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1.  Introduction 
 
Let M be a differentiable manifold. If M  has a Lorentzian metric g, that is, a symmetric 
nondegenerate (0,2)-type tensor field of index 1, then M is called a Lorentzian manifold. 
Since the Lorentzian metric g  is of index 1, Lorentzian manifold M  has not only 
spacelike vector fields but also timelike and lightlike vector fields.  This variety gives 
interesting properties on M. 
 A differentiable manifold has a Lorentzian metric if and only if the manifold has a 
1-dimensional distribution.  Hence an odd-dimensional manifold can be equipped with a 
Lorentzian metric. 
 On the other hand, in some odd-dimensional manifolds, a normal contact 
(Riemannian) metric structure (that is, a Sasakian structure) can be defined (cf. [3], [10]). 
If we change the Riemannian metric of the Sasakian structure to a Lorentzian one, we 
can define a normal contact Lorentzian metric structure.  This definition was given at 
almost starting time of the study of the Sasakian structure and some results were given ( 
see [14]).  But more practical study of it has not been given yet.  In [8] and [9], we 
studied the fundamental properties of an odd-dimensional manifold with a normal contact 
Lorentzian structure. In this paper we continue the study of it. 
 The purpose of this paper is to consider the normal contact Lorentzian manifold of 
constant φ -sectional curvature, find the Jacobi field of it and characterize it by means of 
geodesic spheres.  After the preliminaries of Section 2, we consider the Jacobi fields  
with respect to the structure vector field ξ in Section 3. Section 4 is devoted to the 
determination of the Jacobi fields with respect to spacelike geodesics.  In the final 
section, we characterize the normal contact Lorentzian manifold of constant φ-sectional 
curvature by small geodesic spheres.  This characterization is given by using the Jacobi 
fields of Section 4. 
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2. Normal contact Lorentzian manifolds 
 
Let M be a (2n+1)-dimensional )2( ≥n  differentiable manifold of class ∞C and g a 
Lorentzian metric of M. 
 A non-zero vector X is called spacelike, timelike, null if it satisfies ,0),( >XXg  

,0,0 =<  respectively. 
 A normal contact Lorentzian structure ),,,( gηξφ of M is given by a type-)1,1(  
skew symmetric tensor field φ, a vector field ξ, a 1-form η and a Lorentzian metric g as 
 

,)(2 ξηφ XXX +−=  
,),()(,1)(,0)( ξηξηφη XgXX −===  

,,),()( XYXgY XX φξφη −=∇=∇                       (2.1) 
,)(),()( XYYXgYX ηξφ −−=∇  

 
where X is a vector field of M and ∇  is the covariant derivative with respect to g. 
 The curvature tensor field ),( YXR  of M satisfies 
 

,)()(),( YXYYXR ηηξ −=  
YZXgZYXRZYXR ),(),(),( φφφφ −=         (2.2) 

.),()(,(),( XZYgXZYgYZXg φφφ ++−  
 
 A plane section of the tangent space at a point of M is called a φ-section if it is 
spanned by vectors X and  φX  orthogonal to ξ.   The sectional curvature of a φ-section is 
called a φ-sectional curvature.  If M has constant φ-sectional curvature h, then the 
curvature tensor satisfies 
 

)),(),((
4

3),( YZXgXZYghZYXR −
−

=     

ξηηηηη )(),()()()()((
4

1 YZXgYZXXZYh
+−

+
+                  (2.3) 

.)),(2),(),()(),( ZYXgYZXgXZYgXZYg φφφφφφξη −−+−           
 
 
3. Jacobi fields with respect to ξ 
 
Generally, a Jacobi field X is defined as follows.  Let p be a point of M and u be a unit 
tangent vector at  p.   By γ , we denote a geodesic with the initial conditions p=)0(γ  
and .)0( u=′γ   We also denote by u the unit tangent vector field of γ.  A Jacobi field X 
along γ  is a vector field that satisfies the equation 
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.0),( =+∇∇ uuXRXuu     (3.1) 
 
 In this section we consider the case ,ξ=u  i.e., the geodesic γ is an integral curve of 
the vector field ξ.  Since M is a normal contact Lorentzian manifold, the curvature tensor 
R(X, Y)Z satisfies (2.2).  Hence, for a Jacobi field orthogonal to ξ along γ, (3.1) reduces 
to 
 

0=+∇∇ Xξξ  
 

 From this equation we obtain 
 
Theorem 3.1.   Let M be a (2n+1)-dimensional  normal  contact Lorentzian manifold 
with  structure },,,( gηξϕ .   Let  γ be an  integral curve  of  the  vector  field  ξ and X a 
Jacobi vector field orthogonal to ξ along γ. With respect to a parallel base 
{ },12,,2(, += nE Lαξ α  X can write as  
 

∑
+

=

+=
12

2

)cossin(
n

EsBsAX
α

ααα  

 
where αα BA ,  are constants along  γ and s is the arc length parameter of  γ. 
 
 
4. Jacobi fields with respect to spacelike geodesics 
 
Let γ be a geodesic with initial condition p=)0(γ  and uu =′ )(γ  as in Section 2.  In this 
section we consider the case that u is a unit spacelike vector field. 
 Let D be the field of planes spanned by φu and uu)(ηξ +  along γ and let ⊥D  
denote the orthogonal complement of .][uD⊕  
 
Lemma 4.1.  D and ⊥D  are parallel along  γ. 
 
Proof.   By using (2.1), it follows that  
 

.0),(),())(( ==∇−=∇ uugugu uu φξη  
 
So, )(uη  is constant along  γ.  Using this fact, we have  
 

,)(),()()()( uuuuguuuu uu ηξξηφφ −−=−−=∇=∇  
 

and  
.)())(( uuuuu uu φηφηξ −=∇+−=+∇  
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Hence D is parallel along  γ.   Therefore ⊥D   is also parallel along γ.  
 
 At the point  ,)0(γ=p  we consider an orthonormal basis },,{ 121 +nee L  with 1eu =  
and 

.
)(1

,
)(1

)(
2

12
2

2
u

ue
u

uue nn
η

φ

η

ηξ

+
=

+

+
= +  

 
 Let }{ 121 +n, E, E L be the base obtained by parallel translation of the basis 

}{ 121 +n, e, e L along  γ.   Then, from Lemma 4.1, we have  
 

,sinh
)(1

cosh
)(1

)(
22

2 s
u

us
u

uuE n
η

φ

η

ηξ

+
+

+

+
=  

,cosh
)(1

sinh
)(1

)(
22

12 s
u

us
u

uuE n
η

φ

η

ηξ

+
+

+

+
=+  

 

where s denotes the arc length from p along  γ. 
 We assume that M is of constant φ-sectional curvature.  Then, from (2.3), it follows 
that 
 

,))()1()3(
4
1),),(( 2

ijji uhhuEEuTg δη++−=  

,0),),(( 2 =ni EuEuRg  
,0),),(( 12 =+ni EuEuRg  

,0),),(( =uuuRg φξ  

,))(1)(()1((),),(( 22 uuhhuuuuRg ηηφφ ++−−=                             (4.1) 

,sinh)))(1)(1(1),),(( 22
22 suhEuEuRg nn η++−−=  

,cosh)))(1)(1(1),),(( 22
1212 suhEuEuRg nn η++−−=++  

.coshsinh)))(1)(1(),),(( 2
122 ssuhEuEuRg nn η++−=+  

 
 
Let X be a Jacobi field orthogonal to γ and put 
 

∑
−

=
++++=

12

2
121222

n

i
nnnnii EfEfEfX . 

 
Then, from (3.1) and (4.1), we have  
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Proposition 4.1. The coefficients 122 ,, +nni fff  satisfy the following differential 
equations. 
 

,0)()1()3(
4
1 2 =++−+′′ in fuhhf η                                      (4.3) 

 

nn fsuhf 2
22

2 )sinh)))(1)(1(1( η+++−′′  

,0)coshsinh))(1)(1(( 12
2 =++− +nfssuh η              (4.4) 

 

12
22

12 )cosh)))(1)(1(1( ++ +++−′′ nn fsuhf η  

.0)coshsinh))(1)(1(( 2
2 =++− nfssuh η                 (4.5) 

 
From (4.3), we easily have 
 
Proposition 4.2.   The coefficients if  are given as follows: 
If ,0=A  then ;iii bsaf +=   

If ,0>A  then ;cossin sAbsAaf iii +=  

If ,0<A  then ,coshsinh sAbsAaf iii −+−=  

 where )()1()3((
4
1: 2uhhA η++−= and  ii ba ,  are constants along γ.  

 
 Next, we consider the differential equations with respect to nf 2 ′′  and .12 +′′nf   From 
(4.4) and (4.5), we have 

 
nn ff 22 −′′  

        ,0)coshsinh(sinh))(1)(1( 122
2 =+++− + sfsfsuh nnη            (4.6) 

 
and 

1212 ++ −′′ nn ff  

           .0)coshsinh(cosh))(1)(1( 122
2 =++++ + sfsfsuh nnη        (4.7) 

 
Therefore, it follows that 
 

sfsfsfsf nnnn sinhcoshsinhcosh 122122 ++ +=′′+′′                          (4.8) 

and 
 

sfsfsfsf nnnn coshsinhcoshsinh 122122 ++ +=′′+′′  

                  .)coshsinh)()(1)(1( 122
2 sfsfuh nn ++++− η                  (4.9) 
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If we put  
,coshsinh 1222 sfsfF nnn ++=  
,sinhcosh 12212 sfsfF nnn ++ +=  

 
then we have 

 
,sinhcoshcoshsinh 121212222 +++ ′+′+′′+′+′′=′′ nnnnnn FsfsfsfsfF       (4.10) 

 
.2sinhcosh 12212212 +++ ′+′+′′+′′=′′ nnnnn FFsfsfF                      (4.11) 

 
From (4.8), we obtain  

 
12122 sinhcosh ++ =′′+′′ nnn Fsfsf  

 
By substituting this equation into (4.11), it follows that  

 
.2 212 nn FF ′=′′ +  

 
Similarily, from (4.9) and (4.10), we have  

 
.))(1)(1(2 2

2
122 nnn FuhFF η++−′=′′ +  

 
If we put ,2nFG ′=  this equation reduces to  

 

.0))()1()3(( 2 =++−+′′ GuhhG η  
 

Therefore, the differential equations with respect to nf 2 ′′   and  12 +′′nf  reduce to  
 

,212 GF n =′′ +  
,2nFG ′=  

.0))()1()3(( 2 =++−+′′ GuhhG η  
 

 From these equations we easily obtain 
 
Proposition 4.3.   The coefficients nf 2   and 12 +nf   are given as follows: 
If ,0=A  then 

,sinh
2
1cosh

3
1 223

2 scbsassdcsbsasf n ⎟
⎠
⎞

⎜
⎝
⎛ ++−⎟

⎠
⎞

⎜
⎝
⎛ +++=  

,sinh
2
1cosh

3
1 223

12 scbsassdcsbsasf n ⎟
⎠
⎞

⎜
⎝
⎛ ++−⎟

⎠
⎞

⎜
⎝
⎛ +++=+  
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If ,0>A  then  

sdcssA
A

asA
A

af n cosh24cos
2

4sin
22 ⎟

⎠
⎞

⎜
⎝
⎛ ++−−=  

  ,sinh4sin
4

4cos
4

scsA
A

asA
A

a
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
++−−  

,cosh4sin
4

4cos
4

12 scsA
A

asA
A

af n ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
++−=+  

            ;sinh24cos
2

4sin
2

sdcssA
A

asA
A

a
⎟
⎠
⎞

⎜
⎝
⎛ +++−−  

If ,0<A  then  
 

sdcssA
A

asA
A

af n cosh24cosh
2

4sinh
22 ⎟

⎠
⎞

⎜
⎝
⎛ ++−−−−=  

       ,sinh4sinh
4

4cosh
4

scsA
A

asA
A

a
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+−

−
+

−
−−  

,cosh4sinh
4

4cosh
4

12 scsA
A

asA
A

af n ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+−

−
+−

−
−=+  

    ,sinh24cosh
2

4sinh
2

sdcssA
A

asA
A

a
⎟
⎠
⎞

⎜
⎝
⎛ ++−+−−  

 
where ))()1()3((: 2

4
1 uhhA η++−=  and a, b, c, d  are constants along γ.  

 Putting Proposition 4.2 and Proposition 4.3 together, we obtain the following 
theorem. 
 
Theorem 4.1.   Let M be a ldimensionan -)12( +  normal contact Lorentzian manifold 
with structure .),,,( gηξϕ    Assume that M is of constant φ-sectional curvature h.   Let  
γ  be a spacelike geodesic and  X  a Jacobi field orthogonal to γ.  If we put  
 

,
12

2
121222∑

−

=
++++=

n

i
nnnnii EfEfEfX  

 
with respect to a parallel base },,,{ 122 +′ nni EEEγ  mentioned in this section, then the 
coefficients 122 ,, +nn fff  are given as follows: 
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If ,0=A  then  
 

,bsaf ii +=  

,sinh
2
1cosh

3
1 223

2 scbsassdcsbsasf n ⎟
⎠
⎞

⎜
⎝
⎛ ++−⎟

⎠
⎞

⎜
⎝
⎛ +++=  

;sinh
3
1cosh

2
1 232

12 sdcsbsasscbsasf n ⎟
⎠
⎞

⎜
⎝
⎛ +++−⎟

⎠
⎞

⎜
⎝
⎛ ++=+  

 
If ,0>A  then  

  ,cossin sAbsAaf iii +=  

  sdcssA
A

asA
A

af n cosh24cos
2

4sin
22 ⎟

⎠
⎞

⎜
⎝
⎛ ++−−=  

       ,sinh4sin
4

4cos
4

scsA
A

asA
A

a
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
++−−  

scsA
A

asA
A

af n cosh4sin
4

4cos
4

12 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+−−=+  

          ;sinh4cos
2

4sin
2

scsA
A

asA
A

a
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
++−−  

 
If ,0<A  then  

  ,coshsinh sAbsAaf iii −+−=  

  sdcssA
A

asA
A

af n cosh24cosh
2

4sinh
22 ⎟

⎠
⎞

⎜
⎝
⎛ +−−−−−=  

       ,sinh4sinh
4

4cosh
4

scsA
A

asA
A

a
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+−

−
+−

−
−  

scsA
A

asA
A

af n cosh4sinh
4

4cosh
412 ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+−

−
+−

−
=+  

          ;sinh24cosh
2

4sinh
2

sdcssA
A

asA
A

a
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+−−+−−  

 
where ))()1()3((: 2

4
1 uhhA η++−=   are constants along γ and s is the arc length 

parameter γ 
 
Remark.   The Jacobi field with respect to timelike geodesics can be obtained by a 
similar consideration as in this section (cf. [7]). 
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5.  Geodesic spheres 
 
In this section, we characterize a normal contact Lorentzian manifold of constant 
φ-sectional curvature by using some extrinsic property of geodesic spheres. For this 
purpose we use the Jacobi fields mentioned in the previous section. 
 For a point ,Ma∈  let U  be a normal neighbourhood about p.  In U, we consider a 
geodesic sphere S(r) with center p and radius .)0(>r   Let γ be a spacelike geodesic 
starting at p and contained in U, and u its unit tangent vector field. 
 We denote the shape operator at a point γ(s) of the geodesic sphere by A.  If A 
satisfies the equation 
 

ξφφξφφξξ ),(),(),(),( XudguXdguXucgXbgaXAX ++++=              (5.1) 
 
at a point ,)(sγ  where a, b, c, d are functions, then S(r) is called  quasi-umbilical with 
respect to the plane of  ξ and Xϕ  at the point (where we assume that .)0)( =uη  
 Let X be a Jacobi field along γ orthogonal to u.  Then the equation 
 

XAXAuXuR u )(),( 2 ∇−=       (5.2) 
 
is well-known [4].   Let },,{ 121 +nee L be a parallel orthonormal base along γ with 

.1 ue =  We denote by  ,)12,,2( += nA Lαα  the Jacobi vector fields along γ determined 
by the intitial conditions  

 
.)0(,0)0( ααα eXX =′=  

 
 Let F  be an nn 22 ×  matrix given by the components of iX  with respect to the 
frame ,},,{ 122 +nee L  that is, .αα Xe =F   Then we have 

 

.1−′−= FFA                                                   (5.3) 
 
Theorem 5.1.  Let M be a ldimensionan -)12( + )2( ≥n  normal contact Lorentzian 
manifold.  If for every point p and direction u orthogonal to ξ at p, the geodesic spheres 
in some normal neighbourhood of p are quasi-umbilical with respect to the plane ξ and 
φu, then M is of constant φ-sectional curvature.  The converse also holds.  
 
Proof.   Assume that geodesic spheres are quasi-umbilical.  Then from (5.1) it follows 
that 
 

ξφφ dcbaudbauA )2())(( 222 +−+−+=  
and  
 

ξφφ )()2()( dcbudcauAu ′+−−+−′+′=∇ . 
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Substituting these equations into (5.2), we obtain  
 

.))2(())((),( 22 ξφφ dcbdcbaucadcauuuR ′−+++−+′−′−−+=  
 
 But, from (2.2), we have .0),),(( =ξφ uuuRg  So uuuR ),( φ  is collinear with φu 
along γ  and hence, we conclude that M is of constant φ-sectional curvature.  (This fact is 
easily proved as for the Riemannian case (see [12])). 
 Conversely, we assume that M is of constant φ-sectional curvature. 
 Let γ be a geodesic in a normal neighbourhood U.  Assume that the tangent vector 
field u of γ is orthogonal to ξ.  Along γ, we have an orthonormal parallel base 

},,{ 121 +nEE L  as 
 

,1 uE =′= γ  
,sinhcosh2 susE n φξ +=  

.coshsinh12 susE n φξ +=+  
 

 Then the Jacobi field  
 

∑
−

=
++++=

12

2
121222

n

i
nnnnii EfEfEfX  

 
orthogonal to ξ  satisfies  
 

   ,0)3(
4
1

=−+′′ ii fhf  

   0)coshsinh)1(()sinh)1(1( 122
2

2 =+−++−′′ +nnn fsshfshf  

   ,0)coshsinh)1(()cosh)1(1( 212
2

12 =++++−′′ ++ nnn fsshfshf  
 

by virtue of Proposition 4.1. 

 Therefore, for the Jacobi fields  ∑ +
+==

12

2
,)12,,2,(

n
nEfX

β ββαα βα L  with 

initial conditions  
 

,)0()0(,0)0( ααα EXX =′=  
 

we have )( βαf  as a matrix is of the form 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

−

−−−

nnnn

nnnn

ff
ff

fI

1

111

0
0

00
F  
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Hence 1−′−= FFA   has the same form and it follows that the geodesic spheres are 
quasi-umbilical with respect to the plane of ξ and φu.  
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