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Abstract. We investigate starlike and convex functions f(z) = z + Z:Ozz a 2" with the

zf'(z)

property that W and 1+sz'_((z)) lie inside a certain parabola. We give some particular
z z

examples of functions having the required properties and it is shown that these functions are

invariant under particular integral operators. We also determine the radii of uniformally convexity

and starlikeness for certain functions. Such type of work was carried out by [1] and we are

motivated by this work.

1. Introduction

Let A denote the class of all functions f(z) which are analytic in the open unit disc
u=1{z: |z| < 1} and f(0) = f'(0) —1 =0 and let S denote the subclass of A consisting

of functions which are also univalent in U. A great deal of attention has been given in
recent years to the uniformally starlike and convex functions introduced by Goodman [4].
He introduced the class UCV of uniformally convex functions which have the additional
property that for every circular arc y contained in U with center also in U the image arc

f(y) is convex.
Ma and Minda [7] and Ronning [9] independently proved that f € UCV if and
only if

Rer—(Z)+1>

f'(z)

zf"(2)

o (z e U). (1.1)

Furthermore Ronning [9] defined the class S|, of functions f e A for which

e zf'(2) S
f(z)

#'(z)
f'(z)

1‘ (zeU). (12)
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In [1] the class S, was generalized by introducing a parameter p. For 0 < p <1,
let Q, be the region

Q, :{u+iv:v2 S4(l—p)(u—p)}:{W:|W—1|Sl—2p+REW} (1.3)

and suppose S, (p) be the subclass of A consisting of functions f such that

2@'@2) eQ (zeU)
f(2) g
and also let K, () be the subclass of A consisting of functions f such that zf" e S, (p).
It is easily seen that S (1/2) = S, and S (p) is a subset of starlike functions.
A function f belonging to S,(p) and K,(p) is called parabolic starlike and
convex of order p, respectively.
In [1] Ali and Singh, obtained sharp upper bounds for n-th coefficient of functions in
Sy(p) and for the inverse function fw) =w+ dzw2 +--- when n=2, 3,and 4.
Also they obtained a general Littlewood type of bound on | a,|.

Motivated by the work of Ali and Singh [1] we study the radius problem for certain
functions and we introduce some examples for the classes S, (p) and K, (o).

It is also shown that these classes are invariant under particular integral operators.
Further results obtained in [10] will be special cases of our results.

2. Integral operators

The function which maps U onto the parabolic region Q , is given by

qp(z) =1+

2
4a-p) |, 1+4z
2 {Ogl—ﬁ} -

(The branch of V7 is chosen such that Im+/z > 0.)

It is clear then that f € S,(p) and K, (p), respectively, if and only if, 2

) and

1+ % are subordinate to q,(z), (see [1]), which we denote by
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f"'(2)
f'(2)

zf'(2)
f(2)

<0,(2), <4,(2).

The convolution of two power series
f(z) = X a,z" and g(z) = > b,z"
n=0 n=0
is defined as the power series

(*9)2) = 3 a,b,2",

n=0
In our next investigation we need the following Lemma of Ruscheweyh [12].

Lemma 1 ([12]). Let ¢ be convex and g be starlike. Then for each function F, analytic

2°F9 s a subset of the convex hull of F(U).

in U, the image of U under Py

Theorem 1. If f € S,(p) (orK,(p)) thensois f * ¢ for any function ¢(z) =z + -
analytic and convex in U.

Proof. Weknow f e S,(p) ifandonlyif for zeU,

zf'(2) -
f(2)

a,(2).
But q,(z) isconvex and f is starlike of order p. So an application of Lemma 1 yields

.
P*() 20> Y

A (7 )<qp(z)_
p*f p*f

Hence it follows that ¢ * f € S (p). The result for K,(p) now follows from the
relationship f € K, (p) ifandonly if zf' e S,(p).

Corollary 1. If f e Sy (p),K,(p), thensois

“—rrj;tf-lf(t)dt, Re(r) > 0.
Z
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Proof. Since

i+r

Z. 1+
t" 1 (t)dt = f * 2",
z" JO ® Z‘ln+r

The result follows from Theorem 1 and noting that 2.7, 1L z"is convex in U.
See [11].

Corollary 2. If f e S;(p),K,(p), thensois

[RIGEREY

S E x| <1, x =1

Proof. We may write

G ERIC P
Jom e de=

where

00 1_Xn

h(z) = X

z
n=1 (1 - X)n

n__1 IOg{l_XZ},|x|sl,x¢l.
1-x 1-z

Since h is convex the result follows from Theorem 1.
Corollary 3. Let 4 >0 and
1-2p

|Al < 2= p)
2o if 1/2<p<5/6

if 0<p<1/2

Then the function

© n-1
f,(2)=2 A z"

n=1 (n + 1)#

belongsto K,(p), 0 < p < % where p, is the smallest positive root of the equation

—@+p)x* =20+ 2p)x3 + 20 -2p)x + (1- p) = 0.
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Proof. Since the function f(z) = % belongs to K, (p) with condition mentioned

above for |A| and function &,(z) = N (lj—n)# is convex (see [6]). Hence the result

follows from Theorem 1.

Theorem 2. Let f; € K,(p) and let «; be real numbers such that o; = 0 and

2", a; <1. Let B >1 then the function g(z) defined by

N 1/p
9@ = |, (H f;(:)‘*} dg
i=1

also belongs to K (o).

Proof. Since f; € K,(p) we have

2i'(2)
fi(2)

29"(2)|
g'(2) |

Re[ﬂw]+ﬂ(2—2p) > Y o >

9'(2) i-1

which implies that g € K, (p).

Remark 1. The special case of Theorem 2 for p=1/2, f =1 was proved by
Shanmugam and Ravichandran [10].

ZI'((ZZ)) - 1‘ <2, where t>0 and

t
0@ - ! [ﬁj dz

Theorem 3. Suppose f e A is such that

0< p<1. Then

belongs to K, (p).

Proof. Since
29'(2) _ t(zf (2) _1J
9'(2) f(2)
we can write
Re @) Lo 2p)21-p> Zg—(z)‘
9'(2) 9'(2)

Hence g € K, (p).
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Remark 2. The special case of Theorem 3 for p = % t = 2 was proved by Shanmugan
and Ravichandran [10].

We will need the following lemma in the next theorem.

Lemma2 ([2]). Let B,y € C. Let h(z)=c+hz+--- be a convex (univalent)
function in U, with Re(fh(z) + ) >0, zeU. If p(z) =c+ pz +--- is analytic in
U, then

p(2) + 2

)+ 7 < h(z) implies p(z) < h(z).

Theorem 4. Let f € Aand @ >0, f € S,(p) then
fe 1/ a
F(z) = {a ;#dt} 2.1)

also belongs to S (p).

Proof. Differentiation of (2.1) w.r.t. to z, leads to

zF'(z) N ZF"(z) _ o 7t '(z) 1

«-YFn TFo f(2) (22)
Let p(z) = ZE((ZZ)) then (2.2) is equivalent to
1 27p'(2) _ zf '(2) 23
PO e T T &3
Since f e Sy(p), itfollows by (2.3)
1 2p'(2)
p(z) + « p2) < qp(p)-

But it is easy to see that Re(eq,(p)) >0 and q,(p) is convex (univalent). By
Lemma 2 it follows

p(z) < g, (p).

Hence F € S, (p).
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Finally in this section we investigate sections of elements K (o).

Theorem 5. If f(z2)=z+ 2y ,a,2" ¢ Ko(p), then f.(2)=z+ >, az
belongs to K ,(p) for |z| < 1.

n+l

Proof. Let g,(2) =z+ Xp_, ¢ = L4~ it is well known g, is convex for

|z| < % Hence function h,(z) = 49,(z/4) is convex in U. By making use of Theorem

1 it follows that h, = f € K, (p) or f, e K (p) for [z] <. Hence the proof is
complete.

3. Radius problem
Let M (p) denote the class of all analytic functions p(z) defined on U, with p(0) =1

satisfying |arg p(z) | < 2, (z e U), where g > 0.

Definition 1. A function f(z) in the class A is said to be a member of the class
C™(My,a) if and only if there is a function g(z) e S™ () (starlike of order «) such

that ;8 e M(B).
Definition 2. The K (p) radius of S denoted R, (p) is the radius of the largest disc

| 2] < Ry(p) inwhich 1+ 278 e, holdsforall f .

The S,(p) radiusof C*(M,,«), denoted R;(p) is the radius of the largest disc

|z| < Ry (p) inwhich ZI'((;)’ € Q, holdsforall f e C"(M,a).

Let 0<p<1l,a>p and let m,(p) be the largest number in which disc

D(a,m,(p)) ={w e C; |W - a| < m,(p)}lies completely inside region Q ,. A direct
calculation gives us

a-p if p<a<2-p

ma(p)z{ .
2yl-p)(@a-1) if a=2-p

If we restrict the value of a by “TP <a<(2-p)+ 1/p2 -p +% then disc contains
the point 1. Hence it follows:



160 R. Aghalary and S.R. Kulkarni

Lemma 3. Let f € A. If for any a with “T” <a<5-4p

#'(z)
f(2)

a‘ <My (p)

forall zeU. Then f € S (p).
To prove the next theorems we need the following results.

Lemma 4. Suppose p(z) =1+ c,z" + - is analytic and belongs to M (5), then

zp'(2)
P(2)

n
< 2pnr
1—r2n

for |z|=r<1.

Proof. Define g(z) = p(z2)Y#?. Then argg(z) = +argp(z) and Reg(z) > 0. It is
known [8] that

' n
0@ | anz , for |z] =1 <1.
(@) | 1-r7"
Hence
Q)| _ L@ 2 |z|=r<1
p(2) 9(2) | 1-r™ '
and the proof is complete.
Lemma 5 ([3]). If p(z) =1+ciz+cyz+--- is analytic and Rep(z) >a for
z e U then
1+ (- 2a)r? 2(1 - a)r
z) - < for |z|=r <1.
‘ P 1-r2 1-r2 H

Theorem 6. The K (p) radiusof Sis

2 -3+ p?

R =
o (P) 11 p
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Equality occurs for f(z) = (1_22)2 .

Proof. For f € S, itis known [5] that

(1+ zf”(z)]_ 1+r?
f'(2) 1-r2

This represents a circular disc intersecting the real axis in

4r
1-r2’

for |z| =r<l1.

1 dr+r?

. Cl+dr+r?
1 = —e——
1-r2

and X, =
2 1-r?

For r = R,(p) we have % = p and for r less than this value the disc lies
completely inside the parabolic region Q ,, by Lemma 3. Hence the proof is complete.

Theorem 7. The S,(p) radius R;(p) for the class C*(Mﬁ,a) is

1-p
A+ B-a)+ 1+ B-a)? —A- p)L+ p - 2a)

R, (p) =

where S>3 (1-p)and 0<a<1,0< p<1.

Proof. Let g be a starlike function of order « such that h(z) = ;8 e M(p). Since

f'(z) _ 29'(2) zh'(z)
0 = ot hey by Lemmas 4 and 5, we get

2#'(z) 1+ (@-2a)r’ _ 20+ p-ayr

f(2) 1-r? - 1-r2 3.1

s 1-2(1+ f-a)r+(1-2a)r®
if e =

This circular disc touches the parabola Q ,

This gives the value of R’,;(p). For r less than this value the circular disc is inside the

parabola Q ,. The result is sharp for function f(z) = W(%f—;)ﬂ which satisfies

the hypothesis with g(z) =

7z
(1-2)%a
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Remark 3.  The special case of Theorem 7 for p :% and B =1 was proved by
Shanmugam and Ravichandran [10].
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