ 3r, while this radius constant
for function f € Ay satisfying |ap| < n (n > 3) is the real root ry ~ 0.2062 of the

equation (1 —r)3(2 + 6r) = 1 4 3r.

The last theorem will obtain the ST[A, Bl-radius of f(z) = z+ > o g apz" €

Ay satistying the coefficient inequality |ap| < ¢/n for n > 3 and ¢ > 0.

Theorem 7.4 Let —1 < B < A < 1. The STI[A, B]-radius of f(z) = z +
Yoo anz € Ay satisfying the coefficient inequality |a,| < ¢/n for n > 3 and

¢ > 0 is the real root in (0,1) of the equation

<(c—|— 1)(A—B)— (2(1— B) — (1— A))r <Qb - g)) (1—1)
log(1 — )

(7.27)
=c(1—B)+c(l—-A)(1—-r)

The result is sharp.

Proof. By Lemma 7.2, condition (7.25) assures that rg is the ST[A, B]-radius of

f € Ay where rg is the real root of (7.27). Therefore, using (7.10) and (7.21) for
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f e Ap yield

> (1= B)n—(1—A))|anlr§™"

n=2

<2(2(1—B) — (1—A))brg+ Y (1 - Byn — (1 - A)) (%) il
n=3

—2(2(1— B) — (1— A))bro + c(1 — B) (1 —17~0 -1 —ro)
—o(1 - A) (——log(l —r0) T—“)

70 2
=c(B—A)+ (2(1-B) - (1-A))rg (2b B g)
| el = Bjrg +c(1 = A)(1 — o) log(1 — r9)
(L —ro)ro

=A-B.

The result is sharp for the function fy given by (7.22). Indeed, fj satisfies

log(1 —
Y PR L)

2folz) 1‘ o \2 1—1g ro
fo(2) B c clog(1 —rg) ’
0 (1+c)+(§—2b)m+T
and
c cB cAlog(1 —rg)
'A—Bzfé(z) (1+9(A-B)+(4-28) (5—2b)r0+ e -
folz) | ¢ clog(1 — ro)
(14c)+ (5—2b)ro+T

at the point z = ry where rq is the root in (0,1) of equation (7.27). From (7.27),

the function fy is seen to satisfy (7.26), and hence the result is sharp. |

Remark 7.2 (1) Let f(z) = z + > pogap2” € Ay satisfy |ap| < 1/n (n >
3). The radius of starlikeness is the real root ro =~ 0.6180 of the equation

(2+7)(1 —r) =1, and the radius of starlikeness of order 1/2 is the real root
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ro ~ 0.5241 of
3r
(1—r) (2+?>r—2r—(l—r)log(1—r).

(2) Let f(z) = z+ Y o2 ganz" € A satisfies |ap| < 1/n (n > 2). The radius of
starlikeness is the real oot ro ~ 0.2324 of the equation (2 — 3r)(1 —r) =1,
and the radius of starlikeness of order 1/2 is the real root roy =~ 0.1583 of the

equation

(2— %T) (1—r)r=2r — (1 —7)log(1 —1).
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