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JEJARI %7 DAN PENENTU HANKEL UNTUK FUNGSI ANALISIS DAN

HASIL DARAB PEMETAAN LOGHARMONIK

ABSTRAK

Tesis in1 mengkaji tentang ciri-ciri geometrik dan analisis bagi fungsi analisis berni-
lai kompleks dan pemetaan log-harmonik tertakrif dalam cakera unit terbuka D. Ter-
dapat empat permasalahan penyelidikan yang dikaji. Sebagai permulaan, andaikan
% sebagai kelas yang terdiri daripada fungsi analisis ternormal f yang memenuhi
syarat |(z/f(2))2f"(z) — 1] < 1. Semua fungsi f € % adalah univalen. Bagi per-
masalahan yang pertama, jejari-%/ ditentukan untuk beberapa kelas fungsi analisis
termasuk kelas fungsi analisis yang memenuhi ketidaksamaan Re f(z)/g(z) > 0, atau
|f(z)/g(z) — 1| < 1 dalam D), untuk g yang terkandung dalam kelas fungsi analisis ter-
tentu. Bagi kebanyakan kes, jejari-% yang tepat diperoleh. Konjektur oleh Obradovic
dan Ponusamy berkenaan jejari univalen bagi hasil darab yang melibatkan fungsi uni-
valen juga telah dibuktikan. Permasalahan kedua berkaitan dengan penentu Han-
kel bagi fungsi analisis. Bagi fungsi analisis ternormal f, andaikan zf’(z)/f(z) atau
1 +zf"(z)/f'(z) subordinat kepada suatu fungsi analisis ¢ dalam . Andaikan juga F
sebagai jelmaan punca ke-k, iaitu, F(z) =z [f (zk) / zk] ; . Batas atas terbaik dalam ben-
tuk pekali bagi fungsi ¢@ yang diberi diperoleh bagi penentu Hankel kedua F, yang f
terkandung dalam salah satu kelas di atas. Anggaran bagi penentu Hankel bagi penjel-
maan ke-k untuk kelas fungsi a-cembung dan a-cembung secara logaritma juga diper-
oleh. Dua permasalahan terakhir adalah berkait dengan pemetaan logaritma dalam D.
Pertama, bagi pemetaan log-harmonik bak-bintang f(z) = zh(z)g(z), syarat cukup di-

dapati bagi F (z) = f(z)|f(z)|?” agar menjadi pemetaan «-bak lingkaren log-harmonik.

iX



Syarat cukup juga diperoleh bagi dua pemetaan logharmonik f| dan f, yang memas-
tikan hasil darab F(z) = f}(z)f1~*(z), 0 <A < 1, adalah pemetaan log-harmonik
bak bintang. Beberapa contoh telah dibangunkan daripada hasil darab tersebut. Per-
masalahan seterusnya melihat pada pemetaan log-harmonik ternormal f(z) = zh(z)g(z)
dimana @(z) = zh(z)g(z) adalah fungsi analisis nyata biasa dalam . Pewakilan kami-
ran bagi pemetaan sedemikian diterbitkan, dan anggaran bagi jejari bak-bintangnya
didapati. Anggaran atas terbaik pada lengkok juga ditentukan. Syarat-syarat geometri
cukup dan perlu bagi ¢(z) = zh(z)g(z) untuk menjadi nyata biasa juga dikaji apabila

f(z) = zh(z)g(z) mempunyai dilatasi dengan pekali nyata.



THE % -RADIUS AND HANKEL DETERMINANT FOR ANALYTIC

FUNCTIONS, AND PRODUCT OF LOGHARMONIC MAPPINGS

ABSTRACT

This thesis studies geometric and analytic properties of complex-valued analytic
functions and logharmonic mappings in the open unit disk . It investigates four
research problems. As a precursor to the first, let %/ be the class consisting of nor-
malized analytic functions f satisfying |(z/f(z))*f'(z) — 1| < 1. All functions f € %
are univalent. In the first problem, the %/ -radius is determined for several classes of
analytic functions. These include the classes of functions f satisfying the inequality
Re f(z)/g(z) > 0, or |f(z)/g(z) — 1| < 1 in D, for g belonging to a certain class of
analytic functions. In most instances, the exact 7%/ -radius are found. A recent conjec-
ture by Obradovi¢ and Ponnusamy concerning the radius of univalence for a product
involving univalent functions is also shown to hold true. The second problem deals
with the Hankel determinant of analytic functions. For a normalized analytic func-
tion f, let zf'(z)/f(z) or 1+zf"(z)/f'(z) be subordinate to a given analytic func-
tion @ in D. Further let F be its kth-root transform, that is, F(z) = z [ f (Zk) / zk] ; )
A bound expressed in terms of the coefficients of the given function ¢ is obtained
for the second Hankel determinant of F', where f belongs to either of the two classes
above. Estimates for the Hankel determinant are also found for the kth-root transform
of the class of a-convex functions and o-logarithmically convex functions. The fi-
nal two studied problems studied relate to logharmonic mappings in . First, for a
starlike logharmonic mapping f(z) = zh(z)g(z), sufficient conditions are obtained for

F(z) = f(2)|f(z)|*" to be ar—spirallike logharmonic mapping. In addition, sufficient

X1



conditions are determined on two given logharmonic mappings f; and f; to ensure their
product F(z) = ffl (z) zl_k (z), 0 <A <1,is aunivalent starlike logharmonic mapping.
Several illustrative examples are constructed from this product. The latter problem
looks at normalized logharmonic mappings f(z) = zh(z)g(z) where ¢ (z) = zh(z)g(z) is
typically real analytic in D. An integral representation for such mappings f is derived,
and an estimate found on its radius of starlikeness. An upper estimate on arclength is
also determined. Sufficient and necessary geometric conditions for ¢(z) = zh(z)g(z)

to be typically real are also investigated when f(z) = zh(z)g(z) has a dilatation with

real coefficients.
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CHAPTER 1

INTRODUCTION

Geometric function theory is a branch of complex analysis with a long steeped history.
It started in the early 20th century. Function theory studies geometric properties of
complex-valued functions, and incorporate various tools from analysis.

This introductory chapter presents basic definitions and fundamental results im-
portant in the sequel. These are results on analytic functions, as well as on harmonic
and log-harmonic mappings. It also serves to provide the motivations for the problems

studied in the thesis.

1.1 Analytic Univalent Functions

In this thesis, the complex plane is denoted by C. Further, let
D(zo,r) :={z:2€C,|lz—z0| <r}, r>0,

be the neighborhood of zy. A set D of C is open if for every point zg € D, there is an
r > 0 such that D(zg,7) C D. An open set D is connected if there is a polygonal path

in D joining any pair of points in D.

A domain D of C is an open connected set. A domain D is simply connected if the
interior to every simple closed curve in D lies completely within D. Geometrically, a

simply connected domain is a domain without any holes.



A complex-valued function f defined in D is differentiable at a point zo € D if the
limit

) — tim L= @0)

=20 Z—20

exists. A function f defined in D is analytic at zo € D if it is differentiable in some
neighbourhood of zg. It is analytic in D if it is analytic at all points in D. It is known in
[123, p. 167] that for z € D(zg,r) C D, an analytic function f in D has a Taylor series

expansion

f(n) (z0) |

n!

f(Z) - ioan(Z_ZO)na an .=

Denote by # (D) the class of all analytic functions in the open unit disk D = {z €
C: |z] < 1}. Further, let A denote the class of all normalized analytic functions f in

H (D) of the form
fR)=z2+Y a" (1.1)
n=2

A function f is univalent in D if it is one-to-one in D. Thus f is univalent if it takes
different points in D to different values, that is, for any two distinct points z; and z
with z; # 22 in D, f(z1) # f(z2). A function f is called locally univalent at z if it is
one-to-one in some neighbourhood of zg. It is known in [38, p. 5] that the condition

f'(z0) # 0 is necessary and sufficient for local univalence at z.

A function that preserves both the magnitude and orientation of angles is said to
be conformal. For an analytic function f, the condition f’(zo) # 0 is equivalent to it

being conformal at z.

The Riemann mapping theorem is an important theorem in geometric function the-

ory. It states that any simply connected domain which is not the entire complex plane,



can be mapped conformally onto D.
Theorem 1.1. (Riemann Mapping Theorem) [38, p. 11] Let D be a simply connected
domain which is a proper subset of the complex plane. Let { be a given point in D.

Then there is a unique analytic and univalent function f which maps D onto the unit

disk D satisfying f(§) =0and f'({) > 0.

Therefore, the study of conformal mappings on a simply connected domain can be
confined to the study of functions that are analytic and univalent on the open unit disk

D.

Denote by S the subclass of A consisting of univalent functions. An example is

the function k given by

11—z

2 oo
(55)-4]:Zﬁf, zeD. (1.2)
n=1

1
(1-22 4

This function is known as the Koebe function, and it maps [ onto the entire complex
plane except for a slit along the half-line (—oo,—1/4|. The Koebe function and its
rotations e~ P k(eiﬁ 2), B € R, play an important role in the study of the class .S. These

functions are extremal functions for various problems in the class .S.

In 1916, Bieberbach [30] conjectured the coefficients for f(z) =Y, a,Z" € S
satisfy |a,| < n. This conjecture is known as Bieberbach’s conjecture. However, he
only proved for the case when n = 2, and this result is called the Bieberbach theorem.
Theorem 1.2. (Bieberbach theorem) [30] Let f € S. Then

laz| < 2.
Equality occurs if and only if f is a rotation of the Koebe function k.
In fact for many years, this conjecture has stood as a challenge to many mathemati-

cians. The problem was resolved only for some initial values of n. Lowner [76] proved



the Bieberbach conjecture for the case n = 3, followed by Garabedian and Schiffer
[47] for n = 4. For n = 6, it was proved independently by Pederson [119] and Ozawa
[116]. Pederson and Schiffer [118] proved the conjecture for n = 5. It was not until

1985 that de Branges [36] successfully proved the Bieberbach conjecture.

Theorem 1.3. (de Branges Theorem) [36] The coefficients of each function f(z) =
2+ Yo sand" € S satisfy |ay| <n for n=2,3,.... Equality occurs if and only if f is

the Koebe function k or one of its rotations.

Bieberbach theorem has significant implications in the theory of univalent func-
tions. These include the well known covering theorem due to Koebe, which states the
image of D under every f € § must cover an open disk centered at the origin of radius
1/4.

Theorem 1.4. (Koebe One-Quarter Theorem) [38, p. 31] The range of every function

of the class S contains the disk {w:|w| < 1/4}.
One important consequence of the Bieberbach theorem is the distortion theorem
which gives sharp bounds for |f'(z)|.

Theorem 1.5. (Distortion Theorem) [38, p. 32] Let f € S. Then

1—r 1+r

Izl =r<1.

Equality occurs if and only if f is a suitable rotation of the Koebe function k.

The growth theorem which results from the distortion theorem provides sharp

bounds for |f(z)].

Theorem 1.6. (Growth Theorem) [38, p. 33] Let f € S. Then

Izl =r<1.



Equality occurs if and only if f is a suitable rotation of the Koebe function k.

1.2 Subclasses of Analytic Univalent Functions

An important subclass of normalized analytic functions in the open unit disk D is the

class of functions with positive real part.

Definition 1.1. (The class of functions with positive real part) [48, p. 78] The class ‘P
consists of all analytic functions
p(z) = 1+chzn, z€D, (1.3)
n=1

with

Re p(z) >0, z€D.

An important example of a function in P is the Mobius function

CI+z -

m(z) := 1

which maps D onto the half-plane {w : Re w > 0}. The role of this M&bius function m

is similar to that of the Koebe function in the class S.

The sharp coefficient bound for functions in the class 2 is given in the following
result.
Lemma 1.1. (Carathéodory’s Lemma) [38, p. 41] Let p(z) = 1+Y,_; cn2" € P. Then
the following sharp estimate holds:

lca] <2, (n=1,2,3,...).

Equality occurs for the Mobius function m or its rotations.



More generally, for 0 < a < 1, let P(a) denote the class of analytic functions p of

the form (1.3) with
Rep(z) > a, ze€D.

The class P is closely related to several subclasses of univalent functions. These
include the important classes of convex and starlike functions. Geometric and analytic

relationships between them will soon be made evident.

A set D in C is called starlike with respect to an interior point wq in D if the line
segment joining wy to every other point w in D lies entirely in D. Analytically, this
condition is equivalent to

(I—t)wo+tweD
for every w € D, and 0 <7 < 1. In the case wyg = 0, the set D is called starlike with

respect to the origin, or simply a starlike domain.

Definition 1.2. (Starlike function) [48, p. 108] A function f € A is called a starlike
function with respect to wy if it maps D onto a domain that is starlike with respect to

wo. In the particular case that wo = 0, f is called a starlike function.
Denote by S7 the subclass of S consisting of all starlike functions in ID. The fol-
lowing theorem gives an analytic description of the class S7 .

Theorem 1.7. (Analytical characterization of starlike functions) [38, p. 41] Let f €

A. Then f € ST if and only if

Re (Z;;i§)> >0, zeD. (1.4)

Thus f € §7 if and only if zf’/f €P. The Koebe function in (1.2) is an example

of starlike function in ID. The sharp coefficient bound for f € ST is given by the



following result.

Theorem 1.8. [89] Let f(2) =z+ Y ran" € ST. Then
lan| < n, (n=2,3,...).

Equality occurs for all n when f is a rotation of the Koebe function k.

A set D in C is convex if it is starlike with respect to each of its points, that is, for
every pair of points w; and wy lying in D, the line segment joining w; and w, also lies
entirely in D. Analytically, this is equivalent to

twi+(1—t)wp, €D

for every pair wi,wp € D,and 0 <r < 1.

Definition 1.3. (Convex function) [48, p. 107] A function f € A is called a convex

Sfunction if it maps D onto a convex domain.

Denote by CV the subclass of S consisting of all convex functions in ). The fol-

lowing is an analytic description of convex functions.

Theorem 1.9. (Analytical characterization of convex functions) [38, p. 42] Let f €

A. Then f € CV if and only if

Re (Z]];((ZZ))+1) >0 zeD. (1.5)
The function
L(z) = —— (1.6)
1—z

which maps ID onto the half-plane {w: Re w > —1/2} is a convex function and belongs

to C'V. The following result gives sharp coefficient bound for the class CV'.



Theorem 1.10. [75] Let f(z) = z+ Yoy an?" € CV. Then
lan| <1, (n=2,3,...).
Equality occurs for all n when f is a rotation of the function L given by (1.6).

In 1915, Alexander [19] showed that there is a close connection between convex
and starlike functions.
Theorem 1.11. [19] Let f € A. Then f is convex in D if and only if zf'(z) is starlike
in D.

In 1936, Robertson [129] introduced the classes of starlike and convex functions of

order a, 0 < o¢ < 1. These are given by

ST (o) := {feﬁl:Re <Zﬁ§)) >a,ze]D},

and

C‘V(oc)::{feﬂl:Re <1+Z]{,ﬂ((zz)))>a, ZED},

respectively. In particular, $7 (0) = $7 and C¥(0) = CV. Itis clear that
ST (o) CST and CV(a)C CYV.

A classical result of Strohhicker [138] shows that CV C ST (1/2).

A function f € 4 is said to be close-to-convex in D if there is a convex function g

and a real number 6, —7/2 < 6 < 7/2, such that

Re (d’"%) >0 zeD.

This set of functions, denoted by CC'V/, was introduced by Kaplan [67] in 1952. The
subclasses of §, namely convex, starlike and close-to-convex functions are related as

follows:



CV c ST C ccv.

Indeed, a significant result in the theory of univalent functions is the Noshiro-
Warschawski theorem. This theorem states that a function f € 4 whose derivative

has positive real part in D is univalent.

Theorem 1.12. (Noshiro-Warschawski Theorem) [103] If a function f is analytic in a

convex domain D and

Re (e'*f'(z)) >0
for some real Q, then f is univalent in D.

Using the Noshiro-Warschawski theorem, Kaplan [67] proved that every close-to-

convex function is univalent, and thus CCV C .

For o > 0, a function f € 4 with f'(z) f(z) /z # 0 is said to be an a-convex function

if and only if

(@) 2f"(2)
Re((l o) Q) +a(1+ f/(z)>>>0’ z€D.

This class of functions, denoted by M, was introduced by Mocanu et al.[86]. In 1973,
Miller et al.[84] proved that functions in the class M, are univalent and starlike in ID.
They also showed that all a-convex functions are convex for & > 1. Evidently, M

reduces to the class S7 and M; reduces to the class CV.

An analytic function f € 4 with f'(z)f(z)/z# 0 and 1 +zf"(2) f'(z) # 0 is said to

be an ov—logarithmically convex function in D if and only if

(7)) (1 5) )0 ee

where a € [0, 1]. This set of functions denoted by Ly was introduced by Lewandowski




et al. [73]. Darus et al [35] proved that functions in this class are starlike. They also
obtained bounds for |a;|, |a3| and |az — pa, |, where u is real. Some extreme coefficient
problems are also solved. It is clear that L reduces to the class C*/ and L; reduces to

the class S7 .

An analytic function f is subordinate to g in D, written f(z) < g(z), if there exists
an analytic function w in D with w(0) =0, and |w(z)| < 1, such that f(z) = g(w(z)).
In particular, if the function g is univalent in D, then f < g is equivalent to f(0) = g(0)
and f(D) C g(D). In terms of subordination, the analytic conditions (1.4) and (1.5) can

be written respectively as

zf'(z) | 1+z

o < Te eD, (1.7)
and

@) 1+ o (1.8)

f(z) 1-7

This follows because the mapping m(z) = (1+z)/(1 —z) maps D onto the right-half

plane, and thus Re(m(z)) > 0.

Ma and Minda [77] gave a unified presentation of various subclasses of starlike
and convex functions by replacing the superordinate function m(z) = (1+2z)/(1 —z)
in (1.7) and (1.8) by a more general analytic univalent function ¢ which has positive
real part in D and normalized by the conditions ¢(0) = 1, ¢’(0) > 0. Furthermore, it
is assumed that ¢(ID) is starlike with respect to ¢(0) = 1, and symmetric with respect

to the real axis.

The class of Ma-Minda starlike functions with respect to ¢, denoted by S7 (@) ,
consists of functions f € A4 satisfying the subordination zf'(z)/f(z) < ¢(z). This class

can be written as

10



2f'(2)
f(2)

5T(<p)::{feﬂl < ¢(z), zeID)}. (1.9)

Similarly the class of Ma-Minda convex functions with respect to ¢, denoted by CV (),
consists of functions f € 4 satisfying the subordination 1+zf"(z)/f'(z) < @(z). This

class is

zf"(z)
f'(z)

C‘V((p)::{feﬂlzl—i- < ¢(z2), ZED}.

Note that f € CV(¢) if and only if zf" € ST (¢).

The class of Ma-Minda starlike functions with respect to ¢ envelops several well-
known subclasses of univalent functions by appropriate choices of ¢ in (1.9). For

instance, when @ is given by

1+(1-2
Pe(2) :zﬂ?zak =1+2(1—@)z+2(1 - ) +2(1— o)+,

where 0 < o < 1, then ¢ (D) = {w: Rew > a}. Therefore, the class of starlike func-

tions of order o which satisfies the analytical condition

Re (Z]{;S)) >oa, ze€D,

can be expressed in the form

zf'(z)
f(z)

ST(OC)::{feﬁl: < @ (z2), ZGD}.

For the choice

1+,/2 8 16 , 184 ,
=14+— (1o =1 — — ..
Prar(z) =1+ ( 0g 1 \/) + it at f e At t

Rgnning [131] showed that @p4z maps I onto the parabolic region {w = u+iv : v? <
2u—1} = {w:Rew > |w— 1|}. Consequently, the class S7 p of parabolic starlike

functions which satisfies the analytical condition

11



Zf’(Z)> z2f'(z2)
R -1 D
( @) [ T
can be expressed in the form
STPI:{f€ﬂlw<¢pAR, ZED}.
f(z)

With the choice

I+z p 2o 2 2 3
Pp(2) == (1——Z) =142Bz+2B*z +§B(1+2B 20+, 0<B<I,

it is evident that |arg @g(z)| = B larg (1 +2)/(1 —z))| < B7/2. Thus the class ST g of

strongly starlike functions of order 3 which satisfies the analytical condition [31]

()] . <o

can be expressed in the form

f'(2)
ST ::{ cq:t <@g, z€Dy.
B / f) %
For the choice
._ ISR SR W SR N T
(pL._\/1+Z—1+22 37 +16z+ )

it is clear that @7 (D) = {w : [w? — 1| < 1}. Therefore, the class ST, of lemniscate of

Bernoulli starlike functions which satisfies the analytical condition [136]

()

can be expressed in the form

<1, zeD,

. zf'(z)
ST, = {feﬂl.—f(z) < Qr, ze}D)}.

12



1.3 Analytic Typically Real Functions

An analytic function f is said to be typically real in D if it has real values on the real
axis and nonreal values elsewhere. Therefore, typically real function maps the upper
unit disk into either the upper half-plane or the lower half-plane, and similarly for the

lower unit disk.

Denote by T the class consisting of typically real functions f € A. This class was

introduced and investigated by Rogosinski [130].

For f € T, by definition, f is real whenever z is real, that is, f(z) = f(z) forz=x €

(—1,1). Thus >, (a, —a,)x" =0, which yields a,, = a,,. Hence f has real coefficients.

The converse does not hold, as illustrated by the function f(z) = z+ 2> +4z> €

A. Tt is clear that f has real coefficients. However, f is not typically real because
fi/2) = —1/4.

Furthermore, if f € T, then f/(0) > 0, and thus near the origin f maps the upper
unit disk into the upper half-plane, and the lower unit disk into the lower half-plane.

Consequently,
(Imz)(Im f(z)) >0, z € D\R,
when f € T.

Proposition 1.1. If f €5 has real coefficients, then f € T.

Proof. Since f has real coefficients, it follows that f is real whenever z is real. Suppose
z is not real. Since f is univalent, it follows that f(z) # f(z). Further f has real

coefficients, that is, f(Z) = f(z). Therefore, f(z) # f(z), and thus f(z) is not real.

Hence f(z) is real if and only if z is real, which yields the desired result. O

13



Note that a typically real function need not be univalent. For instance, let f(z) =

z+7>. Then f is not univalent in D since f’(i/+/3) = 0. However,

Im(f(z)) = Im ((x+iy) (1 +x* —y* +2ixy)) = y(3x> + 1 —»%).
Thus
Im(z)Im(f(z)) =y* (3x* + (1 —y%)) >0,

whenever Im (z) # 0, and hence f is typically real.
Let Pp denote the class of all functions in P with real coefficients. The connection
between functions in 7 and functions in P was established by Rogosinski [130].

Theorem 1.13. [130] A function ¢ € T if and only if there exists a function p € ‘Pr

such that ¢(z) = zp(z)/(1 —z2?).

1.4 The kth-root Transform

Let f(z) =z+ Y, _,axz" with f(z) # 0 in D\{0}. Further, let k > 2 be a fixed integer.

The kth-root transform of f is defined by

The following lemma is required to prove the univalence of the kth-root transform

whenever f € §S.
Lemma 1.2. [123, p. 142] If f is analytic in D with 0 ¢ f(D), then there exist an

analytic function h in D and an integer k > 2 such that h* = f.

Proof. Since f(z) # 0 in D, it follows that f/(z)/f(z) is analytic in D. By Cauchy’s

integral theorem [123, p. 139] , there exists a function g € # (D) such that

g (z) = . (1.10)

14



Let s(z) = f(z) exp{—g(z)}. It follows from (1.10) that

§(2) = (f'(z) — £ (2)f(2)) exp{—g(z) } = 0.

Then for a fixed zg € D,

5(2) = s(a0) = [ () =0,

<0

and thus f(z)exp{—g(z)} = s(z0). As s(z0) # 0 in D, we can let s(z9) = exp{m} for
some m. Then f(z) exp{—g(z)} = exp{m}, thatis, f(z) = exp{g(z) +m} =exp{G(2)},
where G(z) = g(z) + m. Hence the proof is completed by taking h(z) = exp{G(z)/k}

for every z € D. [

The following result shows that the kth-root transform preserves univalence.

Theorem 1.14. Let f € S and g(z) = (f(zX))V/* be the kth-root transformation of f.

Then g € S. The branch is chosen so that (f(¥)/z*) " =1atz=0.

Proof. Since f € S, it follows that f(z)/z is a nonvanishing analytic function. By

applying Lemma 1.2, there exist an analytic function /# and an integer k > 2 such that

h(z) = f(z)/z. Let

g(z) =z (f(ik)) % = zh(Z5).

Z

Since f (2*) /2 =1+X5, @21 := 1+ x, and

(1+x)f = Y L2 (—xy
=0 n.
L EEH) , (EEHDE ) 4
B TR 31 e
1 (k=1) ,  (k—1)(2k—1)
Sl e St e Y




2
1 & k—1 >
=z 1+%Zan+1znk—%<2an+1znk> + -
n=1 n=1

Thus g is normalized with g(0) =0 and g’'(0) = 1.

Suppose 71,22 € D such that g(z;) = g(z2). Then g*(z;) = g¥(z2), and thus f(z}) =
f(Z5). The univalence of f in D implies that zX = Z, and hence, there exists € C,

BX =1, such that z = Bz;. If B = 1, then zo = z;. Assume that 8 # 1. It follows that

g(z2) = g(Bz1) = Bz1h(B*2Y) = Bz1h(2)) = Bg(z1) = Bg(z2),

and thus (1 — f)g(z2) = 0. Since B # 1, it yields that g(zp) = 0, that is, zp = 0. Fur-
thermore, g(z;) = g(zz) implies z; = 0, and hence z = z; = 0. This completes the

proof. [

The next result shows that the kth-root transform preserves starlikeness.

Theorem 1.15. Let g(z) = (f(zX))V/* be the kth-root transformation of f. Then g €

ST ifand only if f € ST.

Proof. It is clear that for each z € D

8'(z) S

2@ )

Thus
zg’(Z)) ( kf’(zk)>
Re =Rel|Z—= |, ze€D,
< 8(2) f(@)
and hence g is starlike if and only if f is starlike. 0
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The following result shows that the convexity of the kth-root transform of f implies

convexity of f. However, the converse does not hold.

Theorem 1.16. Let g(z) = (f(X))"/* be the kth-root transformation of f and g € C*V.

Then f € CV. However, the converse is false.

Proof. Evidently,

k—1 g1/ k
¢'(2) = g(2) (Zf(f%) (1.11)

Thus

28"(z) _ 2 (2) 2\ (A
"0 T 0 +"(” £ ) "( @) )

From (1.11), the above equality is equivalent to

1+

8"(z) _ 28'(2) )\ 28R
¢(2) = 2(2) +k(1—|— f’(Zk) ) kg(z) . (1.12)

It follows that

e (1 20) < (e (149 e (£19))

and hence if g is convex, then f is convex.

On the other hand, f(z) = z/(1 —z) is a convex function such that for z € D,

(1 280) o on (1) e (22) o)

By taking k = 2 and zg = /3/5i € D, it is evident that z% €D, and

2002 24102 2
% (ZO))_ (Zof (Zo)> (1+Z0)_1_1
2Re(1+ f’(zg) Re f(Z(z)) <2 Re I_Z% 575

1
—=0. (1.13
> (1.13)
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Equations (1.11) and (1.12) show that

Re (1 + %) —k Re (1 n ZI?(E:?) _ (k—1)Re (Z"f’(zk)

Thus, it follows from (1.13) that g is not convex. O

The kth-root transform has been widely used in a variety of ways in complex func-
tion theory. Bounds for the Fekete-Szego coefficient functional associated with kth-

root transform (f(z¥))1/*

of normalized analytic functions f were derived in [20]. An-
namalai ef al. [25] obtained a bound of the Fekete Szego coefficient functional for the

Janowski a-Spirallike functions associated with the kth-root root transformation.

1.5 The Second Hankel Determinant

For positive integers ¢ and 7, the Hankel determinant H,(n) for an analytic function

f(z) =X ganZ" is defined by

an apy1 - Apig—1
ap+1  Apy2 " Ap+q
Hq(n) = . (1.14)
Apt+qg—1 Adn+q " Qn42g-2

Hankel determinants play an important role in the study of singularities. For in-
stance, Dienes [37, p.333] showed that if the function f(z) = Y ,a,z" has at most
p poles and no other singularities on the circumference of its circle of convergence,
then lim;,_ 0 ‘ {’/m | = 1. Furthermore, Hankel determinants are useful in the study
of a function of bounded characteristic. For example, Cantor [32] proved that if the

function f(z) = Y, ya,Z" is a ratio of two bounded analytic functions in I, then
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The growth rate of Hankel determinant H,(n) as n — oo was obtained by Pom-
merenke [121]. Various authors [92, 94] and [100] have investigated the growth rate
of Hankel determinant H,(n) for a certain subclass of analytic functions by essentially

following Pommerenke’s method.

Pommerenke [122] proved that Hankel determinants of univalent functions satisfy
H,(n)] < Kn~GHPats  (n=12,... ¢=23,.),
where 8 > 1/4000 and K depends only on g.

Hankel determinants have also been discussed for several subclasses of analytic
functions by many authors. For instance, in the works by Ehrenborg [42], Layman
[71], Noor [95, 96, 97, 98, 99], Noor and Al-Bany [101] and Noor [102]. The Hankel
determinant of meromorphic functions was obtained in [142]. Various properties of

these determinants can be found in [141, Chapter 4].

It is evident that H>(1) = a3 — a% is the Fekete-Szego coefficient functional for
f € A. Interestingly the determinant also satisfies H>(1) = S;(0)/6, where Sy is the
Schwarzian derivative of f defined in [33] by Sy = (f"/f")' — (f"/f")*/2. Ali et al.
[20] investigated the Fekete-Szegd coefficient functional for the kth-root transform of

functions belonging to several classes defined via subordination.

In recent years, several authors have investigated bounds for the second Hankel
determinant H»(2) = axas — a% of functions belonging to various subclasses of univa-
lent and multivalent functions. For example, Elhosh obtained bounds for the second
Hankel determinant of univalent functions and close-to-convex functions respectively

in [43, 44]. In addition, Halim et al. [53, 63] and [64] obtained bounds for the second
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Hankel determinant for certain subclasses of analytic functions. Singh [134] estab-
lished a bound for the second Hankel determinant for analytic functions with respect
to other points. Moreover, Lee et al. [72] investigated bounds for the second Hankel
determinant for functions belonging to subclasses of Ma-Minda starlike and convex

functions and two other related classes defined by subordination.

Hayami and Owa [55, 57] obtained a bound for the generalized functional |a,a, > —
pa? 41| by using the Hankel determinant H>(n) for all n > 1 and some real number p
for several subclasses of 4. These authors [54] also studied a bound for the functional
lapo — ,uai +1| for p-valent analytic functions. They also obtained a bound for the
functional |apq1ap43 — ,uaf, .| for p-valent analytic functions in [56]. Similar study
of finding bounds for other classes of p-valent analytic functions was discussed in

[140].

1.6 Radius Problems

Another active topic of investigation in the theory of univalent functions is the radius
problem. Although not all analytic functions f € A are univalent in the unit disk,
for z near to the origin, the behavior of a function f(z) =z+ Y, _,a,z" is similar to
the identity map. Therefore, f maps a sufficiently small disk D, := {z € C: |z] < r}
univalently onto some domain. The radius of the largest disk in D where f is univalent
is called the radius of univalence for f. For instance, the function f(z) = z+3z> €
A4 is not locally univalent at zo = —1/6 since f'(—1/6) = 0. However, the Noshiro-
Warschawski result shows that the function f is univalent in the disk |z| < 1/6. Thus

the radius of univalence for the function f(z) = z +32% is rg = 1/6.

Similarly, every univalent function f € A is not necessarily starlike in the unit
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disk. However, we can find a sufficiently small disk D, such that f maps D, onto a
starlike domain. The radius of the largest disk with this property is called the radius of
starlikeness for f. Let # C A be a set of analytic functions. The radius of the largest
disk in D such that every function f € ¥ maps the disk onto a starlike domain is called
the radius of starlikeness for the class F. If r T is the radius of starlikeness for the
class F, then equivalently r—! f(rz) € ST for r < r o7, and f € F. In particular, if
F =S, then the radius of starlikeness for the class § is r ¢z = tanh(7/4) ~ 0.65579

[52].

Analogously, the radius of the largest disk in D such that every function f € F
maps the disk onto a convex domain is called the radius of convexity for the class F .
If r ~q is the radius of convexity for the class ', then equivalently r~1f(rz) € CV for
r<rey, and f € F. It is known [90] that the radius of convexity for the class S is

rey =2—+3%0.26795.

Let F C A be a set of analytic functions, and let % be the class of functions f €
A satisfying | (z/f(z))* f'(z) — 1| < 1 for z € D. Then every analytic function f € ¥ is
not necessarily in the class % . However, we can find a sufficiently small disk D, such
that f satisfies | (z/f(z))* f'(z) — 1| < 1 in the disk I),. The radius of the largest disk
in I such that every function f € ¥ satisfies r~! f(rz) € % is called the % -radius for

the class ¥ and denoted by ry, .

In general, for two families G and ¥ of A4, the G-radius for the class F, denoted

by R (), is the largest number R such that rf(rz) € GforO<r<R,and fe ¥.

The radius of close-to-convexity for the class § was determined by Krzyz [69].

Several authors have investigated the problem of finding the radius constants for sub-
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classes of 4. For instance, Ali et al. [23] obtained radius constants for several classes
of analytic functions on the unit disk D which includes the radius of starlikeness of
positive order, radius of parabolic starlikeness, radius of Bernoulli lemniscate starlike-
ness, and radius of uniform convexity. Some results of radius problems have also been

derived by Goodman [48, Chapter 13].

1.7 Harmonic Mappings

Let D be a domain in R?. A real-valued function u : D — R is called harmonic if all
its second partial derivatives exist and are continuous in D, and satisfies the Laplacian

equation
%u  d%u

Au—= —— —_— =
. 8x2+8y2

0.

A complex-valued function f(z) = f(x+iy) = u(x,y) +iv(x,y) in a domain D is har-
monic if the two coordinate functions u and v are real harmonic in D. Thus a complex-

valued harmonic function f satisfies Laplacian equation

’f  I*f
Af==—5+—=—=0.
f ox? + dy?
Since z = x + iy, it follows that
Z+2Z Z—2
X and y >

By using the chain rule, it is evident that

9 ddx day 1(a 2

iz—az*iyz—i(a"a—y) (-1
and

9 dox ady 1(d 9

9= ox oz a—ya—zﬁ(a“a—y)' (1.16)
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Consequently, for a complex valued function w = u 4 iv with continuous partial deriva-

tives, it is clear that

ow
Fr %((ux ivy) =iy —ivy)) = %((“x —vy) —i(uy+vi))
aw
= (=) +ilw ) = (52),
and
ow
A (i i) = 4 () iy )
1 _ aw
= 3 (et ) =ity —v) = (57)
Since
1 1 _ . N -
fo= 5 (fetify) = 5 (Gt ive) +iuy +ivy)) = 5 (e =vy) +iluy +v2))

it follows from the Cauchy Riemann equations u, = v, and u, = —vy, that a function f
is analytic in a domain D if and only if fz = 0, that is, f is independent of Z.
A direct calculation shows that the Laplacian of f becomes
Af = fxx+fyy = fxx - ifyx + ifxy +fyy = (fx - ify)x + i(fx - ify)y
—4 (f_T’fy> —4f.
z
Thus f is harmonic if and only if f, is analytic.

Proposition 1.2. Let f be a harmonic function in a domain D. Then the composition

f oy is harmonic in Q for any analytic function y : Q — D.

Proof. Setting
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then

_df(w)dw(z)  df(w)dw(z)
F&) == T ez

Since w is analytic, it follows that dw(z)/dz = (dw(z)/dz) = 0. Thus

_ 27 (w) wla)

F(z) ow 0z

Also, f 1s harmonic. Then

9 (f(w)Iw(z)\ _ (9% f(w)dw(z) | I*f(w)dw(z)\dw = If(w) [9°w(z)
FZZ(Z)_az( ow o ) < oz )az+ ( )

owdw 97 aw 979z
0% f(w) Iw(z) aw(z) dw(z) (w() _ ow(z) >
= wow oz ez 0TS ( Jz )‘fWW(W)‘ oz |~
Hence the composition f o y is harmonic. U

However, if f is a harmonic function and v is analytic, then y o f need not be
harmonic. For instance, F(z) = wo f = (z+2/2)?, where f(z) =z+2/2 and y = z°.

It is evident that f,z = 0, but F;z = 1. Thus y o f is not harmonic.

A mapping is said to be sense-preserving if it preserves the orientation, or sense
of the angle between two curves. A sense-preserving mapping does not necessarily

preserve the magnitude of the angle between the intersecting curves.

The Jacobian of a function f(z) = u(x,y) +iv(x,y) at a point z is given by

Ux Vx
Jr(z) = = UyVy — UyVy.

Uy vy

If f is an analytic function, then f satisfies the Cauchy Riemann equations, and thus

its Jacobian has the following form

J1(2) = () + () = |f ().
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Hence an analytic function f is locally univalent in D if and only if J¢(z) # 0. In 1936,
Lewy [74] showed that this property remains true for harmonic functions. In view of
Lewy’s theorem, harmonic mappings are sense-preserving (or orientation-preserving)

if J7(z) > 0, and sense-reversing if J7(z) < O throughout the domain D.

The Jacobian may be expressed equivalently in terms of z derivative and 7z deriva-
tive:

Jr(z) = upvy —uyve = — ((ux + V) (tty — v)? = (tx — vy)* — (uy + vx)z)

(1t +vy) = iy = ve) 2 = [ (1t = vy) + iy +v0) )

N N N I

(ot + ive — i(uy + ivy)|2 — Jux +ive +i(uy + ivy)|2)

(Ife =ity = A +ify?)

= £GP = £GE)P

It is evident that if ¥ = u(x,y) is harmonic, then ¢ = u, — iu, is analytic. Also, it
is known that for any analytic function g in a simply connected domain D, there exists
an antiderivative G in D, that is, G'(z) = g(z) [123, p. 139]. Thus it follows that if u is
a real-valued harmonic function defined in a simply connected domain D, then there is

an analytic function & such that Re®(z) = u.

Let f = u+iv be a harmonic function in a simply connected domain D. Then there

exist analytic functions F and G in D such that

M(Z) = ReF(z) = w, V(Z) — RCG( ) _ G(Z)“; (Z)
Thus
f(Z)Zu(Z)—i—iv():F(Z)‘; @ . ; (Z); (2)
F(z) +iG(z) F(z) —iG(z)
:( z2 z>+( 12 z)
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Write h = (F +iG) /2, g = (F —iG) /2. Then f has the canonical representation f(z) =

h(z) + g(z), where h and g are analytic in . The functions A and g are respectively

called the analytic and co-analytic parts of f.

Now if f(z) = h(z) + g(z) is a harmonic function, then its Jacobian has the form

Jr@) =L@ - 1£C)IP = W@ -G = K@) - g @)

Thus a harmonic function f(z) = h(z) + g(z) is locally univalent and sense-preserving

in Dif |/ (z)| > |g'(z)]. On the other hand, f is locally univalent and sense-reversing if
W (2)] < 1g'(2)].

Let B(D) denote the set of bounded analytic functions a € # (D) satisfying |a(z)| <

1 forz € D.

Necessary and sufficient conditions for a function f to be harmonic is obtained in

the following result.

Theorem 1.17. [39, p. 6] Let f be a complex-valued function defined in a domain
D having continuous second partial derivatives. Then f is a harmonic and sense-
preserving mapping in D if and only if f is a solution of the elliptic partial differential

equation

gl

=af;
for some a € B(D).

Proof. Suppose that f = h+ g is a harmonic function and sense-preserving in D. Then

f.(z) =W (z) # 0 and £z = ¢'(z). Define a function a by

Then a is analytic in D and |a(z)| < 1. The last relation yields the desired result.
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Conversely, suppose that f is a solution of the partial differential equation f; = af;.

Computations from (1.15) and (1.16) show that

Replacing f by fz in the above equality gives

(fz) = (fz)g-
Differentiating the equation f; = af, with respect to z, leads to
(f2), = (fz) = afz +azf. (1.17)

Since a is analytic, it implies that a= = 0, and thus (1.17) yields fz, = af.-. Further, as
la(z)| < 1, then fz = 0. Therefore, f is harmonic. Also, since |fz| < |f;], it follows

that J; = | f;|* — | fz]* > 0. Hence f is sense-preserving. O

Definition 1.4. The equation f: = af,, where |a(z)| < 1 for z € D is called the Beltrami

equation. The complex-valued function a is called the second dilatation of f.

Denote by Sy the class of all univalent and sense-preserving harmonic functions
f = h+g in the unit disk D, normalized by #(0) = g(0) = 0 and #'(0) = 1. Thus the
power series expansions of the analytic functions 4 and g are given by
h(z) =z+ i aZ and  g(z) = i b,
k=2 k=1
Since J; > 0, it follows that |¢'(0)| < [/ (0)| = 1.

This class was introduced and investigated by Clunie and Sheil-Small [34]. The

class Sy contains the standard class S of analytic univalent functions.

Duren [38, p. 9] proved that the class S is normal in D, that is, every sequence

of functions f,, in § has a subsequence which converges locally uniformly in . Note
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that the definition of a normal family does not require that the limit function of a
convergent subsequence be necessarily in §. He also showed in [38, p. 9] that S is
compact in D, that is, the limits of all converging sequence of functions f, in § are

functions belonging to S.

Clunie and Sheil-Small [34] showed that Sy is normal, but not compact. For in-
stance, consider the sequence of functions f,, € Sy given by

n
n+1

.ﬂ@)zz+ Z.
Then lim,,_,e f»(z) = f(z) = 2Rez. For a given € > 0, there is N € N such that

n
n+1

7—(z+72)

[fn(2) = f(2)] = |z +

<€

il

<
n+1 n+1

for any z € D(zg,r) and n > N. This shows that f,, converges locally uniformly to the
function f in D. It is evident that the limit function is harmonic in D since fz = 0.

However, f is not univalent, and thus f ¢Sg. Hence Sy is not compact.

Clunie and Sheil-Small [34] also investigated the subclass 52 consisting of func-
tions f = h+g € Sy with g'(0) = 0. The series expansions of 4 and g for the subclass
Sy are gi

g are given by

h(z) =z+ Z a7 and g(z) = Z b7~
n=2 n=2
They also proved that 52 is normal and compact.

Univalent harmonic functions have been extensively studied in [16, 34, 38, 40, 41,

59, 60, 61, 62] and [66].
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1.8 Logharmonic Mappings

Recall that B(D) is the set of functions a € # (D) satisfying |a(z)| < 1 for z € D. Let

By denote its subclass consisting of a € B(D) with a(0) = 0.

Definition 1.5. A nonconstant function f in D is called logharmonic with respect to a

if f is a solution of the nonlinear elliptic partial differential equation

f2(2) —a f2(2)
(ﬂz))‘ %0 (119

Suppose 0 ¢ f(D). Then the equation (1.18) is equivalent to

%10g(f(z)) - a(z)&%log(f(Z))-

Hence log(f(z)) is harmonic and sense-preserving in D, and the function a is called

the second dilatation of log f.

The Jacobian of a logharmonic function f with respect to a satisfies

£ () 2)
f(2)fe(z)

= ()P (1= la(z) ).

I = @R =R = £GP (1 .

Thus Jr is positive. Therefore, all nonconstant logharmonic mappings are sense-

preserving and locally univalent in D. It is evident that if @ = 0, then f € # (D).

Proposition 1.3. Let f and g be logharmonic mappings with respect to a € B(D). Then

fg is logharmonic with respect to a.
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Proof. Since
ARURGRCRE

it follows that fg is a solution of the equation (1.8). Therefore, the function fg is

logharmonic with respect to a. ]

Proposition 1.4. Ler f and g be logharmonic mappings with respect to a € B(D) and

0 ¢ g(D). Then f/g is logharmonic with respect to a.

Proof. Since

it follows that f/g is a solution of the equation (1.8). Therefore, the function f/g is

logharmonic with respect to a. [

Remark 1.1. Let f be a logharmonic mapping with respect to a € B(D). Then the
translations in the image do not preserve logharmonicity.
To see this, consider f(z) = z|z|> = 2%z, wo = —1, and F(z) = f(z) —wo = 2|z|*> + 1.

Then

and thus

Hence f is a solution of the equation (1.8). Therefore, f is logharmonic with respect

to a.



Since

it follows that

F(2)
(F(z))_ 2 27+l (P2 +1)
E@ 241 22 (1)

It is evident that a is dependent on z, and thus a is not analytic. Hence, F is not

logharmonic.

Remark 1.2. Let f be a logharmonic mapping with respect to a € B(D). Then the

inverse of a logharmonic mapping is not necessarily logharmonic.

To see this, consider f(z) = (z—1)|z—1|> = (z—1)?(z— 1). Then

fomer = ()= (F)-=

and thus

Hence f is a solution of the equation (1.8). Therefore, f is logharmonic with respect

to a. Further, it is known in [7, Theorem 3.4] that f is univalent.

Now, let g(z) = z2/3z~1/3 4+ 1. Then

(fog)(z) _ f(Z2/3Z—1/3 + 1) _ (Z2/3Z_1/3)2(22/3Z_1/3) =7z,

and

(go)@ =g (= 17G=D) = (- 1>2m)2/3 (=1 1>)1/3+1

=(z—-1)+1=z

Thus g is the inverse of the function f.
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Since

g:(z) 2271/3

g(z) 371/3(2377 13 1)

(5) - o)

and

it follows that

z(2)

a(z) = (i(;)) - —227 T Gt e Y s CHE B Y
gz((z)) 3Z4/3(22/3Z71/3+ 1) 22—1/3 ZZ(22/3Z71/3 + 1) )
82

which shows that a is dependent on Z, and thus a is not analytic. Hence, g is not

logharmonic.

The study of logharmonic mappings was initiated mainly by Abdulhadi and Bshouty
[7]. The basic theory of logharmonic mappings was developed by Abdulhadi and Hen-

gartner in [9, 8, 10, 11, 12, 13] and [14].

A local representation for logharmonic mappings was given by Abdulhadi and
Bshouty in [7]. In particular, the local representation for a logharmonic function f

at a point zp € D where f vanishes is given in the following result.

Theorem 1.18. [7] Let f be a logharmonic mapping in D with respect to a € B(D).
Suppose that f(z0) = 0 and B(z0,p)\{z0} © D\Z(f), where B(z0,p) = {z : | — 2] <

p} and Z(f) the zero set of f. Then f admits the representation

f(2) = (z—20)"|z—20/*P"n(2)g(z), z€B(z0.p), (1.19)

where m € N, and

a(z0) (1 +a(z0))
I=lazo)*
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The functions h and g are in H (B(zo,p)), with h(zo) # 0 and g(zp) = 1.

Note that

oo (@@ +atz)
RCﬁ—R ( 1—|61(Z0)|2 )
_ Rea(z) +la(zo)

1—la(z0)?

|a(z0)]” — la(zo))|
1—la(z0)[?

_ —la(zo)] 1

T Tt falo) T2

Let f be a nonconstant logharmonic mapping defined in 1D that vanishes only at

z = 0. Then the representation (1.19) of f becomes
f2) =2"2P"h(2)e(2), zeD, (1.20)

where m is a nonnegative integer, Re § > —1/2. Further, the functions & and g are
analytic functions in D satisfying 4(0) # 0 and g(0) = 1. The exponent B in (1.20)

depends only on «(0) and is given by

Note that f(0) # 0 if and only if m = 0, and that a univalent logharmonic mapping

in D vanishes at the origin if and only if m = 1, that is, f has the form
f@) =2z hz)g(z), zeD,
where Re 3 > —1/2,0 ¢ (hg)(D) and g(0) = 1.

Denote by 57, the class consisting of univalent logharmonic mappings f in D with

respect to some a € By of the form
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f(z) =zh(z)8(2),
normalized by h(0) = g(0) = 1 and 0 ¢ (hg)(ID). This class has been studied exten-
sively in recent years, for instance, in the works of [1, 2, 3,4,5,6,7,9, 11, 12, 13, 14,

15] and [82].

Let f = zh(z)g(z) be a univalent logharmonic mapping. Then f is a starlike loghar-
monic of order o if
J i0
%argf(re )>oa, 0<a<l.

Since

J 0y _ J i0
%argf(re )_a Imlog f(re'”)

0

9 ‘
=1Im (%logf(re’eo
_ o (9102 f(z) 9z dlogf(z) IZ
_Im( gz 96 oz ae>
:Iml.(Zfz_Zfz)

f
ZRGZfZ;ZfZ,

it follows that f is starlike logharmonic of order « if f satisfies the condition

fe—7fz
f

Re >oa, 0<a<l,

for all z € D. Denote by S7 1;() the subclass of Sy, consisting of all starlike loghar-
monic mappings of order o. If & = 0, then §7 1;,(0) := ST 1, is the class of starlike

logharmonic mappings.

Two representation theorems for functions in $7 7, were obtained by Abdulhadi
and Abu Muhanna [4]. First, they established a connection between the class of starlike

logharmonic mappings of order & and the class of starlike analytic functions of order
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o.

Theorem 1.19. [4] Let f(z) = zh(z)g(z) be logharmonic in D with O ¢ hg(D). Then

feSTp(a) ifand only if ¢(z) =zh(z)/g(z) € ST (a) for 0 < o < 1.

The second is an integral representation theorem. This result can be found in [4].
Starlike logharmonic mapping is an active subject of investigation, and several recent

works include those of [27, 28] and [120].

Let D be a simply connected domain in C containing the origin. Then D is said to

a| < m/2, if wexp(—te'*) € D for all t > 0 whenever w € D. The

be a—spirallike,
class of a—spirallike was defined by Spacek [137]. Evidently, if @ = 0, then D is

starlike with respect to the origin (see page 6).

Definition 1.6. (ox—spirallike function) [38, p. 52] A function f € A is called a

a—spirallike function if it maps D onto a a—spirallike domain.

The following theorem gives a sufficient and necessary conditions for analytic
functions to be ox—spirallike.
Theorem 1.20. [38, p. 52] Let f € A4, and |a| < n/2. Then f is o.—spirallike in D if

and only if

Re (w’asz;—iz))) >0, zeD.

Denote by SQJgh the subclass of S, consisting of all oc—spirallike logharmonic

mappings. Also, denote by SPY the subclass of SEPgh such that f € H (D).

Abdulhadi and Hengartner [9] gave a representation theorem for mappings in the
class S?I(i‘h. They also established a connection between the class of o—spirallike
logharmonic mappings ST(LXh and the class of a—spirallike analytic functions SP%.

This result is stated in the following theorem.
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Theorem 1.21. [9, Theorem 2.1] Let f(z) = z|z|*Ph(2)g(z) be logharmonic with re-

spect to a in D with 0 ¢ hg(D), where B = a(0)(1+a(0))/(1 — |a(0)|?). Then f €

SPF, if and only if w(z) = zh(z)/(5(2))" € SP*.

1.9 Scope of The Thesis

This thesis is composed of six chapters including four research problems followed by

references.

In Chapter 1, some fundamental concepts regarding univalent functions, harmonic,
and logharmonic mappings are presented. The basic notations, definitions and known

results required in this thesis are given.

In Chapter 2, the %/ -radius is obtained for several classes of functions. These in-
clude the class of normalized analytic functions f satisfying the inequality Re f(z)/g(z)
>0or|f(z)/g(z) — 1| < 1in D, where g belongs to a certain class of analytic functions.
The estimation for the %/ -radius of the class of functions f satisfying the inequality
|f/(z)—1|<1orRe f(z)/z>a,0 < a < 1, in D is also determined. A conjecture by
Obradovi¢ and Ponnusamy concerning the radius of univalence for a product involving

univalent functions is validated.

In Chapter 3, bounds for the second Hankel determinant of the kth-root trans-
form are obtained for several classes of functions defined via subordination. These
classes can be seen as belonging to the genre of Ma-Minda starlike and convex func-
tions. Bounds for the second Hankel determinant are also derived for the kth-root

transform of various other classes, which include the class of ¢-convex functions and
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o-logarithmically convex functions. Connections are made with earlier known results.
In particular, the bounds obtained by Bansal [29], Janteng et al.[63] and Lee et al. [72]

are shown to be special cases of the results obtained in this chapter.

In Chapter 4, for a starlike logharmonic mapping f(z) = zh(z)g(z), sufficient con-
ditions for a function F(z) = f(z)|f(z)|*" to be o—spirallike logharmonic mapping
are obtained. A new logharmonic mapping with a specified property is constructed
by taking product combination of two mappings possessing a given property. Specifi-
cally, if f1(z) =zh1(2)g1(z), and f>(z) = zh2(z) g2 (z) are univalent starlike logharmonic
with respect to the same a € By. Then a new univalent starlike logharmonic mapping
F(z)= ffL (2) 217’1 (z), 0 <A <1, with respect to the same a is established. In addition,
if f1(z) = zhi(z)g1(z) is logharmonic with respect to a; € By , and f>(z) = zh2(2)g2(z)
is logharmonic with respect to a; € By, then sufficient conditions are obtained to en-
sure their product F(z) = f1(z) 21_’1 (z), 0 <A <1isaunivalent starlike logharmonic

mapping with respect to some i € By. The work concludes with several examples of

univalent starlike logharmonic mappings constructed from this product.

In Chapter 5, the class of normalized logharmonic mappings f(z) = zh(z)g(z) in the
unit disk satisfying @(z) = zh(z)g(z) is a typically real analytic function is considered.
An integral representation for such a mapping is given. Moreover, the connection
between this class and the class of logharmonic mappings with positive real part is
established. The radius of starlikeness for this class, as well as an upper estimate
for its arclength are determined. Sufficient and necessary geometric conditions for
@(z) = zh(z)g(z) to be typically real are also derived when f(z) = zh(z)g(z) has a

dilatation with real coefficients. In the second part of this chapter, we explore an
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integral representation and the radius of starlikeness for a subclass of this class.

In the final chapter, a summary of the work done in this thesis is presented. Some

open problems are suggested for further research.
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CHAPTER 2

THE 7% -RADIUS FOR CLASSES OF ANALYTIC FUNCTIONS

2.1 Introduction

Let % denote the class of functions f € A satisfying |%(z)| < 1 for z € D, where

%) = (%)zm =

Since f € % satisfies the condition | (z/f(z))* f'(z)| < 2, it follows that (z/f(2))* f'(2)
is bounded, and f(z) # O for z € D\{0}. Furthermore, if f'(z) = 0, then |%;(z)| =1,
which contradicts the assumption that |%(z)| < 1. Thus f’(z) # 0, and f is locally
univalent. We shall in fact prove in Theorem 2.2 that f is not only locally univalent but

also univalent.

Functions in the class % have the following characterization.

Theorem 2.1. (Characterization for %) [114] If f € % , then

2 _ “wlt)
%—1—(12Z_Z/0 12 dt,

where ay = f(0)/2 and w is an analytic function in the unit disk D such that w(0) =
0=w(0), and |w(z)| < 1 for z € D.

Proof. Let f(z) =z+ Y5 ,axZ" in % . Then f(z)/z # 0 and

(i)zm—w( — B+
Q) 7) = a3 —as)z"+ ...

=1+w(2),
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where w(0) =0 = w/(0), and |w(z)| = | (z/f(z))* f'(z) — 1| < 1. By Schwarz’s lemma

[123, p.240], |w(z)| < |z|%, z € D. Note that

It is evident that

( - 1) _ o)
flz) z)l= 2 T ™
and thus
z 2/ 1 1\’
/ WO gy / — N
0o 12 o \f(t) ¢
( 1 1) ;
=—\7x 7 ) a2,
flz) 2
which yields the desired result. ]

Following the idea of Aksentév [17], functions in the class %/ can readily be shown

to be univalent in D.

Theorem 2.2. Every f € 7 is univalent in D, that is, f belongs to S.

Proof. Since f € % , it follows from Theorem 2.1 that

1 1 Z
F(z) = 70 :E_a2+/() a(t)dt,

where a(t) = —w(t)/t?, and w is given by Theorem 2.1. Then for z;,z € D, and

71 # 22,

Setting
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the integral can be written in the form

F(z1) —F(z2) = (22— 21) (L —/Ola(zl +s(z2—zl))ds) :

<132

It follows that

1 1
F(a)~F@)| 2 [ -2 (!E ~ [ lates +s<zz—zl>>|ds)
> |21 — 22| <1—/01ds> 0.

This shows that F(z;) # F(zp) for z; # z. Therefore, f is univalent in D. O

The converse of the result in Theorem 2.2 does not hold, as illustrated by the func-

tion f(z) = —log(1 —z). It is evident that

Re (1+z];,/((§))> = Re (%_Z) > % > 0.

Thus f is a univalent convex function in §. However,

2
Ui(2)| = —1
0= | g3

Y

which at zo = 0.95 € I gives |%(0.95)| ~ 1.01127 > 1. Hence f ¢ % .

Functions in % need not be starlike [45, 107]. For example, the function f(z) =

z/(1+2/2+7/2), satisfies

|42/f(z)|:‘<(1_Z3)(1+Z/2+Z3/2))—1’:]z3y<1,

1+2z/2+23/2

and thus f € % . However,

#f'z)  1-2
flz)  1+z/2+73/2
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and at z9 = (—1414)/v/2 € D,

<0.

Re () = re (152 L2 1

Thus Re(zf"(z)/f(z)) < 0 for z € D near zo, and hence f ¢ S7.

The Koebe function k(z) = z/(1 — z)? is an important example of a function which

belongs to 7N S7 . It is interesting to note that each function in the set

o, _z 4 4 4
ST (142)? 14z 1222 14+z+72
belongs to % . For instance, the function f(z) = z/(1 +z+2?) satisfies

(1-22)(1+z4+7%)
1+z+22

‘?/f(z)lz‘ —1‘=]z2]<1.

Furthermore, functions in .S, are known [46] to be the only functions in § with integer

coefficients in their series expansions. Thus S, C Z C S.

The class % has been widely studied in recent years, for example in the works
of [105, 106, 107, 108, 109, 110, 111, 112, 113, 114] and [125]. Several interesting
properties of the class %/ are shaped by the coefficients of its mappings. If f € .S, then

z/f(z) is nonvanishing in D and has a series representation of the form

Z (o]
= =1 b,7". 2.1
o) +nzl z 2.1)

It follows from the area theorem [49, Theorem 11, p.193] that

o)

Y (n=1D)bf* <1. (2.2)

n=2
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Obradovi¢ and Ponnusamy [114] showed that every f € A of the form (2.1) be-
longs to the class %7 whenever Y ,(n— 1)|b,| < 1. They also showed in [110] that
f(z) =z+ Y a,7" € A satisfying Yo, n|a,| < 1 belongs to N S7 . On the other
hand, it was shown in [24] that functions f € % of the form (2.1) necessarily satisfy

Yoo (n—1)%[ba* < 1.

In [24], Ali et al. showed that condition (2.2) does not ensure univalence, and they
obtained the sharp radius of univalence ry = 1/+/2 for functions f € A4 satisfying (2.2).
In [106], the % -radius for § was determined to be 1/ /2. Evidently, radius problems

have continued to be an important area of study.

In [79, 80], MacGregor obtained the radius of starlikeness for the class of functions

f € A satistying either

Re(@)x) (zeD) or ‘——1‘<1 (z € D) (2.3)

8(z2)

for some g € V. Ratti [128] determined the radius of starlikeness for the class (2.3)
when g belongs to certain classes of analytic functions. MacGregor in [81] also found
the radius of convexity for univalent functions satisfying |f’(z) — 1| < 1.

This chapter finds the % -radius for three classes of functions:

(a) the class of functions f € A4 satisfying the inequality

Re (M) >0, zeD, 24)
8(2)
for some g € 4 with
Re(@> >0, zeD;
b4
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(b) the class of functions f € A satisfying the inequality

Re(%) >0, zeD,

for some g € A4 with

Re(&) >1, zeD;
Z 2

(c) and the class of functions f € A satisfying the inequality

for some g € 4 with

e (42) 20, zen

Additionally, the radius ry is also investigated in this chapter so that

<1

2
|%f<z>|=‘(ﬁ) fiz)—1

in the disk |z| < ry for the following two classes of functions:

(a) the subclass of close-to-convex functions f € A satisfying

If(z)—1| <1, zeD;

(b) and the class of functions f € A satisfying the inequality

Re&>a, 0<a<l1, zeD.
Z

(2.5)

(2.6)

2.7)

It is known [38, p. 251] that each convex function in ('} belongs to the class (2.7) for

o = 1/2. Also, Obradovi¢ and Ponnusamy in [110] proved that the class defined by

(2.7) contains f € % satisfying f”(0) = 0.
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Ratti [128] showed that the radius of starlikeness for the class defined by (2.4)
is v/5—2, and that the radius can be improved to 1/3 for the class given by (2.5).
The radius of convexity for the class given by (2.6) was obtained by MacGregor [81].
Several radius constants, which include the radius of starlikeness of a positive order,
radius of parabolic starlikeness, radius of Bernoulli lemniscate starlikeness, and radius
of uniform convexity, have been obtained for the classes defined by (2.4) and (2.5) in

[23].

Obradovi¢ and Ponnusamy in [113] also considered the product of functions f and
g belonging to certain subsets of S. They showed that whenever f,g € ST, the product
F(z) = f(z)g(z)/z is starlike in the disk |z| < 1/3, and that this radius is sharp. They
also conjectured that F is univalent in the disk |z| < 1/3 when f,g € §, and that the

radius 1/3 is best possible. In Section 2.3, this conjecture is shown in the affirmative.

To prove the results in this chapter, the following lemmas are required.

Lemma 2.1. [51] For each f € S,

1
glogli’, Izl =r<1.
—r

2f'(2)
f(z)

log

Lemma 2.2. [83, Theorem 3.1b, p. 71] Let p(z) = 14 p1z+--- be analytic in D, and
h be convex. If

1
p(z)+ ;zp’@) < h(z), (2.8)
where Y # 0 and Re’y > 0, then

p(z) < Z—};/zh(t)tyldt.
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Lemma 2.3. [109] Let f be analytic in D of the form

b4
= 14biz+ b+,

f(@)
with b, > 0 for all n > 2. Then the following are equivalent:

(a) fes,

(b) L&) 20, zeD,
(c) Yoop(n—1)b, <1,
(d) few.

Lemma 2.4. [128] An analytic function f in D satisfies f(0) =1 and Re(f(z)) > a,
0<a<lforzeD,ifandonlyif f(z) = (14+ 2o —1)z¢(2))/(1+20(z)), where ¢ is

analytic satisfying |9 (z)| < 1 in D.

2.2 The 7 -radius for Classes of Analytic Functions

The following result determines the %/ —radius for the class of functions satisfying
(2.4).

Theorem 2.3. The % -radius for the class of functions f € A satisfying the inequality

Re(%) >0, zeD,

for some g € 4 with

is rop = /5 —2 ~0.23607.

Proof. Writing p(z) = g(z)/zand h(z) = f(z)/g(z), it follows that p,h € P and f(z) =

zp(2)h(z). A computation shows that

Y Y B A T SR
U&=y = Z(f(z) z) Z<z(p<z>h<z> 1))
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=-2(& ) o) )
_ —1-

pé>‘z(péﬂy‘*y+ti5 Eé5‘1(35>/‘4

s -1

Since 1/p(z) =1+ Y, cpz" and 1/h(z) = 1+ Y, dnz" are in the class P, it

follows that |c,| <2 and |d,,| <2 for n > 1. Thus for |z| =,

1 > it 2r
—1| < leallz" <2} 1 = , (2.10)
‘p(Z) ‘ ;1 " ; I—r
1 2 1
L [ S @.11)
p(z)| " 1—r l—r
and
i (]‘) 1| < o Dl <2 8 a1
— I\ —F—=< - ~ n— CnllZl = n—
p(z) “\p) = ! =
> 272
=27y n! . (2.12)
nz::l (1—r)?

Similar estimates are obtained for the function 1/h

< 1—kr’ J
“1-r

1 < 2r
h(z) 1

— )
-7

1 1 I 2r2
") h<z>‘z<h<z>> _1’ Saopr @D
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Substituting (2.10), (2.11), (2.12) and (2.13) into (2.9) yields

1+r 272 4r? 8r?
%)l §2<1J—rr<1—r>2> AR AR R cy

Hence |%(z)| < 1if |z| < v/5—2, where ry = /5 —2 is the root of the equation
r?4+4r—1=0.

To demonstrate the sharpness, let fy(z) = z((1—z)/(1 +Z))2, and go(z) = z(1 —

z)/(1+z). Evidently,

0= (g ) A

_[Un(—d4r—r)
(1=

Since 2 /(1 —r)? is increasing, it follows that | %, (r)| > 1 for V5 -2 <r < 1. O

The % —radius for the second class is derived in the following result.

Theorem 2.4. The 7/ -radius for the class of functions f € A satisfying the inequality

Re(%) >0, zeD,

for some g € A with

isry =1/3.

Proof. Let p(z) = g(2)/z, h(z) = f(2)/8(2), and f(z) = zp(z)h(z). Since p € P(1/2),
it follows from Lemma 2.4 that p(z) = 1/(1 +z¢(z)), where |¢(z)| < 1. For |z| =,

and |¢(z)| = x, 0 < x < 1, it is evident that

‘%‘1’=|z\l¢(z)\:
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and the Schwarz-Pick inequality [123, p.243] gives

UV ]t < EOI00R)_ R0-2)
o) R e e e

The function i € P satisfies the estimates (2.10) and (2.12). It follows from (2.9)

that

L+rr?(1=x2) 2,7 (14rx)  2r’x  r?(3+2x—x?)

< =
W/f(z)‘—l_r 1—2 + (1—r)2 +1_r (1—r)?

Since A(x) =3+ 2x— x? is increasing over 0 < x < 1, this leads to

%01 <

if r < ro,, where rgy = 1/3 is the root of the equation 3r2+2r—1=0.
For the sharpness, consider fy(z) = z(1 —z)/(1+z)?, and go(z) = z/(1+z). Then

F4 (142)? >
= =1+4+3z+4Y 7
fo(z) -z n;z

It follows from Lemma 2.3 that 7~ ! fy(rz) € % provided 0 < r < 1 satisfies

4 — L g L g <
Z(n 1)r 4anr (l—r) <1,
n=2 n=1
that is, if r < r4,, where rg, = 1/3 is the root of the equation 3r24+2r—1=0. L]

Next, the % -radius for the third class is obtained.

Theorem 2.5. The % -radius for the class of functions f € A satisfying the inequality

——1’ <1, zeD,
for some g € A4 with

Re(&) >0, zeD,
Z
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is rgy = (v/17—3) /4 ~ 0.28078.

Proof. Let p(z) = g(z)/z, h(z) = f(2)/(2), and f(z) = zp(z)h(z). Since |h(z) — 1| < 1,
it follows that |1 — 1/h(z)|* < 1/|h(z)|?, thatis, 1 —2Re(1/h(z)) < 0. Thus 1/h(z) =

1+Y7 dyZ" isin P(1/2), and hence |d,| < 1 for n > 1. Now, for |z| =r,

1 oo (oo}
LIPS PR
‘h(@ ‘ L Il = ),

and

(! / i n—1)|dy|lz|" < Z n-1)"=rY (n—1)r"?
h(z) h(z) =1

<
2

2 n—1 r
=r nr = .
n; (1—r)?

Further, the function p satisfies the estimates (2.10) and (2.12). It follows from
(2.9) that

1 272 l+r r? r 2r 502 —p3
U < = -
| f(z)’_1—r(1—r)2+1—r(1—r)2+l—rl—r (1—r)3

Hence |%y(z)| < 1 if r < rg, where ry = (v/17 —3)/4 is the root of the equation

2/ +3r—1=0.

To demonstrate the sharpness, let fo(z) = z(1 —z)?/(1 +z), and go(z) = z(1 —

z)/(1+z). Then

z  l+z - "
e _1+n;(2n+1)z

Lemma 2.3 will be used to show that r—! fo(rz) € % . For 0 < r < 1,

= iZn—i—lr"z,



and

o) o) [}

Z(n—l)(2n+l)r":22n(n— r'+ Z(n—l)r”

n=2 n=2 n=2
=272 Z n(n— 1);’"*2 +7? Z nr~!
n=2 n=1
472 r? 572 — 3

BN R T (e

if and only if r < (/17 — 3) /4, where r9y = (v/17 —3) /4 is the root of the equation

212 +3r—1=0. O

The following result estimates the %/ -radius for functions f € 4 satisfying inequal-

ity [f'(z) — 1| < 1.

Theorem 2.6. Let f € A satisfying

If'z)—1]<1, zeD.

Then f € % in the disk |z| < ro, where ro = 1/ (v/5 —1)/2 ~ 0.78615.
Proof. Evidently the subordination (2.8) translates to f’(z) < 1 +z by choosing y= 1,

p(z2) = f(2)/z, and h(z) = 1+ z. It follows that

f(z) z

So there exists an analytic self-map w of D with w(0) =0 and f(z)/z=1+w(z)/2.

Direct computations show that

51



Thus

2|zw'(2) = w(2)| + [w*(2)|

4(1—@)2

The Schwarz-Pick inequality [123, p.243] applied to w(z)/z yields

% (2)| <

j2” = [w(2)?

[ow'(@) —wla)l < =4

Substituting (2.15) into (2.14), and writing |w(z)| =1, |z| =1, 0 <t < r, leads to

w2 (55 ) +7)

;
1 212 — 212 412 — 22
(2—-1)? ( 1—r )
B 1 —(1+r2)t2+2r2
(1= (2—1)?
= (1_1r2)cl>(t,r).

Since

0P(t,r) —2(1+r)2—1)2t+22—1)(—=(1+r)t2+2r%)

ot (2—1)*
21+ ) (2=t + 1)+ 41
B (2—-1)
B 4(r2—(1+r2)t)
2-1)}

the function ®(z,r) attains its maximum at the point zo = r?/(1 4 r?), that is,

—r4(1+r2) 2
r ) _ Ap T

1+r2’r ) 2\ 2
( - 1+r2>

:r2 (r2+2) (r2—|—1) r? (rz—i—l)‘

D(t,r) < P(tg,r) =D (

(r2_|_2)2 r2—|—2
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Thus

r? (r2—1— 1)
(1=r2)(r*+2)’

% (2)| <

and hence |%(z)| < 1if |z| < ro, where rg = 1/ (v/5 — 1) /2 is the root of the equation

i —1=0. O]

Remark 2.1. Ozaki [115] introduced the class G consisting of functions f € A4 satis-

fying

Re (H_Zf”(z)) 3

fz)y) 2

and proved that these functions are necessarily univalent in D. Umezawa [139] showed
that these functions are convex in one direction. Sakaguchi [132] proved that | arg f'(z)| <
7 /2 whenever f € G, and indeed, G C ST, see [104, 135]. There has been a contin-
ued interest in recent years over the class G, see for example, the works in [124, 126].
It follows from [65, Theorem 2] that | f'(z) — 1| < 1 whenever f € G. Thus Theorem

2.6 shows that the % -radius for f €G is /(v/5—1)/2.

The last result in this section estimates the %/ -radius for functions f € A4 satisfying

inequality Re(f(z)/z) > o, 0 < o < 1.

Theorem 2.7. Let f € A satisfy

Re&>a, 0<a<l1l, zeD.
Z

Then f € % in the disk |z| < r(@), where
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-1, Psesw

o) VT I
\/ 24&120:“12]&)7 1501,
\4053(1_ é‘lxof)) st

and T = (8 — 11/V/71+63/177 4+ v/ 71+ 63/177)/12 ~ 0.93804 is the root of the

equation

do—2— ((2a— ) ++/Qa— 1)(10a—9)) ((2a— D) +v2(1—a)2a— 1)) ~0
in the interval [9/10,1). The result is sharp for the case a. € [0,1/10].
Proof. Since Re f(z)/z > «, it follows that

f(z) . 1+(1-2a)z
Z -z

there exists an analytic self-map w of ID satisfying w(0) = 0 and

fz) _ 14+(1-2a)w(z)
z 1—w(z)

A further computation shows that

2N 2 R
(f(@) IO =5 0

_ 1 —w(z) . (1—20)zw'(z) (1 —w(z)) W' (2)
1+(1-20)w(z) <1+(1—2a)w(z)>2 1+ (1-2a)w(z)
(1=w(@) (1+(1=20)w()) + (2= 20)20'(2)

(1 +(1 —2a)w(z))2
_ 1 =2aw(z) = (1 =20)w*(z) +2(1 — a)zw/(2)
) (14 (1 20w(2)”

Y

and hence

54



1 2000(2) — (1~ 200w3() +2(1 ~ @)z’ ()~ (14 (1 - 2a)w(z))2
(1 +(1 —2a)w(z)>2
(=2+20)w(z) — (1 —20) (2 —20)w?(z) +2(1 — &)z2w'(2)
R <1+(1—2a)w(z)>2
2(1 - o) (= wlz) +2w/(2) — (1 - 20)w2(2))
(1+(1—2a)w(z))2 '

It follows that

2(1 - a)(Jaw'(z) —w(z)| + |1 = 2al|w(z)]*) '

Ui(z)] <
% (z)| (1—1—2aljw(z)|)’

Writing |w(z)| =1, |zl =1, 0 <t <r, |l —2a| = a, and substituting (2.15) leads to
2(1- &) (525 +ar?)
(1—at)?

21 =) (P4 (a1 =) = 1))
(1—ar)>(1—r?)

% (2)| <

=®(t,r).

Then

do,r) 21-9) <2(a(1 — ) —1)(1—at) +2a(1 —at) (P + (a(1 — ) — 1) t2)>

at (1—=r)(1—ar)*
4(1—a)<( (1=r)=1)t—(a(l—r*) — )a12+ar2+(a(1—r2)—1)at2>

B (1=)(1—ar)?
_4(1—a)(ar —(1—a l—r ) )
B (1—r2)(1 —ar)?
41— )
=T a—ap?

where

o(t,r) =ar’ — (1—a(1- rz)) r.

Thus the critical points of ®(¢,r) over ¢ € [0,r] occurs at r = 0,7 = r and possibly at
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to =ar? /(1 —a+ar?), where ¢ (ty,r) = 0. Indeed 1 is a critical point in [0, 7] whenever

g(r):arz—ar—l—l—a (2.16)

is nonnegative.

For a € [0,4/5], it is evident that g(r) > 0 in (0, 1). Hence the maximum value of

®(1,r) is the largest value of {D(0,r); D(tg,r); P(r,r)}. Since

m1—amﬂ+(ml—ﬂ)—n—4ﬁi—>

(1—a+ar?)?
T A e
_2(l—a)yr*(1—a+ar* —a*r?)(1—a+ar?)
B (l—rz)(l—a+ar2—a2r2)2
2(1—a)(l—a+ar?)r?
C (1—a)(1=r2)(14ar?)’
and
2(1—0) (4 (a(l—r*) —1)r?
®lrr) = (<1 — ) (1 —ar)? )
_ 2a(1-a)r?
 (1—ar)?’

it follows that

2(l—a)(l—a+ar’)r* 2(1—a)ar?
ito,r) = D(rr) = (1—a)(1—=r)(1+ar2)  (1—ar)?

2(1 —a)r?

a0 e e

where
h(r)=(1—a+ar?)(1 —ar)*—a(l—a)(1—r*)(1 +ar?)
= (1 —2a+a*)+ (a*r* —2a°r + a*r*) + 2(ar* — ar — a*r* + a’r)
=(1—a)’?+a*?(1—r)?=2ar(1-r)(1—a)
— (1—a)—ar(1=7r))*>0.

Then
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- }"2 —a)—ar(l—r 2
P (T LT PR

Also,

2(1 —a)(1 —a+ar?)r? 21— a)r?
(1—a)(1—r?)(1+ar?) (1—r2)
B 2a*(1 — a)rt

S U—ai-Pta) ="

D(19,r) —P(0,r) =

(2.18)

It is evident from (2.18) and (2.17) that max ®(¢,r) = D(ty,r). Thus

2(1—a)(1 —a+ar?)r?

|%f(2>‘ < q)(t()vr) = (1 _a>(1 _r2)(1+ar2)

<1

provided |z| < r(a), where r(a) is the root of the equation
2(1—a)(1 —a+ar2)r2 —(1=a)(1- rz)(l —{—ar2) =0,
which is equivalent to

a(3-20—a)r*+(1—a)(3—-2a—a)r* —(1—a)=0.

Hence

V(1 —aP(B-2a—a)?+4a(l—a)(3-2a—a)— (1 —a)(3—2a—a)
r(e) = 2a(3—-20—a) '

There are two cases to consider fora = |1 —2¢| € [0,4/5]. First, when 1/10 < o <

1/2. In this case a = 1 — 2¢. Further simplification leads to

V1602 + 16(1 —20)a— 4o
r(e) = 4(1 -2a)

Ja(l—a)—a

1-2x
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The second case occurs when 1/2 < o <9/10. Then a = 2a — 1. It follows that

VAl —a) +32(2a—1)(1— )2 — 8(1 — )2
r(e) = 820 —1)(1— )

B 2—4a(l—o)—2(1—-a)
B 2200 —1) '

For a € [4/5,1], the roots of g in (2.16) occurs at

— Ja(5a—4 Sa—4
2a 2a

Evidently g(r) > 0 over the intervals [0, 7] and [r;, 1), and so the maximum of ®(z, r)
occurs at d(fy,r). On the other hand, g(r) < 0 over (r1,r2). Since t; is not a critical

point, the maximum of ®(¢,r) occurs at either ©(0,r) or ®(r,r).

Consider

_ 2(1—o)r? 2(1—a)ar?
K(r)=®(0,r) —®(r,r) = (=) — (1 —ar)?
B 2r*(1—a)(a(l+a)r* —2ar+1—a)
N (1—=r>)(1—ar)?
21—«
= T=2) = )

where

k(r)=a(l4+a)r* —2ar+1—a, ac[4/51].

The roots of k are

, a—+y/a+ala—1) , a++/a>+ala—1)

= a(l+a) 2T a(l+a)

Observe that K(r) < 0 over (r},r}). Now

- =2 a(3a—4) a-yatala-1)

2a a(l+a)
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ala—1)—(1+a)\/a(5a—4)+2\/a*+a% —a)
2a(1+a)

It is clear that a(1 +a) > 0 when a € [4/5,1] and a Mathematica plot in Figure 2.1

shows that y; (a) =a(a—1) — (1+a)+/a(5a —4) +2+/a® +a® — a) > 0. This leads to

r >l

<

y=vi(@

0 | | | | > a
08 1 1.6 24 3.2

Figure 2.1: Graph of y1(a) = a(a—1) — (14+a)\/a(5a—4) +2+/a’ +a% — a).

On the other hand,

, at+y/a>+ala—1) a++/a(5a—4)
ry—ry = -
2702 a(l+a) 2a

a(l—a)—(1+a)\/a(5a—4)+2\/a*+a%—a)
2a(1+a)

Figure 2.2 shows that y,(a) = a(1 —a) — (1+a)\/a(5a—4)+2+/a*+a*—a) > 0

when a € [4/5,1], and thus 7}, > r,. It follows that (r1,r2) C (r},r}), where ry,r, are
given by (2.19). Thus K(r) < 0 over (ry,r;), and the maximum value of ®(z,r) is

D(r,r).
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<

y=Yya)

0.5

0 | | | | = a
08 1 1.6 2.4 3.2

Figure 2.2: Graph of y;(a) = a(1 —a) — (1+a)\/a(5a —4) +2+/a> + a2 —a).

There are also two cases to consider fora = |1 —2¢| € [4/5,1], thatis, a € [0,1/10]

and o € [9/10,1). Consider first when o € [0,1/10], in this case a = 1 — 2, and it

follows that

(1-2a)— \/(1 —20)(5(1-20a) —4)

ri(®) = 2(1—2a)
(1—2a)—+/(1-2a)(1—-10c)
2(1 —2a) ’
and
(120 ++/(1-2a)(5—10a—4)
ra(@) = 2(1-2a)
_(1=2a)++/(1—2a)(1—10a)
2(1 —2a) '

If r € [0, r1], then g given by (2.16) satisfies g(r) > 0. Thus

% (2)] < @10, r) <1

for all |z] < Ry (), where
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is the root of the equation ®(#y,r) = 1. A Mathematica plot in Figure 2.3 shows that

Ri(a) > ri(a). Then

| (2)| <1
whenever |z| < rj(o).
y
y=ys@)
03h
02h
01f
| | | | > a
0 0.02 0.04 0.06 0.08 0.1
Figure 2.3: Graph of y3(a) = agl:zz)_a — (1_206)_2(51__220)‘)(1_100‘).

When r € (r1,r2), then g(r) < 0 and
| (2)| < B(rr) <1

for all |z] < Ry(a), where Ry () is the root of the equation ®(r,r) = 1, that is,

V2(1—a)(1—2a)—(1—-2a)

Roo) = (1—20)(2(1— ) — (1 —2a))
0w,
1-2a '

Figure 2.4 and Figure 2.5 show that r| (&) < Ry(ot) < r2(¢), hence |%(z)| < 1 for all

|z < Ry(@) when @ € [0,1/10).
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L L L L > a
0 0.02 0.04 0.06 0.08 0.1

2(1-a) 1— (I-20)—+/(1-20t)(1-10cx)

Figure 2.4: Graph of y4(@) =

1—2a 2(1—2a) .
y
0.6A
05
04
03
02
01
0 002 004 0.06 0.08 o1 T
Figure 2.5: Graph of ys(ot) = (1—2a)+2V(§1_—2i0)c)(1710a) —4/ 21(17—_22? +1.

Next, consider the second case when o € [9/10,1), then a =2 — 1. It follows that

20 —1)— \/(Zoc— 1)(5(20— 1) —4)

1’1(06): 2(2a—1)
_ (2a—1)— /(a—T1)(10a -9
N 220 1) : (2.20)
and
r(a) = 2a—1)++/(2a—1)(10a —5—4)

22a—1)
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_ (2a-1)++/(o—1)(100t—9)
B 2200 —1)

(2.21)

Likewise as in the first case, if r € [0,r;], where r is given by (2.20), then g(r) >0

and

| (2)| < D(to,r) <1

for all |z| < R} (), where

2—4a(l—o)—-2(1—a)
R (a \/ =T (2.22)

is the root of the equation ®(fy,r) = 1. A Mathematica plot in Figure 2.6 shows that

R (o) > ri(ot), then

% (2)] < 1
whenever |z| < rj().
y
25|
2 [
Y= Ye(@)

15+
l [
05f

0 09 ‘ ‘ 36 45 sa B ¢

\/ da(l-a)-2(1-a) _ (2a—1)—/Ca—1)(10a—9)

Figure 2.6: Graph of yg (o 2Ca—T) 2020=1)

If r € (r1,r2), where ry and r; are given by (2.20) and (2.21). Then g(r) < 0 and
U ()| < P(rr) < 1

for all |z| < R, (), where R, (a) is the root of the equation ®(r,r) = 1, that is,
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() = V2= 2a—T) —2a—1)
Ry(a) = 2a-1)(2(1-a) - (2a—1))

1 . 2(1—a)
“4a-3\" V 2a—1 J°

A closer scrutiny of R, () from Figure 2.7 and Figure 2.8, evidently, rj(a) <

R(e) < ry(0) whenever a € (Tq, 1), where Tq = (8 —11/V/71 4+ 63/ 177+ v/ 71 4+ 63/177)
/12~ 0.93804 is the root of the equation R} () — ra(a) = 0, or equivalently Ty is the

root of the equation

do—2— ((m— D)+ 2a— 1)(10a—9)> ((2a— D +v2(1—a)2a— 1)) —0.

Thus in this case, |%(z)| < 1 for |z| < R} (o).

y
17
y=y(a)
05f
085 09 093804 1 11 >
Figure 2.7: Graph of y;(a) = 15— (l - 22(101‘)) - (2a—1)—2(§ia_—1;)(10a—9)‘
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<

0.1
y = ys(@)
0.05
0 = o
0.9 0.93804 1

Figure 2.8: Graph of yz(a) = (za—1)+2(§ioi—1;)(10a—9) = (1 - 22((11__01‘)) :

On the other hand, Figure 2.9 shows that R} (&) > ra(a) whenever o € [9/10, Tq].
Thus if r € [, 1), then g(r) > 0 and
| (2)| < D(to,r) <1

for all |z| < R} (), where R|(a) is given by (2.22). A Mathematica plot in Figure
2.10 and Figure 2.11 show that (o) < R{(a) < 1, it follows that |%(z)| < 1 for

|lz] <R} (o) when o € [9/10, 7q].

y
03}
Y = Yo(@)
02l
o1l
0 | | | > a
0.85 09 093804 1 11

Figure 2.9: Graph of yg(a) = ﬁ (1 - 22((11__01‘)) - (2a—1)+2(§ioi—1;)(10a—9).
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03}
Y = Y1o(@)
02
01
085 019 0.93804 ‘ 111 >«
Figure 2.10: Graph of yjo(a \/ 2—40( 12aa1 2(1-a) (20‘—1)+2(§i&_—1;)(100¢—9)'
y

0.4 y = yu(@)

0.2+

| | | | ‘
a
0 0.2 0.4 0.6 0.8 1 >

Figure 2.11: Graph of y;; () =1— \/ 2—4a( 1206“)1)2(1 @)

For a € [0,1/10], the extremal function is fy(z) = z(1 — (1 —20)z) /(1 +z). In this

case,
z (l+z)
foz)  1—(1-2a)z
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(1—2a)" 12"

s

=142(1—-a)

3
I
—_

Thus

=1+2(1-« —2a)" 'R'7"=1+) by7".
ol DL X

for 0 < R < 1. Evidently,

oo

Z(l’l— l)bn = 2(1 —OC)(I —Z(X)Rz i(n— ])((1 —ZCX)R)"_Z

n=2 n=2

:2(1—05)(1—205)R2in((l—Za)R)”’l
n=1

_2(1—-a)(1—2a)R?

 (1-(1-2a)R)? —

if and only if R < R(a), where R(a) = 1/2(1 —a)/(1 —2a) — 1 is the root of the

equation

(1—20)R*+2(1 —2a)R— 1 =0.

It follows from Lemma 2.3 that R fo(Rz) € Z it R< \/2(1— ) /(1 —2a) — 1. [

2.3 Product of Univalent Functions

For f € 1 and g € F», where 1 and 7 are appropriate subsets of §, it is interesting

to consider the function

F(z)= . zeD, (2.23)

and determine the largest radius of univalence for F'. Also, it is interesting to find the

radius r so that the function F belongs to particular subclasses of .S, such as $7 and

U .
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In [113], Obradovi¢ and Ponnusamy considered functions defined by (2.23), where
f€1 =% and g € T = % , and proved that the 7/ -radius for F is |z| = 1/3, and that
this radius is sharp. They also showed that the %/ -radius for F is |z| = ro, where ro ~
0.30294, whenever f,g € S. In [112], they improved the value of r to ry &~ 0.326302,
where r( is the positive root of a certain equation. Additionally, they [113] showed that
whenever f,g € S7, then the product F is starlike in the disk |z| < 1/3, and that this
radius is sharp. Indeed if f,g € S, they conjectured that F is also univalent in the disk
|z < 1/3, and that the radius 1/3 is best possible. In this section we shall validate the

conjecture. Also, the radius of starlikeness for such functions F is shown to be 1/3.
The following lemma is required.

Lemma 2.5. If f € S, then

/ —_—
Re (Zf (Z)) S L=
f(2) I+r
for |z] = r < tanh(1/2) ~ 0.46212.
Proof. Let f € S. It follows from Lemma 2.1 that for |z| < r < 1, the region of values

of { =log(zf'(z)/f(z)) is the disk

@rz{c:msmgif:}.

The function w(z) = €° is univalent in D. Thus if r is chosen so thatlog ((1+7)/(1 —r))
< 1, that is, r < tanh(1/2), then w is univalent in 9,. Evidently the function ¢(z) =
w(z) — 1 is convex in D, that is, w is a convex function with positive coefficients in its
series expansion. Thus

inf Re w({) = inf Re w({)= inf w(Re {)

e, £edD, el
1 .
o i (7))
1—r

= inf = inf
Cé%@,lw((:” Oélélszfr
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147
— inf 1 ( ) 0
o exp < og (7, )cos )

147 1—r
— &P _<1°g1—r> T 1xr

for |z| = r < tanh(1/2). O

Remark 2.2. Upon completion of the proof of Lemma 2.5, we found a similar result

by Krzyz and Reade in [70]. However, our proof differs from Krzyz.

Theorem 2.8. If f,g € S, then the function F defined by (2.23) is starlike in the disk

|z| < 1/3. The radius 1/3 is sharp.

Proof. It follows from Lemma 2.5 that

() =R () e () =250 =y

Thus F is starlike in the disk |z| < 1/3.

To demonstrate the sharpness, let fy(z) = z/(1 —z)? = go(z). Then Fy(z) = z/(1 —

z)*. It follows that for |z| = r,

Re zF}(2) _1—|—2rc089—3r2>1—2r—3r2_(1—3r)(1—|—r)_1—3r
Fo(z) /] 1—2rcos®+r2 1+r2 — (14+r2 14

Hence Re(zF;(z)/Fo(z)) > 0 for r < 1/3. Furthermore, Fj (—1/3) = 0, and thus Fj is

not univalent in any disk r > 1/3. ]
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CHAPTER 3

ON THE SECOND HANKEL DETERMINANT FOR THE
KTH-ROOT TRANSFORM OF ANALYTIC FUNCTIONS

3.1 Introduction

For positive integers g and 7, the Hankel determinant H,(n) for an analytic function

f(z) =X, _gand" is defined by

An n+1 " Apyg—1
ap+1  Adp42 an+tq
Hy(n) :=
Ap+qg—1 An+q " Qn42g-2

The Hankel determinants play an important role in the study of singularities [37] as
well as in the study of power series with integral coefficients [32]. Earlier investiga-
tions include those of [42, 43, 44, 58, 71, 91, 92, 93, 95, 96, 97, 98, 99, 100, 101, 102,
121] and [122], while recent works are those of [26, 29, 54, 55, 56, 63, 64, 72, 85, 87]
and [88]. In [72], Lee et al. provided a brief survey on the Hankel determinants for
analytic univalent functions and obtained bounds for H,(2) for functions belonging to

several classes defined by subordination.

Let f(z) = z+ Yo anz" with f(z) # 0 in D\{0}. Further, let k > 2 be a fixed

integer. The kth-root transform of f is defined by
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Since f (2*) /2 =1+X5, @21 := 1+ x, and

, I (k=1) 5 (k=1D)(2k—1) 4
L4t =14 -x—
(14x)% AT T B3 x” +

it follows that

@Y ’
F(z)zz( 7 ) 1+ - Zanz (n=1) 2k2 <Zanz " ])

3
NS <Z<>) +)

(k—1)
242

1
=z<1 —i—% (azzk+a3z2k+a4z3k+~--> -

AU (o))

( 22k 4 2ozt )

3163
ay 1 (k—l)
:Z+kzk+1+k(a3_ = @ | 2
1 (k—1) (k=1)(2k=1) 3\ ax41
+k<a4— 3 0203+T02 Z + -

oo

=2+ Z b(n—l)k+1z(n71)k+la
n=2

where the initial coefficients are

a 1 k—1
b1 = f, bojy1 = ;( _{ T )a%>
L f 3.1
1 —1)(2k—1
b3k1 = %<a4—( r D 2‘13"‘( 3)'(k2 )“3)'

Thus the Hankel determinants H,(n) for F(z) =z+ Y, b(nfl)kﬂz(”*l)kﬂ —z4

Z:lo:z an(n—l)k—H is

By, Bn+1 e Bn+q—l
Bn—H Bn+2 tU Bn+q
Hy(n) :=
Bn+q—1 Bn+q T Bn+2q—2
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bin—1)k+1 buk+1 b g2kt
B bnk—i—l b(n+1)k+1 Tt b(n+q71)k+1
binrg—2k+1 Dnrg-1kr1  Dnrag-3)kr1

With n = 2, the Hankel determinants H,(2) for F is

biv1 buy1 o bgn

bok+r1 b3kr1 o bgyiktn
Hq(z) =

bger1 bgrverr 0 bog-1irr

It follows that the second Hankel determinant H,(2) for F is

brv1 boiy )
H>(2) := = bt 1b3p41 — Doy y-

bokt1 bagy1

In this chapter, bounds for the second Hankel determinant of the kth-root transform
are obtained for several classes of functions defined via subordination. These classes
can be seen as belonging to the genre of Ma-Minda starlike and convex functions,
which will be made apparent in the next section. The results in this chapter are derived
through several meticulous lengthy computations, and thus in several instances, these

computations were validated by using of the computer algebra system Mathematica.
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The following lemmas are needed to establish the results in subsequent sections.

Lemma 3.1. (Lemma 1.1) If p(z) =1 +eiz+ e+ 3+ € P, then

lcn] < 2.

This bound is sharp.
Lemma 3.2. [50, p.152] If p(z) = 1 +c1z2+ 22> +¢32° +--- € P, then
2c; =t +x(4—c}), (3.2)
4e3=c3+2c1(d—Dx—c1(d— D2 +2(4 =) (1 - [x)y, (3.3)
for some x,y € D.

The following result on the optimal value of a quadratic expression is also needed

in the sequel. These estimates are obtained by standard calculus computations.

4LN—M* M>O,L§—M,

2 = M 4
012?3"4(1" +Mt+N) N, M<0,L<-Y (3.4)

I6L+4M+N, M>0,L>—% orM<0,L>—%.

3.2 The Second Hankel Determinant of The kth-root Transform of Ma-Minda

Starlike and Convex Functions

This section considers the class of Ma-Minda starlike and convex functions. For each

class, a bound is obtained for its second Hankel determinant of the kth-root transform.
Definition 3.1. [77] Let ¢ € P be given by

0(z) =1+Biz+ B+ B +---, (B >0,z€D). (3.5)
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Further, assume that @ is univalent in D, maps D onto a region starlike with respect

to 1, and @(ID) is symmetric with respect to the real axis. The class ST (@) consists of

functions f € A4 satisfying zf'(z)/ f(z) < @(2).

In the literature, this class S7 (@) is widely called the Ma-Minda starlike functions

with respect to ¢. For the particular case when ¢ is given by

14+ (1 -20a)z

0 =1+2(1-a)z+2(1- ) +2(1—a) +---, 0<a<l,
-z

Pa(z) =

the class S7 (@) := 57 (@) is the well-known class of starlike functions of order a.

For the function

1+ § 16 , 184
veY’ =1+ 2t b e
1 -z T 3r

ST (@pag) is the class ST p of parabolic starlike functions introduced by Rgnning

o'l

Ali and Ravichandran [21] gave a survey on parabolic starlike functions and its related

[131]:

STp:= {feﬁl:Re (;{5) >

class of uniformly convex functions.

When

(g a2 2642 e, 0<B 2
op() =7, ) =1+2Be+2B°+3p(1 420+, 0<p<1,

the class ST (@p) is the familiar class ST g of strongly starlike functions of order B:

oo {renm(£2)] %)

The class ST (\/ 1 —l—z) is the class of lemniscate of Bernoulli starlike functions
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studied in [136]:

ST = {feﬁl:

() <}

The first result in this chapter finds the bound for the second Hankel determinant

of the kth-root transform for Ma-Minda starlike functions.

Theorem 3.1. Let ¢ be given by (3.5), f(z) = z+ Yo rand" € ST (@), and F(z) =
Yo biny 121 be its kth-root transform. Further, let 8§ = l/kz.

1. If By, By and B3 satisfy the conditions
|B2| <Bj, and |4B1B3— 5341‘ . 3B%| — 33% <0,

then the second Hankel determinant satisfies

B
42

[H2(2)| = |brs1bsir1 — by | <
2. If B1, By and Bj satisfy the conditions
|By| > By, and |4B1B3— 8B} —3B5|—B||By|—2B3 >0,
or the conditions
|B| < By, and |4B\B;— 8B} —3B5|—3B3>0,
then the second Hankel determinant satisfies
i 1b3p 1 — by ] < %kz|43133 — 8B{ - 3B3|.
3. If B1, By and Bj satisfy the conditions

|By| > By, and 2B+ B|B,|—|4BBs— 8B} —3B3| >0,

then the second Hankel determinant satisfies

B3 <3|4BIB3 — 8B} —3B3| — 4B} — |B,|? —4BI|BZ|) |

Dbyt — b3 ] <
biribstet =B < 142 |4B\B3 — 8B} — 3B3| — 2By |B,| — B}
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Proof. Since f € ST (), there exists an analytic self-map w of D with w(0) =0

satisfying
z2f'(2)
=0w(z)). (3.6)
Ty = o)
Define the function P; € P by
1+w(z) 2
P (7) = -1
1 (2) p— +ceizt e+,
or equivalently,
Pz)—1 1 ciy 2 ciy .
— —— 1 — — e ) 3.7
w(z) ABES 2(C1Z+(cz 2)z + (c3 c1cz—|—4)z 4+ (3.7)

By using (3.7) along with (3.5) lead to the expansion
P(w(z)) = 1+Biw(z) +Bow?(z) + -

_I_
B 2 3
= 14—71 (C12+(Cz—%)ZZ+(C3—6102+%)Z3—|—"')

B C% 2 C% 3 ’
+7 (C]Z—l—(Cz—E)Z +(C3—c1c2+z)z +)

Bs e i\ 3 ’

+7 (C1z+(62—3)z +<C3_C1€2+Z)Z +) NI
_1+7C1Z+<2(2_5)+IC1 z

3 2 3
c3 c1C2 (& 2 o] B3C1 3
Bi(5 - +3)tBa(s — )+ — oo (38
+< 1(2 > +8)+ 26‘1(2 4)+ : )z+ (3.8)
Now

/
ZJ{(S):1+612Z+(2a3—a%)z2+(3a4—3a2a3+a§)z3+---. 3.9

Comparing with (3.6), (3.8) and (3.9), it follows that

m

az

[\)

2

1 B3¢
( 31 C2—— -l-ZBzC%)'i‘%),

l\JI'—‘
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1
= g((B%-B] —I—Bz)C%—l-ZB]CQ),

1 /—Bic3  3Bic3
a4:—( +
3 8 16
26‘2—C% B3c?
ErH+50)

3B3cic 4¢3 —4cier + 3
112—1-31( 3 12 1)

(Bi —Bi+By) + 3

+ B>

1
= 25 ((=4B2+281+B} - 38} 38,5, +285)c]

+2(3B} 4B, +4By)c12+ 8Bics ). (3.10)

Consequently (3.10) and (3.1) yield

Bicy
bit1 = BT
1 1—%
bok+1 = 8k<(32 31+Bz)6‘%+231€2> +(87)B%C%,

I
it = 7o (B =381 +2B1 — 4B, + 3818, + 2B )} +2(3B] — 481 +4Bs)cxc

(1 —k)Bjci
16k2

(1 —k)(1—2k)
48k3

—|—8Bl(,’3>—|— ((B%—Bl—l—Bz)C%—l—zBlCz)—l— B?c?.

Lengthy computations, validated by Mathematica, show that

1 1 (1—-k)?  (k—1)(2k—1)
, 44
biy1b3kr1 — by = (96k2 T2 T eaid 06/4 Bici

1 1 1=k (k=1 .,
. BB
+(32k2 TR TR VTS o}

1 1\ 1 1
g eme ) BT\ 33 T o2 BiBaci+

1 1=k (1=k) 1\ .44
- - B
* (32k2 T3 T e 3w )19

BlB3c1 B%c%cz

1 1 1o N 1
c —_—— [
RTYS 64k2 21 12k2 ' 16k2

Y (R N ) SR N L O 3
16k2 7 16k3 | 16k2 | 16k3 ) 1°1%2

—1 — ! 2 1 ) 1
12w~ 1em | BiBeie gt t ppbiae:
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Thus

2

B 1 B
2 _ b 2 3 2\ .4
bk+1b3k+1 _b2k+l = W (4(32 —B]>CIC2 + (B] — ﬁB] — 2By +4B;5 — 3E)C1
+16Bjcic3 — lzBIC%).
Next, for ease of computations, let
d]Zl6B], d2:4(Bz—Bl), d3:—1231,
B3 B
dy = B) — 8B} — 2By +4B3 —3=2 d T=—->. 3.11
4=B I 2 +4B3 B M 19212 (3.11)
It follows that,
‘bk+1b3k+1 — b%k—l—ll =T |d1C1C3 +d2C%C2 +d3C% +d4C£11| . (3.12)

Substituting the values of ¢, and c¢3 respectively from (3.2) and (3.3) in (3.12), then

dicy
it —Beet| = T (6 20108 — ) —er?(4— ) +2(4 = D) (1~ xP)y)
drc? d
+ % (c% +x(4— c%)) + 13 (c‘lt +20%x(4 — c%) +x2(4 — c%)z)
-I-d4cﬂ

T
=7 ’dl (c‘l1 + 2c%x(4 — C%) — c%x2(4 — c%) +2c(4— c%)(l — |x|2)y)
+d (2c‘1‘ +2xc (4 — C%)) +ds (c‘l1 +2xc3(4—c3) +x2(4— C%)z)

+4dycf.

Since the function p (eiez) (6 € R) is in the class P for any p € P, there is no loss

of generality in assuming ¢; = ¢ > 0, ¢ € [0,2], it follows that

T
biy1b3k+1 _b%k+1‘ = Z’C4 (d1 +2d, + dj -|-4d4) +2X6‘2(4—62>(C[1 +dy +d3)

+ @ =P (—diP +d3(4—cP)) +2dic(d— ) (1 - |x*)y
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for some x,y € D. With s = |x|, (3.11) yields

T BZ
[brs1baiet — by | < Z<C4 1683 — 468} — 122 | + 85 (4 — ) |By|
1

+5%(4 — ?)(4B1c? +48B)) +32Bjc(4 — ) (1 — s2)>

= T(c4

+B1s*(4—c?)(c—2)(c— 6))

B2
4B; — 8B} —3-2

32 +8B1c(4—c?) +2|By|scP(4—c?)
1

:=F(c,s),

where (c,s) € [0,2] x [0,1]. Now

%—I; =T (Z\Bz\c2(4—c2)—|—2315(4—c2)(c—2)(c—6)) :

For 0 < s < 1 and for any fixed ¢ with 0 < ¢ < 2, it is evident that JF /ds > 0, and

thus F(c,s) is an increasing function of s. Hence

F(c,s)=F(c,1) :=G(c).
[max (c,s) =F(c,1) (c)

Upon simplification, we find that,

B 3B3
G(c) 1 <c4 (‘433 — B3 — B—2
1

= ~2|By| B 2(|By| — By) +48B; |.
D Bal - B )+ 8622~ B1) 448 1>

Writing ¢? = ¢ and

3B3
L= ’433—63{’——2
B

—2’32’—31, M:8(|32|—Bl), and N:4831,

it follows from (3.4) that,
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4LN—M? M
T’ M>0,L§—§,

192k2
1

| 16311 —b%kﬂ‘ <94 N, M<0,L<-Y

16L+4M +N,

<
V
=
h
\%
|
I=
]
=
<
N
L
h
v
|
I

These conditions now lead to the desired bounds for the second Hankel determi-

nant.

Thus for |B;| < By and |4B1B3 — 8B} —3B3| —3B3 < 0, the second Hankel deter-
minant satisfies
» B
bi+1b3k+1 —b < .
| k+1P3k+1 2k+1| = 252

For |By| > By and |4B1B; — 8B —3B3| — B||B2| — 2B > 0, or for |By| < B; and
|4B1B3 — 8B} —3B3| — 3B% > 0, the second Hankel determinant satisfies

1

Tz 48183 — 5B} —3B3|.

b 1D — b3y | <

For |B,y| > By and 2B? + By|By| — |4B B3 — 8B — 3B3| > 0, the second Hankel

determinant satisfies

B} (3|4BIB3 — 8B} —3B3| — 4B} - |Bz|2—431|32|> O

bis1b3kr1 — bypp | <
biribsie =bal < 142 [4B1B; — 6BY —3B2| — 2B, |By| — B>

The special case k = 1 in Theorem 3.1 reduces to the result obtained by Lee et al.
[72].
Corrollary 3.1. [72, Theorem 1] Let f(z) =z+ Y, ra,7" € ST (9).

1. If By, B, and B3 satisfy the conditions
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then the second Hankel determinant satisfies

BZ
lagay —a3| < Zl

2. If By, B and B3 satisfy the conditions
|By| > By, and |4B\Bs—B}—3B3| —Bi|By| —2B3 >0,
or the conditions
|By| < By, and |4B\B3—B}—3B3|—3B}>0,
then the second Hankel determinant satisfies
\azay —a3| < 11—2|4BlB3 — B} —3B3]|.
3. If B1, By and Bj satisfy the conditions
Bo| > By, and 2B+ B\|By|—|4B\Bs — B} —3B3| >0,

then the second Hankel determinant satisfies

B? (3]|4B B3 — B —3B2| —4B? — |B,|* — 4B, |B
a2a4—a%|§ 1( [4B1B3 1 2| 1 |B,| 1] 2])

12 4B\B3 — B* — 3B2| — 2B/ |B,| — B

With k = 1 and the choice ¢(z) = (1+2)/(1 —z), that is, B = B = B3 = 2,
Theorem 3.1 reduces to the following corollary.
Corrollary 3.2. [64, Theorem 3.1] Let f(z) =z+ Y s an" € ST . Then |azas — a% <
1.

Judicious choices of ¢ in Theorem 3.1 lead to the following results for the special
cases.

Corrollary 3.3.
1. If f € ST (), then |biy1b3p i1 _b%kﬂ‘ < (1—a)?/k2

2. If f € ST L, then by b3y — b3y | < 1/(16k%).
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3. If f € ST p. then |bgy1b3ir — b3y, | < 16/(7*k3).

4. If f € ST g, then by 1byr — by | < B2/K2.

Proof. 1. If f € ST (a), then ¢(z) = (1 + (1 —2a)z)/(1 —z). Thus B = B, =

B3 =2(1— a), by applying Theorem 3.1, |byy 15341 — b3 4| < (1— a)? /K%

2. If f € ST, then ¢(z) = v/1+z. Thus By = 1/2, B, = —1/8, B3 = 1/16, by

applying Theorem 3.1, by 1b3ii1 — b3, | < 1/(16k2).

2
3. If f€ ST p, then o(z) = 1+2/7r2<10g (1++2)/(1 —\/z))) . Thus B = 8/72,
B, =16/37%, B3 = 184 /457%, by applying Theorem 3.1, |byy 15341 — b3 | <

16/(7*k?).

4. 1f f € ST g, then ¢(z) = ((1+2)/(1 —Z))B. Thus By =28, B, = 2B%, B3 =

2B(1+2B%)/3, by applying Theorem 3.1, |by1b311 — b3y 4] < B2/K%. O

Definition 3.2. [77] Let ¢ € P satisfy the condition in Definition 3.1. The class C'V (@)
of Ma-Minda convex functions with respect to ¢ consists of functions f satisfying the

subordination

2f"(2)

T

< 9(2).

The bound for the second Hankel determinant of the kth-root transform for Ma-

Minda convex functions is determined in the next theorem.

Theorem 3.2. Let ¢ be given by (3.5), f(z) =z+ Yo ra,?" € CV(9), and F(z) =

+Yo biny 121 be its kth-root transform.
1. If By, B, and B3 satisfy the conditions

3k +4k—6
%B?+4|Bz|—231§0, and
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6(k+1)— (k+3)?

e B} + (3k* —5k+2)B} +

(9% —38)
k

then the second Hankel determinant satisfies

) B}
|bry 103511 — by | < 362

2. If By, B, and Bj3 satisfy the conditions

3k +4k—6
gzﬁﬂwﬂ—wlzo, and

k
o Ok + 1)4;2(“ 3)23‘1‘ + (3k? — 5k +2)B3 + @B%Bz + 6B B3 —4B3
— wzﬁ —4B1|B,| - 6B7 >0,
or the conditions
L}MB% +4|B;|—2B; <0, and
6k+ 1);(2(“36)23‘{ + (3k* — 5k +2)B} + (9kk_ S)B%Bz +6B1B3 —4B3
—4B7 >0,

then the second Hankel determinant satisfies

by 1b3k41 — b3 |

(6(k+1) — (k+3)?)
4k2

B
<
— 144k

B} + (3k* — 5k +2)B? +

3. If By, By and Bj3 satisfy the conditions

(3k> + 4k — 6)B3 4+ 4|B2| — 2B, >0 and

(6(k+1)— (k+3)?)
4k2
(3k> 4 4k —6)

— Bl —4Bi|By| ~ 6B} <0,

(9% —

2 B3+ (3k* — 5k +2)B? +

83

B3iB, + 6B B3 —4B3

(9% —8) B3
BB, +6B3 —4—=|.
A 182 +6B3 B
8 B3
)31324—633—4—2‘

By



then the second Hankel determinant satisfies

bk 1b3k1 — b3 |

16| S k3 gt | (352 5k 4-2)B3 4 O 2B, 4 6B, By — 4B3| — 16]B,
2 _ 2 _6)2 2 —
B —48B)|B,| — 3682 12(3k Z4k 6)3? _ (K +:2k 6) B~ 8(3k :4k G)B%|B2|

<
~ 576k?

_ 2 _
Ot )3 pt | (342 — 5k +2)B3 + ) g2, 1 6B, By — 4B3

— G5 g3 _ 4B, |By| — 283

Proof. Since f € CV(@), there exists an analytic self-map w of D with w(0) = 0

satisfying
2f"(2)
1+ =@(w(z2)). (3.13)
EER
Define the function P, € P by
1+w(z) 2
Pi(z) = -1 .
1(2) —w(2) +c1z+ "+
Now
zf"(z) ) 2 3 3
1+ = 1+2az+ (—4a; +6a3)z” + (8a; — 18azaz + 12a4)2” +--- . (3.14)

f'(z)

Comparing with (3.8), (3.13) and (3.14), it follows that

Bicy
az = 4
az = %((B% — By +B>)ci +2Bjc2),
as = 19%((—432 +2B) + Bj —3B% +3BB, +2B3)c}
+2(3B} — 4B +4B>)cic2 + 8B c3). (3.15)

Consequently (3.15) and (3.1) yield

Blcl
b = —
k+1 4k ’

1 k+3
b2k+1 = m ((Bz—B])C%—l—ZB]Cz) + ( )

22
g2 Bict:
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1 (4k> —3k+1) 4 5 3
byl = B3 —3B?+2B; —4B> +3B1B, +2B
3k+1= ook (( 2 1 | T 2D 2+ 36102 + 3)61

1 (k+2) , 1
— B3 — 4B, +4B —B
96k (( r Ol 1+ 2)6102> MY TRLE

(1—k)Bc3

60 (B —B1 +B>).

Lengthy computations, validated by Mathematica, show that

B <C4<(6(k+1)—(k+3)2)33+(8k 9"2)(32 B\By)

by 1bsis1 —bag | = ——
RIS P2k ™ 76882 1242 ! 312
4 B2, 2
— —(By+=2)+=(B, +3B
3( 2+Bl)+3( 1+ 3)>
2¢2¢y (32 +4k—6 16
+ Cécz(( 3 )B%—4Bl+432)+831€103—?31C% .

Next, for ease of computations, let

2 [ (3k* + 4k — 6)B? 16B
dy =8By, dr=3 3K+ ) L 1 4(B,-B)) |, a’3:——17
3 k 3
(6(k+1)—(k+3)%) 5 (8k—9k%), ,
d. 24( B? — BB
4 48k2 ]+ 12k2 ( 1 1 2)
1 B 1 B
Bo+ —2 4 (B, +3B ) d T=-1_ 3.16
—3Bat 3 |+6( 1+383)), an 76812 (3.16)
Then
bir1b3eset — by 1| = T |dicics + dacier +dacs +dact] . (3.17)

Since the function p (eiez) (6 € R) is in the class P for any p € P, there is no loss
of generality in assuming ¢; = ¢ > 0, ¢ € [0,2]. Substituting the values of ¢, and c3

respectively from (3.2) and (3.3) in (3.17), it follows that

T
bk+1b3k+1 _b%k—i—ll = 1 ‘ (d] —|—2d2—|—d3 —|—4d4) —|—2XC ( )(d] +ds —l—dg,)

+(4— Cz>x2(—d102 +ds3(4— cz)) +2dic(4— c2)(1 - ]x]z)y}
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for some x,y € D. With s = |x|, (3.16) yields

(6(k+1) — (k+3)?)

(3k> — 5k% + 2k) 5

T
bis1bsket — b3y | < 4 (1664 482 Bi+ 12k !
_ B + (9k2_8k)3 B +B3 +325¢?(4—c?)
3B, 12k2 T
Bl GOLak—OB | o o (B, 4B,
1657 (4 —¢?) 2+ —+
( c + YT + 16s ( c) 6 c+ 3

+16Bjc (4—c?) (1—s2)>

4
c
=T =
(5
2

B
+ (9% — 8)B1 B, +6B; —4B—2
1

(6(k+1) — (k+3)?)
42

B} + (3k* — 5k +2)B?

+4Bc (4 — cz)

+ %scz (4—c?) ((3k* + 4k — 6)B} +4|Bs|)

- %SZ (4—c?) (c— 2)(0—4))

:=F(c,s),

(c,s) €[0,2] x [0,1]. Now

c2 2 -
(;—I: =T <§ (4—c?) (WB%+4|BQ|) +4%s(4—c2) (0—2)(0—4)) :

itis clear that dF /ds > 0 for 0 < s < 1 and for any fixed ¢ with 0 < ¢ < 2. Thus F(c, s)

is an increasing function of s Hence

max F(c,s) =F(c,1) :=G(c).

0<s<1

Upon simplification, we find that

Gle)=T (5 (| D3 g | 52— sts 2088 + KD,

B%‘ (3k> + 4k —6)

6B, — 42 B2 _4|B —2B>
+6B3 B, . | —4|Ba| 1

86



4 5, (3k>+4k—6 64B
+ 5&(%3% +4(By| —2B;) + Tl> .

Writing ¢ =t and

1(
L=~
3

(6(k+1)— (k+3)?)

Ok — 8
B?+(3k2—5k+2)3%+< . )Ble

4k?
B3| (3k*+4k—6) ,
+6B3 —4-2| -~ B —4|B,| - 2B |,
B k
4 /(3k*+4k—6
M= §<%B?+4|Bz| —2Bl>, and
v 4B
=
it follows from (3.4) that
( 2
UNM M>0,L<-4
768k> 5
B by 1b3ky1 —byy | < 4 N, M<0,L< _%’
16L+4M+N, M>0,L> ¥ orM<0,L>-4.

These conditions now lead to the desired bounds for the second Hankel determinant.

The special case k = 1 in Theorem 3.2 reduces to the following corollary.
Corrollary 3.4. [72, Theorem 2] Let f(z) = z+ Yo, an?" € CV(9).
1. If By, By and Bs satisfy the conditions
B} +4|By| —2B; <0, and |6B1B3+ BB, — B} —4B3| —4B% <0,
then the second Hankel determinant of f satisfies

B2
2 1
aras — a <_.

87



. If B, By and B3 satisfy the conditions
B2+4|By|—2B; >0, and 2|6B\B3+BiBy— B} —4B3|— B} —4B;|B,|— 6B} >0,
or the conditions
Bi+4|By|—2B, <0, and |6B\B3+ BiB, — B} —4B3|—4B? >0,
then the second Hankel determinant of f satisfies
2 1 2 4 2
laras —az| < m|6BlBg + B1B, — B] — 4B;|.
. If By, By and Bs satisfy the conditions
B?+4|By|—2B; >0, and 2|6B\B3+B3B,—B}—4B3|—B; —4B|B;|—6B <0,

then the second Hankel determinant of f satisfies

|aza4 — a3

<ﬁ 16|6B1B3 + BB, — B} — 4B3| — 12B3 — 48B,|B,| — 3687 —B} — 8B}|B;| — 16|B,|? .
576 |6B1B3 + BB, — B} —4B3| — B} — 4B, |B,| — 2B?

With k = 1 and the choice ¢(z) = (1 +2)/(1 —z), that is, B = B, = B3 = 2,

Theorem 3.2 reduces to the following corollary.

Corrollary 3.5. [64, Theorem 3.2] Let f(z) = z+ Yo ,a,2" € CV ((1+2)/(1 —

2)) =CV . Then \a2a4—a§\ <1/8.

3.3 Further Results on The Second Hankel Determinant

In this section, several classes of normalized analytic functions are considered. For

each class, a bound is obtained for its second Hankel determinant.

Definition 3.3. Let ¢ € P satisfy the condition in Definition 3.1, and b be a non-

zero complex number. The class R, (@) consists of functions f € A satisfying the
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subordination

1+% (f'(x)—1) < 0(2).

This class was considered in [22] for the more general case of p-valent functions.
The case b =1 and ¢(z) = (1+2)/(1 —z) gives the subclass of close-to-convex func-
tions studied by MacGregor [78], consisting of functions whose derivative has positive
real part. Al Amiri et al. [18] introduced the general class of analytic functions satis-
fying Re {1+1/b((zf"(z)/g(z)) —1)} > 0, for some starlike function g. It is evident

that R, (@) coincides with this class for g(z) = zand ¢(z) = (1+2z)/(1 —2z).

The following theorem gives the bound for the second Hankel determinant of the

kth-root transform for functions in class R, ().
Theorem 3.3. Let ¢ be given by (3.5), f(z) =z+ Y, ranz" € Ry(®), and F(z) =
2+ bins 121 be its kth-root transform. Further, let

3(k*—1)

2
72 b*.

A =|9B1B3—8B;+68B{|, and &=
1. If By, By and B3 satisfy the conditions

7
[Ba| < JB1,  and 8B3 -1 >0,

then the second Hankel determinant satisfies

Bib?
k2

|b1b3ks1 — B3y | <
2. If By, By and Bsx satisfy the conditions

7 9
[B2| > 2B1,  and EB%+Blszy—/l§0,

or the conditions

7
[Ba| < SB1,  and 8BI -1 <0,
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then the second Hankel determinant satisfies

b*2
|brs1b3isr — by | < 3322

3. If B1, B and Bj satisfy the conditions
7 9,
|Bz|>§Bl, and EBl—FBl |Bz|—/120,

then the second Hankel determinant satisfies

b*B? (321 —36B,|B,| — 81B% — 4|B,|?
|bi1b3ks1 — B3y | < ] ( L] 1 — 4B )

2532)2 A —2B;|B,| — B?

Proof. The proof is similar to Theorem 3.2. There exists an analytic self-map w of D

satisfying
1 /
T4 (f@)=1) =9 (w(). (3.18)
Now
1 / _ 2 3 2 4 3
1+ A (f () 1) =1+ bazz—f— ba3z + ba4z +eee (3.19)

Comparing with (3.8), (3.18) and (3.19), we find that

Bicy
a = b——
2 4 ’
B (ZBlcz—Blc%—szc%)
as = 12 )
4Bic3 —4Bicicy + B3 +4Bocicr — 2Byc + By
a4:b( 1€3 1c1c2+ Bicy 2C1C2 207 31)_ (3.20)
32
Consequently (3.20) and (3.1) yield
Bicy
b =b——
k+1 Ak 3
b 2 2 (1_k>b2 22

b
b3jyr1 = 37( (431C3 —4Bjcic2 +Blc? +4Bscicy — ZBZC? —|—B3C%)
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(1—k)b? (k—1)(2k—1)
ETTE R (ZB%clcz —B%c? +B1Bzc?) + 84 b3B?c?.
Thus
b? 3(k2—1)
2 2 2 3p2 2p4\ 4
bk+1b3k+1 _b2k+] = W ((Bl —ZB]B2+3 BIB?, -2 B2—|— (23—1{2b Bl>cl
+22 (3132 — B%)c%cz + 22323%0103 — ZSB%C%> .
Writing
dy =36B}, dy=4B;(B,—B), d3=—32B}
2 2 4 |b’2
d4:B] —2B1B2+9BIB3—8B2+63 N and T = W’ (321)
then

|bis1b3ks1 — D3y | = T |dicics +dacier +dacs + dact] .
Equations (3.2) and (3.3) show that

T
bis1b3ert — by | = Z|c4(d] +2dy +d3 +4dy) + 2x* (4 — ) (dy + dy + d3)

+(4- cz))cz(—dlc2 +ds(4— cz)) +2dyc(4—c*)(1 - \x\z)y|

for some x,y € D. With s = |x|, (3.21) yields

biibsis — | < T(&% +25¢2(4— 2)By|Ba| + 18B2c(4 — ) (1 — $2)
+(4—A)PB2 (92 +8(4— ) — 18(:))
- T(c47L 4 25¢2(4— 2)By|Ba| + 18B2c(4— 2)
+ (4 —cH)s*Bc—2)(c— 16))
= F(c,s),
(c,s) €10,2] x [0,1]. Now

IF

=T (2¢*(4 — c*)B1|Ba| +25B7 (4 — ¢*)(c —2) (c — 16)),,

it is evident that dF /ds > 0 for 0 < s < 1 and for any fixed ¢ with 0 < ¢ < 2. Thus
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F(c,s) is an increasing function of s, and hence

max F(c,s) =F(c,1) :=G(c).

0<s<1

Routine simplifications yield

G(c)=T (c“(l —2B,|By| — BT) +4¢*B (2|B2| — 7B1) + 1283%).
With ¢? =t and
L=A—2B||By)|—B}, M=4B|(2|By|—7B;), and N =128B3,

it follows from (3.4) that

4LN—M? M
a M>0,L=-%,

2732k2 )
T‘bk+lb3k+l_b2k+l‘ <3 N, M<0,L<-1%,

16L+4M+N, M>0,L> - orM<0,L>-Y.

Inserting the values of the parameters L,M and N yield the desired conditions and

bounds. O]

When k =1 and b = 7, Theorem 3.3 is equivalent to Theorem 3 in [72] for y = 0.
Corrollary 3.6. [72, Theorem 3] Let f(z) =z+ Y, »anZ" € Re(Q). Further, let A =
9B B3 — 8B3|. Then

1. If By, B, and B3 satisfy the conditions

7
B2 < 5By, and 8B7 —2 >0,

then the second Hankel determinant satisfies

B?|b|?
‘a2a4—a%‘ < ]|9 | .

2. If B1, By and Bj satisfy the conditions

7 9
\32\2531, and EB%+31132]—/1g0,
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or the conditions

7
[Ba| < JB1,  and 8B3 -1 <0,

then the second Hankel determinant satisfies

[b]°A

’a2a4—a%‘ < 5337

3. If By, B and Bsx satisfy the conditions

7 9
|Ba| > SB1,  and zB%JrB1 |By| — A >0,

then the second Hankel determinant satisfies

b|?B? /32) —36B|By| — 81B% — 4|B,|?
a2a4—a%‘§‘| 1( 1 |B2] i |2|)

2532 A—2B|B;| - B}

For k =1, b = 1 and the choice ¢(z) = (142)/(1 —z), that is, B = B, = B3 = 2,

Theorem 3.3 is equivalent to Theorem 2.1 in [63] for y = 0.

Corrollary 3.7. [63, Theorem 3.1] Let f(z) =z+Y,, ranz" € R1((14+z2)/(1—z)) =R

Ol

Then |ayaq — a%‘ <

For k =1, b = 7 and the choice ¢(z) = (14+Az)/(1+Bz), =1 < B <A <1, The-
orem 3.3 is equivalent to Theorem 2.1 in [29] for ¥ = 0.

Corrollary 3.8. [29, Theorem 2.1] Let f(z) =z+ Y, ,an?" € R:((1+Az)/(1+ Bz)).

Then |azas — a3| < |t|*(A—B)?/9.

Definition 3.4. Let ¢ € P satisfy the condition in Definition 3.1, and a0 > 0. The class

ST (o, @) consists of functions f € A satisfying the subordination

') azzf”(Z)

f(z) f(z)

< 9(2).
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Padmanabhan [117] introduced the class $7 (@, ¢) in 2001 and investigated suffi-
cient conditions for starlikeness. The special case when @ =1 and ¢ = (142)/(1 —2)
was considered in [127]. It is evident that S7 (0, @) reduces to the class S7 (@) treated

in Definition 3.1.

Theorem 3.4. Let ¢ be given by (3.5), f(z) =z+ Yo rand" € ST (o, ), and F(z) =

Z+Y bins 121 be its kth-root transform. Further, let

A =|8B] —2aBiB, +4(1+2a)(1+30)’B;B3 — 3(1+2a)*(1+4a)Bj),

u=(14+20)(120° +6a+1), and
5_ —1 100+ (5k* —33) o* +12 (k* = 3) o
B ((1+2a)k)? '

1. If By, B, and B3 satisfy the conditions

ulBo| — (1+2a) (1+6a+6a*) B +aBi <0, and
A —3(14+2a)*(1 +4a)B? <0,
then the second Hankel determinant satisfies

B}
2(1+3a)k)*

|bis1barst — b3y | <
2. If By, B, and B3 satisfy the conditions
u|By| — (1+2a) (1 +6OH—6062) Bi+aB?>0, and
A—B (u By|+ 0B —2(1+2a) (1 +6a+9a2)31) >0,
or the conditions
ulBy| — (1+2a) (1+6a+6a?)B;+aBf <0, and

A —3(14+2a)*(1+4a)B? >0,
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then the second Hankel determinant satisfies
A
5
3(1+4a) (2(1 F20)(1+ 3oc)k>

| 1b3ks1 — B3y | <

3. If By, By and B3 satisfy the conditions
ulBy| — (1+2a) (1+6a+6a*) B +aBf >0, and
A-B <u By| + aB? —2(1+ 2ax) (1+ 60 +902) Bl> <0,

then the second Hankel determinant satisfies

P
p
biy1bsiy1 — by | < —,

0

where
P= B%(— 3(1+2a)(1+60+8a%)( — A+ (u+2aB;)B] +2uB |B,|)
— (@B} — (1420)(1+ 60+ 60%)By +u[Bs )" ),
and
Q = 12k*(1+2a)*(1+3)*(1 +4a) (A — B (u+2aBy) — 2uB; |By|).

Proof. Let

2f'(2) + a?22 f"(2)
f(z)

= ¢ (w(2)) (3.22)

for an analytic self-map w of . Since

2f'(z) + 0222 f(2)

f(z) = 1+ (1 +2a)arz+ (2(1+3at)as — (1 +2a)a3) 2

+ (3(1 +4a)ay — 3+8a)azas + (1+20)a3) 2 + -,

(3.23)
it follows from (3.8), (3.22) and (3.23) that

1
:—B
20 t2a) Y
1 2 22
= 14-20)(2B1cy — (B — B B )
“ 2(142a)(14+3a) <( +20)(2Bic2 — (Bi = B2)ei) + Bici )
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1

(3+8a) 2 23 3 33 ZB?C?
1+20)(2B —B BB B e e I
(1+2a)2(1 +3a) ((1+420)(2Byerc2 — Biei + BiBacy) + Bici) (1+20)2

Consequently (3.1) yields

b — Bjcy
T k(14 20)
byk1 = (@Bica + (B2~ B1)ci) B-katl Bict,
23k(1+3a) 8k2(1+2c)%(1+3a)
b B (4(3163—316102 + Bacicr) —232C%+Blc‘;’+33c%)
3+ 233k(1 +4ar)

(40(3—k)+3) (2B3cico — Bici + B1Bac})
24-3k2(1420)(14+3a)(1 +4a)
(1202 +7a+1) —ak(4a(3—k)+3) 5 4
24.33(1+2a)3(14+3a)(1+4a) 'V

Routine computations show that

- 12 (1203k> 4+ 5a%k> —360° — 330> — 10— 1) 4 4
— = C
k+1Y3k+1 2k+1 263k4(1—|—206)4(1—|—306)2(1—|—406) 1“1
ock(B% (B; — Bz)c‘;' — 2B%c%cz)
2533 (142a)%(1+3a)?*(1 +4a)
(12a%+6a+1)(Bi(B1 —2B>)c +4B1(By — By)cicz)
26.3k2(1+20)(1+3a)2(1 +4a)
(4B3cic3 + B1Bsc}) B (4B3c5 + B3ct)
24.3k2(1 4+ 2a) (1 +4a)  26k2(1+30)?’

which yields

bir1bsist — b3y | = T‘Cél1 (Bl (1(B1 —2B2) +4(1 +20)(1+ 3)° B
208, (B~ B2) +857) ~3(1+20)°(1 +40)53
+cter (431 (u(B2—B1) — aB%))

Y

+16(1 +20)(1+30)*Bicics — 12(1+2a)*(1 +4a)Bic3
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where
_ 1
C203k2(14200)2(1+30)2(1 +4a)

By writing
dy =2*(1+20)(1 +3a)B3,
d» = 4B, (u(B, — B)) — aBY),
dzy = —12(1 +2a)*(1 +40)B3,
dy = By (u(By —2B>) +4(1+2a)(1 +3a)?B;

+20B(B1 —B2) +8B7) — 3(1 +2a)*(1 +40a)B3, (3.24)

then

biy1b3gs1 — b%k—i—l | =T |d1C1€3 + dzC%CZ + d3C% + d4C‘11 .
Proceeding similarly as in the previous proofs, it can be shown that

T
bis1b3ert — by | = Z’c“(dl +2ds 4 d3 +4dy) + 2xc* (4 — ) (dy + dy + d3)

+(4— cz))cz(—dlc2 +ds(4— cz)) +2dc(4 — cz)(l — \x\z)y

for some x,y € D. With s = |x|, (3.24) yields

|bis1bsisr — bypyy | < T<C4l +2By5c* (4 — c*) (ulBa| + BT )
+52(14+20) (4 —c*) (4(1 +3a)?Bic?
+3(1+2a)(1 +4a)Bi (4 —c?))
+8(1+2a)(1+30)2Bc(4— A)(1 —sz))
= T(c4l +25Bic? (4 — c?)(u|By| + aB?)
+8(14+20)(1 +3a)*Bic(4 —c?)
+su(4— Bl e~2)(c—p))

:=F(c,s),
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where

6(1+ 60 +8a?)
p= > 2.
1+6a+12a?

It is evident that JF /ds > 0 for 0 < s < 1 and for any fixed ¢ with 0 < ¢ < 2. Thus

F(c,s) is an increasing function of s. Hence

Gle)=T <C4 (1~ B (u(B1 +2/Ba]) +205)) )
+8B1c* (u|Ba| — (1 +2a)(1 +6a +6a*)B; + oBT)
+48(1+20a)(1 +6a+8a2)3%).
Writing ¢ = ¢ and
L=2— B (u(B) +2|By|) +2aB}),
M =8By (u|By| — (1+20)(1+60+60*)B; +aBj), and

N =48(1+20a)(1+ 60+ 8a®)B?. (3.25)

Now, (3.4) yields

1
bii1byr1 — b3 ] <

‘ k+103k+1 2k+1‘ = 203k2(14-2a)2(1 +30)2(1 + 40x)
4

2
ALN_M” M>0,L<-Y

X N’ MgO’LS_%’

16L+4M+N, M>0,L> ¥ orM<0,L>-4.

\

where L,M and N are given by (3.25). [
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Definition 3.5. Let ¢ € P satisfy the condition in Definition 3.1, and o € [0,1]. The

class L(a, @) consists of functions f € 4 satisfying the subordination

This class is analogous to the a-logarithmically convex functions L, introduced
by Lewandowski ef al. [73]. In [35], Darus et al. found bounds for |a|, |a3| and
laz — Haz|, p real, for f € L(a,(1+2z)/(1 —2)) = Lq. Evidently, L(1, @) reduces to
the class S7 () considered in Definition 3.1 and L(0, ¢) reduces to the class CV ()

considered in Definition 3.2.

Theorem 3.5. Let ¢ be given by (3.5), f(z) =z+ Y, raxd" € L(a, @), and F(z) =

Z+Y bkn+1zk”+1 be its kth-root transform. Further, let
A =|8Bl+VvBiB, +4(2— a)(3—2a)*B1B; — 3(2— &0)*(4 — 30) B3],
u=02—-oa)(70>—18a+12),
v=(7a® - 130> —600+12), and
5= (4(2a —3) (2K a(15 - 17+ 60 — 40°) — 9k(8 — 10a — o +30?)

—6(12—17a+602)) + 93— 4)(— 6+ 4o+ k(—2+ a+o¢2))2)/3(2k(2— ).

1. If By, B, and B3 satisfy the conditions
VB? +2u|Bs| —2(2 — &) (6 — 6a + a*)B; <0, and

A+32—a)’*(3a—4)B? <0,
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then the second Hankel determinant satisfies

2
By
‘bk+1b3k+1 _b%k—i-ll = (m> ‘

. If B1, By and B3 satisfy the conditions
VB? +2u|Bs| —2(2 — &) (6 —6a + a*)B; >0, and
21 — By (vB} +2u|By| +4(2 — a)(3—2a)*By) > 0,
or the conditions
VB2 +2u|By| —2(2— &) (6 — 60,4+ a?)B; <0, and
A+32—a)(Ba—4)B >0,

then the second Hankel determinant satisfies

A
3(4—3a) (22— a)(3—2a)k)*

|bis1b3ist — bipyy | <

. If B1, By and Bj satisfy the conditions
vB} +2u|By| —2(2— ) (6 — 60+ a*)By >0, and

21 — By (vBT +2u[By| +4(2— a)(3 - 2a)*By) <0,

then the second Hankel determinant satisfies

P
2
biy1bsis1 — by | < —,

0

where

p— B%(— (VB2 +2(0t —2)(6 — 60t + &%) By +2u|By| ) + 12(c — 2)2 (3t — 4)

x (uB%+vB§—A+2uBl|BZ|)),

and
0=3(4-3a) (22(2— &) (3—200)k)” (A — uB? — vB} — 2uB, |By])
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Proof. Since f € L(, @), there exists an analytic self-map w of D with w(0) =0

() (+ Z}c:/((;)))(la) — p(w(2).

satisfying

Now

2

(a®+2102 + 200 —48) 4
a;
6

N (LS ON T B (2-a)?-3(4-3a) ,) ,
<f(z)) <1+ f’(z)> =1+(1 2oa)a2z+<2(3 200)as + az)z

+ (3(4 —3a)az —

(402 + 11— 18)azaz) 2 + -+

Y

the above equation and (3.8) yield

Bicy
a) = ———
T 22-a)
23-20) \ 2:42-a)? "1T 2 4 4 )
as = ; (4326102 —2326% —l—B3C'I5 +B3C% +4Bc3 —4Bjcic2 ‘f‘BlC?)
23.3(4-3a)
N (oc3+21a2+20a—48)B3 3, (40’ + 11— 18)
24 322—apd—3a) 1 2532-a)pB-2a)(4—3a)

((a*+50—8)Bjc —4(2— a)*Bicicr +2(2 — &) *Bic;
—2(2—®)?BBaycy) . (3.26)

From (3.26) and (3.1), and after some lengthy computations (validated by Mathe-

matica), we find that

| i 1b3k41 — b3 | = < (53101 +u(B3ct — 4B3cicy — 2B 1By +4B 1 Bscicr)
+v(BiByc! — Bict +2B3cicy) +4(2 — o) (3 —20)* By Bac}
—122—a)*(4—30)Bic3 +16(2— a) (3 —20a)*Bici 3

32— a)?(4— 3a)32c1>
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=T

¢} (8B} +uBy (B —2B,) +VvBi (B, — By)
+4(2—a)(3-20)*B1B3 —3(2— a)*(4 — 30)B3)
+2Bcicy (2u(By — By) +vB}) + 16¢1¢3 (2 — @) (3 —200)*BY)

— 123 (2 — @)} (4—30)B?) )

where

1
3(4—3a) (32— a)(3-2a)k)?*

T =

Let
dy =16(2—a)(3—20)*B3,
d» =2 (2u(B, — By) +VvB}) By,
dy = —12(2—a)*(4 —3a)B1, (3.27)
dy = 8B} +uB (B —2B;) +vB? (B, — B)) +4(2 — a)(3—2a)*B; B3

—3(2—a)*(4 —3a)B3.
It follows that

biy1b3gs1 — b%k_,_] | =T(dicic3+ dzC%CQ + a’3c% + d4céll).

Consequently,

T
bis1b3ert — by | = 7 cHdy 4 2dy + d3 +4dy) + 2x* (4 — ) (dy + dy + d3)

+(4- cz)xz(—al]c2 +ds(4— cz)) +2dc(4— cz)(l — |x|2)y

for some x,y € D. With s = |x|, (3.27) yields
bip1bsis1 — b3 | < T <C4)~ +5¢*(4— c*)By (2u|B,| + vB7)
+52(4— A2 - a)Bi((Ta* — 18+ 12)c?

+12(2— &) (4—3a)) +8c(4— ) (2— a)(3 - 2a)2B3(1 —s2)>
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- T<c47L 4 5c2(4— By (2u|Ba| + vB?) + 8¢(4 — ) (2 — )
(320} + (4~ A)BY(c~2)(c— p) )
:=F(c,s),
where u > 0, v > 0, and
6(8 — 100t +3a?)

— > 2.
P= 1 180+ 7a2

Since dF /ds > 0 for 0 < s < 1 and for any fixed ¢ with 0 < ¢ < 2, it follows that

F(c,s) is increasing relative to s, and so

max F(c,s)=F(c,1):=G(c),

0<s<1
with

G(e)=T (c4 (a — B (vB} + u(2|B,| +Bl))>
p (4191 (2u|By| +vB} — 2(2 — ) (02 — 6ax +6)Bl)>
+48(2—a)2(4—3a)3%).
Letting > = ¢ and
L=2—B; (vB} +u(2|B2| +B1)),
M = 4B, (2(u|B2| —(2—a)(a®—6a+6)B)) +vB%), and  (328)

N =48(2—a)*(4—30)B3.

Now, (3.4) leads to
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1
3(4—3a) (32— a)(3-2a)k)?

|bii1b3esr — by | <

AN M>0,L<-Y
*3 N, M<0,L<-Y
16L+4M+N, M>0,L>—-YorM<0,L>-%4
where L, M and N are given by (3.28). u

Remark 3.1.

1. For o« = 1, Theorem 3.5 reduces to Theorem 3.1, and for o« = 0, Theorem 3.5

reduces to Theorem 3.2.
2. Ifk=1land@=1,then§ = —1,u=1,v=0and A = |4B,B3 — B{ — 3B3|. Thus

Theorem 3.5 reduces to [72, Theorem 1].
3. Ifk=1and & =0, then § = —12,u=24,v= 12 and A = [72B,B3 + 12B3B; —

12B‘1t — 48B%|. Thus Theorem 3.5 reduces to [72, Theorem 2].

With k = 1, a = 1, and the choice of ¢(z) = (1+2z)/(1 —z), that is, By = By =
B3 =2, Theorem 3.5 reduces to the following corollary.

Corrollary 3.9. [64, Theorem 3.1] Let f(z) =z+Y s an?" € L(1,(1+2)/(1—2)) =57.

Then
lazay —a3| < 1.

With k = 1, a = 0, and the choice of ¢(z) = (1 +z)/(1 —z), thatis, B; = By =

B3 =2, Theorem 3.5 reduces to the following corollary.

Corrollary 3.10. [64, Theorem 3.2] Let f(z) = z+ Yo ran7" € L(0,(1 +2)/(1 —

2)) =CV. Then
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0| ==

aras — a3 <

The last theorem gives the bound for the second Hankel determinant of the kth-root

transform for the class M(a, @).

Definition 3.6. Let ¢ € P satisfy the condition in Definition 3.1, and . > 0. The class

M(o, @) consists of functions f € A satisfying the subordination

zf'(z) 2f"(z)
(=) +o (” 70 ) = oG

The class M (., @) is analogous to the a-convex functions of Mocanu et al.[86],

who investigated geometric properties of the class in the case ¢ = (1+z2)/(1 —z).

Theorem 3.6. Let ¢ be given by (3.5), f(z) =2+ Y, rand" € M(, @), and F(z) =

Z+Y bins 121 be its kth-root transform. Further; let

A = |8B{+6aBiB,+4(1+2a)*B1B3 —3(1+a)(1+3a)Bj),

(14 (7 +42) @+ (16+7k) @2+ (12+ ) o )

0=~ (1+a)2 !

andu= (70> +4o+1).

1. If By, B, and B3 satisfy the conditions

u|By|+3aBi — (o’ +4a+1)B; <0, and A—3(1+a)(1+3a)B; <0,

then the second Hankel determinant satisfies

2
By
‘bk+1b3k+1_b%k+l| = <m> '

2. If B1, By and B satisfy the conditions

u|By|+ 3B} — (a* +4a+1)B; >0, and
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A =By (2(1+20)*By +3aB} +u|B,|) >0,
or the conditions
u|By| +30B3 — (a* +4a+1)B; <0, and A—3(1+a)(1+30)B? >0,

then the second Hankel determinant satisfies

A
3(14a)(1+3a) (2(1+2a)k)*

|bir1bskrt — by | <

3. If By, By and Bsx satisfy the conditions

u|By| +3aB} — (a* +4a+1)B; >0, and

A =By (2(1+2)*By +3aBi +u|By|) <0,

then the second Hankel determinant satisfies

L
Q?

p
biy1bsis1 — by | <

where
p— B%(— (6082 — (1+ 40+ 0%)B) +ulB,|)’
—3(1+a)(1+3a) (A + (u+ 12aB1) B} +2uB; |B,|) ) and
0 =3(1+a)(1+3a) (4(14+20)k)* (A — (u+ 12aB)) B} — 2uB)|B,|) .

Proof. Let

2f'(2)
f(2)

zf"(z)

(1-a) f(2)

+a <1+ ) ) (3.29)

for an analytic self-map w of . Since

zf"(2)
f'(z)

zf'(2)
f(2)

(1-a) +oc(1+ >:1+(1+a)a2z+((2+4a)a3—(1+3a)a%)z2
+(34+9a)as — (3+15a)aras + (1 +7)a3) 2°

S (3.30)
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it follows from (3.8), (3.29) and (3.30) that

1

-~ B
20t
B 1 <(1—|—30€)B%C% Bicy Blc% BQC?)
BT 020\ 41+ a)? 2 4 4 )
o — 1 (3+15a) (1+3a)Bic; B%clcz_B%chrBlecf
3(1+3a) \ 4(1+a)(1+2a) \_ 4(1+a)? 2 4 4

B (1 —}—706)B%c% Bicz  Bicic Blc? Bycier Bzc? B3c%
8(1+ ) 2 2 8 2 4 8

(3.31)

From (3.31) and (3.1), direct lengthy computations (validated by Mathematica)

reveal that

bi1bsist — bl | —T’(SBlcl 6B} + 120B3c3cr + 6aB2Bac* — 4uB33cs
+uBict 4+ 4uB|Bycicy — 2uB 1 Boct +16(1 +20)*Bicic3
+4(1420)*B Bsct — 12(1+ a)(1 +3a)Bic3
—3(14+a)(1+43a)B3ct
- T’c‘l‘(sB‘l‘ +60B?(By — By) + uBy (B — 2B>)
+4(1+2a)*B1B3 —3(1+ ) (1 +3a)B3)
+4cierBy (3aB +u(By — By)) +16(1 +2a)*Bicics

where

1
3(140)(143a) (23(1 +2a)k)*

T =
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By writing

dy = 16(1+2a)B3,

d, = 4By (3B} +u(B,—By)),

dy=—12(14+a)(1 +30)B3, (3.32)

dy = 8B} + 6B (By — By )+ uB; (B) — 2B,)

+4(142a)?B B3 —3(1+a)(1+3a)B3,
then
|y 1b3is1 — b3iis | =T |dicics + drcier +dzcs + d4cﬂ .

Consequently,
biibsist — by | = g’c“(dl 20+ s+ 4dy) + 254 — ) (dy + da +d3)

+ (4 — cz))cz(—dlc2 +ds(4— cz)) +2dyc(4—c*) (1 —|x[P)y

for some x,y € D. With s = |x|, (3.32) yields

bki1bskr1 — b3y | < T (C% +2s¢?(4—¢*)B1 (3B} + u|Ba| )
+ 52(4 - cz)B% (uc2 +12(1+a)(1+ 306))
+8c(4—)(1+2a)°BY(1- 7))
=T <c47t +25¢?(4—c?)By (3063% +u|Bs|)
+8¢(4—c?)(1+420)*B + s2u(4 — *)B}(c —2) (C—P)>

:=F(c,s),

where

6(l1+a)(l1+3x
p=SUraIm)

It is clear that dF /ds > 0 for 0 < s < 1 and for any fixed ¢ with 0 < ¢ < 2. Thus F(c,s)

is an increasing function of s. Hence
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F =F(c,1):=G
[max (c,s) =F(c,1) (c),

with
Glc)=T <c4 (A —B1 (6B} +u(B1 +2|B])))
+c? (431 (60tBT +2u|B>| —2(1 +4a + 062)31))
+48(1+a)(1+3a)3%).
Next let ¢2 =7 and
L=2— B, (60B] +u(B) +2|B)),
M =8B, (3aB? +ulBy| — (1 + 40+ a®)By), and (3.33)

N =48(1+a)(1+3a)B].

From (3.4), it follows that

1
3(14a)(143a) (23(1+2a)k)?

|bir1b3isr — by | <

4LN—M? M
vyt M>0,L< -3

X9 N, M<0,L<-—

&R

>

16L+4M+N, M>0,L>—-Y%orM<0,L>-Y.

where L, M and N are given by (3.33). The rest of the proof is now evident. [

Remark 3.2.

1. With o« =0, Theorem 3.6 reduces to Theorem 3.1, and with o = 1, Theorem 3.6

reduces to Theorem 3.2.

2. Ifk=1and @ =0, then § = —1, u =1, and A = [4B1B; — B} — 3B3|. Thus
Theorem 3.6 reduces to [72, Theorem 1].

3. Ifk=1and o = 1, then § = —6, u = 12, and A = |36B,B3 + 6BiB, — 6B} —

24B%\. Thus Theorem 3.6 reduces to [72, Theorem 2].
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With k = 1, a = 0, and the choice of ¢(z) = (1 +z)/(1 —z), thatis, B; = By =

B3 =2, Theorem 3.6 reduces to the following corollary.

Corrollary 3.11. [64, Theorem 3.1] Let f(z) =z+ Y, ra,2" € M(0,(1 +2z)/(1 —

z)) =8T. Then
lazas —a3| < 1.

With k = 1, a = 1, and the choice of ¢(z) = (1 +z)/(1 —z), thatis, By = By =

B3 =2, Theorem 3.6 reduces to the following corollary.

Corrollary 3.12. [64, Theorem 3.2] Let f(z) = z+ Yo ra,2" € M(1,(1+2)/(1 —

2)) =CV. Then |
lazay —a3| < 3
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CHAPTER 4

PRODUCT OF UNIVALENT LOGHARMONIC MAPPINGS

4.1 Introduction

Recall that B(DD) is the set of functions a € #(ID) satisfying |a(z)| < 1 for z € D, and

By is its subclass consisting of a € B with a(0) = 0.

Suppose 0 ¢ f(ID), and log(f(z)) is harmonic and sense-preserving in ID. Then f

is a solution of the equation

for some a € B(D), that is,

ff(z) —a fz(Z)
(f(Z)) =970 .

Thus a nonconstant function f in D which is a solution of the nonlinear elliptic partial
differential equation (4.1) is called loghamonic. The function a is called the second

dilatation of log f.

In this work, emphasis is given on the class Sy, of univalent and sense-preserving

logharmonic mappings in D with respect to a € By. These mappings are of the form

f(z) =zh(z)g(2), (4.2)

normalized by 4(0) = g(0) =1, and 0 ¢ (hg)(DD). This class has been studied exten-
sively in recent years, for instance, in the works of [1, 2,3, 5,6, 7,9, 11, 13, 14, 15]

and [82].
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In addition, recall that S7 j, is the subclass of univalent starlike logharmonic map-
pings. The classical family $7 of univalent analytic starlike functions is evidently a
subclass of STy [1, 4, 6], and [9]. The representation in (4.2) is essential to the
present work as it allows the treatment of logharmonic mappings f through their as-
sociated analytic representations 4 and g. In 2006, Abdulhadi and AbuMuhanna [4]
established a connection between starlike logharmonic mappings of order o and star-
like analytic functions of order . Studies on starlike logharmonic mapping is an active

subject of investigation, several recent works can be found in [27, 28] and [120].

Taking the logarithmic differentiation on (4.2) gives

fz) 1 H(z) L@\ [ (8GR):) _ &k
~zt (55) (@) PO

It follows from (4.1) and (4.3) that the functions 4, g and the dilatation a satisfy

g (zh(z))
g(z) =a(d) zh(z) )
Thus
z8'(z) ; Zh'(2)
@ (” ) ) 2

Given an analytic function y with a specified geometric property and an a € By,

a common method to construct a logharmonic mapping f(z) = zh(z)g(z) in Sz, is to

solve for /1 and g via the equation y(z) = zh(z)/g(z) and (4.5).

Since

it follows from (4.5) that
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which in turn implies

Thus the solution is f(z) = zh(z)g(z) with

_ ¢ als) y'(s) ~ y(2)g(z)
g(2) —exp/o T—a(s) v(s) ds, and h(z) = —

In this chapter, sufficient conditions for the function F(z) = f(z)|f(z)|*" to be
a—spirallike logharmonic function are obtained. By taking the product combination
of two functions f;(z) = zh(z)g1(z), and f>(z) = zh2(z)g2(z) which are univalent star-
like logharmonic with respect to the same a € By, we construct a new univalent starlike
logharmonic mapping F (z) = f} (z) 21_1 (z), 0 <A <1, with respect to the same a. In
addition, if f;(z) = zh;(z)g1(z) is a logharmonic mapping with respect to a; € By , and
f>(z) = zh2(z)g2(2) is a logharmonic mapping with respect to a, € By, sufficient con-
ditions are obtained for the product combination F(z) = f1(z) Zl_l(z), 0<A<I1to
be univalent starlike logharmonic with respect to some t € By. We conclude the work

by providing several examples of univalent starlike logharmonic mappings constructed

from this product.

4.2 Product of Logharmonic Mappings

Let Q be a simply connected domain in C containing the origin. Then Q is said to be
a—spirallike, |ot| < /2, if wexp(—te'®*) € Q for all t > 0 whenever w € Q. Evidently,

if oo = 0, then Q is starlike.

113



Lemma 4.1. (Theorem 1.20) [38, p. 52] Let f € A, and |¢t| < 7 /2. Then f is a—spirallike

in D if and only if

Re (e—iasz;_g)) >0, zeD.

Recall that STgh is the subclass of S, consisting of all @—spirallike logharmonic

mappings. Further, recall that SP% is the subclass of S?gh such that f € H (D).

To prove the results in this section, the following lemmas are required.

Lemma 4.2. (Theorem 1.19) Let f(z) = zh(z)g(z) be logharmonic in I with 0 ¢
hg(D). Then f € ST rp(o) if and only if y(z) = zh(z)/g(z) € ST ().
Lemma 4.3. (Theorem 1.21) Let f(z) = z|z|*Ph(z)g(z) be logharmonic in D with

0 ¢ hg(D), where B = a(0)(1 +a(0))/(1 — |a(0)|?). Then f € .5?2‘]1 if and only if

w(z) = zh(2)/(2(2))""" € SP%.

The first result is to obtain sufficient conditions for the function F (z) = f(z)|f(z)|*"

to be a—spirallike logharmonic mapping.

Theorem 4.1. Let f(z) = zh(2)g(z) € ST 1, with respect to a € By, and Y be a constant
withRey > —1/2. Then F(z) = f(2)|f(2)|?" is an a—spirallike logharmonic mapping

with respect to

A

(= 1HPaE) +7
1+ v+ 7ya(z)

Y

where ot =tan~ ' (2Imy/(1 +2ReY)).

Proof. Since f is logharmonic with respect to a, it follows that the function F(z) =

F@IF @) = fH7F satisfies

F fe )z
f—(1+7’)7+?’ 7
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i f
=a+w§+w@§,
and
(F)z\ AN\ ()
(‘F) =0 () 2 (5)
oDz S )
-a+n(Y )”( 7 )
:<1+7>a<z>§+7§.
Therefore,
L (@) 0enaekerk
a(z) = —x A A
F u+wf+w@f
Y
e a(z)—i—m
1+Y1+a(z)$

Since Rey > —1/2, it follows that |y/(1+47)|*> < 1. Then

2

]ﬁ% (1~ a@P) < 1-la().
and thus
wmkﬂﬁ%2<uwmwi{;
It yields that
d@+T%:2<b+ﬂ@hiy2.
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Evidently,

— 7 <1,
1+a(2)m

A
and hence the function F(z) = f(z)|f(z)|?? is logharmonic with respect to a(z). Now

F(2)=f@If@ =@ F (2) = 22h" 7 (2)g" (2)h7(2) 847 (z) = 2lz| " H (2) G (2),

where H(z) = h'*¥(2)g" (), and G(z) = h7(2)g" 7 (2).
Consider the analytic function

¥(2)

H(2)/(G(2))™" = h" 1 (2)g7(2) /(W ()" 7(2) ™.

It is evident that ¥(0) = 0 and ¥/ (0) = 1. Furthermore,

e"“—zgé)) e i (1 +(1+7) ZZ;S)) + ng/@ — e (Tthl(Z) +(1+7) ® @) ) )

= (14 ((147) — 7e¥) He)

_ i

=e 4 ((1+7)e '™ —7e'%) ()

g(z)
Then
L) (1+y)e@—7e) 20 (z)  ((1+7)e —ye ™) 28 (2)
Re (e T’(Z) ) —cosoc<1+Re ( oSt ) oSt <(2) .
Since
(I+y)e®—7'* (1+y—7)cosa—i(l+y+7)sinc
cos o B cos o
=1+42ilmy—i(14+2 Rey)tana,
and

(1+7)e® —ye™™

_ (I+y7—y)cosa+i(l+y+y)sina
Ccos B

cos o

=1-2ilmy+i(14+2 Rey)tana,
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the condition on o ensures that

(1 + Y>e—ia . 781’(1 (1 + 7)eioc . },e—ioc

- —1.
COos X cos &
Therefore,
WY ) w0
ke ( ¥ () ) e (”R o " g<z>>
= COS c Zh,(Z) —Zg/(Z) = COS c —ZW/(Z)
—cosak (” ) g<z>> xR (wz))'

Since f € ST 1, Lemma 4.2 shows that y(z) = zh(z)/g(z) € ST, and thus

Re (e ) >0

Hence, V¥ is an or—spirallike analytic function. Then Lemma 4.3 shows that F is an

o —spirallike logharmonic with respect to é\l(Z). ]

Corrollary 4.1. Let f(z) = zh(2)g(z) € STy The function F(z) = £(z)|f(z)[* in

Theorem 4.1 is a univalent starlike function if and only if y > —1/2.

Proof. Since

F(2)=f@If @)1 = 7@)f (2) = 2lz*"h" 7 (2)g" () (2)g " 7(2) = 22| T H (2) G(z)

is a univalent logharmonic mapping, where H(z) = h'*7(z)g?(z), and G(z) = h?(2)g' 7(2),
it follows from Theorem 1.18 that Re’y > —1/2. Further, F in Theorem 4.1 is starlike

implies & = 0. Thus Imy = 0, that is, y is real. Hence y > —1/2.

Conversely, let Yy > —1/2 in Theorem 4.1, that is, ¥ is real. Then tana = 0. Since

la| < /2, it follows that o« = 0. Hence F is a univalent starlike function. [l
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The following result derives a sufficient condition for starlikeness for the product
F@) =5 ).
Theorem 4.2. Let fi(z) = zhi(2)gi(z) € ST, (k= 1,2) with respect to the same
a € By. Then F(z) = f} (z)le_’l(z), 0 < A <1, is a univalent starlike logharmonic

mapping with respect to the same a.

Proof. Let w = ((F)z/F)/(F,/F). Then

u:
(fl)z . (f2)z
A 7 +(1-2) 7
Since
(f1): _ (zh)" (f):  (zhy)
i i fHh ] (+6)
and

(fl)z)_ﬁ (@)_8_’2
(fl g L) &’ 7

it follows from (4.4), (4.6) and (4.7) that

/
A8 (1-2)%2

_ 81 82
- / /
l(zlf;ll) +(1_)L)(ZZIZZ)
zhy 2
/ /
PPACLIDT A CiL-)
_ Zh1 th —u
(zh1)’ (zha)’ ’
A 1—-A4
zhy * ) zhy

Thus F is a logharmonic mapping with respect to a.

Now

PO = REOAE = (m@00) (hs@)

= ()l *(2)g (2)gs 4 (2) == h(2)g (),
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where h(z) = i} (z)hy *(2) and g(2) = g% (z)g3 *(2).

The associated analytic function for F is

Arypl-A A 1-A
w(z) = ch(z) _ zh <Z)h127,1 (z) _ <zh1(z)> (zhz(z)> — (1) (va()

8z g)e ) 81(2) 82(2)

Then y(0) =0 and y'(0) = 1. By Lemma 4.2, y; = zhy/gx € ST, and thus

Re (ZW’(Z)) —Re <z1//{ (2)

e ) +(1—A)Re <Z%(Z)> > 0.

va(2)

Hence v is a univalent starlike analytic function, and now again Lemma 4.2 yields the

desired result. ]

The following corollary is an immediate consequence of Theorem 4.2.

Corrollary 4.2. Let fi(z) = zhi(2)gr(z) € ST (k= 1,2,...,n) with respect to the
same a € By. Then F = ff1 ! 27L 2. f,%" is a univalent starlike logharmonic mapping

with respect to the same a, where 0 < Ay < land Ay + Ao +---+ A, = 1.

Sufficient conditions for the product F(z) = f1(z)f " (z) to be univalent starlike

logharmonic mapping is obtained in the following result.

Theorem 4.3. Let fi(z) = 2 (2)gr(z) € STy (k= 1,2) with respect to a; € By.

Suppose also that

Re(1—a1a—z)<Zh—1)l((Zh—2)/> > 0. (4.8)

zhy zhy
Then F(z) = f}(z) 2171 (z), 0 <A <1, is a univalent starlike logharmonic mapping.

Proof. The argument is similar to the proof of Theorem 4.2. Let (F,/F)u(z) = (F;/F).
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In view of (4.4), it is follows that

+(1=2)a (Z};Zz)
2 1 4.9

+(1—/1)<Zzh722)/

/ / /
28 (- &2 pay &)

|,I.L(Z)’ _ 81 82 _ zhy
(Zh1)/ (th), 2 (Zh]),

A—"+(1-2
Zh] +( ) th Zhl

By assumption,

2 2

(zh1)’
zhy

(zhy)’
zhy

(zho)’
zhy

(zh1)’ (zhy)'
1—2
o +( )az 7o

? (zh)" [ (zhy)’
+2/l(1—7L)Re< - ( - )
(zh)’ (zh)'|?

zhy zhy

al(zhl)' az(th)/
_27L(1—/I)Re< - ( i >>

(zh)'|? (zh2)’
o +(1—7L)2(1—|612|2)%

+2A(1—A4)Re <(1 _ala—z)@h—ly(@h—zyD .

‘z +(1-2)

— ‘lal

2

L1y )

in

=22

2

~ 22 ? —(1=2)*|asf?

2

~

= 22(1 i)

Zh1 th

Since |ag| < 1, it is evident from (4.8) that

2

/
(zh) > 0.

Z/’ll

+(1—;L)(Zzh722y

2 /
— ‘)Lcn@—F (1 —7L)a2
Zhl

(zh2)’

A
Zh2

Thus |p(z)| < 1, and hence F is logharmonic mapping with respect to u.

The associated analytic function for F is y(z) = (zh? hé*l) /(g? géfl ). Then y(0) =

0 and y/(0) = 1. It follows from Lemma 4.2 that y;, = zhy /g, € ST, and thus
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Hence v is a univalent starlike analytic function. It is now evident from Lemma 4.2

that F is a univalent starlike logharmonic mapping.

]

Another sufficient conditions for starlikeness of the product F(z) = ffL (2) f21’)‘ ()

is derived in the following result.

Theorem 4.4. Let fi = zhigr € Spp (k = 1,2) with respect to a; € By satisfying

z2hkgr = z. Then F(z) = fl’l (2) 2171 (z), 0 <A <1, is a univalent starlike logharmonic

mapping.

Proof. Since

it follows from (4.4) that

Equivalently,

(hl(z) 1
th(z)  2(1+a(z)

Now F(z) = f} (z)lef’l (z), then (4.9) and (4.10) readily yield

Aa (1-2)ar Ay (14a2)+(1—A)ar (14ay)
z(1+a1) z(l4ap) | 2(ta)) (I tar)

7 (1=2) |~ | ATt Ara)
Z(1+a]) Z(1+(12) (14a;)(1+az)
Aay+ (1—A)ax+ajar

1+ (1—A)ar + Aaz

Evidently, |u(z)| < 1 is equivalent to

K(A) =1+ (1—=L)a; +Aas)* — |Aay + (1 — M)az + ayaz|* > 0.
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A further computation shows that
KA)=(1+(1=A)a;+Aay) (1+ (1 =A)a; + Aayz)
—(Aar+ (1 =A)ax+ajaz) (Aar+ (1 —A)a; + a1az)
= 1+ (1= A)ar+ 2@+ (1= Aar + (1= A a
+A(1=A)a1a@z + Aay + A (1 = A)aiay + A*as|?
- (12|a1|2—|—7t(1 —Aatay + AlayPay +A(1 = Vajaz + (1 — A)?az|?
+(1 = )ai|az* + Alar|*@2 + (1 = A) |ao|* a1 + a1 a2 )
=1+ (1-2) (@ +ar) +A@+a2) + (1 -22) (lar]* ~ |aa|?)
— (1=l @ +a1) = Alai (@ +az) — |a1 *|az
= 1+42(1 —A)Rea; +2AReay — 24 |a; > + 27 |az)? —2(1 — A)|az|* Rea;
—2Ala1|*Reay — |a1[*|az]* + |ay |* — |aa|?
=2AReay — 2/l|a1|2Rea2 —2ARea; +2/l|a2|2Rea1 - 27L|a1|2+21|a2|2
+(1- |a2|2) (142Rea; + |a1]?)
=21 ((1 —|a; |2) Rea, — (1— \a2|2) Rea; — (|a 2 — |a2]2))
+(1- ]az\z) 11 +a .
It is evident that K is a continuous monotonic function of A4 in the interval [0, 1]. Also,
K(0) = (1—laz*) 1 +a1|* >0,
and
K(1)=2((1~|a1]*)Reaz — (1 —[a2]*) Reay + |az|* —|ar[*) + (1 — a2 [*)[1 + a1 [
:2Rea2—2|a1|2Rea2—2Rea1 +2|a2|2Rea1 +2|a2|2—2|a1|2
+ (1 —|az[*)(1+2Rea; + |a|*)

=1+2Rear + ]az\z —|a; ]2 —2|a; \2Rea2 —|a; lz\azlz
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= (1—|a1[*)(1+2Rear + |a|*)
= (1—lai*) 1 +af* > 0.
Thus K(A) > 0 for all A € [0, 1], and hence F is logharmonic with respect to (.

Let Wi(z) = zhi(z)/8k(z). Then yy(0) = 0 and y;(0) = 1. In view of (4.4) and

(4.10), it is clear that

Re (Z%(Z)) Re <Z(zhk(Z))’ - Zg2(2)> Re <Z(zhk(Z))’ Z(th_(Z))’)

Wi(2) i (z) gk(2) (@) K ay(2)

B Wze(2)\ L, (1—a(2)\  1—|a(2)?
ke <(1‘“"(Z”W> ‘Re(1+ak<z>) “TraoPR "

Hence y is a univalent starlike function.

The associated analytic function for F is given by w(z) = (zh?hi™*)/(gh gl ™).

Then y(0) =0 and y'(0) = 1. Further,

Re (i";;g) — ARe (%) +(1-2)Re (%) > 0.

Thus y is a univalent starlike analytic function, and therefore Lemma 4.2 yields the

required result. 0

The proof of Theorem 4.4 gives the following result.

Corrollary 4.3. Let fi = zlygr € Spj (k= 1,2) with respect to ay € By, and suppose

that zhigi = z. Then W (2) = z(h(z))? € ST.

Proof. it follows from (4.10) that
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Then

w((z) 1 —a(2)
m(z)  l+a(z)  T+a) 4.11)
Since
W) (@)
Vi(z) =12 h(z)

it follows from (4.11) that

Thus y; € S7. O

4.3 Examples

This section gives several illustrative examples.

flz)=z (1—:?) :

The associated analytic function for f is w(z) = z/(1 — z)?. Evidently, y(0) = 0,

Example 4.1. Let

v/ (0) =1, and zy/(z)/w(z) = (1 +z)/(1 —z). Thus v is a univalent starlike ana-
lytic function. Then by Lemma 4.2, f is a univalent starlike logharmonic mapping

with respect to

Now Theorem 4.1 shows that the function F(z) = f(z)|f(z)|?" is an ot—spirallike

logharmonic mapping with respect to

Y

A1y Ty
a(z) = Y
L QR

147y
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where o = tan~!(2Imy/(1 +2ReY)). In particular, if ¥ = i, then o = tan~!(2) =

b= 121 () il
1+ iz 1+i—iz

I

0.352m, and

The image of circles in the unit disk under f is shown in Figure 4.1, and Figure 4.2

shows the image of the radial slits in D by F.

10}

0.5F

0.0+

-0.5F

-10f,

-10

10F T —T T T T T 7

o6k A

0af
os} . @

02} /
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of A

\ /
\ \ [~— /
—05}F E \ \ /
—04f //
—
-0.6}f \\\ //
N~ L~
710 [ L L i L L i L 1 1 i L
-10 -0.5 0.0 05 1.0 -0.6 -0.4 -0.2 0.0 0.2 0.4 0.6
z2(1-73)

Figure 4.2: Graph of radial slits by F(z) = f(z)|f(z)|%, f(z) =
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Example 4.2. Consider the functions

fiz) =z (?) exp {Re 14Z

where

It is evident that i (z) = z/(1 —z)?. Then y;(0) =0, y;(0) = 1, and zy|(z)/yi(z) =
(14+2z)/(1 —z). Thus y; is a univalent starlike analytic function, and it follows from

Lemma 4.2 that f] is a univalent starlike logharmonic mapping with respect to

(f1)z - 2 142
= T 1.1 2 T i %
Bttty e

Further, ¥, (z) = z/(1+2)?. Then y»(0) =0, w}(0) = 1, and 2y} (2) /ya(z) = (1 —
z)/(1+z). Thus y; is a univalent starlike analytic function, and it follows from Lemma

4.2 that f; is a univalent starlike logharmonic mapping with respect to

Now Theorem 4.2 shows that F(z) = f}(z) 2177L (z), 0 <A <1, is a univalent

starlike logharmonic mapping with respect to a(z) = z.
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The image of F is shown in Figure 4.3 for A = 1/3.

10F T —T T T T

0.3F

o5} 1 / //\\/\
///”//( A\\ﬂ \\
? s AN Y L )
0.0F+ ! 00 \WH}\\J )/ I j f 7 T T

k&% i\ i////’<\/// /

-10}, . —— . .
10 05 00 05 10 -03 00 03 1.0 13 20

Figure 4.3: Graph of circles in D by F(z) =z (1 exp {Re 1 ¢ }) (I_T—Z> :
- —Z Z

Example 4.3. Let

fl(Z):Z(g>, and fz(z):z(i—:j)exp{ReI{ZZ}.

Simple calculations show that f; and f; are respectively starlike logharmonic with

dilatations a; (z) = —zand a»(z) =z. Also, zhi(z) =z/(1—z), and zhy(z) = zexp{2z/(1 —z)}

/(1 —2z). Then

~

(zm(z) 1 and (zh2(2))" _ 1+z

Zh(z)  z(1-z) tho(z)  z(1-2)%

. (zhy) ((zh2)"\ ) 1 1+2
Re ((l—alaz) (Zhl) ((th))) =Re ((1+|Z|2)Z(1_Z) Z(I_Z)2>

14z - 14z
= R >0,
PlT—27  1—2

the conditions of Theorem 4.3 are satisfied and thus F(z) = ffL (2) le_’l (2),0<A <1
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is a univalent starlike logharmonic mapping with respect to

(21 (2)) (eha(z)) s

()= Mam@) TN ) et Y (1 -20) +2)

= ZEE) GG T A LTI T (1= 2A)
(e (2)) @) 7 A

The image of circles in D under F for A = 1/3 is shown in Figure 4.4.

10F

A

[$2]

o

L/ .

.

—0.5F

P
\
<

3t \\\,\///
-10}, _ _ E , , ,
10 ~05 00 05 10 0 2 4 6
_ L_a\'3 /1 % 4z 2/3
F 4.4: Graph of F(z) = R .
igure raph of F(z) Z<12> T, P\ Re 7=

Example 4.4. Let f)(z) = zh1(2)g1(z), where zh1(z)g1(z) =z, and a1 (z) = z. Then

(4.4) shows that

1
hl(z)zl_ﬂ’ and gi(z)=1+z
Thus
_zZ(1+72)
fid) = l+z

Further, let f>(z) = zh2(z)g2(z), where z/5(z)g2(z) = z, and ay(z) = z%. Then (4.4)

shows that

hy(z) = , and )=V 1+z2
0=t e
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In this case,

f(2) = —=—=

It is shown in Example 4.2 that fj is a univalent starlike logharmonic mapping with
respect to z.

The associated analytic function for f> is W (z) = z/(1 +z%). Then y»(0) = 0,
w5 (0) =1 and zy)(2)/wa(z) = (1 —2%)/(1 +2%). Thus v is a univalent starlike an-
alytic function, Lemma 4.2 shows that f; is a univalent starlike logharmonic mapping

with respect to z°.

Now f and f; satisfy the conditions of Theorem 4.4, and thus F (z) = f7(z) le_’l (2),

0 <A < 1is a univalent starlike logharmonic mapping.

The image of D under F for A = 1/3 is shown in Figure 4.5.

10F

0.5

0.0+

—-0.5F

-10},
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CHAPTER 5

ON ROTATIONALLY TYPICALLY REAL LOGHARMONIC
MAPPINGS

5.1 Introduction
Recall that B(DD) is the set of self-maps a € # (D), and By is its subclass consisting of
a € B with a(0) = 0. A logharmonic mapping in D with respect to a is a solution of the

nonlinear elliptic partial differential equation

fz(z) —a f2(2)
(f@)) =970y G-D

where the second dilatation function a lies in B.

Recall that Sy, is the class consisting of univalent logharmonic mappings f in D

with respect to some a € By of the form

f(z) = zh(z)g(2),

normalized by #(0) = 1 = g(0), and 4 and g are nonvanishing analytic functions in D.
In addition, recall that S7 j, is the subclass of Sy, consisting of all starlike loghar-
monic mappings.
An analytic function ¢ in I is said to be typically real if ¢(z) is real whenever z
is real and nonreal elsewhere. Similarly, a logharmonic mapping f in D is said to be
typically real if f(z) is real whenever z is real and nonreal elsewhere. Typically real

logharmonic mappings have been studied by Abdulhadi in [2].
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Let HG denote the class consisting of functions @(z) = zh(z)g(z), where h and g
are in (D), and normalized by h(0) = 1 = g(0). This chapter treats the class TLh
of all logharmonic mappings f(z) = zh(z)g(z) satisfy @(z) = zh(z)g(z) € HG and is
analytically typically real in D. If fi(z) = zhi(z)g1(z) and f2(z) = zha(z)g2(z) are
logharmonic with respect to the same a € B, then f(z) = f}(2) f, ), 0< A <1is
logharmonic with respect to a. It is evident that mappings ¢(z) = zh(z)g(z) in the class

HG are rotations of the corresponding logharmonic mappings f(z) = zh(z)g(z).

In Section 5.2, mappings f in TLh are shown to admit an integral representation.
Every mapping f € TLh is shown to be a product of two particular logharmonic map-
pings. The radius of starlikeness for this class, as well as an upper estimate for its

arclength are determined.

In Section 5.3, we explore conditions on the dilatation a that would ensure univalent
logharmonic mappings f(z) = zh(z)g(z) € TLh necessarily satisfies f(ID) is a domain

symmetric with respect to the real axis. Sufficient conditions for univalent logharmonic

mappings to be in the class TLh are determined.

In Section 5.4, an integral representation and the radius of starlikeness for a sub-

class of T'Lh are obtained.
The following lemmas are needed to establish the results in subsequent sections.
Lemma 5.1. If f has real coefficients, then f(D) is a domain symmetric with respect

to the real axis.

Proof. Let (f(D))* ={w:we f(D)}, andletw = f(z) € f(ID). Since D is symmetric

and f has real coefficients, it follows that f(zZ) = f(z) € f(ID), thatis, w € f(ID). Thus

w € (f(D))*. Hence f(D) C (f(ID))".
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Conversely, let w € (f(ID))*. Then w € f(D), that is, w = f(z) for some z € D.
Since D is symmetric and f has real coefficients, it follows that f(z) = f(z) € f(D),
that is, w = w € f(D), and thus (f(D))* C f(D). Therefore, (f(D))* = f(D), that is,

f(D) is a domain symmetric with respect to the real axis. O

Lemma 5.2. [8, Lemma 2.4] Let Q| be a bounded strictly starlike domain of C with
respect to the origin, that is, each radial ray from O intersects the boundary dQ of

Q = f(D) in exactly one point of C. Suppose that

fi(2)=2zlPhj(2)g;(z) z€D, hj(0)>0, g;(0)=1, j=1,2

are two univalent logharmonic mappings with respect to the same a satisfying f1(D) =

Qp, and (D) C f1(D). Then hy(0) < hy(0), and equality holds if and only if fi = f>.

Lemma 5.3. (Theorem 1.19) Let f(z) = zh(z)g(z) be logharmonic in D with 0 ¢

hg(D). Then f € ST pp(@) if and only if y(z) = zh(z)/g(z) € ST (@) for 0 < a < 1.
Lemma 5.4. [133] Let f €P(a). Then

2r(l— o)
“(l=-r(1+0-=-2a)r)’

zp'(2)
p(2)

<

Recall that Pg is the class consisting of all normalized analytic functions with
positive real part and with real coefficients in D.
Lemma 5.5. (Theorem 1.13) A function ¢ € T if and only if there exists a function

p € Pg such that ¢(z) = zp(z)/(1 —22).
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5.2 An Integral Representation and Radius of Starlikeness

The first result is to establish an integral representation for logharmonic mappings.

Lemma 5.6. Let f(z) = zh(2)g(z) be a logharmonic mapping with respect to a € B,

and let ¢(z) = zh(2)g(z), where h,g € H(D). Then

als) 9,
omewwd)

f(z) =0(z)exp (—ZiIm

Proof. Since

f(z2) = 9(z2)>=, (5.2)

- -0 5.3
) (5.3)

and

£ _ (@) _ £
@@)‘(gg)‘ﬂo' e

Substituting the equations (5.3) and (5.4) into (5.1) yields

Thus

= ( (5.5)

which leads to

- < als) @'(s)
g(z) = exp /0 Tra(s) () ds. (5.6)
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Substituting the equation (5.6) into (5.2) yields

o) 90
L+a(s) @(s
Z (S) ¢/(

P T a(s) ols)

als)_¢') [ ald) ¢'(s)
(ol+a o)~ /ol+a<s>st>

o) :

exp fg
f(z) =0z )

Z

_als)
2il
exp( iIm Tra(s)

Let TLK® denote the subclass of TLh consisting of logharmonic mappings f in I
with respect to a € B of the form f(z) = zh(z)g(z) and satisfying ¢(z) = zh(z)g(z) =

z/(1 —2?). It follows from Lemma 5.6 that

f(z) =

z , 2 a(s) 145
—2il ds ). 5.7
1—z2“p( L T a() s(1—2) > G-7)

Denote by Py, the class consisting of logharmonic mappings w with respect to
a € B of the form w(z) = h(z)@, where h and g are analytic in D, normalized by
h(0) = g(0) = 1 and satisfy p(z) = h(z)g(z) € Pr. Similar to the proof of Lemma 5.6,

it can readily be established that

_ L [Fals) pl(s)
w(z) = p(z)exp (—2zIm /0 Ta(s) o) ds) : (5.8)

It is evident that the class Py, contains the class Pg.

The following result gives a representation formula for functions in the class 7'Lh

in terms of functions in TLA® and Py ,.

Theorem 5.1. A function f belongs to T Lh with respect to the same a € B if and only
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if f(z) = F(2)R(2) for some F € TLK® and R € Py, with respect to the same a € B.

Proof. Let f(z) = zh(z)g(z) € TLh be a logharmonic with respect to a € B. It fol-
lows from Lemma 5.5 that every typically real analytic function ¢ has the form (1 —

22)¢(z) = zp(z) for some p € Pg. Thus Lemma 5.6 yields

fz) = fp_(zz)z exp (—2iIm /Ozljlr(:zs) ( (11ts822 1;/((5))) )
_ (1 _Zzz exp (—ZiIm /0 ¢ li(:zs)slltss ))
(e (amm [0 20 )

where

and

_ (2 als) p'(s)
R(z) = p(z)exp (—2zIm /o Tra(s) p(s) ds) € Py

Conversely, let f(z) = F(z)R(z) where F € TLh® and R € Ppy,. Since F and R are
logharmonic with respect to a € B, it follows from Proposition 1.3 in Section 1.8 that

f is logharmonic with respect to a € B. Further, it is evident from (5.7) and (5.8) that

< s 52
f2) =FR)R(E) = — S exp (—2iIm/0 1+(2 I+ ds)

-z a(s) s(1—s2)
. a(s) p'(s)
x p(z)exp (—211 /0 TTa() p(s) ds)
~ zp(z) _ a(s) 14—s2 P (s)
_l_zzexp<—211m A 1+a(s)< 1—s2 S))ds>

~

%)

exp

ex 1+52 p (S))ds
 oplg P b (#5525
1—Z z a(s) < 1+s2 p/(S))
0 T+a(s)

(5)

"B
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where
2 a(s 52 (s
p(z) = h(z)(1 —Zz)exp/o 1 +(azS) (s(llt 52) + 11)9((5)))61&
and
ex Z a(s) 1+ 52 p’(s) )
g(z) =exp o 1+a(s) (s(l =) " pls) >d

Thus ¢(z) = zh(z)g(z) = zp(z)/(1 — 2%), p € Pr. It follows from Lemma 5.5 that

¢ €T, and hence f € TLh. [

Corrollary 5.1. A function f belongs to T Lh with respect to the same a € B if and only
if F2/ f € TLh for some F € TLh® with respect to the same a € B ,and f(z) = F (z)R(2)
for some R € Py, with respect to the same a € B.

Proof. Let f(z) = F(z)R(z) € TLh, where R = HG € Py, Since

((%)Z> _ (ﬂ> _ <—<R>z> _—a®. _ (%)
p)Uh ) TR ) TR

it follows that 1/R is logharmonic with respect to the same a. Furthermore, 1/R =

==

1/(HG) = (1/H)(1/G), and
1y HG \ Re (HG)
ke (HG) —Re (|HG|2) = jaeE 7

Also, 1/R has real coefficients. Thus the function 1/R is in the class Prj. Hence

Theorem 5.1 shows that F/R = F?/f € TLh.

Conversely, let F 2 /f € TLh. Then by Theorem 5.1, F 2 /f=FRy, where F| € TLKO
and Ry € Ppj. Now F?/F, € TLh®, and 1/R; € Prj,. Thus Theorem 5.1 shows that

f=F?/(FR) € TLh. O
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Next, the radius of starlikeness of mappings f € T'Lh is determined.

Theorem 5.2. Let f(z) = zh(z)g(z) € TLh. Then f maps the disk |z| < 3 —2v/2 onto

a starlike domain.

Proof. A function f maps the circle |z| = r onto a starlike curve provided

fe—7fz

7 > 0.

d
30 ——arg f(re'®) =Re

Let @(z) = zh(2)g(z). In view of (5.3), (5.4) and (5.5), it is evident that

2f:—2fs 29'(z) z8'(z) (z8(2)
ke ‘R< <z> A0 <g<z>)>

w (055
: (08 ffxfﬁzéi?)
(1ragwet)

for some a € B. Kirwan [68] has shown that the radius of starlikeness for typically real

Il
~

I
e
o

analytic functions @ is pg = v/2 — 1.

Now, let

and 6(z) = poz, and whence g(o(z)) is subordinate to ((142z)/(1 —z))? in D.

Writing p(z) = (1+2)/(1 —z), it follows from [48, p. 84] that

2r
— 1=

1472
1—72

‘p(d -

Then |arg(p(z))| < m/4 for 2r/(1 +r2) < 1/\/5, that is, |arg((1+2)/(1 —2))| < w/4

provided |z| < po, where py is the root of the equation > — 2/2r+1 = 0. It follows
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that |arg((142z)/(1—2))?| < /2 for |z| < po. Therefore, Re g(c(z)) > 0 for |z| < po,

which is equivalent to Re g(w) > 0 for |w| = |poz| < p3. Hence f(z) = zh(z)g(z) is

starlike in the disk |z| < p =3 —2V2. O

In the next result, an upper estimate is established for arclength of all mappings f

in the class 7T Lh.

Theorem 5.3. Let f(z) = zh(z)g(z) € TLh be a logharmonic mapping with respect to
a € B,and |f(z)] < M(r), 0 <r < 1. Then an upper bound for its arclength L(r) is
given by

1+r+2r2—287
(T=n(t=r)

L(r) <4mM(r)

Proof. Let C, denote the image of the circle |z| = r < 1 under the mapping w = f(z).

Then

Since ¢(z) = zh(2)g(z) = zp(z) /(1 — 2?) for some p € Py, it follows from (5.3),

(5.4) and (5.5) that

-7 _29'(2) 28'(z) zg’(Z))
f ¢(z)  g(2) 8(z
)
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Therefore,

AL/I((rr)) = /027r ke C lzg (Z;)(i;)) ) ‘de
T —a 2
e (e (125) ) oo

21 / 2r 1 2
+/ zp'(2) d6+/ Im +z
0 0

p(2) 2
Lir)<M(r)(h+h+Lh+1). 5.9

Im

de,

that is,

The function p is subordinate to (1+z)/(1—z), and thus zp'(z) /p(z) =2zw/'(z) /(1 —
w?(z)) for some analytic self-map w of D with w(0) = 0. It also follows from the

Schwarz-Pick inequality that [123, p.243]

el 1

T=[w@)> ~ 1=

Thus
e e 12
0 1+a(z) o |l—a(z)|| p(z)
</2” 1+z 2ZW’(Z) g0 < LR 2l E)
“Jo [1-z[[1-wr@) | T 1-lzlJo 1-|w(2)?
L+z 27 2IZI Jo— Amll(tlz) 4w
1z S0 1—zf? (I=lz(L—=[z*)  (1—r)*

Since [(1 —a(z)/(1+a(2))][(1+2%)/(1 —z?)] is subordinate to ((1+2z)/(1—z))?,

it follows from Parseval’s theorem that
2 1—a(z) (1+7
L = R do
=) e (g (3))
1 oo
g/ (i) 40 <2m(1+4Y 2
0 I—z n=1
4r? 1437
=2m| 1 =27r .
( +1—r2> (1—r2)
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Also,

27 / 2T !
L= /0 Im Z]’j (i? 6 < /0 Z;’ (g) a9
2| 27w (z) 2 2] Anr
< do < do = .
_/0 1 —w?(z) _/o 1—|z|? 1—r2

Finally,
w1427 2| 1 422
Iy = I do < do
! /0 2 _/o 1—272
1+ [z 1472
<2n = .
172 1—72

Substituting the bounds for I;, I, I3 and I into (5.9) yields

L(r)SZnM(r)< 2r 2+2r—|—4r2>

(1—1”)2+ 1—72
1+r+2r2—253
(1—=r)(1—r?) "

=4nM(r)

5.3 Univalent Logharmonic Mappings in The Class TLh

For an analytic univalent functions f(z) =z+ Y ,a,z", it is known that f is typically

real if and only if the image f(ID) is a domain symmetric with respect to the real axis.

However, it is not true that a univalent logharmonic mapping F(z) = zh(z)g(z) € TLhif

and only if the image of F (D) is a symmetric domain with respect to the real axis. The

following example shows a univalent logharmonic mapping F(z) = zh(z)g(z) € TLh

but F (D) is not a symmetric domain.
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Example 5.1. Let

F(2) = 2h(2)e(@) = 2 <1 + %) (1 n g) .

It is evident that F(0) = 0, and #(0) = g(0) = 1, where h(z) = 1 +iz/3 and g(z) =

1—iz/3.

Since

F=(2)

a(2) = <F(z)> _ | —iz(3+iz)
F(2) (3—iz)(3+42iz)|
F(z)

Furthermore,

223+ iz]? < |3 —iz?[3 + 2iz]%,

and thus |a(z)| < 1. Hence F is logharmonic in D with respect to a € By.

Let

_zh(z)  z(3+iz)
VO=" = G-n)

Then y(0) =0, y/(0) =1, and

¥/ (2) _ 22+ 6iz+9
v(z) 249

Thus for z = re'® € D,

Re (zl//’(z)) _ (9 —r?)2+36r*cos? @ — 6r(9 — 1) sin O
v(z) (94 r2c0s20)2 + r*sin®26
10
94 r2¢c0s20)2 + rsin>20 ~

0.
1

Hence y € §7. It follows from Lemma 5.3 that F is a univalent starlike logharmonic
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mapping.

Next, let ¢(z) = zh(z)g(z) = z(142%/9) . Evidently, for z = x + iy

Im(9(z)) = 5 (3° +9—-»7%).

O <

Then

>0

x2 2
m(@im(p() =2 (*— )

whenever Im (z) # 0. Hence ¢ is typically real, and thus F' € T Lh.

A simple calculation shows that

2 |22
F(z)=z(1+ZRez— 1),
@) Z( 3 0f 9)

With

2cos?tr 8 .
= -+ —sinf?,

I(t) =Im F(e") 3 5

then
4 2
I'(t)= 3 cost (§ — sint) :

It follows that I’(r) = 0, whence t = +7/2 or t = sin~!(2/3). Thus

N 2(v5\° 16 26
M=maxI(t)=1(sin'2) =2 (¥2) L 10_
max (1) (Sm 3) 3( ) T2 T

and
m = min/(z) :I(—£> = _—8

t|<m 2

Hence F(ID) is not symmetric with respect to the real axis.
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Figure 5.1 shows the mapping F(z) = z(1+iz/3)(1+iz/3) which is not symmetric

with respect to the real axis.

1.0

0sF  / |/
0. /

n

0.0

—05F

—0.5F

-1.0 -0.5 0.0 0.5 1.0

Figure 5.1: Graph of F(z) = z(1 +%)(1 +§)

Our next example illustrates a univalent logharmonic mappings from D onto a sym-

metric domain € which does not belong to the class 7'Lh.

Example 5.2. Consider the function

AEESE W ES

Then F(0) =0, and 2(0) = g(0) = 1, where

_ep{E)
1—z2

) Cand @) =ew{ -2

Since




Thus F is logharmonic in D with respect to a € By.

Let

Then

! 1
Re (ZW (Z)) =Re (i> > 0.
v(z) l—z
Thus y € §*, and hence Lemma 5.3 shows that F is a univalent starlike logharmonic

mapping.

It is evident that F has real coefficients , that is,

F(2) ZZijGXP{E_}exp{i} =F(2).

1-%2

Then Lemma 5.1 shows that F (D) is a symmetric with respect to the real axis.

Let ¢(z) = zh(z)g(z) = zexp{4z/(1 —z)}. Then for zo = (1 —2/7) +2i/m € D,

Re (1 ;0Z6¢(Z0)) =Re ((1 _Z(z))eXp{ 14—ZOZO})
_Re (% (1—1'(1—%)) (—GXP{”_4}>)
::_%mpﬂ4—nﬂRe<l—(l_%)>

= L exp{(-m)} <0

Thus (1 —2z%)(z)/z ¢ PR for some z € D.. It follows from Lemma 5.5 that ¢ is not

typically real, and hence F ¢ TLh.
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Figure 5.2 shows the mapping F(z) =zexp{Re (4z/(1—z))} (1—2)/(1—z) which
does not belong to the class 7Lk, but yet maps ID onto a symmetric domain with respect

to the real axis F (D).
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0.2F

N

i
)
7

&'\K

0.0
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v

1-%2 4z
R —_— .

The final result in this section describes when a univalent logharmonic function

—04F

-0.2 0.0 0.4

Figure 5.2: Graph of F(z) =z

belongs to the class T Lh.

Theorem 5.4. Let f(z) = zh(z)g(z) € Sy, and suppose that the second dilatation
function a has real coefficients, that is, @ =a(z).
(a) If f € TLh, then f(D) is symmetric with respect to the real axis.

(b) Suppose f(D) is a strictly starlike Jordan domain symmetric with respect to the

real axis, then f € TLh in the disk |z] < v/2 — 1.

Proof. (a) Let ¢(z) = zh(z)g(z) be analytically typically real. Then ¢ has real coeffi-

cients. It follows from (5.5) that




which readily yields the solution g. Thus g has real coefficients. It is also evident that
h has real coefficients since (z) = ¢(z)/zg(z). Therefore, f(z) = zh(z)g(z) has real

coefficients. It follows from Lemma 5.1 that f(D) is symmetric with respect to the

real axis.

(b) Suppose F(z) = f(z), and f(z) = zh(z)g(z) is a univalent logharmonic mapping
with respect to a € By. Then F is univalent in D. Further, let w € F(ID), that is, w =

f(z) € F(D). Since f(D) is a symmetric domain with respect to the real axis, it follows

that f(z) € f(D) for all f(z) € f(ID). Moreover, D is symmetric, and thus f(Z) € f(D)

whenever f(z) € f(D). Hence F(D) C f(D).

Let F(z) = zH (2)G(z) = zh(z)g(Z) with H(z) = h(Z) and G(z) = g(Z). Then F(0) =

0,H(0)=1,and G(0) = 1.

Leta*(z) = FF;/F,F. Then

Since a has real coefficients, it is evident that a*(z) = a(z). Therefore, F is a loghar-
monic mapping with respect to the same a. Also, H(0) = h(0) = 1. Then by Lemma
5.2, there is only one univalent logharmonic mapping from ID onto f(ID) which is a so-
lution of (5.1) normalized by f(0) =0, 2(0) = 1, and g(0) = 1. In other words, f(z) =
F(z) = f(Z), and thus f has real coefficients. Hence w(z) = zh(z)/g(z) = f(z)/|g(z)|?
has real coefficients.

Direct calculations yield

W(z) &'(z) (5.10)
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Since f is a solution of (5.1), it follows that

£@ _ 4 (1+h/(z)). (5.11)

which by integration leads to

¢ a(t) y'()
g(z):exp/o 1—a(t)Wdt

Then g, and so does A, have real coefficients, and thus @(z) = z(z)g(z) also has real
coefficients.

It is known in [6] that if fy(z) = zho(z)go(z) is a starlike univalent logharmonic
mapping in D, then @y(z) = zho(z)go(z) is a starlike univalent analytic in the disk |z] <
p =2 —1. Thus ¢(pz) € S. Furthermore, ¢ has real coefficients. It follows from
Proposition 1.1 in Section 1.3 that ¢ is typically real in |z| < p. Therefore, f € TLh in

2l < V2 1. O

5.4 On A Subclass of TLh

Let TLh be the subclass of TLh consisting of all mappings F(z) = z(¢(z)/z), where

peT.

The following result determines necessary and sufficient conditions for a mapping

F(z) = z(¢(z)/z) to be in the class T Lh;.

Lemma 5.7. Let F(z) = z(¢(z) /z), where ¢ € T. Then F is logharmonic mapping with

respect to a € By, that is, F € TLhy if and only if |2¢'(z)/@(z) — 1] < 1.
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Proof. A simple calculation shows that

F(z) 1 <Fz(z)) (p(z)): 1 ¢o'(z) 1
=—, d — | = — — = | = - —. 5.12
Fo 2 0 \F) o) z) ok = 12

Then
() A
_\F@) ek z_z¢9'(z)
a(z) = 20 [T (5.13)
' Z

and a(0) =0, since ¢(z) =z+ Y., ,a,Z". Hence the required result follows. O

An integral representation for 7' Lh is established in the following result.

Theorem 5.5. Let F(z) = z(¢(z)/z) € TLhy be a logharmonic with respect to a € By.

Then F admits the representation

F(z) = zexp /OZ @ds. (5.14)

Proof. 1tis evident from (5.13) that

Thus
<
_(p(z) = exp/ @ds,
Z o s
yields the desired result, which completes the proof of this theorem. [

Next, the radius of starlikeness of mappings in the class TLh; is determined.

Theorem 5.6. Let F(z) = z(¢(z)/z) € TLhy. Then F maps the disk |z| < 1/3 onto a

starlike domain.
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Proof. 1t is follows from (5.12) that

Therefore,

Since ¢ € T, it follows from Lemma 5.5 that ¢(z) = zp(z)/(1 — z?), where p € Pg.

Simple calculations give

9'(x)  1+2  7p/(2)
e(z) 1-22 pla)’

Now

1422 1+ [z?
R < —
e(l—zZ) ST

and Lemma 5.4 shows that

e (1) < 2

p(z) )~ 1—|z*
Therefore,
Z<P’(Z)> 1+22 | 2l 1+]e
Re < + = .
((P(Z) Tz 1-z2 1
Thus

PO (1+|zr) 13
(o) [~ = T-1

and hence Re ((zFZ —ZFZ)/F) > 0 provided |z| < 1/3. Thus F maps {z: |z] < 1/3}

onto a starlike domain. ]
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CHAPTER 6

CONCLUSION

This chapter presents a summary of work that was done in this thesis. Four research
problems were discussed which will motivate other researchers in this field for more

intense research in the future.

The class % consists of all functions f € 4 satisfying | (z/f(z))* f/(z) — 1| < 1 in
the unit disk. One of the research problems investigated in this thesis is the radius prob-
lem. The sharp radius of the class % for several classes of functions is determined.
These include the class of normalized analytic functions f satisfying the inequality
Ref(z)/g(z) >0o0r|f(z)/g(z) — 1| < 1in D, where g belongs to a certain class of an-
alytic functions. The estimation for the %/ -radius of the class of functions f satisfying
the inequality |f/(z) — 1] < 1 orRe f(z)/z > &, 0 < o < 1, in D is obtained. Further-
more, this thesis validates the conjecture of Obradovi¢ and Ponnusamy concerning the
radius of univalence for product involving univalent functions. A good continuation
to the work done here would be to consider the class % (A) of all functions f € 4
satisfying | (z/f(z))* f'(z) — 1| < A in the unit disk, where A > 0, and to investigate

the % (A)-radius for various classes of normalized analytic functions.

Various interesting properties including coefficient bounds and coefficient inequal-
ities for several subclasses of analytic functions have been investigated. The tech-
nique used by Ma and Minda for the Fekete-Szego problem for subclasses of convex

and starlike functions was used by many authors to solve the same problem for other
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classes. This technique was also used to solve Hankel determinant problem for sub-

classes of analytic functions. Bounds for the second Hankel determinant H,(2) =

—_

bri1bspi1 — b%kﬂ for the kth-root transform F(z) = (f (zk) ) =24 Y bpyp 12!
of Ma-Minda starlike and convex functions are determined in this thesis. Similar prob-
lems are also treated for related classes defined by subordination. The results are de-
rived through several meticulous lengthy computations. Thus in several instances,
these computations were validated by use of the computer algebra system Mathemat-
ica. These bounds are expressed in terms of the coefficients of the given function @,
and thus connect with earlier known results for particular choices of ¢. Another pos-
sible area for research is to investigate the second Hankel determinant for the kth-root

transform of the class %/ .

This thesis also obtained sufficient conditions for the function F(z) = f(z)|f(z)|*"
to be or—spirallike logharmonic mapping. By taking product combination of the two
mappings possessing the given property, a new logharmoinc mapping with a specified
property is constructed. In particular, if fi(z) = zh1(2)g1(z), and f>(z) = zh2(2)g2(2)
are univalent starlike logharmonic with respect to the same a € By, a new univalent
starlike logharmonic mapping F(z) = f1(z) ]‘21”l (z), 0 <A <1, with respect to the
same a is established. In addition, if fi(z) = zh;(z)g1(z) is a logharmonic with respect
toa; € By, and f>(z) =zhy (z)@ is a logharmonic with respect to a; € By, sufficient
conditions are obtained to ensure their product F(z) = f}(z) 217’1 (z), 0<A<lisa

univalent starlike logharmonic mapping with respect to i € By. Several examples of

univalent starlike logharmonic mapping constructed from the product are provided.

151



The thesis concludes by considering the class T Lh of all normalized logharmonic
mappings f(z) = zh(z)g(z) satisfying ¢(z) = zh(z)g(z) € HG is typically real analytic
in the unit disk. An integral representation for such a mapping f is obtained. The
connection between this class and the class of logharmonic mapping with positive
real part is established. The radius of starlikeness for the class TLh, as well as an
upper estimate for its arclength are determined. Moreover, sufficient and necessary
geometric conditions for ¢(z) = zh(z)g(z) to be typically real are also investigated

when f(z) = zh(z)g(z) has a dilatation with real coefficients. Furthermore, an integral

representation and the radius of starlikeness for a subclass of T'Lh are determined.

Notably, the study of logharmonic mappings is a rich area of research. In this
thesis, we tried to highlight and solve some of the problems related to logharmonic
mappings. However, there are always some open problems which can be considered in
further work. For example, finding the radius of starlikeness of mappings in the class

Sz, and the sharp radius of starlikeness of mappings in the class T Lh.
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