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SUBORDINASI PEMBEZA DAN MASALAH PEKALI UNTUK
FUNGSI-FUNGSI ANALISIS

ABSTRAK

Lambangkan A sebagai kelas fungsi analisis ternormal pada cakera unit D
berbentuk f(z) =z + Y oo 9 apz". Fungsi f dalam A adalah univalen jika fungsi
tersebut ialah pemetaan satu ke satu. Tesis ini mengkaji lima masalah penye-
lidikan.

Fungsi f € A dikatakan dwi univalen dalam D jika kedua-dua fungsi f dan
songsangannya f~ - adalah univalen dalam . Anggaran pekali awal, |ag| dan |ag],
fungsi dwi univalen akan dikaji untuk f dan f~! yang masing-masing terkandung
di dalam subkelas fungsi univalen tertentu. Seterusnya, batas penentu Hankel
kedua Ho(2) = agaq — a% untuk fungsi analisis f dengan zf’(z2)/f(z) dan 1 +
zf"(2)/f' () subordinat kepada suatu fungsi analisis tertentu diperoleh.

Bermotivasikan kerja terdahulu dalam subordinasi pembeza peringkat kedua
untuk fungsi analisis dengan pekali awal tetap, syarat cukup bak-bintang dan uni-
valen untuk suatu subkelas fungsi berpekali kedua tetap ditentukan. Kemudian,
syarat cukup cembung untuk fungsi yang pekali keduanya tidak ditetapkan dan
yang memenuhi ketaksamaan pembeza peringkat kedua dan ketiga tertentu diper-
oleh.

Akhir sekali, subkelas fungsi multivalen yang memenuhi syarat bak-bintang
dan hampir cembung dikaji.

Beberapa aspek permasalahan dalam teori fungsi univalen dibincangkan dalam

tesis ini dan hasil-hasil menarik diperoleh.

viil



DIFFERENTIAL SUBORDINATION AND COEFFICIENTS
PROBLEMS OF CERTAIN ANALYTIC FUNCTIONS

ABSTRACT

Let A be the class of normalized analytic functions f on the unit disk D, in
the form f(z) = 24+ 729 apz". A function f in A is univalent if it is a one-to-one
mapping. This thesis discussed five research problems.

A function f € A is said to be bi-univalent in D if both f and its inverse
f~1 are univalent in D. Estimates on the initial coefficients, |as| and |ag]|, of
bi-univalent functions f are investigated when f and f~! respectively belong to
some subclasses of univalent functions. Next, the bounds for the second Hankel
determinant Ho(2) = agayq — a% of analytic function f for which zf’(z)/f(z) and
1+ 2f"(2)/f'(2) is subordinate to certain analytic function are obtained.

Motivated by the earlier work on second order differential subordination for
analytic functions with fixed initial coefficient, the sufficient conditions for star-
likeness and univalence for a subclass of functions with fixed second coefficient
are obtained. Then, without fixing the second coefficient, the sufficient condition
for convexity of these functions satisfying certain second order and third order
differential inequalities are determined.

Lastly, the close-to-convexity and starlikeness of a subclass of multivalent func-
tions are investigated.

A few aspects of problems in univalent function theory is discussed in this

thesis and some interesting results are obtained.
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CHAPTER 1
INTRODUCTION

1.1 Univalent function

Let C be the complex plane and D := {z € C : |z2|] < 1} be the open unit
disk in C. A function f is analytic at a point zy € D if it is differentiable in
some neighborhood of zp and it is analytic in a domain D if it is analytic at all
points in domain D. An analytic function f is said to be univalent in a domain
if it provides a one-to-one mapping onto its image: f(z1) = f(z3) = 21 = 29.
Geometrically, this means that different points in the domain will be mapped into
different points on the image domain. An analytic function f is locally univalent
at a point zg € D if it is univalent in some neighborhood of zy. The well known
Riemann Mapping Theorem states that every simply connected domain (which is

not the whole complex plane C), can be mapped conformally onto the unit disk D.

Theorem 1.1 (Riemann Mapping Theorem) [29, p. 11| Let D be a simply con-
nected domain which is a proper subset of the complex plane. Let  be a given
point in D. Then there is a unique univalent analytic function f which maps D

onto the unit disk D satisfying f(¢) =0 and f'(¢) > 0.

In view of this theorem, the study of analytic univalent functions on a simply
connected domain can be restricted to the open unit disk .
Let H(D) be the class of analytic functions defined on D. Let H[a,n| be the

subclass of H(D) consisting of functions of the form

1

f(z) = a+anzn+an+1zn+ +e

with H = H[1, 1].
Also let A denote the class of all functions f analytic in the open unit disk

D, and normalized by f(0) = 0, and f’(0) = 1. A function f € A has the Taylor
1



series expansion of the form
(0. 9]
z) :Z+Zanzn (z € D).

For a fixed p € N:={1,2,...}, let A be the class of all analytic functions of the

form
o0
k
Z) = Zp + Z ak—i—pz +p7

that are p-valent (multivalent) in the open unit disk, with A4 := A;.
The subclass of A consisting of univalent functions is denoted by S. The

function k£ given by

k(z) = 1 2 Z nz" (2 €D)

is called the Koebe function, which maps D onto the complex plane except for a
slit along the half-line (—oo, —1/4], and is univalent. It plays a very important
role in the study of the class S. The Koebe function and its rotations e~ k(ezﬂ z),
for § € R, are the only extremal functions for various problem in the class S. In
1916, Bieberbach [19] conjectured that for f € S, |an| < n, (n > 2). He proved

only for the case when n = 2.

Theorem 1.2 (Bieberbach’s Conjecture) [19] If f € S, then |an| < 2 (n > 2)

with equality if and only if f is the rotation of the Koebe function k.

For the cases n = 3, and n = 4 the conjecture was proved by Lowner [58] and
Garabedian and Schiffer [34], respectively. Later, Pederson and Schiffer [98] proved
the conjecture for n = 5, and for n = 6, it was proved by Pederson [97] and
Ozawa [95], independently. In 1985, Louis de Branges [20], proved the Bieberbach’s

conjecture for all the coefficients n.



Theorem 1.3 (de Branges Theorem or Bieberbach’s Theorem) [20] If f € S,
then

lan| <n (02 2),
with equality if and only if f is the Koebe function k or one of its rotations.

Bieberbach’s theorem has many important properties in univalent functions. These
include the well known covering theorem: If f € S, then the image of D under f

contains a disk of radius 1/4.

Theorem 1.4 (Koebe One-Quarter Theorem) [29, p. 31| The range of every func-

tion f € S contains the disk {w € C : |w| < 1/4}.

The Distortion theorem, being another consequence of the Bieberbach theorem

gives sharp upper and lower bounds for |f’(2)].

Theorem 1.5 (Distortion Theorem) [29, p. 32] For each f € S,

1+7r
(1—7“)3

1—r
(1+7)3

<If(x)] < (Il =r<1).

The distortion theorem can be used to obtain sharp upper and lower bounds for

| f(2)| which is known as the Growth theorem.

Theorem 1.6 (Growth Theorem) [29, p. 33] For each f € S,

1= (Jz| =7r < 1).

Another consequence of the Bieberbach theorem is the Rotation theorem.

Theorem 1.7 (Rotation Theorem) [29, p. 99] For each f € S,

-1
4sin~ 1, rg\/i,

|arg f'(2)] <



where |z| = r < 1. The bound is sharp.

The Fekete-Szego coefficient functional also arises in the investigation of univalency

of analytic functions.

Theorem 1.8 (Fekete-Szego Theorem) [29, p. 104] For each f € S,
lag — ca3| < 1+ 2¢~20/(1-0), 0<a<l).

1.2 Subclasses of univalent functions

The long gap between the Bieberbach’s conjecture in 1916 and its proof by de
Branges in 1985 motivated researchers to consider classes defined by geometric
conditions. Notable among them are the classes of convex functions, starlike func-
tions and close-to-convex functions.

A set D in the complex plane is called convex if for every pair of points wq
and w9 lying in the interior of D, the line segment joining wy and wy also lies in

the interior of D, i.e.
twy + (1 —t)wy € D for 0<t<1.

If a function f € A maps D onto a convex domain, then f is a convex function.
The class of all convex functions in A is denoted by CV. An analytic description

of the class CV is given by

cy = {fGA:Re <1+Z]{,ZS)> >0}.

Let wq be an interior point of D. A set D in the complex plane is called starlike

with respect to wyq if the line segment joining wq to every other point w € D lies



in the interior of D, i.e.
(1—thw+twy € D for 0<t<1.

If a function f € A maps D onto a starlike domain, then f is a starlike function.

The class of starlike functions with respect to origin is denoted by S7. Analyti-

ST = {feA:Re <ZJ{£S>> >o}.

In 1936, Robertson [105] introduced the concepts of convex functions of order

cally,

« and starlike functions of order o for 0 < o < 1. A function f € A is said to be

convex of order « if

Re(1+%)>a (z € D),

and starlike of order o if

Re (fogg)) >a (ze€D).

These classes are respectively denoted by CV(«) and S7 («).
Note that CV(0) = CV and S7(0) = ST. An important relationship between
convex and starlike functions was first observed by Alexander [1] in 1915 and

known later as Alexander’s theorem.

Theorem 1.9 (Alexander’s Theorem) [29, p. 43| Let f € A. Then f € CV if and
only if zf' € ST.

From this, it is easily proven that f € CV(«) if and only if zf' € ST («).
Another subclass of S that has an important role in the study of univalent
functions is the class of close-to-convex functions introduced by Kaplan [45] in

1952. A function f € A is close-to-convex in D if there is a convex function g and



a real number 6, —7/2 < 6 < 7/2, such that

Re (&958) >0 (zeD).

The class of all such functions is denoted by CCV. The subclasses of S, namely

convex, starlike and close-to-convex functions are related as follows:

CYycS8T cCcycs.

The well known Noshiro-Warschawski theorem states that a function f € A with

positive derivative in D is univalent.

Theorem 1.10 [82,131] For some real «, if a function f is analytic in a convex

domain D and
Re (eio‘f/(z)> > 0,
then f is univalent in D.

Kaplan [45] applied Noshiro-Warschawski theorem to prove that every close-to-
convex function is univalent.
The class of meromorphic functions is yet another subclass of univalent func-

tions. Let X denote the class of normalized meromorphic functions f of the form

=t Y
=
that are analytic in the punctured unit disk D* := {2 : 0 < |z| < 1} except for a
simple pole at 0.
A function f is said to be subordinate to F' in D, written f(z) < F(z), if
there exists a Schwarz function w, analytic in D with w(0) = 0, and |w(z)| < 1,
such that f(z) = F(w(z)). If the function F' is univalent in I, then f < F if

£(0) = F(0) and f(U) € F(U).



Let P be the class of all analytic functions p of the form
o0
p(z) = 14p1z+p2®+- =14 pnz"
n=1
with
Rep(z) >0 (z€D). (1.1)

Any function in P is called a function with positive real part, also known as

Caratheodory function. The following lemma is known for functions in P.

Lemma 1.1 [29] If the function p € P is given by the series
p(2) = L+ p1z+paz® +p3z +---
then the following sharp estimate holds:
lpn| <2 (n=1,2,...).

The above fact will be used often in the thesis especially in Chapters 2 and 3.
More generally, for 0 < o < 1, we denote by P(«a) the class of analytic functions
p € P with

Rep(z) >a (z€D).
In terms of subordination, the analytic condition (1.1) can be written as

1+=2
1—2z

p(z) < (z € D).

This follows since the mapping ¢(z) = (1 + z)/(1 — z) maps D onto the right-half
plane.
Ma and Minda [59] have given a unified treatment of various subclasses con-

sisting of starlike and convex functions by replacing the superordinate function

7



q(z) = (1 + 2)/(1 — 2) by a more general analytic function. For this purpose,
they considered an analytic function ¢ with positive real part on D with ¢(0) = 1,
¢’'(0) > 0 and ¢ maps the unit disk D onto a region starlike with respect to 1,
symmetric with respect to the real axis. The class of Ma-Minda starlike functions

denoted by S7 () consists of functions f € A satisfying

2f(2)
O

¢(2)

and similarly the class of Ma-Minda convex functions denoted by CV(p) consists

of functions f € A satisfying the subordination

2f"(2)

)

<p(2), (ze€Db).
respectively.

1.3 Differential subordination

Recall that a function f is said to be subordinate to F' in D, written f(z) < F(2),
if there exists a Schwarz function w, analytic in D with w(0) = 0, and |w(z)| < 1,
such that f(z) = F(w(z)). If the function F' is univalent in D, then f < F if
£(0) = F(0) and £(U) € F().

The basic definitions and theorems in the theory of subordination and certain
applications of differential subordinations are stated in this section. The theory of
differential subordination were developed by Miller and Mocanu [61].

Let 1)(r,s,t;2) : C3 x D — C and let h be univalent in D. If p is analytic in I

and satisfies the second order differential subordination

0 (p(=), 20/ (2), 220" (205 2) < h2), (1.2)



then p is called a solution of the differential subordination. The univalent function
q is called a dominant of the solution of the differential subordination or more
simply dominant, if p < ¢ for all p satisfying (1.2). A dominant ¢ satisfying
q1 < q for all dominants ¢ of (1.2) is said to be the best dominant of (1.2). The
best dominant is unique up to a rotation of ID.

If p € H[a,n], then p will be called an (a,n)-solution, q an (a,n)-dominant,

and ¢ the best (a,n)-dominant. Let Q C C and let (1.2) be replaced by

P <p(z), zp/(z), z2p"(z); z> € Q, forall z €D, (1.3)

where 2 is a simply connected domain containing h(D). Even though this is a
differential inclusion and (p(z), 20 (2), 22" (2); z) may not be analytic in D, the
condition in (1.3) shall also be referred as a second order differential subordination,
and the same definition of solution, dominant and best dominant as given above
can be extended to this generalization. The monograph [61] by Milller and Mocanu
provides more detailed information on the theory of differential subordination.

Denote by Q the set of functions ¢ that are analytic and injective on D\ E(q),

where

E(q) ={C € ID: Zliingq(Z) = oo}

and ¢'(¢) # 0 for ¢ € OD\E(q).
The subordination methodology is applied to an appropriate class of admissible
functions. The following class of admissible functions was given by Miller and

Mocanu [61].

Definition 1.1 [61, Definition 2.3a, p. 27] Let Q2 be a set in C, ¢ € Q and m be
a positive integer. The class of admissible functions W[, q] consists of functions

Y C3 x D — C satisfying the admissibility condition W(r, s, t;2) & Q whenever



r=q(C),s = kCq'(¢) and

Re (z + 1) > kRe (qu//;g) + 1) ,

z €D, € OD\E(q) and k > m. In particular, V[, q] := ¥1[€, ql.

The next theorem is the foundation result in the theory of first and second-order

differential subordinations.

Theorem 1.11 [61, Theorem 2.3b, p. 28] Let ¥ € V[, q] with ¢(0) = a. If
p € Hla,n] satisfies

U(p(2), 29/ (2), 22" (2); 2) € Q,

then p < q.

1.4 Scope of thesis

This thesis will discuss five research problems. In Chapter 2, estimates on the
initial coefficients for bi-univalent functions f in the open unit disk with f and its
inverse g = f~ ! satisfying the conditions that zf’(z)/f(z) and z¢'(z)/g(z) are both
subordinate to a univalent function whose range is symmetric with respect to the
real axis. Several related classes of functions are also considered, and connections
to earlier known results are made.

In Chapter 3, the bounds for the second Hankel determinant agsagy — a% of
analytic function f(z) = z + agz® + agz3 + -+ for which either zf'(2)/f(z) or
1+ 2f"(2)/f(2) is subordinate to certain analytic function are investigated. The
problem is also investigated for two other related classes defined by subordina-
tion. The classes introduced by subordination naturally include several well known
classes of univalent functions and the results for some of these special classes are
indicated. In particular, the estimates for the Hankel determinant of strongly

starlike, parabolic starlike, lemniscate starlike functions are obtained.

10



In Chapter 4, several well known results for subclasses of univalent functions
was extended to functions with fixed initial coefficient by using the theory of dif-
ferential subordination. Further applications of this subordination theory is given.
In particular, several sufficient conditions related to starlikeness, meromorphic
starlikeness and univalence of normalized analytic functions are derived.

In Chapter 5, the convexity conditions for analytic functions defined in the
open unit disk satisfying certain second-order and third-order differential inequal-
ities are obtained. As a consequence, conditions are also determined for convexity

of functions defined by following integral operators

f(z) = /0 1 /0 1W(r,s,z)drds, and  f(z) = /O 1 /O 1 /0 1 W(r, s, t, 2)drdsdt.

In the final chapter, several sufficient conditions for close-to-convexity and
starlikeness of a subclass of multivalent functions are investigated. Relevant con-

nections with previously known results are indicated.

11



CHAPTER 2
COEFFICIENTS FOR BI-UNIVALENT FUNCTIONS

2.1 Introduction and preliminaries

For functions f € S, let f~! be its inverse function. The Koebe one-quarter theo-
rem (Theorem 1.4) ensures the existence of f~1, that is, every univalent function

f has an inverse f~1 satisfying f~1(f(2)) = 2, (z € D) and

FO W) =w,  (Jw] <ro(f).ro(f) = 1/4).

A function f € A is said to be bi-univalent in D if both f and f~1 are univalent
in D. Let SB denote the class of bi-univalent functions defined in . Examples of
functions in the class SB are z/(1 — z) and —log(1 — z).

In 1967, Lewin [51] introduced this class SB and proved that the bound for
the second coefficients of every f € SB satisfies the inequality |ag| < 1.51. He
also investigated SB; C SB, the class of all functions f = ¢ o1 ~1, where ¢ and
v map D onto domains containing I and ¢'(0) = +’(0). For an example that
shows SB # SBq, see [23]. In 1969, Suffridge [122] showed that a function in
SBq satisfies ag = 4/3 and thus conjectured that |ag| < 4/3 for all functions in
SB. Netanyahu [69], in the same year, proved this conjecture for a subclass of
SBy. In 1981, Styer and Wright [121] showed that ap > 4/3 for some function
in 8B, thus disproved the conjecture of Suffridge. For bi-univalent polynomial
f(2) = z+a92%+a3z3 with real coefficients, Smith [114] showed that |as| < 2/v/27
and |as| < 4/27 and the latter inequality being the best possible. He also showed
that if z 4+ a,2" is bi-univalent, then |a,| < (n — 1)"~1/n™ with equality best
possible for n = 2,3. Kedzierawski and Waniurski [47] proved the conjecture
of Smith [114] for n = 3,4 in the case of bi-univalent polynomial of degree n.

Extending the results of Srivasta et al. [118], Frasin and Aouf [33] obtained estimate

12



of |ag| and |ag| for bi-univalent function f for which
f(z g(w _
(1-— )\)% +Af(2) and (1 - )\)% + X (w) (g=f"YH

belongs to a sector in the half plane. Tan [125] improved Lewin’s result to |ag| <
1.485. For 0 < a < 1, a function f € SB is bi-starlike of order o or bi-convex of
order o if both f and f~1 are respectively starlike or convex of order . These
classes were introduced by Brannan and Taha [22]. They obtained estimates on
the initial coefficients for functions in these classes. For some open problems and

survey, see [35,115]. Bounds for the initial coefficients of several classes of functions

were also investigated in [7,8,24-26,33,39,48,60,64,67,108,117-120,126,133,134].

2.2 Kedzierawski type results

In 1985, Kedzierawski [46] considered functions f belonging to certain subclasses
of univalent functions while its inverse f~! belongs to some other subclasses of

univalent functions. Among other results, he obtained the following.

Theorem 2.1 [46] Let f € SB with Taylor series f(z) = z + agz? + --- and
g=f"L Then
15804 iffeS, ges,

] < V2 if feST, ge ST,
as| <

1507  if fe€ST, g€ S,

1224  iffeCV, g€eS.
\

Consider the following classes investigated in [7,8,14].

Definition 2.1 Let ¢ : D — C be analytic and p(z) =1+ Bz + By2? 4 - with

By >0. Fora>0, let

M(a, @) = {feS : (1—04)2]{;2?) +a <1+%) -<<p(z)},
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Llayg) = {f cs (J{(—(f) (1+%)1_a < w(z)},

_ 2R 2R
ST (a, ) == {f €S ) +a ) =< gp(z)}.
Suppose that f is given by
f(z) =2+ Z anz", (2.1)
n=2

then it is known that ¢ = f~! has the expression

3

g(w) = f_l(w) =w — a2w2 + (2@% — a3)w 4+ .-

Motivated by Theorem 2.1, we will consider the following cases and then will

obtain the estimates for the second and third coefficients of functions f:
L. fe8T(a,p) and g € ST(3,1), or g € M(B,¢), or g € L(B,¢),
2. f € M(a,p) and g € M(3,¢), or g € L5, 9),

3. feLla,p)and g € L(G,1),

where ¢ and i are analytic functions of the form
0(2) =14 Biz+ Byz? + B3z +---,  (B; >0) (2.2)

and

W(2) =14+ D1z + Doz® + D323 +---, (D1 > 0). (2.3)
2.3 Second and third coefficients of functions f when f € S7 (¢, ) and
9 € ST(B,¢), or g € M(B,%), or g € L(3, 1))

We begin with the cases for f € ST (a, ¢).
14



Theorem 2.2 Let f € SB and g = f~L. If f € ST(a,¢) and g € ST(3,7),
then

B1D1+/Bi(1+33) + Di(1 + 3a)

~ V|pB2D? — (1 +20)2(1 + 33) (B2 — B1)D? — (1 +26)%(1 + 3) (D2 — D) BY|
(2.4)

lag| <

and

(1+208)?Bf|Da — D1
D3(1 + 2a)
(2.5)

2plas] < B1(34108) + D1(142a) + (3+100)|Be — B1| +

where p =2+ Ta+ 70 + 24a0.

Proof. Since f € ST (o, ¢) and g € ST (3,1), there exist analytic functions u, v :
D — D, with «(0) = v(0) = 0, satisfying

() a2f(2)
G

— ¢(u(2)) and

Define the functions p; and pg by

1+ u(z 1+o(z
p1(z) = - uéz; = 1+cjz+c9z? 4+ and pa(z) = . ngg = 14by2+bgz2+- - -

or, equivalently,

2
pi(z) -1 1 ‘1
_ _1 _a 2.7
utz) =20 <c1z + ( ] 1)
and
2
p2a(z) —1 by
v(z) = b1z + - e ] 2.8
) pa(z) +1 ( ( 2 ) ) 28)
Then p; and py are analytic in I with p1(0) =1 = py(0). Since u,v : D — D, the

functions p; and p9 have positive real part in D, and thus |b;| < 2 and |¢;| < 2

15



(Lemma 1.1). In view of (2.6), (2.7) and (2.8), it is clear that

2f(2) a2 f) (=) oy 20 futy(w) _ o (221,

& IR pi(z) +1 gw) | g(w) po(w) + 1
(2.9)

Using (2.7) and (2.8) together with (2.2) and (2.3), it is evident that

p1(z) —1 1 1 ci L, 9\ 2
PR =) 2B+ (=B (= D) + 2B 4o (210
14 (pl(z) + 1> 2 1612 9t 2 2 4 261 ) # ( )

and

pQ(’U}) -1 1 1 b% 1 2 2
¢ (p2<U}) - ].) ! 2 1o 2 ! 2 2 2 Y ( )

Since

! 2 ¢l
@) oz E) L (1 20)s + (2(1 +3a)az — (1+ 2a)a§)22 T

f(2) f(2)
and
wl) | bog () - agw a3 — ax w? & ...
o T g = L2 +<(3+10ﬁ) 2 _9(1 4 38) 3> .

it follows from (2.9), (2.10) and (2.11) that

1
ag(l + 2@) = 53161, (2.12)
2 1 i L, 2
2(1+3a)ag — (14 2a)as5 = 531 2 o + ZBgcl, (2.13)
1
—(1+26)az = 5D1by (2.14)

16



and

1 b2\ 1
(3+108)a3 — 2(1 + 38)as = 501 <bg - %) + szb% (2.15)
It follows from (2.12) and (2.14) that
Bi(1+20)
b= ———¢. 2.16
L= "D+ 200! (2.16)

Multiplying (2.13) with (1 + 35) and (2.15) with (1 4 3«), and adding the results

give

a3((1+3a)(3+108) — (1 +33)(1 + 20)) = %Bl(l +30)co + %Dl(l + 3a)by

1 1
+ Zc%(1 +36)(By — B1) + Z—lb%(l +3a)(Dy — Dy).

Substituting ¢; from (2.12) and by from (2.16) in the above equation give

a3((1+3a)(3+108) — (14 36)(1 + 20))

2 ((1 +30)(1+20)%(By = By) | (1+26)*(1+ 30)(Ds - Dl>>
a2 B2 D2
1 1

1 1
= 531(1 +30)co + §D1(1 + 3a)bo

which lead to

B2D?[By(1 + 3B)ca + D1(1 + 3a)bo]
2[pB2D? — (14 2a)2(1+ 383)(By — B1)D? — (1 +28)2(1 + 3a)(Dy — D1)B?]’

aj =

where p 1= 2 4 Ta + 70 + 24a3, which, in view of |bo| < 2 and |eo| < 2, gives us
the desired estimate on |ag| as asserted in (2.4).

Multiplying (2.13) with (3 + 108) and (2.15) with (1 + 2«), and adding the

17



results give

2((1 4 30)(3 + 108) — (1 + 38)(1 + 2))ag = %BI(ZS +108)cy + %Dl(l + 2a)by

A bi
+ (34 108)(By — B1) + — (D2 — D1)(1 + 20a).

Substituting by from (2.16) in the above equation lead to

1
2pasz = 3 [B1(3 4+ 108)co + D1(1 + 2a)b9]

(1+28)2B}(Dy — Dy)
D3(1+ 2a)

2
+ L (3+108)(By - Br) +

Y

and this yields the estimate given in (2.5). I

Remark 2.1 When a = (=0 and By = By =2, D1 = Dy = 2, inequality (2.4)

reduces to the second result in Theorem 2.1.

In the case when = o and ¥ = ¢, Theorem 2.2 reduces to the following

corollary.
Corollary 2.1 Let f given by (2.1) and g = f~L. If f,g € ST (a, ), then

BivBi (2.17)

|ag| < ,
VIB3(1+40) + (By — By)(1 +20)?

and
By +|By — By|
< . 2.18
N Ty (219
For ¢ given by
1 Y
@(Z)_(1+2> =1+2y2+ 2922+ (0<y<1),
—z

we have By = 2y and By = 2v2. Hence, when o = 0, the inequality (2.17) reduces

to the following result.

18



Corollary 2.2 [22, Theorem 2.1] Let f given by (2.1) be in the class of strongly

bi-starlike functions of order v, 0 <~ <1. Then

2y

ao| < .
las| < =

On the other hand, when o = 0 and

:1—1-(1—26)2'

— =142(1—-0)z+2(1 - )22 +---

p(2)

so that By = By = 2(1 — f3), the inequalities in (2.17) and (2.18) reduce to the

following result.

Corollary 2.3 [22, Theorem 3.1] Let f given by (2.1) be in the class of bi-starlike

functions of order 3,0 < 3 < 1. Then

lao] < \/2(1—03) and |ag| <2(1—03).

Theorem 2.3 Let f e SBand g = f~1. If f € ST (o, ) and g € M(B,1)), then

B1D1+v/Bi(1+283) + Di(1 + 3a)

2l = VI]pB2D? — (14 20)2(1 + 28)(B2 — B1)D? — (1 + B)2(1 + 3)(D2 — D1) B}
(2.19)
and
1 221Dy — D
2plag| < Bl(3+5ﬁ)+D1(1+2a)+(3+56)|BQ—Bl|+( +8)"Bi|Ds 1 (2.20)

D3(1 + 2a)
where p =24 Ta + 30 + 11ap.

Proof. Let f € ST (a, ) and g € M(f,1)), g = f~'. Then there exist analytic

19



functions u,v : D — D, with «(0) = v(0) = 0, such that

Zf/(z) Ozfo//(z)_ (s . B M wg"(w) it
ORENE) = ¢(u(z)) and (1-0) ) TP <1+—g,(w) ) b(v(w)),

(2.21)
Since

() a2f(2)
& e

2

=1+as(1+2a)z+ (2(1 4 3a)az — (1 + 2a)a3)z% + - -

and

(1-9)22) (1 1 wgg/’(’f;;)) — 1 (1+8)agw+((3+50)a3 —2(1+28)ag)w’+-- - ,

equations (2.10), (2.11) and (2.21) yield

1
as(1+2a) = 53101, (2.22)
2 1 i\, 1, o
2(1 + 30[)@3 — (1 + 206)@2 = §Bl co — ? + ZBQCl, (223)
1
—(1+Blaz = 5D1by (2.24)
and
2 1 AR
(3+58)a5 —2(1+2P)a3 = §D1 bo — 5 + ZDle. (2.25)
It follows from (2.22) and (2.24) that
_ Bi(1+p)

b = (2.26)

Di(1+2a)

Multiplying (2.23) with (1 + 2a) and (2.25) with (1 4 3«), and adding the results

20



give

B D
a3(2+ Ta + 38+ 11a8) = 71(1 +28)cg + 71(1 + 30)by

2 2
c b
+ 4 (1+20)(By = Br) + - (1 +30)(D2 — D1)
Substituting ¢; from (2.22) and by from (2.26) in the above equation give

a3(2 + 7o + 36 + 11ap)

a%(l + 20)2
-
Bl

((1 +28)(By — By) + (1+3a)(Dg — Dy)(1+ 5)23%)

2
(14 20)2D7
B D
- 71(1 +28)cs + 71(1 +3a)bs
which lead to

B2D?[By(1 + 2B)ca + D1(1 + 3a)bo]
2(pB7D? — (1 + 2a)2(1 4 28)(By — B1)D? — (1 + 8)2(1 + 3a)(Dy — D1)B3)’

a3 =

which gives us the desired estimate on |ag| as asserted in (2.19) when |by| < 2 and
leo| < 2.
Multiplying (2.23) with (3 + 543) and (2.25) with (1 4+ 2«), and adding the

results give

B D
2a3(2 + 7o + 33 + 11a3) = 71<3 +58)cy + 71(1 +2a)by

C2 62
+ (34 58)(By = B1) + — (1 +20)(Da = D)

Substituting b; from (2.26) in the above equation give

B D
2a3(2 + T+ 38 + 11a) = 71(3 +58)cs + 71(1 +2a)by

(1+5)*(Dy — D1) B}
D3(1 + 2a)

+§ ((3 +58)(By — B1) +
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which lead to

1
2pag = Q[Bl (3 + 5ﬁ)02 + Dl(l + 204)1)2]

(1+ 8)2B3(Da — D)
D3(1 + 2a)

Y

2
+ L |(3+58)(By— B+

where p = 24 Ta + 35 + 11af and this yields the estimate given in (2.20). I

Theorem 2.4 Let f € SB and g = f~L. If f € ST (v, @) and g € L(3,v), then

Bi1D1+/2[B1(3 — 28) + D1(1 + 3a)]

el = VIpBiD? —2(1 + 20)%(3 — 23)(Bz — B1) D} — 2(2 — 8)2(1 + 3a)(D2 — D1) B
(2.27)
and
|pa3| < %Bl(ﬁQ — 116+ 16) + Dl(l + 2@) + %(52 — 118+ 16)|BQ — Bll
—_ 3\2R2 _
(2 = B)°Bf|D2 — D] (2.28)

D3(1 + 2a)
where p =10 + 36a — 78 — 2508 + 2 + 3a2.

Proof. Let f € ST (a,¢) and g € L(3,7). Then there are analytic functions

u,v: D — D, with u(0) = v(0) = 0, satisfying

012) 9D _ pue)) and (’“’g'w)ﬁ (1+ wg"(“”)l_ﬁ = U(v(u),

f(2) f(z) g(w) g'(w)
(2.29)
Using
2f'(2) | a2?f"(2) =1+ as(1+20)z+ (2(1 + 3a)ag — (1 + 20)ad) 2> + - -,

& G

() ()
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=1 @~ Aayw+ (801 0) + %B(ﬁ +5))a3 —2(3 — 20)a3)w® + -

and equations (2.10), (2.11) and (2.29) will yield

1
a2(1 + 204) = 53101,

1 2\ 1
2(1+3a)az — (1 + 205)@% = 531 <C2 — %) + ZBQC%,
1
—(2=Blag = 5D1by
and
B 2 1 AWRTNE
[8(1 =) + 5(5 +5)]az —2(3 — 283)az = 501 by — 5 ZDzbr

It follows from (2.30) and (2.32) that

~ Bi(2-p)
b= T 200

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

Multiplying (2.31) with (3 — 23) and (2.33) with (1 4 3«), and adding the results

give
73 258 32 3ap2 B Dy
2 (g _ P _ pr 2y Blig “1
a’ (5 5 + 18« 5 t5 T 5 (3—208)co + 5 (14 3a)by
+ (3—23)(By — By) + T (1+ 3a)(Dy — Dy)

Substituting ¢; from (2.30) and by from (2.34) in the above equation give

7 25 2 3ap?
a3 <5—7ﬁ+18a—7aﬁ+%+a7ﬁ>
a?(1+ 2a)? B (2 - 5)
- B—% ((3 —26)(By — B1) + m(l + 3a)(Dg — D)
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B D
- 71(3 — 2B)ey + 71(1 +3a)bs

which lead to

B D3[B1(3 — 26)ca + Di(1 + 3a)b]
pB2D? — 2(1 + 2a)%(3 — 283)(By — B1)D? — 2(2 — 3)2(1 + 3a)(Dy — D1)BY’

o=

which again in view of |bg| < 2 and |eo| < 2 gives the desired estimate on |ag| as
asserted in (2.27). Multiplying (2.31) with [8(1 — 8) + 5(8 + 5)] and (2.33) with

(1 + 2«v), and adding the results give

B D
az(10 4+ 36cc — 78 — 2508 + B2 + 3082) = Il(BQ — 118+ 16)cy + 71(1 + 2a)by
2

61 B i
+ 4 |8 =B) +5(B+5)| (B2 = B1) + (L +2a)(D2 — D1)

Substituting b; from (2.34) in the above equation give
2 2y _ B1, 0 Dy
a3(10 4+ 36 — 75 — 25a3 + B + 3af°) = I(ﬁ — 1184+ 16)co + 7(1 + 2a)by

) 2 9 _ 232 Do — D
L a 8(1—6)+§(6+5) (B~ By) + L 4?2(11(22) :
1

4

which lead to

(2 — B)?Bi(Dy — D)
D3(1 + 2a)

B D
pag = le2 — 115+ 16)co + 71(1 + 2a)by
of

+ [%(52 — 118+ 16)(By — By) +

where p := 10 + 36a — 78 — 2503 + 5% + 332 and this yields the estimate given
in (2.28). '
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2.4 Second and third coefficients of functions f when f € M(a,y) and
g € M(ﬁ7¢)’ or g € L(ﬁ)l/})

Now we consider the case where f € M(a, ¢) and its inverse g is either in M (3, )
or L£(,1). By using the similar technique, we determine the bound of second and

third coefficients of f.

Theorem 2.5 Let f € SB and g = f~L. If f € M(a, ), g € M(B,%), then

B1Dq \/Bl(l +20) + D1(1 + 2a)
|ag| <

~oBID? — (1+a)2(1 +28)(By — B1)D} — (1 + §)(1 +2a)(Dy — D1)B}|
(2.35)

and

(1+ B)*(1 + 30) Bf|Dy — Dy
D3(1+ )?

2plas| < B1(3+508)+D1(143a)+(3+503)|Ba— By |+
(2.36)
where p =2+ 3a + 30 + 4ap.

Proof. For f € M(a,p) and g € M(f3,1), there exist analytic functions u,v :

D — D, with u(0) = v(0) = 0, satisfying

(-2 o (14 28 = p(u(z)),

f(z) f'(2)
(2.37)
(1-5) wg’{g’) +5(1+ w;(g;>) — P(v(w)).
Since
(1—@"?25) +a (1 + Z;,/Ez)) = 1+ (1+a)agz+(2(1+2a)a — (1+3a)ad) 22+ -
and

(1—5)wg/fuw)+ﬁ (1 + wgg,/(/g;’)> = 1—(14B)agw+((3+58) a3 —2(1+283)az)w’+- - -
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then (2.10), (2.11) and (2.37) yield

1

as(l+ o) = 53101, (2.38)

2 1 i L, 2
2(1+2a)ag — (14 3a)as = §Bl 2= o + ZBQCl, (2.39)

1
—(1+ pPag = §lel (2.40)
and

2 1 i 19

(3+58)a3 — 2(1+2B)ay = 5Dy by — 2 | + 7 Dabi. (2.41)
Bi(1+5)

b= ———C¢1. 2.42
T TDi ) (242)

Multiplying (2.39) with (1 +203) and (2.41) with (1 + 2«), and adding the results

give

B D
a3(2+ 30+ 38 +4af) = =L (1 + 28)ca + 71(1 + 20)by

-1
2

2

1

2
c b
+ Zl(l +26)(B2 = B1) + (1 + 2a)(D2 — D1)
Substituting ¢; from (2.38) and by from (2.42) in the above equation give

B D
a3(2+ 3a + 38 + 4a3) = 71(1 +28)ey + 71(1 + 20)by

(1+B)%(1 +2a)(Dy — D1)B?
(1+a)2D?

(1+ )23
B

((1 +203)(B2 — B1) +

which lead to

B2D?[B1(1+ 28)ca + D1(1 + 20)bo]
20BfD? — 2(1 + )2(1 + 20)(By — B1)D{ — 2(1 + )2(1 + 20) (D2 — D) B}’

-
which, in view of |bg| < 2 and |ca| < 2 gives the desired estimate on |as| as asserted
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in (2.35).
Multiplying (2.39) with (3 + 58) and (2.41) with (1 4+ 3«), and adding the

results give

Bl D1 02
2paz = 7(3 +508)ca + 7(1 + 3a)by + Z1(3 +506)(By — By)

b2
+ Zl(l +3a)(Dy — D)

Substituting by from (2.42) in the above equation give

B D cf
2paz = 71(3 +58)ca + 71(1 + 3a)bg + Zl<3 +53)(B2 — By)
L B8)?(1+ 30)B?(Dy — Dl)]
D?(1+ a)?
where p := 2+ 3a + 30 + 4a and the estimate in (2.36) is obtained. I

When 3 = a and ¥ = ¢, Theorem 2.5 reduces to the following corollary.

Corollary 2.4 Let f be given by (2.1) and g = f~L. If f,g € M(a, ), then

BB
lag| < LVl (2.43)
V(1 +a)[B} + (1+0)(By — By)|
and
B By — B
jag) < D1+ 152 = Bl (2.41)

1+«

For o = 0, Corollary 2.4 gives the coefficient estimates for Ma-Minda bi-starlike
functions, while for a = 1, it gives the following estimates for Ma-Minda bi-convex

functions.

Corollary 2.5 Let f given by (2.1) be in the class of Ma-Minda bi-convex func-
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tions. Then

lag] < ———2Y
¢m3?+ﬂﬁ—23ﬂ

1
and |ag| < 5(B1 +|B2 — Bil).

For ¢ given by

:1+(1—2ﬁ)z

T — 1420 -0)z24+201 =322 +---,

¢(2)

evidently By = By = 2(1 — f3), and thus when o = 1 (bi-convex functions),

Corollary 2.4 reduces to the following result.

Corollary 2.6 [22, Theorem 4.1] Let f given by (2.1) be in the class of bi-convex
functions of order 3, 0 < 3 < 1. Then

lao| < \/1—=0 and |ag| <1-—0.

Theorem 2.6 Let f € SB and g = f~L. If f € M(a, ) and g € L(B,%), then

as] < B1D1+/2[B1(3 —283) + D1 (1 + 2a)]
__¢m3ﬂ¥—2ﬂ+aﬂﬁ—2®Uh—BﬁD%—%2—m%1+%w@b—D%Bﬂ)
2.45

and

B 1
[pag| < ZH(8% = 116+ 16) + D1(1 +30) + 5(6% — 116+ 16)| By — By

e 5)*(1 + 30)B}| Dy — D1
D3(1 + )2

(2.46)

where p := 10+ 1da — 70 + (2 + 2032 — 10ap.

Proof. Let f € M(a,¢) and g € L(f,v). Then there are analytic functions
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u,v: D — D, with u(0) = v(0) = 0, satisfying

(- o (14 28 = pu(z)),

f'(z)
(2.47)
()" (14 2700) ™ — ot
Since
(1_()‘)%3) +a (1 + z}f/’;;)) = 1+ (14+a)agz+(2(14+2a)ag— (14+3a)a3) 22+ - - -
and

I
-

~ (2= B)agw + (81— B) + 5505 +5))a3 — 23 ~ 2)ag )uw? + -

equations (2.10), (2.11) and (2.47) yield

a2(1 + a) = %Blcla (2.48)
2 1 G\, 1, 2
2(1 + 20[)@3 - (]. + 3@)@2 = §Bl c9 — E + ZBQCI’ (249)
1
—(2—PB)ag = 5 D1b1 (2.50)
and
g 2 1 AT
8(1—75)+ 5(5 +5)]as —2(3 —2F)az = §D1 by — > + ZDle. (2.51)

It follows from (2.48) and (2.50) that

B2 5)6
Di(l+a) "

29
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Multiplying (2.49) with (3 — 23) and (2.51) with (1 4 2«), and adding the results

give

2
B D
‘;—2(10 + 1o — 78+ 3% 4 205% — 1008) = 71(3 —28)co + 71(1 + 20)by

2 b
+ Zl(3 —26)(Bg — B1) + Zl(l +2a)(Dy — D1)

Substituting ¢1 from (2.48) and by from (2.52) in the above equation give

(1+a)%(3—28)(By — By)
B

1
a3 (5(10 + 1da — 78 + 3% 4 2a8% — 10a3) —

2 — B)2(1 +2a)(Dy — D B D
(2—0)“( +D%)( 2 1)) :71(3_25)02—1-71(1—1-2@)112

which lead to

B D3[B1(3 — 20)cy + Di(1 + 2a)bo]

2 _
“2 7 LBID? —2(1+ a)2(3 — 26)(Ba — B1)D? — 22— A)2(1 + 20)(Dy — D1) B2

Since |ba| < 2 and |cg| < 2 the desired estimate on |ag| as asserted in (2.45) is
obtained.
Multiplying (2.49) with [8(1 — 3) + g(ﬁ +5)] and (2.51) with (1 + 3«), and

adding the results give

B D 2
pas = Zl(ﬂQ — 1184 16)ca + 71(1 + 3a)by + Zl(ﬁQ — 118+ 16)(By — By)

b2
+ Zl(l + 3a)(Dy — Dy)

Substituting by from (2.52) in the above equation give

B D 2
pas = Zl(BQ — 118+ 16)cy + 71(1 + 3a)by + Zl [(62 — 113+ 16)(By — By)

. (2—3)%(1 + 3a)B2(Dg — Dl)]
D3(1+ a)?
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where p := 10 + 1da — 78 + 3% + 2% — 10a3 and this yields the estimate given

in (2.46). 1

2.5 Second and third coefficients of functions f when f € L(«,y) and
g€ LBy

Theorem 2.7 Let f e SBand g= L. If f e L(a, ) and g € L(B,1), then

B1D1+/2[B1(3 - 28) + D1(3 — 2a)]
VI1pBiD} —2(2 — a)?(3 — 28)(B2 — B1) D} — 2(2 — 3)?(3 — 2a) (D2 — D1) Bf]
(2.53)

las| <

and

2|pag| < By (8% — 118 + 16) + D1(8 — ba — o) + (6% — 118 + 16)| By — By |
(2= 9)*(o® + 5a — 8) B[ Dy — Dy

+
D%(? —a)?

(2.54)

where p =24 + 302 + 36% — 17a — 1768 — 2302 — 2032 + 12a0.

Proof. Let f € L(a, ) and g € L(B3,1). Then there are analytic functions u, v :

D — D, with «(0) = v(0) = 0, satisfying

()" (14 8 " = st

(2.55)

(1) (1 4 ) o,

g'(w)

Since

=14+ (2—a)agz+ (2(3 —2a)ag +

a—2)2 - — 3«
s e
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and

I
—_

equations (2.10), (2.11) and (2.55) yield

1
az(2 —a) = sBier,

1 1 AN
2(3 —2a)ag + 5[(@ —2)2 = 3(4 — 30)]a3 = §Bl <62 - %1) + ZBQC%,

1
—(2 - B)ag = §D151

and

iy

1 b2 1
B(L=5)+ 56+ 5)lay — 2(3 — 23)az = 501 <b2 - §1> + z_lD2b%

It follows from (2.56) and (2.58) that

— (2~ Bazw + ((8(1 — 8) + 3B(3 +5))a3 — 23 ~ 2)ag Ju® 4+

(2.56)

(2.57)

(2.58)

(2.59)

(2.60)

Multiplying (2.57) with (3 —243) and (2.59) with (3 — 2«a/), and adding the results

give

1
5a§(24 + 302 +38% — 17a — 178 — 280° — 206% + 1203)

By 2 2

= 7(3 —28)co + %(3 —2a)bg + %(3 —2)(B2 — By) + %(3 —2a)(Dg — D)

32



Substituting ¢q from (2.56) and by from (2.60) in the above equation give

1
505(24+ 30% + 3% — 170 — 175 — 200 — 205”4 1205)

9 o242
— %(3 —28)e9 + %(3 — 2a)by + (B#OS = 20)(By = B1)

1

(2—3)2B}(3 — 2a)(Dg — D1))

+
2
(2 — @)?D3

BiD{[B1(3 — 208)ca + D1(3 — 2a)by]
pBIDT —2(2— a)2(3 — 20)(By — B1) DY — 22— B)2(3 — 2a) (D3 — Dy) B

o=

which, again by using |ba| < 2 and |co| < 2 gives the estimate on |ag| as asserted
in (2.53).
Multiplying (2.57) with (32 — 118 + 16) and (2.59) with (a? + 5a — 8), and
adding the results give
2pas = %(52 — 116+ 16)co + %(8 — 50— a?)by + %(52 — 116+ 16)(By — By)
+ %(oﬁ +5a — 8)(Dy — Dy)

Substituting by from (2.60) in the above equation give

B, o Dy 2 AT,
2pa3 = ZH(G% = 118 + 16)c + (8 = 5a — )by + (3 =118+ 16)(B, — By)
(2 — B)%(a? + 50 — 8) B} (Dy — Dl)]

_I_
D3(2 — a)?

where p := 24 + 302 +332 —17a — 178 — 28a2 — 2032 + 12a5 and this vyields the

estimate given in (2.54). I

When 3 = a and ¥ = ¢, Theorem 2.7 reduces to the following corollary.
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Corollary 2.7 Let f be given by (2.1) and g = f~L. If f,g € L(a, @) then

2B1v/B1
las| < vV (2.61)
V12002 =30+ 4) B} + 4(0 — 2)2(By — By)|
and
2(3 — 20) (131 4By — BQ])
lag| < (2.62)

(3 — 2a)(a? — 3a + 4)]
2.6 Second and third coefficients of functions f when f € Hgp(v)

A function f € A with Re(f/(2)) > 0 is known to be univalent (Theorem 1.10).

This motivates the following class of functions studied in [118].
Definition 2.2 A function f € SB is said to be in the class Hgp(y) if the fol-

lowing subordinations hold:

f(z) < e(z) and g¢(w) < p(w),

where ¢ is as given in Definition 2.1

For functions in the class Hgg(y), we have the following coefficient bounds.
Theorem 2.8 If f € Hgg(yp) is given by (2.1), then

Bi1v By
V138 — 4By + 4By

lag| <

1 B
and |as| < (§ + Il) By. (2.63)

Proof. Let f € Hgp(p) and g = f —1 Similar computations as in earlier theorems

give
1
2a2 = 53101, (2.64)
1 A\ 1.,
3&3 = §Bl c9 — 5 + ZBQCl, (265)
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1
—2a9 = —=B1b
a 9 191
and

2 1 AT

From (2.64) and (2.66), it follows that
c1 = —by.

Now (2.65), (2.66), (2.67) and (2.68) yield

2 - B (b + ¢3)
2 4(3B2 — 4By + 4By)’

(2.66)

(2.67)

(2.68)

which, in view of |by| < 2 and |co| < 2 gives the desired estimate on |as| in (2.63).

By subtracting (2.67) from (2.65), further computation using (2.64) and (2.68)

leads to
— L Bi(ey— o) + —B23
a3—12 1(c2 2 16 161

and this yields the estimate given in (2.63).

For ¢ given by

14+ 2\¢
— D<a<l

the inequalities in (2.63) reduce to the following result.

Corollary 2.8 [118, Theorem 1, p. 3| Let f € H = HSB((%‘_L—z)O‘). Then

2 3 2
lag| < ay/ —— and |ag| SM.
a+2 3

In the case when

1+ (1-20)z
N 1—=2 ’
35

v(2) 0<pB<1,



the inequalities in (2.63) reduce to the following result.

Corollary 2.9 [118, Theorem 2, p.4] Let f € Hx(f) := Hgg(ﬂ%:?—ﬂ)z). Then

2(1-5) (176 =35)
3 3 '

las| < and |ag| <
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CHAPTER 3
BOUNDS FOR THE SECOND HANKEL DETERMINANT
OF UNIVALENT FUNCTIONS

3.1 Introduction and preliminaries

Recall that A denote the class of all analytic functions defined on the open unit

disk D :={z € C: |z| < 1} of the form
f(z)=z4a9z> +agz® + - . (3.1)

The Hankel determinants Hy(n), (n=1,2,...,¢=1,2,...) of the function f
are defined by

an, ap+1 '+ Gp4g-—1
ap+1  Gn42 - an+q
Hy(n) := , (a1=1)
Ap+q—1 An+q " An42¢-—2

In general, Hankel determinants are useful in the study of the singularities and
in the study of power series with integral coefficients. For example, in showing
that a function of bounded characteristic in D, i.e., a function which is a ratio of
two bounded analytic functions, with its Laurent series around the origin having
integral coefficients, is rational [27]. For the use of Hankel determinant in the study
of meromorphic functions, see [132]. Various properties of these determinants can
be found in [129, Chapter 4]. In 1966, Pommerenke [99] investigated the Hankel
determinant of areally mean p-valent functions, univalent functions as well as for

starlike functions. In [100], he proved that the Hankel determinants of univalent
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functions satisfy

Hy(n)| < Kn~GHB4H3  (n=1,2,... ¢=23,...),

where § > 1/4000 and K depends only on ¢. Later, Hayman [43] proved that
|Ha(n)| < Ant/2, (n =1,2,...; A an absolute constant) for arcally mean univa-
lent functions. In [71-73], the estimates for Hankel determinant for areally mean
p-valent functions were investigated. ElHosh obtained bounds for Hankel deter-
minants of univalent functions with positive Hayman index « [30] and of k-fold
symmetric and close-to-convex functions [31]. For bounds on the Hankel determi-
nants of close-to-convex functions, see [78,79,81]. Noor and Al-Bany studied the
Hankel determinant of Bazilevic functions in [77] and of functions with bounded
boundary rotation in [74-76,80]. The Hankel determinant Ho(1) = ag — a3 is the
well known Fekete-Szego functional. For results related to this functional, see [7,8].

The second Hankel determinant Hs(2) is given by Ho(2) = agay — a%. In the
recent years, several authors have investigated bounds for the second Hankel de-
terminant of functions belonging to various subclasses of univalent and multivalent
functions [16,40-42,44,63,65,66].

In this chapter, the bounds for Hy(2) are obtained for functions belonging to
subclasses of Ma-Minda starlike and convex functions in Section 2. In Section 3,
the problem is investigated for two other related classes defined by subordination.
In proving our results, we do not assume the univalence or starlikeness of ¢ as
they were required only in obtaining the distortion, growth estimates and the
convolution theorems. The classes introduced by subordination naturally include
several well known classes of univalent functions and the results for some of these
special classes are indicated as corollaries.

Recall the class P of functions with positive real part consisting of all analytic

functions p : D — C satisfying p(0) = 1 and Rep(z) > 0.
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Lemma 3.1 [37] If the function p € P is given by the series p(z) = 1+ c12 +

coz? + 0323 +---, then

209 = C% + (4 — C%), (3.2)

deg = +2(4 — Aerr —e1(4 — e + 204 — )1 — |z]?)z, (3.3)

for some x, z with |x| <1 and |z| < 1.

Another result that will be required is the optimal value of a quadratic expres-

sion. Standard computations show that

,

R, Q<0,P<-%

max (P +Qt+R)=1{ 16P+4Q+R, Q>0,P>-2orQ<0,P>-%; (34)
4PR—Q? Q
—ip Q>0,P<—%.

3.2 Second Hankel determinant of Ma-Minda starlike/convex func-

tions

Various subclasses of starlike functions are characterized by the quantity z f'(2)/f(z)
lying in some domain in the right half-plane. For example, f is strongly starlike
of order 3 if zf/(2)/f(2) lies in a sector |argw| < B /2 while it is starlike of order
aif zf'(2)/f(2) lies in the half-plane Rew > «. The various subclasses of starlike
functions were unified by subordination in [59]. The following definition of the
class of Ma-Minda starlike functions is the same as the one in [59] except for the

omission of starlikeness assumption of ¢.

Definition 3.1 Let ¢ : D — C be analytic and the Maclaurin series of ¢ is given
by
¢(2) =1+ Biz+ Boz? + B3z + -+, (By > 0). (3.5)
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The class ST (¢) of Ma-Minda starlike functions with respect to ¢ consists of

functions f € A satisfying the subordination

2f'(2)
f(2)

< p(2).

Several choices of ¢ would reduce the class ST (¢) to some known subclasses.
For the function ¢ given by pq(z) := (14+(1—2a)z)/(1—2) , 0 < a < 1, the class

ST (a) := 87T (pq) is the well-known class of starlike functions of order «. Let

p(2) = ppar(z) =1+ — - (1 og i - ?)

Then the class

STp:=ST(ppap) = {f € A:Re (i{;g) >

L)
f(z)
is the parabolic starlike functions introduced by Renning [106]. For a survey of

parabolic starlike functions and the related class of uniformly convex functions,

see [11]. For 0 < § <1, the class

o (1)) = {re o (55) | )

is the familiar class of strongly starlike functions of order 3. The class
/ 2
<Zf (2)) 1l o
f(2)

is the class of lemniscate starlike functions studied in [116].
Now we determine the bound for the second Hankel determinant for the class

ST ().

STL::ST(\/l—i-Z):{fEA:

Theorem 3.1 Let the function f € ST (¢) be given by (3.1).
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1. If By, By and Bs satisfy the conditions
|By| < By, |4B1Bs— Bt —3B3|—3Bf <0,

then the second Hankel determinant of f satisfies

2
B
T

lagay — a3| <
2. If By, By and Bs satisfy the conditions
|By| > By, |4B1B3— B} —3Bj| — By|By| — 2B} > 0,
or the conditions
Byl < By, |4B1Bs — Bf — 3B3| — 3B{ > 0,

then the second Hankel determinant of f satisfies
lagay — a3| < %|43133 — Bf —3B3].
3. If By, By and Bs satisfy the conditions
|Ba| > By, |4B1B3 — Bf —3B3| — B1|B| — 2B} <0,

then the second Hankel determinant of f satisfies

ol NV

agay — o] < B} (34B1B3 — B] — 3B3| — 4B1|Ba| — 4B} — B3
31=12 4By B3 — B} — 3B3| — 2B1|Bs| — B}

Proof. Since f € ST (p), there exists an analytic function w with w(0) = 0 and
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lw(z)] < 1 in D such that

2f'(2) _
F(z) = p(w(z2)). (3.6)
Define the functions p; by
pl(Z) = 11_—% = 1—|—012+6222+...

or equivalently,

z) — 2
w(z):%:%<01z+<02—51>z2—|—--->. (3.7)

Then pq is analytic in D with p1(0) = 1 and has positive real part in D. By using

(3.7) together with (3.5), it is evident that

pi(z)—1 1 1 c? 1_ 5\ o
PRE) =) _14 2B “Biley-L) 4B (3
@(pl(z)_i_l) —1—2 1€12 + 5 1| e 5 +4 oc] | 27+ (38)
Since
/
Zj:é? — 1+ asz + (—a3 + 2a3)2% + (3a4 — 3agag + a3)z® + - | (3.9)

it follows by (3.6), (3.8) and (3.9) that

Byey
a/ =
2 2 7
g2 2
asz = 3 (Bl Bl + BQ)Cl + 23102 )
1
ag = 5[(=4By + 2By + B} — 3B} + 3B By + 2B3)c}

+ 2(33% — 4B 4+ 4By)cico 4 8By cs).
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Hence

Let

Then

+2CQC%(B2 — B1) + 8Bjcie3 — 6310%} .

di =8By, dy=2(By— By),

3 2

dy=—6B1, di=-53+5 —By+2By— 35, (3.10)
T=251

lagay — a§| =T|djcre3 + dgc%cz + dgc% + d4cil|. (3.11)

Since the function p(e??z) (9 € R) is in the class P for any p € P, there is no loss

of generality in assuming ¢; > 0. Write ¢; = ¢, ¢ € [0,2]. Substituting the values

of co and cg respectively from (3.2) and (3.3) into (3.11), gives

T
lagay — a§| =7 04((11 + 2dy + d3 + 4dy) + 2$C2(4 — 02)(d1 + do + d3)

+(4 — A2 (=di 4+ dg(4 — ) + 2dyc(4 — A) (1 — |z>)z].

Replacing |z| by p and substituting the values of dy, do, d3 and dy from (3.10),

yield

2

T B
lasay — ad| < = [c‘* —2B3 + 8B3 — 62 | + 4| Bo|uc?(4 — ¢2)

4 By

F 24— ) 2By + 24By) + 16Bye(4 — 2)(1 — ,ﬂ)]

4 B2
= T| 7 |28} + 8By — 62| + 4B1c(4 — ) + | Ba(4 — )puc?
1
By o 2
+ 5 =) (e =6)(c—2) (3.12)



= F(c, p).

Note that for (¢, ) € [0,2] x [0, 1], differentiating F'(¢, ) in (3.12) partially with

respect to p yields

g—i:T Bo|(4— ) + Byp(d — 2)(c — 2)(c — 6)] . (3.13)

Then for 0 < p < 1 and for any fixed ¢ with 0 < ¢ < 2, it is clear from (3.13) that
?TZ > 0, that is, F(c, ) is an increasing function of pu. Hence for fixed ¢ € [0, 2],

the maximum of F(e, u) occurs at p = 1, and

max F(c,u) = F(c,1) = G(e),

where
B | ¢t B2
G(e) = L | S | |—2B3 + 883 — 62| — 4|By| — 2By | +4c2(|By| — B1) + 248,
96 | 4 B
Let
1 3 B3
P=—1|-2By +8B3 — 6=~ —4’B2|—2B1 ,
4 B
Q = 4(|Ba| — B1), (3.14)

R =24B;.
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Then G(c) = %(Pt2 + Qt + R), where t = ¢?. Using (3.4) we have

R, Q<0,P<-%
662a4—oz§\<i 16P+40+R, Q>0,P>-YorQ<0,P>-9.
- 06 ) — Y, - ] =Y, fetl a>

4PR—Q? Q

L 4P ) Q>0,P§—g

where P, @, R are given by (3.14).
Hence for |By| < By, |4B1B3 — Bf — 3B3| — 3B} < 0, then

Bj

9
— a2l <
lagay — a3| < 1

For |By| > By, |4B1Bs — B} — 3B3| — By|Bs| — 2B? > 0, or for |Bs| < By,
4By B3 — B} — 3B3| — 3B? > 0, then

1
lagay — a3| < 548185 — B} —3B3).

And for |By| > By, [AB1 B3 — B} — 3B3| — B1|By| — 2B? < 0, then

B2 (3|4B1Bs — B — 3B2| — 4B4|By| + 4B? — B2
lagas — 2] < 1<| 1 B3 — By 5| 1|B2| + 4B — B;

12 4B B3 — Bf — 3B3| — 2B1|Bs| — B?
This completes the proof. |

In the case when By = By = B3 = 2, Theorem 3.1 reduces to the following

corollary.
Corollary 3.1 [44, Theorem 3.1] Let f € ST. Then |agay — a%\ <1.
Corollary 3.2

1. If f € ST (a), then |agay — a§| < (1—a)?.
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2. If f € ST, then |agay — a3| < 1/16 = 0.0625.
3. If f € ST p, then |agay — a3| < 16/7 ~ 0.164255.
4. If f € 8T, then |agay — a§| < 32

Proof. 1. If f € ST (), then p(z) = (1 + (1 —2a)2)/(1 — z), and so By = By =
Bs = 2(1 — «). Hence |agay — a§| < (1-a)
2. If f € 8Ty, then ¢(z) = v/1+ 2z, and so By = 1/2, Bo = —1/8 and

Bsg =1/16. Hence |agaq — a§| < 1/16.

2
3. If f € STp, then p(z) =1+ % (log 1t£> , and so By = 8/7r2, By =
16/(37%) and B3 = 184/(4572%). Hence |agay — a3| < 16/74,
p
4. If f € 873, then p(z) = G‘_L—z) , and so By = 28, By = 232 and

Bs =203(1+ 252)/3. Hence |agay — a§| < 32 1

After considering the Ma-Minda starlike functions, now we consider the Ma-
Minda convex functions with respect to ¢ and its bound for the second Hankel

determinant can be determined similarly.

Definition 3.2 Let ¢ : D — C be analytic and is given as in (3.5). The class
CV(¢) of Ma-Minda convex functions with respect to ¢ consists of functions f

satisfying the subordination

)
Y S

Theorem 3.2 Let the function f € CV(yp) be given by (3.1).

1. If By, By and Bs satisfy the conditions

B} +4|By| — 2B; <0, |6B1B3+ BiBy — Bf —4B3| — 4B} <0,
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then the second Hankel determinant of f satisfies

B?
2 1
asay — az| < —.

. If B1, By and Bs satisfy the conditions
2 2 4 2 3 2
B{+4|Bo|—2By > 0, 2|6B1Bs+Bi{By—B{—4B5|—B{—4B1|B2|—-6B{ > 0,
or the conditions
2 2 4 2 2
B{ +4|By| —2B1 <0, [6B1Bs+ BiBy — B] —4Bj5| —4B7 >0,
then the second Hankel determinant of f satisfies

1
lagay — a3| < 17168183 + BiBy — Bf — 4B3).

. If By, By and Bs satisfy the conditions
2 2 4 2 3 2
B{+4|Bo|—2By > 0, 2|6B1B3+B{By—B{—4B5|—B]—4B1|B2|—6B7 <0,

then the second Hankel determinant of f satisfies

lagay — a§|

16/6B1 B3 + BBy — B} — 4B3| — 12B} — 48B;|By| — 36 B2
_ B? — B} — 8B?|By| — 1653
= 576 68185 + BBy — Bf — 4B2| — B} — 4B4|By| — 2B?

Proof. Since f € CV(y), there exists an analytic function w with w(0) = 0 and
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lw(z)] < 1 in D such that

2f"(z)
1+ e e(w(z)). (3.15)
Since
1+ ZJ{//EEZ)) — 14 2a9z + (—4a3 4 6a3) 2% + (8a3 — 18agas + 12a4)2> +- -, (3.16)

equations (3.8), (3.15) and (3.16) yield

Bic
a = 4
L1 2 2
as = ﬂ [(Bl — B+ BQ)Cl + 2Bjcy |,
1
as = 155 [(—4B2 + 2B + B} — 3B% + 3By By + 2B3)c}
+ 2(33% — 4B 4+ 4By)cico + 8By c3).
Therefore
By 4 2 1 1 1 4 B2
agsay — a% = ﬁ Céil (-gBQ ‘l— §B1 — gBi)) — gB% + gBlBQ + 233 — gB—?>
2 9, .9 16 o
+50261(Bl — 4By +4By) + 8Bjcic3 — EBlcQ .
By writing
di =8By, dy=2(B} —4B; +4By),
2
d3=—B1, di=-3By+ 3B - 1B}~ 1B} + BBy +2B; - 472, (3.17)
T =2
we have

asay — a§| =T|djcie3 + dgc%cg + d3c% + d4cil|.
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Similar as in Theorems 3.1, it follows from (3.2) and (3.3) that

T
|a2a4—a§| = 7 (d1+2d2—|—d3+4d4)—|—2xc (4 — )(d1+d2+d3)

+(4 — A2 (=di? 4+ dg(4 — ) + 2d1e(4 — ) (1 = |z*)z

Replacing |z| by p and then substituting the values of dy, da, d3 and d4 from (3.17)

yield
lagay — a%\
T 4 4 16 B3 2 8
<7 [04 —gBi)’ + 5 B1By + 883 — 33 + 2uc®(4 — ) (33% + §|B2|)

8 64
+ 424 - A <§Blc2 + ?Bl) +16B1c(4 — ) (1 — p?)}

4 B? 1
- T[% — B3+ BBy + 683 — 43—2 +4Bie(d = )+ Spcd(4— ) (BY +4[By)
2B
+ A= ) e —4)(e - 2)} (3.18)
= F(c, p).

Again, differentiating F'(c, ) in (3.18) partially with respect to p yield
_ 2\ 12 4By 2

It is clear from (3.19) that 2 T > 0. Thus F(c, ) is an increasing function of u for
0 < p < 1 and for any fixed ¢ with 0 < ¢ < 2. So the maximum of F'(c, i) occurs
at p =1 and

max F'(c, ) = F(c, 1) = G(c).
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Note that

2

_ B3 B e _
Gle)=T By + B1By + 6B3 4B By 4|Bs| — 2By
1

C4

3
4 64
-ﬁ$%3%+q3ﬂ—239+~534.

Let

2

B3 4B gy
B} + B1By + 6B3 4B B{ —4|Bs| — 2By |,
1

p:1<
3

4

Q= g( 2+ 4|Bs| — 2By), (3.20)
64

R=2RB
3 B

By using (3.4), we have

R, Q<0,P<-%;
asas—adl < 2L ) 16Pp 140 1R 050.P> - QorQ<0, P> 9
— 768 ; — Y, el 8 = Y, el 1>
4PR—Q* Q
| I Q>0,P<-—%
where P, @), R are given in (3.20). I

For the choice of ¢(z) = (1+ 2)/(1 — z), Theorem 3.2 reduces to the following

corollary.

Corollary 3.3 [44, Theorem 3.2] Let f € CV. Then |agay — a§| <1/8.

3.3 Further results on the second Hankel determinant

In this section, we determine the bound for the second Hankel determinant of

functions in two more classes related to subordination.

A function f is in the class R1(A,B), =1 < B < A < 1 if it satisfies 1 +

50



%(f’(z) +yz2f"(2) — 1) < }iéz This class RT (A, B), is essentially motivated

by Swaminathan [124] and introduced by Bansal [17]. Bansal [18] also obtained
upper bound of second Hankel determinant for functions belonging to this class.

Now we define the following class.

Definition 3.3 Let ¢ : D — C be analytic and be given as in (3.5). Let0 <~y <1
and 7 € C\{0}. A function f € A is in the class R1(¢) if it satisfies the following

subordination:

L+ 2(f/(2) +72f"(2) 1) < ().

The following theorem provides a bound for the second Hankel determinant of

the functions in the class R (¢).

Theorem 3.3 Let 0 <~y <1, 7€ C\ {0} and suppose the function f as in (3.1)

is in the class RY(p). Also, let

8(1+7)(1+3y)

9 (1+29)2

1. If By, By and Bs satisfy the conditions
2|Bs|(1 —p) + By(1—2p) <0, |ByBs—pB3| —pB} <0,

then the second Hankel determinant of f satisfies

I7* B}

2
aoay — Qs < ————.

2. If By, By and Bs satisfy the conditions

2|Ba|(1—p) + B1(1—2p) >0, 2|B1B3—pB3|—2(1—p)By|Ba|— By >0,
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or the conditions
2|By|(1—p)+ Bi(1—2p) <0, |B1B3—pB3| - Bf >0,

then the second Hankel determinant of f satisfies

2
i
lagay — a3] < i |BsBy — pB3|.

~8(1+)(1+3y)

3. If By, By and B3 satisfy the conditions
2|Bs| (1= p) + Bi(1=2p) > 0, 2B1B3 —pB3| —2(1—p)B1| Ba| - B} <0,

then the second Hankel determinant of f satisfies

|agay — |
4p| B3 By — pB3| — 4(1 — p)B1[| Ba|(3 — 2p) + B1]
7> B} —4B3(1 - p)* - B{(1 - 2p)*
= 32(1+9)(1+37) |BsB1 — pB3| — (1 —p)B1(2|Ba| + By)

Proof. For f € RI(p), there exists an analytic function w with w(0) = 0 and

|lw(z)| < 1in D such that

L 2(7/(2) +7127() = 1) = plw(2). (321)

Since f has the Maclaurin series given by (3.1), a computation shows that

2a9(1 + 7)2_1_3&3(1 + 27)22+4a4(1 + 37) By

(/) 42 ()-1) = 14 2225 - -

(3.22)
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It follows from (3.21), (3.8) and (3.22) that

7B
a9 = ——o
2 4(1+7)’
7B 9 ( B2
=—— |2 —= -1
o= vay 224 (5 1)
a4 = —————[B (43 — Acren + ¢) + 2Baci (209 — &) + Bsdl.
32(1 + 37)
Therefore
agay — a3 = Chio [B (4c3 — 4ereg + ¢3) 4+ 2Baey (2e9 — ) + B 03}
TQB%

C144(1 + 29)2

2
B B
4C% + Cil (B—2 — ].) + 4020% (B—2 — 1)]
1 1

2Byc? Bs
L(2e0 — ) + o

(4¢3 — 4cteo + cil) + 5
1

B T2B%
S 128(1+7)(1 4 3y)

1 143 B 2 B
8(L+7){1+37) 40%—1—031 (B_2_1) +4620% (5#2—1)]},
1 1

9  (1+2v)2

which yields

2
B B B
2 4 2 2 3 2
lagay — a3| =T |4cic3 + ] 1—2B—1—p(B—1—1> +B—1 — 4pcs
By By
—4c3cy |1 — == —=-1 3.23
6162{ Bl+p(Bl )”’ (823
where
22
B 8(1 1+3
s T d po 00437
128(1 + ) (1 + 37) 9  (1+27)
It can be easily verified that p € [%, %] for 0 <~y < 1.
Let
_ B B
dy = 4, dg_—4[1—3f+p(—f—1)],
) (3.24)

dsy = —4p, d4:1—2§—§—p(%—1) +5
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Then (3.23) becomes
lagay — a;25| =T|dcie3 + dQC%CQ + dgc% + d4cil|.
It follows that

T
|a2a4—a§| =7 (dl +2d2—|—d3—|—4d4)+2$c (4— )(dl—l—dQ—i-dg)

+(4 — A2 (—di 4+ dg(4 — ) + 2dye(4 — ) (1 — |z*)z

An application of triangle inequality, replacement of |z| by p and substitution of

the values of dy, do, d3 and dy from (3.24) yield

-2 8| ==
By B2 *

T
lagay — af| < |4’ S uPE =) -p)
1

4

+ (4= AP +4p(4 — A)) +8c(4 — A)(1 — /ﬂ)]
:T[c4 % pB2

BV 2a-A1-p)

Bs
+ 2c(4 — +2u’
(=) 2p |

+i2(4= A1 = p)(e - a)(e - B)]

= F(c, p)

where a =2 and = 2p/(1 —p) > 2.
Similarly as in the previous proofs, it can be shown that F'(c, i) is an increasing

function of p for 0 < p < 1. So for fixed ¢ € [0, 2], let
max F'(c, u) = F(e, 1) = G(c),

which is




B
+4c2 H—Q (1 —p)+1—2p} +16p}.
B
Let
p_|Bs_ B> (1 )<2'B2 +1)
By
Q=42|21-p)+1-2p|, (3.25)
B
R =16p
Using (3.4), we have
R, Q<0 P<-%

azay — a3 <T{ 16P+4Q+R, Q>0,P>-%orQ<0,P>-%

2
APR-Q™ Q>0,P

IN
O

where P, @, R are given in (3.25). I

For the choice ¢(z) := (14 Az)/(1+ Bz) with —1 < B < A <1, Theorem 3.3

reduces to the following corollary.

Corollary 3.4 [18, Theorem 2.1] Let the function f be in the class RI(A, B)

where 0 <y <1, 7€ C\ {0} and -1 < B< A< 1, then

2 2
9 _|TI*(A-B)
o204 = a3 < Ton o

In [2], Al-Amiri and Reade introduced the class G, = Go((1 + 2)/(1 — 2))
and showed that G, C S for o < 0. Univalence of the functions in the class G,
was also investigated in [111,112]. Verma et al. [130] obtained the bound for the

second Hankel determinant of functions in G,. Now we define the following class.
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Definition 3.4 Let ¢ : D — C be analytic and as given in (3.5). For a fized
real number «, a function f € A is in the class Go(p) if it satisfies the following
subordination:

2f"(2)

(1—a)f'(2) +a (1 + TZ)) < ¢(2).

The following theorem provides a bound for the second Hankel determinant of

the functions in the class G ().

Theorem 3.4 Let the function [ given by (3.1) be in the class Ga(p), 0 < a < 1.

Also, let

 8(1+20)
P=90+a)

1. If By, By and Bs satisfy the conditions
Bia(3 —2p) +2|Ba|(1 + a — p) + By (1 +a —2p) <0,

|B{a(2a — 1 — pa) + aB?Bo(3 — 2p) + (a4 1) By B3 — pB3| — pB} < 0,
then the second Hankel determinant of f satisfies

2
Bl

2
asaqs — a < —
a2 3|—9(1+a)2

2. If By, By and Bs satisfy the conditions
Bia(3 —2p) +2|Ba|(1+a —p) + By(1 + a —2p) >0,

2| Bfa(2a — 1 — pa) + aB?Bo(3 — 2p) + (a + 1) By By — pB3| — B (3 — 2p)
—2(14 o — p)B1|Ba| — (a + 1)B? >0,

or

B?a(3 —2p) +2|Bo|(1+a —p) + Bi(1+ o —2p) <0,
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|Bla(20: — 1 - pa) + aBBy(3 — 2p) + (a + 1)B1 By — pB3| — pB} > 0,
then the second Hankel determinant of f satisfies

|B{a(2a — 1 — pa) + aB?By(3 — 2p) + (a + 1)By By — pB3|
8(1+ a)(1 + 2a)

|agay — a3| <

3. If By, By and B3 satisfy the conditions
B?a(3 —2p) +2|Bo|(1+ a — p) + Bi(1 + o —2p) > 0,

2|Bfa(2a — 1 — pa) + aB?Ba(3 — 2p) + (a + 1) By By — pB3| — Bja(3 — 2p)
—2(1+a —p)Bi|By| — (a+1)B} <0,

then the second Hankel determinant of f satisfies

B2
|agay — 3| < 1
32(1+ a)(1 + 2a)

2
[B2a(3 — 2p) + 2|Ba|(1 + & — p) + By (1 + a — 2p)]
|B{a(2a — 1 — pa) + aB}By(3 — 2p) + (a + 1)By By — pB3|
— B}a(3 —2p) — (1 +a — p)B1(2|Bs| + By)

X |4p —

Proof. For f € Go(p), some calculations shows that

Bicy
a =
2 4
agZ;[(QB%—Bl—f‘BQ)C%"—zBlCQ]
12(1 +a) !
1 2 3
= —3aB 20— 1)B Bq(1 3aB
ay 32(a+1)(2a—|—1){[ aBi + a(2a — 1)By + B1(1 + a + 3aBs)

+ (o + 1)(B3 — 2By)]é} + 2[—2(1 4 ) By + 3B} + 2(1 + a)BoJcico

+4(1+ Q)Blcg}.
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Therefore

agay — a%

_ By
©128(1+ a)(1 + 2a)

[ —3aB? + a(2a — 1)B} + B1(1 + a) + 3aB1 B,

4 (14 a)(Bs — 232)] 4+ 2[-2(1+ a)By + 3aB2 + 2(1 + a) Bolc3es

+4(1 4+ o) Byeqes
8 (1+2a)

9 (1+a)

aB? — By + By)?
(B Bl 2) céll + 4((13% — B + BQ)CQC% + 43103
1

which yields

|agay — a3

_ T}4(1 +a)Bjcres + ¢ [ — 3aB? + a(2a — 1)B? + B1(1 + a) + 3aB1 B,

(aB? — By + By)?
By

+ (1+a)(Bs —2B) —p — 4pB1c3

+2c2cy [—2(1 +a)B1 + 3aB2 + 2(1 + ) By — 2p(aB? — By + BQ)} ‘ (3.26)
where

B 8(1+2
T = 1 and p= —( +20)
128(1 4+ a)(1 + 2a)

9 (1+a)

It can be easily verified that for 0 < a <1, p € [%, %] Let

dp =4(1+ a)By,
dy = 2 [—2(1 +a)By + 3aB2 + 2(1 + ) By — 2p(aB? — By + By)|
d3 = _4]731,

dy = —3aB? + a(20 — 1)B} 4+ B1(1 4 @) 4+ 3aB1 By + (1 4 a)(Bs — 2Bo)

(aB? — By + By)?
B ’
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Then (3.26) becomes
lagay — a§| =T|djcie3 + dgc%cg + d3c% + d4cil|.
Similar as in earlier theorems, it follows that

Hdy + 2dy + d3 + 4dy) + 222 (4 — ) (dy + do + d3)

lagay — a3 = =

(4 — )2 (—dy @ + dg(4 — ) + 2dye(d — ) (1 — |x|2)z‘
2
< T[c4 B3a(2a — 1 — pa) + aBi By(3 — 2p) + (o + 1)By — Bi

T (4 — A)[BRa(3 — 2p) + 2/ Bol (1 + o — p)] + 2¢(4 — ) By (1 + )

+ 12 (4 = A)Bi(1 +a —p)(c—2) <C - 2—p> ]

1+a—p

= F(c, p),

and for fixed ¢ € [0, 2], max F'(c, u) = F(c,1) = G(c) with

2

B2
HB (2o — 1 — pa) + aB1 B (3 — 2p) + (a+1)B3—pB—

G(c) = 1

~ Bla(3—2p) = (1+a = p)(2/Bs| + B1)| +4¢[Ba(3 - 2p)

+2/Bo|(14 o — p) + Bi(1 4+ o — 2p)] + 16pBy | .

Let

P = |B}a(2a — 1 — pa) + aB1 Ba(3 — 2p) + (o + Bg—p—‘

— B}a(3—2p) — (1 +a —p)(2|Ba| + By)
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Q=4 |Bia(3—2p) + 2Bs|(1+a —p) + Bi(l +a - 2p)|, (3.27)

R =16pBq,

By using (3.4), we have

(

R, Q<o0,P<-%
jazay —a3| TS 16P +4Q + R, Q=0,P>-%orQ<0, P> -%;
wme gioreg
where P, @), R are given in (3.27). |

Remark 3.1 For a =1, Theorem 3.4 reduces to Theorem 3.2.

For 0 < a < 1, let ¢(z) :== (1 + (1 —2a)z)/(1 — z). For this function ¢,
By = By = Bg = 2(1 — ). In this case, Theorem 3.4 reduces to the following

corollary.
Corollary 3.5 [130, Theorem 3.1] If f € Ga(yp), then

4(1 — )?

2
asa az| < .

Remark 3.2 By letting v = 0 and 7 = 1 in Theorem 3.3 and o« = 0 in Theo-

rem 3.4, the two results coincide.
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CHAPTER 4
APPLICATIONS OF DIFFERENTIAL SUBORDINATION
FOR FUNCTIONS WITH FIXED SECOND COEFFICIENT

4.1 Introduction and preliminaries

For univalent functions f(z) =z + > ;25 a,2" defined on D := {z € C : || < 1},
the famous Bieberbach theorem (Theorem 1.2) shows that |ag| < 2 and this bound
yields the growth and distortion bounds as well as the covering theorem. In view
of the influence of the second coefficient in the properties of univalent functions,
several authors have investigated functions with fixed second coefficient. For a brief
survey of the various developments, mainly on radius problems, from 1920 to this
date, see the recent work by Ali et al. [13]. The theory of first-order differential
subordination was developed by Miller and Mocanu, and a very comprehensive
account of the theory and numerous applications can be found in their monograph
[61]. Ali et al. [10] extended this well-known theory of differential subordination to
the functions with preassigned second coefficient. Nagpal and Ravichandran [68]
then applied the results in [10] to obtain several extensions of well-known results
to the functions with fixed second coefficient. In this chapter, we continue their
investigation by deriving several sufficient conditions for starlikeness of functions
with fixed second coefficient.

For convenience, let A, ;, denote the class of all functions f(2) = z + bt 4
22”2 + - where n € N = {1,2,...} and b is a fixed non-negative real
number. For fixed 4 > 0, and n € N, let H, 5, be the class consists of analytic

functions p on D of the form
p(2) =1+ p2" 4+ ppy1 2"+ (zeD).

Let €2 be a subset of C and the class ¥, [€2] consists of those functions ¢ : C?—=C
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that are continuous in a domain D C C? with (1,0) € D, ¥(1,0) € Q, and satisfy

the admissibility condition: ¥ (ip, o) & Q whenever (ip,0) € D, p € R, and

—H 2
< —|n+— (14 p). 4.1
o<—g (43 0) 0P (4.1)
When Q = {w : Rew > 0}, let ¥, , := ¥, »[Q]. The following theorem is needed

to prove our main results.

Theorem 4.1 [10, Theorem 3.4] Let p € Hypn with 0 < p < 2. Let ¢ € ¥y, 5
with associated domain D. If (p(2),2p'(2)) € D and Re(p(2), zp/(2)) > 0, then
Rep(z) >0 for z € D.

For a # 1, let

ST(a) = {feA: zf(2) . 1+(1—20¢)z}.

f(2) 1—2
The function pa(z) :== (1 + (1 — 2a)z)/(1 — z) maps D onto {w € C: Rew > a}
for « < 1 and onto {w € C: Rew < a} for a > 1. Therefore, for a« < 1, ST () is
the class of starlike functions of order a that consist of functions f € A for which
Re(zf'(2)/f(2)) > o

Motivated by the works of Lewandowski et al. [50], several authors [52,55, 56,
70,87,90,96,101,103,110,137] investigated the functions f for which zf/(2)/f(z)-
(azf"(2)/f'(2) + 1) lies in certain region in the right half-plane. For o > 0 and
[ < 1, Ravichandran et al. [102] showed that a function f of the form f(z) =

Z+ app12" T+ - satisfying

2f'(2) < 2f"(2) >> n an
Re Q@ +1 >aﬁ<ﬁ+——1>+ﬁ——

( f(z) f'(z) 2 2
is starlike of order 3. In Theorem 4.4, we will obtain the corresponding result for

fe -An,b-
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For function p of the form p(z) = 14 p1z + paz? + - - -, Nunokawa et al. [88]
showed that for certain analytic function w with w(0) = a, ap?(2)+62p'(2) < w(2)
implies Rep(z) > 0, where 5 > 0, « > —(3/2. See also [104]. Lemma 4.5 investi-
gates the conditions for the subordination p?(2)+vyzp/(2) < (1 4+ (1 —26)2)/(1 — 2).

For complex numbers 3 and ~, the differential subordination

zq(2) B
q(z) + 3402+ =< h(2),

where ¢ is analytic and h is univalent with ¢(0) = h(0), is popularly known as
Briot-Bouquet differential subordination. This particular differential subordina-
tion has a significant number of important applications in the theory of analytic
functions (for details see [61]). The importance of Briot-Bouquet differential sub-
ordination inspired many researchers to work in this area and many generalizations
and extensions of the Briot-Bouquet differential subordination have recently been
obtained. Ali et al. [6] obtained several results related to the Briot-Bouquet differ-
ential subordination. In Lemma 4.1, the Briot-Bouquet differential subordination

is investigated for functions with fixed second coefficient.

4.2 Subordinations for starlikeness

In this section, several sufficient conditions are given for the starlikeness of order

B of functions f € A, ;. We need following lemmas to prove the theorems.

Lemma 4.1 Let n € N be fixred. For a > 0, 0 < 8 < 1, v+ af > 0 and
0<u<2(1-70), let
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If the function p € Hypn satisfies the subordination

2p/(2) - 1+ (1—29)z

+ ap(z) + 1—2 7 (42)

then

Proof. Let 0 < 8 < 1. Note that

_Sl=p) (208 —p
b= Tt (5= m )

N R S (e
=-u ﬁ)[Q(aﬁ+v)( T8 s

>+1]+1<1,

and

_ —1 aB+ny 21—=8)—p

R g —C) (n+2(1—ﬁ)+u>+ﬁ
1 aB+y (n+2(1—ﬁ)—u

202(1 - B)? 21=8)+p

:_(1_5){ )+1}+1<1.

Then for p € H;,n, (4.2) can be rewritten as

2p'(2)
Re (p(z) + W) > 0, (4.3)

and we want to show that Rep(z) > . Define the function ¢ : D — C by

q(z):p<z)_5:1+Lz"~|—%z”+l+---, n e N.

1-p 1-p 1-p

Then ¢ is analyticon D and ¢ € H s ,,, where p = p/(1-03). Since (1-B3)q(2)+3 =

p(z), if we can show that Reg(z) > 0, then it will imply Rep(z) > (3. Note that

(1-5)

ZP,(Z) /
=B 1 B+

ap(z) +~

p(e) + — (1= B)a(=) + B+ —
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Then by (4.3),

(1-5)
(1=B)a(z) +af+v

Re ((1 — Bq(z) + - 2q (2) + ﬁ) > 0. (4.4)

Define ¢ : C2 — C by

(1-5)

w(r’s):(1_ﬁ)r+a(1—ﬁ)r+aﬁ+’y

s+ —0.

Then 1) is a continuous function of r and s on D := C\{—(af+7)/a(l1—0)} xC
and Re(¢(1,0)) =1—9 > 0. Note that (1,0) € D because (a«f+7)/a(l—3) > 0.

Also for p € R, and by (4.1), o in our case satisfying

- <n+2_“/>(1+p2), (4.5)

2 2+
where p/ = /(1 — f3), it follows that
o) = Y (1-5)
Rey(ip,0) = Re (1= B)ip+ a(l— B)ip+af +~

_ (1 —pB)(af+7) N

"l raa -t T
(1=B)(aB +7) {_1( +2—u’

T (@B +7) +a?(1 - §)%p? 2+ 1

5 n
T 2 =p)—p Lty
=~ (1= ) ﬁ+7)( +2(1—6)+u> <(aﬁ+7)2+a2(1—5)202>

+ 80,

U+B—4

)(1+p2)} +3—-0

Thus, for af +v > o(1 — F),

‘ _ 2(1 = p) — p L+p?
Rew(ip,0) < —(1=B)(af +7) (”* 21— ) +u> ((a6+v)2 +a?(1 —6>2p2)

B 21— ) — 1+ p?
< 5 1=Hlaf+7) (“ 21— 5) +u> <(a6+7)2 + <@ﬁ+’y>gﬂ2>
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Similarly, for a8 + v < a(1 — ),

‘ ~1 2(1—p) —u L+p?
Red(ip,0) < —(1 = B)(af +7) (”+ 21— ) +u> <a2(1 = B)? + (1= B)%p”
+0-0
_ LBty (0, 20=8)—p .
=5 a2(1_5)< +2(1—6)+u)+ﬁ ’
= 0.

Hence ¢ € VU, ,, where W = p/(1 —fB). Since ¢ € H by Theorem 4.1,

wn
Req(z) > 0if (¢(2),2¢'(2)) € D and Re(¥(q(2), 2¢'(2)) > 0. The former is true
by (4.2) and the latter is true by (4.4). So Reg(z) > 0 as desired. I

Lemma 4.2 For0< (<1, A>0, and 0 < p < 2(1 — ), let

A 21— ) — s
=309 (n+ Sy

If p € Hypn satisfies the subordination

14 (1-20
p(2) + /() < L2
1—-2
then
1+ (1-20)z
p(Z) = 1 — 2 :
Proof. Let « =0 and v = 1/X in Lemma 4.1. |
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Theorem 4.2 Let n € N be fized, 0 < f <1 and 0 < p=nb < 2(1 — ). Let §;

be given by

If f € A,y satisfies the subordination

I

S (o 2 AN 1+ (- 26)s
) <2+f’(2) f<z>)< =

then

2f'(z) 14+ (1-20)z
f&) T 1

Proof. For a given function f € A, p, define the function p : D — C by p(z) =

2f"(2)/f(z). A computation shows that p(z) = 1+ nbz"+---, so p € Hy,n, where

1 = nb. Further calculations yield

L) (54 20 )

i G e e ) =pe) +apa)

Hence by hypothesis and Lemma 4.2, it follows that

2f'(z) 1+ (1-20)z
f(z) B 11—z

p(z) =
Lemma 4.3 Letn € N. Fore>0,0<8<1and0<pu<2(1-0), let

e 2(1-6)~ , )
2(1-09) (”*W) Y8, if 0<B<4i,

_ 2(1-8)—p o
Té(l—ﬂ)(n—l—m)—i-ﬁ, vf §§5<1.
If the function p € Hypn satisfies the subordination

2p'(z) 1+ (1-20)z
p(2) h 1-=z
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then

14 (1 —-20)z
Proof. Let o =1/e and v = 0 in Lemma 4.1. I

Theorem 4.3 Letn €N, e >0,0< <1 and0< p=nb<2(1—-0). Let do be

given by

If f € A,y satisfies the following subordination

2f'(2)

=97

L (1 N Zf”(2)> L L+ (1-26):

1'(2) 1—2z ’

then
zf(2) - 1+ (1-20)z
f(2) 11—z

Proof. Let the function p : D — C be defined by p(z) = zf/'(2)/f(z). Then

p € Hyun and some calculations yield

L (O Al
=97y * (” f’(2>> PR ey

Hence by hypothesis and Lemma 4.3, it follows that

2f'(z) 1+ (1-20)z

p(z) = ) >

Lemma 4.4 Letn € N. Fora>0,0<<1,v>0, and 0 < p < 2(1 —f3), let

) +(1—a)f+ap
0



If p € Hyun satisfies the subordination

(1 - a)p(2) +ap?(2) + 721/ (2) < L2 (@.7)
then
p(2) < 1+ (11_—2/25)2.

Proof. Let 0 < 8 < 1. Note that

5;:—%(1—@‘)( ) +(1—a)B + ap?

:—%(1—5)( +) aB1—p)—(1-8)+1

T ( B) —u

=—(1 ﬁ)b( + 20 5) 1 )+ 5+1}+1<1

Then for p € Hypn, Re((1 — a)p(z) + ap®(z) + vzp/(2)) > 6. To show that

Rep(z) > 3, consider the function ¢ : D — C given by

Then g is analytic on D, ¢ € H s, where ¢ =p/(1—3), and

Re [(1 - 8)(1 - +208)q(z) + a(1 - )% (2)

(1= B)2q (2) + (1 — a)B + aﬁﬂ >

Define the function ¢ : C2 — C by

W(r,s) =1 -0)(1—a+2af8)r+ a(l— ﬁ)2r2 +71=0F)s+(1—a)f+ aﬁ2 —
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For p € R and o satisfying (4.5), it follows that

Re ¢ (ip, o)

— Re [(1 —B)1 = a+2aB)ip — a(l — B)2p% + (1 — B)o + (1 — a)B + af? —
=71 =B)o —a(l = 8)°p* + (1 —a)f+af® =4

<4(1-5) H (n+ 315) <1+p2>} —a(l=%" + (1= a)f +af® =5

T 2(1-8)—p
--30-0 (R

+(l—a)f+af* -3
— 1+ Bm—ﬁ) (HM) *“(1_6)2]

) (1407 —all - B2+ 1) +all - )

21 —=0)+p

fal=-pB2+(1-a)f+aB>—6
gl 21-0) — _
S—a(l—ﬁ) (n+m)+(l—a)ﬂ+aﬁ2—5—0

Hence ¢ € ¥, ,,. By Theorem 4.1, Re¢(z) > 0 or equivalently Rep(z) > §. I
Remark 4.1 Lemma 4.2 can also be obtained by letting o = 0 in Lemma 4.4.

Theorem 4.4 Letn € N. Fora>0,0<<1and0<p=nb<2(1—7), let
03 be given by

20 -p)—n

=-50-9)(n+ 3=

) +(1—a)f+ap?

If | € Ay satisfies the following subordination

S [ 2 f"() 14 (1 253)2
) (0‘ 7(2) “) R

Y

then

f(2) 1+ (1-28)
& 1-s
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Proof. For a given function f € A, p, let the function p : D — C be defined by
p(z) = zf'(2)/f(2). Then p(z) =1+ nbz" +---. So p € Hyn where u = nb.

Some simple calculations yield

2f'(2) < 2f"(2)

= (1= a)p(2) + ap®(2) + azp(2).
f(2) O‘f/(z)+1)—(1 )p(2) + ap*(2) + azp/(2)

Hence by hypothesis and Lemma 4.4, it follows that

2f'(z) 14+ (1-28)z
f&) © T 1

p(z) =

If p =2(1 — ), Theorem 4.4 reduces to the following result.

Corollary 4.1 [102, Theorem 2.1] If f of the form f(z) = z + app12" T +

an22" T2 + ... satisfies

Re{szgg) (a'z]{,lég) +1>} > af (ﬁ+g— 1) n (6— %) a>0,8<1,

then f € ST(5).

Lemma 4.5 Letn € N. For0< 3 <1,v7>0, and 0 < pu <2(1 — ), let

_ " 21-05) —p
0= —E(l—ﬁ) (n—i-m) +ﬁ2.

If the function p € Hypn satisfies the subordination

14 (1—-20)z
pP(z) + 920 (2) < —(1 — )2 (4.8)
then
1+ (1—20)z
Proof. Let a =1 in Lemma 4.4. |
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Lemma 4.6 Letn € N. For0< <1 and0< pu <2(1-7), let

s (0t ) 0<B<k
— 1— .
2—5(1—6)( El g; ) if 3<B<1.
If the function p € Hyn satisfies the subordination

2p'(2) 1+ (1—20)z
p(2) = 11—z

)

then
1+ (1—-20)z
1—2 )

p(2) <

Proof. Let 0 < 3 < 1. Note that

and

Thus for p € Hyn,

and we want to show Rep(z) > . Considering the function ¢(z) = (p(z)—3)/(1—
B3) or equivalently (1 — B)q(z) + 3 = p(z). Then g is analytic on D, ¢ € H,y,
where p/ = /(1 — f3), and

S (=8
RS = (= a5) 7
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Define ¢ : C?> — C by
1-8)s
(1=pB)r+p

Then v(r, s) is continuous on (C —{—3/(1—)}) x C. For p € R and o satisfying

U(r;s) =

(4.5), it follows that

o (1-0)
Re ¢ (ip, o) _Re<(1—5)iﬂ+ﬁ0 5)
B pa-p (A=p%p
e <ﬁ?+< S )
+( -8
p1-p 1 2y
—ﬁui @M-( ) 0]
2( 1+ p?
-0 (v =aren) (v 2ame) -
For 1/2 < g <1,
. 5 21 =p8)—p\ 1
Rew(lﬂaa) < _§<1 _ﬂ> (n+ 2(1 _ﬁ) +M) @ -9
ol 21-5)—n\ _
5t ()
For 0 < <1/2,
: E 21-0) — 1
Rev(ip.0) < ~5(1=8) (n+ =58 ) g
_ B 2(1—5)—u)_
-z (" )
= 0.
Hence ¢ € Vi and then Theorem 4.1 implies Reg(z) > 0 or equivalently

Rep(z) > . I
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Theorem 4.5 Letn € N. For 0 < <1 and 0 < pu=mnb<2(1 — (). Let d4 be
given by

- 2(1-p)—p : 1
5, ) 2D (n+35m). i 0<h<h
-1 2(1-0)— . 1
H1-8) (n+ 32, if j<p<t
If f € A,y satisfies the following subordination

') f() 1+ (1—20))2
YR T ST 1

then

2f'(z2) 14+ (1-28)z
f(2) = 11—z

Proof. Let the function p : D — C be defined by p(z)

= 2f'(2)/f(2). Then

p € Hyn. Also we have

LA ) )

flz)  flx) p(e)

Hence by hypothesis and Lemma 4.6, it follows that

B 2f'(z)  14+(1-28)z
p(z) = ) < P I

The above technique for analytic functions also works for meromorphic func-

tions. Let X, be the class of normalized meromorphic functions, of the form

1
f(z) = -t b2" + a2+ -
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that are analytic in the punctured unit disk D* := {# € C : 0 < |2| < 1}. For

0 < B < 1, the class of meromorphic starlike functions of order 3 is defined by

Cafi(s) 14+ (1-28)
& 1-2

The following theorems gives sufficient condition for meromorphic functions to be

starlike of order 3 in D*.

Theorem 4.6 Letn € N. For0< <l and0<pu=—(n+1)b<2(1—-7). Let

01 be given as in Theorem 4.2. If [ € Xy}, satisfies the following subordination

PG (o ) AP L (1 28)
) (“ 7102) f<z>>* =

then
2f(z) 1+ (1-28)2
— < .
f(2) 1—2
Proof. Let f € %, 3, and define the function p : D — C be defined by p(z) =

—2f"(2)/f(2) for z € D* and p(0) = 1. Then p(z) = 1— (n+1)bz"T1+... € Hun

with g = —(n + 1)b. Simple computations shows that

() (2 LG )

i G e e ) =pa) +ap(a).

Hence the result follows from Lemma 4.2. 1

Theorem 4.7 Letn € N. Fore >0,0< 3 <1land0 < pu=—(n+1)b <2(1-73).

Let 63 be given as in Theorem 4.5. If f € X, y, satisfies the following subordination

zf"(2) B . 2f'(z) 14+ (1—259)2
(1+ 3 ) - o <
then
)1+ (1-28)
f(2) B 11—z

1)




Proof. Let p: D — C be defined by p(2) = —zf(2)/f(z2) for z € D* and p(0) = 1.

Then p € Hy,pn. Simple computations shows that

SO\ _ G )
6(” f'<z>> I+97rny =P+ eny

Hence the result follows from Lemma 4.3. 1

Theorem 4.8 Letn e N, a>0,0< < 1land 0 < p=—(n+1)b <2(1-7J).

Let 03 be given as in Theorem 4.4. If [ € ¥, satisfies

) (2 M) L (=26
) (2 CINELD) 1)*
then

(5 14(1-28)

f(2) B 11—z

Proof. Let f € X, and define the function p : D — C given by p(z) =
—2f'(2)/f(z) for = € D* and p(0) = 1. Then p € Hyp with p = —(n + 1)b.

A simple computation shows that

Zf/(Z) OéZf/(Z) _aZf//(Z) — = — z o 2 z (6%4 / z
() (2 ) ) 1) (1= a)p(2) + ap?(2) + azp/(2).

Hence the result follows from Lemma 4.4. I

Theorem 4.9 Letn e N, 0 <<l and0<pu=—(n+1)b<2(1—7). Let o4

be given as in Theorem 4.5. If f € ¥, satisfies

2f"(2) B zf'(2) - 1+ (1—264)z
f'iz)  f(2) 1—=

1+

then
_zf/(z) - 1+ (1-20)z
f(2) 1—z
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Proof. Let p(z) = —zf'(2)/f(z) for z € D*. It is clear that

') ) ()
YPD) T T k)

Hence the result follows from Lemma 4.6. 1

4.3 Subordinations for univalence

Theorem 4.10-4.13 give sufficient conditions for the subordination f/(z) < (1 +
(1 —28)z)/(1 — z) to hold. For g = 0, this latter condition is sufficient for the

close-to-convexity and hence univalence of the function f.

Theorem 4.10 Letn e N, 0 < <1l and 0 < p= (n+1)b <2(1 — ). Let 01

be given as in Theorem 4.2. If f € A,y satisfies following subordination

1+ (1 —201)z
fle)+2f"(e) <
then
£(2) < 1+ (11_—225)2'

Proof. For f € Ay, let the function p : D — C be defined by p(z) = f’(z). Then
p(z) =1+ (n+1)b2" + (n+ 2)an422" ™ + -+ € Hyp, with g = (n+ 1)b. Also,

we have

f'(2) + 2f"(2) = p(2) + 2p'(2).

Hence the result follows from Lemma 4.2. 1

Theorem 4.11 Letn € N, e > 0,0< <1l and 0 < pu=(n+1)b <2(1-73).

Let 0o be given as in Theorem 4.5. If f € A, satisfies following subordination

2f"(2) /(5
WCOIEASE

1+ (1—209)z
1—2 ’

7



then

£(2) < 1+ (11:Z25)z
Proof. For p(z) = f'(z), we have
2f"(2) 2p'(2)

€ ) + f(2) =plz) +e€

and the result follows from Lemma 4.3. 1

Theorem 4.11 reduces to the following result in the case when p = 2(1 — ),
n=1and f=1/2.

Corollary 4.2 [112, Theorem 2, p. 182] For a > 0, if

Re((-apfe)+a (1+ 2 ) - 1

then Re f'(2) > 1/2.

Theorem 4.12 Letn € N, a>0,0< g <1land 0 < p=(n+1)b<2(1-7).

Let 03 be given as in Theorem 4.4. If [ € A, satisfies

ol (-] <224

then
14+ (1—20)z

£z) < =

Proof. For f € A, let the function p : D — C be defined by p(z) = f'(z). Since

76 (« (5 + 161 -1) +1) = - a)pe) + a0+ s o),

the result follows from Lemma 4.4. 1
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Theorem 4.13 Letn e N, 0 < <1l and0 < p=(n+1)b<2(1—7)

be given as in Theorem 4.5. If [ € A,y satisfies the subordination

then

Proof. For p(z) = f'(2),

zf"(2) - 1+ (1—264)z

f'(z) ==z

1+ (1—-20)z

£1(2) <

2f"(2) _ 2(2)
(=) plz)’

hence the result follows from Lemma 4.6.

. Let 4

If uw=21—-p),n=1and f = (o + 1)/2, Theorem 4.13 reduces to the

following result.

Corollary 4.3 /94, Theorem 1] Let the function f € A satisfy the inequality

Re (1—1—

then Re f'(z) > (a +1)/2.

zf”(z)) . 1+ 3o

0<a<l,

f'(2) 2(1+a)’
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CHAPTER 5
CONVEXITY OF FUNCTIONS SATISFYING CERTAIN
DIFFERENTIAL INEQUALITIES AND INTEGRAL OPERATORS

5.1 Introduction and preliminaries

Let H(ID) denote the class of analytic functions f defined in the open unit disk D.
In this chapter, instead of considering functions with fixed second coefficient as in
Chapter 4, we consider the more general function. For a € C, and n a positive
integer, let

Hla,n] = {f eHD): f(z)=a+ ) akzk},
k=n

and

Ap =< feHD): f(z) =2+ Z ag2"

For 0 < 8 < 1, recall ST (f3) the subclass of A consisting of functions starlike of

order (3 satisfying

Re <z}féi§)> >3, ze€D.

Also for 0 < g < 1, CV(p) is the subclass of A consisting of functions convex of

order [ satisfying
2f"(2)
f'(z)

Several authors investigated the sufficient conditions to ensure starlikeness of

Re(l—i— >>ﬁ, z e D.

functions. These include conditions in terms of differential inequalities, see for
example [4,5,12,15,32,89,109,135]. Miller and Mocanu [62], Kuroki and Owa [49],
and Ali et al. [9], determined conditions for starlikeness of functions defined by an

integral operator of the form

1
f(z):/o W (r, z)dr,
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or by the double integral operator

f(z)= /01 /01 W(r, s, z)drds.

More recently, Chandra et al. [28], obtained sufficient conditions for starlikeness
of positive order for analytic functions satisfying certain third-order differential
inequalities.

In this chapter, conditions that would imply convexity of positive order for
functions satisfying certain second-order and third-order differential inequalities
are determined. As a consequence, conditions on the kernel of certain integral
operators are also obtained to ensure functions defined by these operators are
convex.

We are going to use the concepts of subordination to help us to determine the
convexity conditions. The following properties of differential subordination are

needed.

Lemma 5.1 [38, Theorem 1, p. 192](see also [61, Theorem 3.1b, p. 71]) Let h be
convezx in D with h(0) = a, v # 0 and Rey > 0. If p € Hy(a) and

o)+ L <),
then

p() < a(2) < h(2),
where

i : (v/n)—1

= h(t)t\Y dt.
12) nzV/m /0 )

The function q is convex and is the best (a,n)—dominant.

Lemma 5.2 [123](see also [61, Theorem 3.1d, p. 76]) Let h be a starlike function
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with h(0) = 0. If p € Hp(a) satisfies
2p'(2) < h(z),

then

p(z) < q(z) = a+%/02 @dt.

The function q is convex and is the best (a,n)—dominant.

Lemma 5.3 [3, Theorem 1, p. 13] Let n be a positive integer and « real, with

0 < a <n. Let q be analytic with q(0) =0, ¢'(0) # 0 and

1!
),y e
q(2) n

If p € Hp(0) satisfies

2p'(2) — ap(z) < nzd (2) — aq(2),

then p(z) < q(z) and this result is sharp.

5.2 Convexity of functions satisfying second-order differential inequal-

ities
The following theorem discusses on the function F(f’, f") = dzf"(2)—a(f'(2)—1).
Theorem 5.1 Let fe Ay, § >0, 0<a<nd and0 <G <1. If

(1—-08)(nd — )
n+1—-p38 "~

(621" (2) — a(f'(2) = 1)| < (5.1)

then f € CV(5).
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Proof. We want to show that Re (1 + 2t ,”(Z) > (3. For notation simplicity, let
f'(2)

)
QE =1+ ey

Then
F()(Q(2) =1) —a] = 6zf"(2) —a(f(z) = 1) — a.

So by the triangle inequality and (5.1),

[ (2)16(Q(2) = 1) — o] < [02f"(2) = a(f'(z) = 1| +

(1 —B)(né —a)
< Toh +

(5.2)

To determine the bound of | f/(z)|, note that the inequality (5.1) can be expressed

in the subordination form

521"(2) — o (f1(2) — 1) < U ;ixl"f - 2,  .eD
By writing
P(2)=6f"(2) — (6 + a)@ = —a+ (nd — a)ayy 12" + - € Hp(—a),
it follows that
f'z)  f2) f(2)

P(z)+ 2P (2) = 2 |6"(2) — (6 + ) ( )1 +6f/(2) = (0 + )

. T
— 52f"() — af'(2)

(1 —p)(nd —a)
= n+1-p
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Let
(1-B)ms—a)

Mz) = n+1-4

Then h is convex and h(0) = —a, and hence Lemma 5.1 with v = 1 yields

P(z) =6f"(2) — (6 + a)@

L /z [(1 —B)nd—a) a] J(1/n) =1 g4

nzl/m Jo n+1-p4
_ L FIA=B)0 —a) (am)y (1/n)-
_nzl/”/o [ n+1-p4 £/ o 1]dt
(1 =p)(nd —a) L
C (n+D(n+1-0) (5-3)
Now consider
P G B . ()
p@“‘5(z 1) d “)_(n+nm+1—ﬁ)'
Then
p € Hn(0), ¢(0) =0, ¢'(0) = (n+f§gn_fi_ﬁ) £ 0, Re( qq,(z) +1> —1> %
Also
zd@)—%p@>:z5(ff)_1§?)-%5<ff) 1)
=0f'(2) = (6 + )f(;)-l-Oé,
and
/ a _ 6(1 - B) a 6(1—03) ;
””‘”_5“”_”(n+nm+1—)‘Iun+nm+1_m
~ (1=5)(né —a)

BCECES N
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Then the subordination (5.3) can be written as

/() = 5p(=) < nzd/ () = Fa(2).

Applying Lemma 5.3 gives p < ¢, which implies

f(2) 1-0
~ Y e Dmeiop”

By the definition of subordination, we have

1-p5
: T Dmr1-p)
/(2 13
‘%ngh*wn+nm+1—ﬂf“”
1-p5
n+1)(n+1-=7)
1-p5
n+1)n+1-06)

w(z)  (lw(z)] <1),

>1-—

jw(z)]

>1-—

From subordination (5.3) and the inequality —|a — b| < |a| — [0],

) f(2) (1 —B)(né —a)
'Mw”_w+“)z SlarDmri—p° Y
) f(2) (1—=5)(nd — o)
|6f(z)|—{(5+04)7}>— (n—i—l)(n—l—l—ﬁ)z_a’
f(2) (1 —B)(né —a)

Z—

'@ > G +a) | == =~ | T T f)

(1-8) (1—0)(nd — )
>“+“)G_Kn+mm+1—ﬂo"Qn+Dm+1—ﬁVHO’

n

>

Substituting this bound of |f’(z)] in (5.2), we get

n (1-p)(nd —a)
n+1_ﬂ|5(Q(z)—1)—oz|< +a
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(6% (0]

Since —|w| < Rew, it follows that

Re(Q(z)—l—%>>—(1—ﬁ+%).

Hence Re Q(z) > (3, i.e.,

(i)

as desired. I
Theorem 5.2 Let ) >0,0<a<nd, 0< <1 andgeH. If

(1-F)(nd —a)
n+l—p "

l9(2)] <

then f € Ay, given by

n+1 1 1
flz) =2+ : 5 / / g(rsz)r[(”_1)5_a]/5s”drds
0 JO

18 a convex function of order (3.

Proof. Let f € A, satisfying the differential equation

521" (2) — alf'(2) — 1) = 2"g(2). (5.4)

From Theorem 5.1, it is clear that the solution f of (5.4) is a convex function of

order 3. We find the closed form of f. Let ¢(2) = f'(z) — 1, then (5.4) becomes

029/ (2) — ag(z) = 2"g(2). (5:5)
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Using the integrating factor el Tz = z%a, (5.5) becomes

; a —a_ Zn—l—%
() - 20 = T g(2)
d 1 = Pt}

Since ¢(z) = f'(z) — 1, we have

- :—/ (rz)r™™ 1=5 dr

zfn 1

)=z + g(r&)r" 1S drde
0 0 Jo
1 )n 1
=z+ g(rsz)r™ 1 ¥ 2drds
o o Jo
+1 1 r1
Z / g(rsz)r (n=1)6~0l/d gn gy s
o Jo Jo

This completes the proof. |

The next theorem discusses on the function F(f, f/, f") = 62" (2) — a(f/(2)
—f(2)/2).

Theorem 5.3 Let f € Ay, § >0, and 0 < a <, with0 < g < 1. If

f(z)) ‘ _ n(l— ﬁ)(é(n +1)— a) (5.6)

ozf"(2) — (f’(Z) - (n+1)(n+1-p) ~

then f € CV(5).
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: 21" (z)
Proof. We again want to show that Re (1 + Ue) > (3. Let

)
QE =1+ ey

Then rewriting (5.6), we have

5 (2)(Qz)— 1) —a (f/(z> _ M)' o L= B)E(n+1) —af

z (n+1)(n+1-7)
and after some computation we have

(1=B)n+1) —af

O ()Q(2) — 1] < (n+1)(n+1-7)

So we need to determine the bounds for |f/(2)[ and |f’(z) — f(2)/z|.

First, to determine the bound of |f/(2) — f(z)/z

, note that the inequality

(5.6) can be expressed in the subordination form

" / f(2) n(l—p)(6n+1)—a)
ozf (z)—a(f(z)— . >< ) nt1—7) 2, z € D. (5.8)

Writing
f2)

Pl =0 (£ = LE) —dnanas 4 Hu(0)

it follows that

(5;0‘) P(z) + 2P'(2)
_ {(5}””(2) —5 (fl(Z) - f@)] L0 = %5 (f’(z> - M)

z z z

—52f"(z) — ( ) f(z))

n(l—p)0(n+1)— a)z
n+1)(n+1-7)
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By letting
on(l—=p)(6(n+1) —a)

h@*:w—axn+mm+1_ﬁf’

then h is convex and h(0) = 0, and hence by applying Lemma 5.1 with v =
(0 — «)/0 yields

Pl =5 (- 12)

6—a) 1 2 (1= B)6(n+1) — @)\ (5o /o
< ) n2(5—a)/5n/0 <(5_a)(n+1)(n+1—ﬁ)t) H(0—a)/on—1 4
_ (1—ﬁ)(5(n+1)—a) 1 z 5o /o
e+ Dn+1-7) z(&—a)/an/o tO0=e)/on gy
_ on(l— ) )

m+1)(n+1-0)"

which implies

) = 2 D 1=9)” (5.9)
or equivalently
i f2) n(l—p)
Fiz) == DTl D) (5.10)
Next consider
pe) =T ey = p - 1

Then (5.9) can be rewritten as

-5
n+1)(n+1-p)"

2p(2) < (

Applying Lemma 5.2,

IO RPN B AR () B L=h .
plz) ==, <1+n4 R IR ) R TR RS
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and hence (same computation as in the proof of Theorem 5.1)

(2)

z

(1-0)
>1—(n+1)(n+1_6). (5.11)

Using —|a — b| < |a| — |b], and (5.11), (5.10) becomes

—n(1-p)
n+1)(n+1-70)

, (1-5) n(l = f)
‘f@ﬂ>(1_0H4xn+1_m)_<UHJﬂn+l—m>
:n+1—5

()| -

f(2)

7

. (5.12)

Substituting (5.12) and (5.10) in (5.7) yields

on n(l—03)[0(n+1)—q] n(l1—7)
P L RS [ S py.) *“(@H4xn+1—m)’
_an(1-5)
Cn41-4
Q) — 1] <1- 8.

Since —|w| < Rew, it follows that

Re(Q(z) = 1) > —(1 - p),

and hence Re Q(z) > . This completes the proof. I

Theorem 5.4 Let ) >0,0<a<6,0< <1 andgeH. If

n(l = B)0(n+1) —a)

&) < = ey =)

then f € Ay, defined by

n+1 1 1
f(z) =2+ : 5 / / g(rsz)r(”é_a)/‘ssn_ldrds
0 JO
90



18 a convex function of order (3.

Proof. Let f € A, satisfying

52f"(2) — a (f/(z) - M) =2"g(z). (5.13)

z

From Theorem 5.3, it is clear that the solution f of (5.13) is a convex function of

order 3. Let
o) =5 (1161 - 1),
then
0/ + 0ot = aa [0 - (FE - L) 4 250 (1) - L12)
—52f"(2) — a (f’(z) - f;)>
~ 7g(2) (5.14)

. . . f d—a g, d—a
Using the integrating factor e/ 3 “* = 275 | (5.14) becomes

250+ U5 1) = n1 57
200 = ()
S300) = [ e (o)
o) =7 [ gloe T ag
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Substituting ¢(z) = ¢ (f/(z) — f(2)/z), we have

5 ( £(z) - ﬁ) o /O g1+ g

5 (f(;))/ = o /Olg(rz>r"—1+‘5‘f“dr
()

/ n—1 rl
z 10—«
= g(rz)r" 15 ar.
o Jo

z en—1 1 o
f(Z) 1= / 5 5 / g(rg)rnfl#»éTdrdé
0 0
1 1 1 d—a
= S/ (zs)n_l/ g(rsz)r" 15 zdrds
0 0
1 1 1 d—a
= —/ (zs)n_l/ g(rsz)r™ 5 zdrds
9 Jo 0

n+1 1 r1
f(z) =2+ : / / g(rsz)r(”‘s_a)/‘ss”_ldrds.
o Jo Jo

This completes the proof. |

5.3 Convexity of functions satisfying third-order differential inequali-

ties
Theorem 5.5 Let fe Ay, O <a<nv, u>0and 0 < g < 1. If

(1 +nu)(d = B)(nv —a)

2
2 (2) 82 f(2) - alf(2) - 1) < S P,

(5.15)

where v — ap =0 — v and v =7, then f € CV(f).

Proof. Let
p(z) = vzf"(z) = a(f'(z) = 1).
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Then

p(2) + nap'(2) = vaf"(2) — a(f'(2) = 1) + pelvf"(2) + vaf"(2) — af"(2)]

= w22 f1"(z) + 2f" v — pa+ ] — a(f'(2) = 1)

=22 f"(2) + 02"(2) — a(f'(2) = ),
where puv = v, v — pa + pv = 0. Hence, by (5.16) and (5.15), we have

(1+ m)(1 = B)w — )
n+1-0 ’

p(z) + pzp'(z) <

'(z) | (L4 np)(d = p)nw —a)
n+1-p '

Apply Lemma 5.1 to obtain

p(z) =vzf"(z) —al(f'(2) = 1)

11 T ) = B)(w =), (1 /nu)-1
—<N.nzl/m‘/0 " t.t dt
_ 1 “(1+nup)(1 - p)(nr—a) (1/nu)

_ 1 [w(l )1 = B) (v —a) 1 /muy+1
(= fow—a)_

- n+1-3

which yields

"N reN (1= 8)(w — «a)
vafi(z) —alfi(z) - Dl < — === 3
Hence, applying Theorem 5.1, f € CV().
Example 5.1 For the function
[0 PR ) R P P

(n+1)(n+1-70)
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we have

22 f"(2) + 62f"(2) — o f'(2) = 1)]
yn(n —1)(1 — )" N n(l—06)z"  all—p)"

n+1-—p, n+1-—7 n+1-—7
o (1—ﬁ)(1+n,u)(m/—oz) ’z|n
N n+1-—7
L A=8)A +np)(nw — a)

n+1-0 '

So by Theorem 5.5, f € CV(f). Indeed we have

SN g (L D= B/t 1 - )"
RBO*‘%@))R‘( L (1= B)/n+ 13" )
1t DA+ 1-5)

I (1= B)(nt1-5)

=3

Theorem 5.6 Let 0 <a<nv, p>0,0< <1 andgeH. If

(14 ym)(1— 5) (o — o)
n+1-—p ’

l9(2)] <

then f € Ay, defined by

Zn+1 1 1 1 o n—l—i—l
f(z) =2+ / / / g(rstz)r"fl*?snt mdrdsdt
22 0 JO0 JO

is a conver function of order 3.

Proof. Let f € A, satisfying

72" (2) +02f"(2) — a (f'(2) = 1)) = 2"g(2) (5.17)

where v —apu = 6 —v and vu = . From Theorem 5.5, we note that the solution of

differential equation (5.17) is convex of order 3. Let p(z) = vz f"(2) —a(f'(z)—1).

94



Then equation (5.17) becomes

n

p(=) + el (2) = 2"g(2). (5.18)

1 1
Using the integrating factor e’ #z dz _ zk equation (5.18) simplifies to

oy Lo = 2oy
zp(2)+up() Mg()

1 n—1+ﬁ
)| = gt
shae) = [T gl
1
_Z_ﬁ z n_1+l
o) = 25 [Catoe rag
1
-
:ZM /Og(tz)(tz) +llt Ldt
n 1
2 gt
w Jo
:Zn¢(z)a
where
1
(b(z):%/o g(tz)tn+%_1dt. (5.19)

Note that the function f in Theorem 5.2 satisfies 6zf"(2) — a(f'(z) — 1) =

2"g(z). Then by replacing the appropriate parameters, the equation

vaf'(z) = a(f'(z) = 1) = 2"¢(2)
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has a solution

o+l 1l .
f(z) =2+ / / G(rsz)r" v L drds
v 0 JO
ntl ploplrg gl . .
=24 / / {— / g(trsz)t"n Lat| v —Lsndrds
v 0 Jo LK JO
nl 1ol gl . L
S / / g(rstz)r™ vl Ldrdsat.
wyJo Jo Jo
This completes the proof. |

Theorem 5.7 Let fe Ay, 0<pu<1,0<a<(l—pvand0 <[ <1. If

’)/ZQf”/(Z) o2f"(2) — (f’(z) _ f(z))‘ < n[(n+1)(v—v) — o]l = B)(1 + np)

z 1—=pw)(n+1)(n+1-7p) ’
(5.20)

where v — b= = § — v and v = v, then f € CV(0).
Proof. Let p(z) = vzf"(z) — ﬁ (f’(z) - @) . Then

)+ 0t () = vag"() - 1 (716 = L) ) 4 s

- s+ 2 (10 - 12)
= w2 f"(2) + (;w -~ % + u) 2f"(2) — o (f’(z) - M)

z

22 ) 1 62(2) — a (f’<z> - M) , (5.21)

Whereuu:'yanduy—l—a_%—i—yzé.
By (5.21) and (5.20),

n(l = F)(A +np)l(n+ 1) —7) - af
(1=p)+1)(n+1-75) '

p(z) + p2p(z) <
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By applying Lemma 5.1, we obtain

)= _nz@ / (n+ 11—+ nﬂn 41— 1)?1) _ u)”[m +1) (v — ) — o]t tat
/ 1+nu (1-73)
,unznu 0 (n+1-=0)n+1)1- )
_ =P+ v =9) —a]
A-—pwhn+D)n+1-5) =
— n(l—3) [(n—kl)(u—y,u)_ o }Z
D 1=) | (= 0=
n(1

) 9 o .
ECES e >[”(”“> <1—m] |

nl(n +1)(v — ) — altmidt

Since p(z) = vz f"(z) — ﬁ <f’(z) - @), the above subordination implies

z

" o / f(2) n(l - 5) (V(n 1) - %)
=10 - 125 (160 - 22| < e

Hence, by Theorem 5.3, f € CV([3). I
Theorem 5.8 Let 0 < u<1,0<a<(l—pv,0<pB<1landgeH. If

n(l=pB)A +np)(n+ 1 —7) —of

< = nrDmrios

where vy = vy, then

TL+1 1 1 1 1 a . l
=7t / / / g(rstz)rv ™ Tl " s
g 0 JOo JO

18 a convex function of order (3.

Proof. Suppose f € A, satisfies

22 4 625"(2) - a (f’<z> - M) _ (), (5.22)

z
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where v+ v — % = 0. Then by Theorem 5.7, f is a convex function of order f3.

Let

o) =vaf") - 12 (£ - L),

1—pn z

Now equation (5.22) can be written as

p(2) + p2p'(2) = 2"g(2). (5.23)

Similarly as in the proof of Theorem 5.6, equation (5.23) has the solution

p(2) = 2"¢(2),

that is,
vaf"() - 7o (110 - T2 = o),
where
1 1
8(z) = % /O S et

On the other hand, note that the function f in Theorem 5.4 satisfies

24" - a (116 - L) =g,

z

Hence by Theorem 5.4, the equation

vaf"(2) - o (116 - L) e

1-— z

has the solution




n-+1 1 ,r1 r1 1 o 141
— a4z / / / g(rstz)rg[n”_l—u]s”_lt" 4 drdsdt.
7 0o Jo JO

This completes the proof.
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CHAPTER 6
CLOSE-TO-CONVEXITY AND STARLIKENESS OF
ANALYTIC FUNCTIONS

6.1 Introduction and preliminaries

Let D := {z € C : |2|] < 1} be the open unit disk. For a fixed p € N :=
{L,2,...}, let Ap be the class of all analytic functions of the form f(z) = 2P +
ap+1zp+1 + ap+22p+2 + ..., that are p-valent (multivalent) in the open unit disk,
with A := Ay. Let Ap, be the class of all analytic functions f : D — C of the
form f(z) = zp+an+pz”+p+an+p+1z"+p+1+. .. with Ap == Ap 1 and A= Ay 3.

For studies related to multivalent functions, see [57,83-86]. Also recall CCV(«),
the subclass of A consisting of functions which are close-to-convex of order « in D

(0 < a < 1) defined by

/
awmy:{ﬁfeAam}%(%?)>a,gGCV}
J(z
Singh and Singh [113] obtained several interesting conditions for functions f € A
satisfying inequalities involving f/(2) and zf”(z) to be univalent or starlike in D.
Owa et al. [94] generalized the results of Singh and Singh [113] and also obtained
several sufficient conditions for close-to-convexity, starlikeness and convexity of

functions f € A. In fact, they proved the following theorems.

Theorem 6.1 [94, Theorems 1-3| Let 0 < a < 1 and 5,7 > 0. If f € A, then

() 52
Re(l—k%i?) < %: 1f'(2) = 1] < 1+a,

Bt o

7 =1 G < L2 = Re (7)) > 222
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Theorem 6.2 [94, Theorem 4] Let 1 < A < 3. If f € A, then

SA=L N < 2;

Re (1 N Z}f/l;(j)) ) 20\ +1)” zfg(j) - )\()\1_— z)‘
’ —23;_11), 2< <3, : ’

In this chapter, the above results are extended to functions f € Ay .

6.2 Close-to-convexity and Starlikeness

For the proof of our main results, we need the following lemma.

Lemma 6.1 [61, Lemma 2.2a] Let zg € D and rg = |29|. Let f(z) = apz"™ +
ans12" 4 - be continuous on Dy, and analytic on Dy U {20} with f(z) # 0
andn > 1. If

|f(20)] = max{|f(2)| : = € Dyy},

then there exists an m > n such that

20f'(20)
1. (o) =m, and
20f" (20)

Recall that for f € A, the condition Re f/(z) > 0 implies the close-to-convexity
and univalence of f. Similarly, for f € A, the inequality Re(f’(z) /P71 >0
implies p-valency of f, see [127,128]. A function f € Ay is close-to-convex if there
is a p-valent convex function ¢ such that Re(f/(z)/¢(z)) > 0. In particular, they

are all close-to-convex with respect to ¢(z) = 2P.

Theorem 6.3 Let 0 < o < 1. If the function f € App satisfies the inequality

2f"(2) (2p —n) +a(2p +n)
Re (1 + ) ) > ot D) : (6.1)
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then

Re(f,(z>> > 1+a.

pzp—1 2

Proof. Let the function w be defined by

f'(z) _ 1+ow(z)

pP~l T T4w(z) (62)

Then w can be written as

1 [(n+p) (n+p)? 5
w(z) = —— p an+pzn_man+pzn+"' :

hence it is analytic in D with w(0) = 0. From (6.2), logarithmic differentiation

yield

2f"(z) azw'(2) B 2w’ (2)
Y TP T T awls)  Txwle) (6:3)

Suppose there exists a point zg € D such that
lw(z2g)| =1 and |w(z)| < 1 when |z| < |zg].
Applying Lemma 6.1, there exists m > n such that
zow'(z9) = mw(zy), (w(z) = e?.9 e R). (6.4)

Thus, by using (6.3) and (6.4), it follows that

Re <1+M> — p+Re <M> —Re( mw(zp) >

f/(ZO 1+ aw(zo) 1+ w(zo)

ame'? me'?
=p+Re| — | —Re y .
p (1—1—04619) (1—1—6“9)
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Note that

ame'? B ame' (1 4+ ae10) _ a®m+amcosf + iamsin 6
14+ ae® (14 ae?)(1+ae ) 1+ a2 + 2acosf ’
SO
R ame'? a?m + am cos
e — | = :
1+ aei? 1+ a? +2acosf
Similarly,
met? m
Re = —.
1+ eif 2
Hence

20f" (20) am(o + cosf) m
Re (14 20/ 1200 _ m
e( * 1'(20) p+1+a2+2a0080 2

m(a+1)(1 — )

2(1 + a2 + 2a cos 6)

m(l —a)

=P 2(1+ o)

n(l—«)

=P 2(1+«)
_ (2p—n)+al2p+n)
2+ 1) ’

which contradicts the hypothesis (6.1). It follows that |w(z)| < 1, for all z € D,

that is,
_ f’(Z)1
pzP~
— <1
ST
pzP~1
or equivalently
/
1
Re(f(zl)> —i—a' |
pzP— 2
A function f € A, is starlike if
1 /
RelZ ) g
p f(2)
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Owa [91] shows that a function f € A, satisfying Re(1 + zf"(2)/f(z)) <p+1/2
implies f is p-valently starlike (that is, f € A} is starlike). Our next theorem
investigates the close-to-convexity of this type of functions. For related results,

see [54,93,136].

Theorem 6.4 For 0 < a < 1, if the function f € Ay satisfies the inequality

"
e
then
;:;i)l — 1‘ <1l+a.
Proof. Consider the function w defined by
PG _ 14 ayw(z) + 1. (6.6)
pzP

It can be checked similarly as in Theorem 6.3 that w is analytic in D with w(0) = 0.

From (6.6), some computation yields

zf"(z) (14 a)zw'(2)
1(2) =P (1+a)w(z)+1

1+ (6.7)
Suppose there exists a point zg € D such that
lw(z20)| =1 and |w(z)| < 1 when |z| < |2g].

By applying Lemma 6.1, there exists m > n such that

2w (z0) = mw(z), (w(zo) = €?: 6 € R). (6.8)
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Thus, by using (6.7) and (6.8), it follows that

o (1 200700) g (Lt )

Note that
(14 a)met? (1 +a)®m+ (1 +a)mecosO +i(1 + a)msind
(1+a)e?+1 1+ (1+a)?+2cosb(1+ a) ’
SO
Re (14 a)me'? ~ m(l+a)(1+a+cosb)
(1+a)e®+1) 1+ (1+a)2+2cosf(l+a)
Hence

20" (20) _ m(1+ «)(1+ a+ cosh)
Re(l—l— f'(z0) ) 1+ (1+a)2+2cosf(1 +a)
m(1+ «)

(v +2)
(p+n)a+ (2p+n)

(a+2) ’

n(l+ «)

>
=Pt (a+2)

which contradicts the hypothesis (6.5). It follows that |w(z)| < 1, for all z € D,

that is,
f'(2)

pzp~1

— 1‘ <l+a.
This completes the proof. |

Owa [92] has also showed that a function f € A satisfying |f/(2)/¢'(z) —
Wf"(2)/g'(2) = 2 (2)g"(2)/ (' ()] < (1 + @)+, for 0 < a < 1, § > 0,
v > 0 and ¢ a convex function, is close-to-convex. Also, see [53]. Our next theorem

investigates the close-to-convexity of similar class of functions.
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Theorem 6.5 Let 0 < a <1 and §,7>0. If f € Apn, then

f'(z ﬁf”z ") ()1 — )ty
RN TE RN TS L
pzP 2P 2P 26+27
implies
Re f'(z) - 1+«
pzP—1 2 7
and 5
f'(2) f(2) ')
el Bl vl o f IR OB alF (6.10)
implies
/
/ (Z>1 —1l<1l-a
pzP~
Proof. For the analytic function w defined by
f(z)  1+aw(z) (6.11)
pzP~1 T T4 w(z) '
we can rewrite (6.11) as
e, )
p2P1 L+w(z)
which yields
I'@ | le@P—-off (612
pzP~1 11+ w(z)]? '
By using logarithmic differentiation on (6.11) and some computation,
) 1) e = Daw'()
2P—2 2p—1 (14 w(z))?2
or equivalently
) L[ Pl o 613
P2 Pl 1+ w(z)]*Y '
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From (6.12) and (6.13), it follows that

f(2)

2P—2

f'()

PO )P (1= @)z (o))
pzp~1

—1
21 1+ w(z) P27

—(p-1)

:

Suppose there exists a point zg € D such that

lw(zg)| =1 and |w(z)| < 1 when |z| < |zg].

Then (6.4) and Lemma 6.1 yield

~y
Y O ] L R i 1 i
p—1 p—2 p ) p—1 - |1 + 6i9|ﬁ—|—2’y
Pz 20 0
(2 + 2cos 0)(8+27)/2
pInY(1 — )Pty
- 28+2y ’

which contradicts the hypothesis (6.9). Hence |w(z)| < 1, for all z € D, that is

A
pzP~!
f'(z)

pr=T —

<1,

or equivalently

Re(f/(z>> >1+a.

pzP—1 2

For the second implication, now consider the function w defined by

pfz;EZ)l =1+ (1 - a)w(z). (6.14)
Then 5
pfzéf)l - 1’ = 11— a|?w(z)". (6.15)
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Also with some computation on (6.14), we get

1 / Y
2 oI = pizwom-ar. (6.16)
From (6.15) and (6.16), it is clear that
1@ 1G] Bl — el a1
e Sl e (=1 5g| =P PP = o ()]

Suppose there exists a point zg € D such that

lw(zg)] =1 and |w(z)| < 1 when |z] < |zg].

Then by applying Lemma 6.1 and using (6.4), it follows that

/ " / v
To) ) |20 - 250 a1t — P zgu o)
Pz 0 0

= pIm7|1 — o)

> (pn))|1 = a7,

but now this contradicts the hypothesis (6.10). Hence |w(z)| < 1 and this implies

M—1’<1—oz, or Re(f/(z))>a

pzP~1

Therefore the proof is complete. |

In the next theorem, we will use the concept of subordination. Again, recall
that for f and ¢ analytic on D, we say f is subordinate to g, written f < g, if there

is an analytic function w : D — D with w(0) = 0 such that f = g o w.
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Recall that a function f € A, is starlike if

1:7(2)
Rep £02) > 0.

Note that for f € A), the subordination

lzf/(z) A1 —2)
p 1) Az

implies f € A) is starlike as

L2f'(2) o A(L—w(2)

RGZEWZRG /\_w<z) > 0.

Theorem 6.6 Let A\ and Ao be given by

n+ 2
M=
dp+n —2p
n—+2
Ao —
2= 5

and 1 < A1 < XA < Ao < 3. If the function f € Ay satisfies the inequality

4 A—
(p+n) 77,7 )\1</\§p-;n’.

" o041y
Re (1 + foTS)) ey (6.17)
0 ey,
then
/
Lzf'(z)  M1—-2) (6.18)

p [(2) A—z

The result is sharp for the function f given by

— 2)PA=1) (6.19)
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Proof. Let w be

12f'(z) _ A1 —w(2))
p f(2) A—w(z)

By doing the logarithmic differentiation on (6.20), we get

(6.20)

2f"(2) ~ pA1 —w(z)) 2w’ (2) 2w (2) ‘

L+ fl(z) A—2z _1—w(2)

Assume that there exists a point zg € D such that |w(zg)] = 1 and |w(z)| < 1

when |z| < |2g|. By applying Lemma 6.1, it follows that

0f"(20)\ . [ pAL=€?) mei? el
() o (P (2] e (2

Since
1—etf A+ 1T—(1+A)cosf +i(1— \)sind
\— el A2 4+1—2\cosb ’
ei0 _COSH—l—H’SiHG
1—eit 2 —2cosf
and

et? B Acosf —1+iAsinf
A—e® X2+ 1—2\cosb

it follows that

Re <1 N zof"(zo)) _pPAA+ DA —cost) m  m(Acosf —1)

f'(z0) /] A2 4+1—2\cosd 2 A2+ 1-2\cosl
2AN + 1)(1 — cosB) + m(\2 — 1)
- 2(A2 4+ 1 — 2\ cosb)
CA+1 (2= Dlp+m)—p
- 7 2(A2 + 1 — 2\ cosf)
A+l (W =D(p+n) —pA
=" 7 2(A2 4+ 1 —2\cosb)
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For \{ < A < (p+n)/p, some computations yield

20f"(20) o @p+n)A—n
e (e ) = P .
and for (p+n)/p < A < Ao, we get
0f"(20)) - nA+1)
Re(1+ 50 > T 022

Since (6.21) and (6.22) obviously contradict hypothesis (6.17), it follows that
|w(z)| < 1. Hence by the definition of subordination, (6.20) becomes (6.18).
Finally, for (6.18) to be sharp, consider
1z2f(2)  M1-2)

pfz) A=z 029

By integrating both sides of the equality and after some arrangement, we get

F(2) = 22 (A — 2)PA~1  This completes the proof. I

Remark 6.1 The subordination (6.18) can be written in equivalent form as

REARIQERI P
2f'(2)/pf(z) = A ’
or by further computation, as

‘lzf’(z)_ A ‘< A

p f(z)  X+1] A+1

The last inequality shows that f is p-valent starlike in .

Remark 6.2 When p =1 and n = 1, Theorems 6.3-6.6 reduce to Theorems 6.1
and 6.2.
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CONCLUSION

This thesis investigates complex-valued analytic (and meromorphic) functions
on simply connected proper domains. By the Riemann Mapping Theorem, these
functions f can be assumed to take the form f(z) = z + > "2 9 ap2"™ defined on
the unit disk . The collection of these functions is denoted by A.

The subclass S of A consists of univalent functions. When f € S, then f~!
need not belong to §. Bi-univalent functions are those functions f € S satisfying
both f and f~1 are in S. This thesis finds initial coefficient estimates for the
Ma Minda class of bi-univalent convex and starlike functions. Under this general
framework, it gets more computationally involved, but on the other hand, several
earlier known results are obtained as simple consequences. The results obtained
in this thesis rest on using known coefficient bounds of functions with positive real
part. However the expressions to be optimized involved non-linear combinations
of these coefficients, of which no known estimates are available. Further work
on getting good estimates of these non-linear expressions would lead to better
estimates for the initial coefficients of bi-univalent functions.

This thesis also determines the bound for the second Hankel determinant
Hy(2) = agay — a% of analytic Ma Minda starlike and convex functions. Similar
problems were also treated for related classes defined by subordination. Since the
classes introduced by subordination naturally include several well known classes of
univalent functions, earlier known results for these classes are simple consequences
of the theorems obtained in this thesis. A good continuation to the work done
here would be to investigate the Hankel determinant for transforms of analytic
functions.

For f(z) = z+Y nogapz" € S, the sharp estimate |ag| < 2 yields the growth,
distortion as well as the Koebe disk for the class §. In view of the influence

of the second coefficient on the geometric properties of univalent functions, this
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thesis examines the class of functions with fixed second coefficient. By extending
the theory of differential subordination, certain known properties for the class
S are shown to extend to the class of functions with fixed second coefficient.
In particular, several sufficient conditions related to starlikeness, meromorphic
starlikeness and univalence of normalized analytic functions are derived.

Integral operators involving double and triple integrals from the class A to A
are discussed in this thesis. For the classes of functions treated here, the impor-
tant technique of duality is not applicable. Thus the technique used in this thesis
involves differential subordination and exploited the properties of best dominant
solutions to these differential equations. Convexity conditions for analytic func-
tions defined in the open unit disk satisfying certain second-order and third-order
differential inequalities are obtained. As a consequence, sufficient conditions are
determined that ensure that the double and triple integral operators map functions
in A into convex functions of positive order.

The thesis concludes by finding sufficient conditions for close-to-convexity and
starlikeness of a subclass of multivalent functions. Relevant connections with pre-

viously known results are also made.
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