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Abstract. The purpose of the present paper is to study CR-submanifolds of a
Lorentzian para-Sasakian manifold and obtain their basic properties. The integrability
conditions of the distributions on CR-submanifold are obtained. D-parallel normal
section as well as totally umbilic CR-submanifolds have been studied.

1. Introduction

In 1978, Bejancu introduced the notion of CR-submanifold of a Kaehler
manifold [1]. Since then several papers on CR-submanifolds of Sasakian manifolds
have been studied by Kobayashi [2], J.S. Pak [3], Yano and Kon [4] and others.
On the other hand, Matsumoto [5] introduced the idea of Lorentzian paracontact structure
and studied its several properties. Bhagwat Prasad [6], S. Prasad and Ram Hit Ojha [7]
studied submanifold of Lorentzian para-Sasakian manifolds. Semi-invariant and
semi-invariant product submanifolds of a Lorentzian para-Sasakian manifold have been
studied by Kalpana and Guha [8]. In the present paper we study CR-submanifolds
and CR-structure of a CR-submanifold of Lorentzian para-Sasakian manifolds.
CR-submanifolds have good interaction with other parts of mathematics and substantial
applications to (Pseudo) - conformal mapping and relativity [9], [10].

2. Preliminaries

Let M be an n-dimensional real differentiable manifold of differentiability
class C=-endowed with a C*-vector valued linear function @, a C>-vector field &,

I-form 7 and Lorentzian metric g of type (0,2) such that for each point pe M ,
the tensor g, :Tp/l7 ><Tp M >R is a non-degenerate inner product of signature
(= +,+,--,+), where T,,A7 denotes the tangent vector space of M at p and R is the real

number space, which satisfies
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0XX = X +n(X)E, n&) =-1, @.1)
g(@X,pY) = g(X,Y) +n(Xn(Y) (2.2)
g(X,&) =n(X) (2.3)

for all vector fields X, Y tangent to M . Such a structure (¢,7,&,g) is termed as

Lorentzian para-contact structure [5].
Also in a Lorentzian para-contact structure the following relations hold:

of =0, N(eX) =0, rank(p)=n-1,

A Lorentzian para-contact manifold M is called Lorentzian para-Sasakian
(LP-Sasakian manifold if [5].

(V,@)¥) = g(X,Y)§ +n(¥)X +2n(Xn(Y)S (2.4)
and from (2.3), we find

V, & =X 2.5)

for all X, Y tangentto M , where V is the Riemannian connection with respect to g.
Again if we put

¢(X,Y) = g(X,0Y) (2.6)
then ¢(X,Y) is a symmetric (0, 2) tensor field [5] that is

O(X,Y)=P(Y.X) 2.7

Definition. An m-dimensional Riemannian submanifold M of a Lorentzian paraSasakian
manifold M s called a CR-submanifold if & is tangent to M and there exists on M a
differentiable distribution D :x — D, < T,(M) such that

(i) D, is invariant under @ ie., oD, c D, foreach xe M,
(ii) The orthogonal complementary distribution Dt:ix> D;L cT,(M) of the
distribution D on M is totally real i.e., @ Dy(M)c T;"(M)where T(M)and

TXJ‘ (M) are the tangent space and normal space of M at x(€ M).
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D (resp. D) is called the horizontal (resp. vertical) distribution. The pair (D,D") is
called & -horizontal (resp. & -vertical) if £, € D, (resp. £, € D} ) foreach xe M.

Let us denote the orthogonal complement of D" in TL(M) by 4. Then we have,
TM =D®DL, T*M =D+ @ .

It is obvious that gu = u.

We denote by g the metric tensor field of M as well as that induced on M.
Let V (resp.V) be the covariant differentiation with respect to the Levi-Civita

connection on M (resp. M). The Gauss and Weingarten formulas for M are
respectively given by

VY=V Y+hX,Y), VN=-A,X+V, N (2.8)

for X,Ye T(M),Ne TL1(M), where h(resp. A) is the second fundamental form

‘resp. tensor) of Min M and V< denotes the operator of the normal connection.
From (2.8) we have

g(h(X,Y),N)=g(AyX,Y) 2.9)
for X,YeT(M)and NeT*(M).
For X € T(M), we put
X = PX +0X (2.10)

where PX e D and QX € D*.
For N € TY(M), we put

¢oN = BN + CN 2.11)

“here BN (resp. CN) denotes the tangential (resp. normal) component of @N.
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3. Integrability of distributions on a CR-submanifold
First we prove the following lemmas.

Lemma 3.1. Let M be a CR-submanifold of an LP-Sasakian manifold M . Then we
have

PV x@PY — PAyoy X = QPV Y +n(Y)PX +2n(XN(Y)PE + g(X,Y)PE 3.1
OV x@PY — QA oy X = BR(X,Y)+n(Y)OX +2n(XM(Y)QE + g(X,.Y)QE  (3.2)
for X,Y e T(M).

Proof. It follows immediately from (2.4) by equating horizontal, vertical and normal
components.

Lemma 3.2. Let M be a CR-submanifold of an LP-Sasakian manifold M . Then we have

GPIY.Z) = Ay Z ~ ALY +10(Y)Z ~1(Z)Y, for ¥,Z € D*
Proof. For Y,Z e D', we have

Vy0Z = (Vy0)Z + ¢V, Z

= —AgY +Vy 0Z = (Y, 2)E +1(2)Y + Y N(Z)E
+o(V,Z+n(Y,2)), by(24)

= -A Y + VyL<PZ = g(Y,2)¢ +n(Z)Y + (Y M(Z)E
+@PV,Z +@QVyZ + Bh(Y,Z)+ Ch(Y,Z).

= —AgY + OOV, Z+Ch(Y,2)=g(Y,Z) +1(Z)Y +2n(Zn(Y )¢
+@PVyZ +9QVyZ + Bh(Y,Z)+ Ch(Y,Z), by (3.3)

= QPV,Z = -A Y - g(V, Z)¢ —1(2)Y - M(YXZ); - Bh(Y,Z)
Therefore, @PIY,Z]=AyZ - AyzY +1(Y)Z-1(Z)Y, for Y,Z € D*.

Thus the lemma follows.
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Now we have

Theorem 3.1. Let M be a CR-submanifold of an LP-Sasakian manifold M.
The distribution D' is integrable iff

ApwZ = AyY =N(Z)Y -n(Y)Z, for Y,Ze D*.

Corollary. Let M be a E-horizontal CR-submanifold of an LP-Sasakian manifold M.
The distribution D> is integrable iff A(pYZ = AWY, for Y,Z € D*.

The following theorem states the integrability condition of distribution D.

Theorem 3.2. Let M be a CR-submanifold of an LP-Sasakian manifold M.
The distribution D is integrable iff h(X,@Y) = h(Y,0X), for X, Y e D.

Proof. From (3.3) it follows that

h(X,pY)=@QV,Y + Ch(X,Y) (3.4)
for X, Ye D.
As h is symmetrical form, (4.1) implies

POIX,Y] = h(X,9Y) - h(Y,@X)

Thus D is integrable iff A(X,@Y)=h(Y,pX), for X, Ye D.

4. Parallel horizontal distributions of CR-submanifolds

Definition. The horizontal distribution D is said to be parallel with respect to the
connection VonM if V,Y € D forallvector fields X,Y € D.

Proposition 4.1. Let M be a &-horizontal CR-submanifold of an LP-Sasakian
manifold M . Then the distribution D is parallel if and only if

h(X, oY) = hpX,Y) = oh(X,Y) .1

forall X,Y € D.
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Proof. As every parallel distribution is involutive, we have from Theorem (3.2)
h(X,@Y) = h(pX,Y) (4.2)
forall X,Y e D. Nowfor X,Y € D, we have from (3.3) and (4.2)
h(X,pY)= Ch(X,Y) (4.3)
Also, for X,Y € D, using D-parallelness, we have

V,oY¥eD, V,pXeD.

Then from 3.2) we have Bh(X.,Y) =0, VX, Ye D. Now, from
oh(X,Y) = Bh(X,Y) + Ch(X,Y), it follows that

Oh(X,Y)=Ch(X,Y)=h(X,9Y), VX, Y € D.
Conversely using (4.1) in (3.3) we get VXY e D for X,Y € D, which shows that D is

parallel.

Definition. A CR-submanifold M of an LP-Sasakian manifold M is said to be mixed
totally geodesic if h(X,Y) =0 for X € D and Y € D*.

It follows immediately that a CR-submanifold is mixed totally geodesic if and
onlyif AyX € D foreach X e D and Ne TH(M).

Definition. A normal vector field N # O is said to be D-parallel normal section if
VXLN =0 foreach X € D.

Let XeD and N e oDL. For a mixed totally geodesic E-vertical
CR-submanifold M of LP-Sasakian manifold M, we have

7,0 =0, by24)

h(X ,@N) = 0, by hypothesis
and A, X € D.
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Now, VoV =V on -@VyN
= VyoN =gV, N
= Vy(oN)+h(X,oN)= (p(— Ay X +VXLN)
= Vy(oN)=-pAy X + @V N (4.4

As AyX € D, and @A, X € D by (4.4), it follows that

VN =0iff V,(gN)e D.
Thus we have the following proposition.

Proposition 4.2. Let M be a mixed totally geodesic &E-vertical CR-submanifold of an
LP-Sasakian manifold M. Then the normal section N e ©DL is D-parallel iff

VX((pN)e D, for X € D.

5. The CR-structure of a CR-submanifold

A complex distribution H on M (i.e. H cTM ® g C) is said to define a Cauchy-

Riemann structure [11] if it satisfies the following conditions:

i) H N H ={0}, where H is the conjugated distribution of H;
il) Hisinvolutive, i.e., forany A,Be H,[A,Ble H.

Theorem 5.1. Each CR-submanifold M of an LP-Sasakian manifold is a Cauchy-
Riemann manifold.

Proof. Let P:TM — D and Q : TM — D* be the projection operators. Then each
vector X can be expressed by X = PX + QX.

We put H = {X —igX| X e D}.
Let A,Be H; then A= X —ipX,B =Y —ipY, forcertain X,Y € D.

Since M is normal, we have
No(X,Y)+2dn(X,Y), =0

where No(X,Y) denotes the Nijenhuis tensor.
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Then we get
[ox, o¥]-[x.Y] - @P{[oX, Y]+ [X, Y]} =0,
o{lex.Y] + [x,pr]}=0.

Replacing X by ¢X, we obtain

[ex.0Y] - [x.Y]e D.

On the other hand we may write

[4.B] = [x.v] - [px,o¥] - ilpx,¥] - i[x,gr]
=[x.v] - [px.or] - ip{[x, Y] - [px,0r]}e H.

This completes the proof.
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