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Abstract. In this paper, we define and investigate a new class of functions called semi G-perfect
functions and also obtain the characterizations of locally s-closed spaces in weakly Hausdorff
spaces.

1. Introduction

In [2], the present authors have defined and investigated locally s-closed spaces. In this
paper, we define a new class of functions called semi &-perfect functions and obtain some
properties of semi E-perfect functions. Also, we obtain further characterizations of
locally s-closed spaces in weakly Hausdorff spaces.

2. Preliminaries

Let X be a topological space and A a subset of X. The closure of A and the interior of A
with respect to X are denoted by Cly (A) and Inty (A) (simply CI(A) and Int(A)),

respectively. A subset A of X is said to be semi-open [4] if there exists an open set U of
X such that U < A c CI(U). The complement of a semi-open set is said to be

semi-closed. The semi-closure of A, denoted by SCI(A), is defined by the intersection of

all semi-closed sets containing A. A subset A is said to be semi-regular [1] if it is
semi-open and semi-closed. The family of all semi-regular sets of X is denoted by
SR(X). By SR(X,X), we denote the family of all semi-regular sets of X containing a

point x € X. A point X of X is called a semi @-adherent point of A [1]if AnU = ¢
for every U € SR(X,X). The set of all semi f-adherent points of A is denoted by
SCl,(A). If A =5sCly(A), then A is said to be semi &-closed. A subset A is said to be
regular open (resp. regular closed) if Int(CI(A)) = A (resp.Cl(Int(A)) = A). The
o-closure of A [9] is defined by the set of X € X such that AnU = & for any regular
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open set U of X containing X. If A contains the &closure of A, then A is said to be
o-closed [9].

Definition 2.1. A subset A of a topological space X is said to be s-closed relative to X
[1] if for every cover {V, :a € V} of A by semi-open sets of X, there exists a finite

subset V,, of V suchthat A c U{sCly (V,):a e V,}. If A= X, then the space X is
said to be s-closed [1].

Definition 2.2. A topological space X is said to be locally s-closed [2] if each point of
X has an open neighborhood which is an s-closed subspace.

3. Locally s-closed spaces

In this section, we obtain characterizations of locally S-closed spaces in a weakly
Hausdorff space. A topological space X is said to be weakly Hausdorff [8] if every point
of X is the intersection of regular closed sets of X.

Lemma 3.1. If X is a weakly Hausdorff space and A is s-closed relative to X, then A is
o-closed in X.

Proof. Let x € X — A. Foreach a € A, there exists a regular closed set F, such that
aekF, and x¢ F,. Since F, € SR(X) and A c U{F, :a € A}, there exists a finite
subset A, of A such that Ac U{F, :ae Aj}. Now,putV =X -U{F, :ae Ay}.
Then V is a regular open set containing X and V N A = ¢. Therefore, X ¢ Cl;(A) and
hence A is &-closed in X.

Lemma3.2. Let X be a topological space, B s-closed relative to X and A e SR(X),
then A m B is s-closed relative to X.

Proof. Let U ={U, :a € V} be a cover of AN B by semi-regular sets of X. Then
U u{X — A} is a cover of B by semi-regular sets of X. Since B is s-closed relative to
X, there exists a finite subset V, of V such that B < (X - A)u{U, :a € V,}. This
implies that AN B c U{U, : @ € V,}. This completes the proof.

A subset A of a topological space X is said to be S-closed relative to X [6] if for
every cover {V, : @ € V} of A by semi-open sets of X, there exists a finite subset V,, of

V such that A c U{Cly(V,):a € V,}. A topological space X is said to be locally

S-closed [6] if each point of X has an open neighborhood which is an S-closed subspace.
A topological space X is said to be extremally disconnected if the closure of each open
set of X is open in X. The following lemma is an immediate consequence of Theorem 3.2
in [7] since every locally s-closed space is locally S-closed.



On Semi 6-Perfect Functions 177

Lemma 3.3. A locally s-closed weakly Hausdorff space is extremally disconnected.

Theorem 3.1. The following properties are equivalent for a weakly Hausdorff space X:

(1) Xislocally s-closed;

(2) for each x € X and each neighborhood U of x, there exists an open set V in X
such that CI(V) is s-closed relativeto Xand x eV < CI(V) < sCIU) ;

(3) foreach x € X and each regular open neighborhood U of x, there exists an open
set V in X such that CI(V) is s-closed relativeto Xand x eV < CI(V) c U

(4) for each set C s-closed relative to X and each regular open set U containing C,
there exists an open set V in X such that V is s-closed relative to X and
CcV csCl(vV)cU.

Proof. (1) = (2): Let X be locally s-closed, x € X and U a neighborhood
of X. There exists an open set G of X such that X e G cU. Since X is locally

s-closed, by Theorem 3.1 of [2] there exists an open set W containing X which
is S-closed relative to X. Put V =W NG, then V is an open set containing X

and CI(V) c CI(W) =W because W is &closed and hence closed, by Lemma 3.1.
Since CI(V) is semi-regular, by Lemma 3.2 CI(V) is s-closed relative to X.
Moreover, by Lemma 3.3 X is extremally disconnected and hence
Cl(V) c CI(G) = Int(CI(G)) = sCI(G) < sCI(U) [1, Lemma 2.1].

(2) = (3) : This is obvious.

(3) = (4): For each ¢ € C, there exists an open set V, such that CI(V,) is s-closed
relative to X and ¢ eV, < sCI(V;) c CI(V,) cU. Since sCI(V,) is semi-regular,
by Lemma 3.2 sCI(V,) is s-closed relative to X. Since C is s-closed relative to X,
there exists a finite subset C, of C such that C — U{sCI(V,):c e Cy,}. Now,
put V =U{sCI(V,):c e Cy}, then V is open in X, s-closed relative to X and
CcVcsCl(V)cU.

(4) = (1) : A point is certainly S-closed relative to X. Let X be any point of X. Since X
is regular open, there exists an open set V containing X such that V is s-closed relative

to X. Therefore, by Theorem 3.1 of [2], X is locally s-closed.
4. Semi @-perfect functions

Definition 4.1. A function f : X — Y is said to be semi &-closed [1] if f(A) is semi
6-closed in Y for every semi @-closed set A of X.

Theorem4.1.  Afunction f : X —> Y is semi &closed if and only if for every subset
Aof X sCl,(f(A)) < f(sCly(A)).

Proof. The proof is straightforward and is thus omitted.
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A filterbase F on a topological space X is said to be SR-convergentto x € X [1]if
for each V € SR(X, x), there exists F € F suchthat F V. A point X € X is called

a semi @-adherent point of a filterbase F on X if x € [sad],F = n{sCl4(F): F e F}.

A filterbase F is said to be semi é-directed toward S — X if every filterbase
subordinate to F has a semi f-adherent point in S.

Definition 4.2. A function f: X — Y s said to be semi &perfect if for every
filtlerbase F in f(X) SR-converging to y €Y, f~'(F) is semi @directed toward

' (y).

Theorem 4.2.  Forafunction f : X — Y, the following properties are equivalent:

(1) fissemi @-closedand f'(y) iss-closed relative to X for every y e Y ;
(2) [sad], f(F) < f([sad]yF) for every filterbase F on X.

Proof. (1) = (2): LetF be any filterbase on X and suppose that y ¢ f([sad],F).
Then for each x e f~'(y), there exist S, € SR(X,x) and F, e F such that
F, NS, = ¢. The family {S, : x € f '(y)} isa cover of f '(y) by semi-regular sets
of X. Since f'(y) is s-closed relative to X, there exist points X1 X5,+++, X such that
f7'(y) cU{S, :1<i<n} Thereexists F eF suchthat F c n{F, :1<i<n}.
Therefore, we have F n[U{S, :1<i<n}]=¢ and hence fl(y)n sCly(F) = ¢.
Thus we obtain y ¢ f(sCl,(F)). Since f is semi 6-closed, by Theorem 4.1 we have
y ¢ sCl,(f(F)) and hence y ¢ [sad], f (F).

(2) = (1) : First, we show that f _l(y) is S-closed relative to X foreach y €Y. LetF
be any filterbase on X which meets f_l(y). Then y e f(F) for each F eF.
Therefore, we have y e [sad], f(F) c f([sad]yF) and hence [sad],F N fl(y) = ¢.

It follows from Proposition 4.1 of [1] that f~1(y) is s-closed relative to X. Next, we

show that f is semi &-closed. Let A be any nonempty subset of X and F a filterbase on X
consisted of only A. Then, we have sCl,(f(A)) c f(sCl,(A)). By Theorem 4.1, f is

semi-&-closed.

Theorem4.3. A function f:X —>Y is semi @perfect if [sad],f(F)
c f([sad],F) for every filterbase F on X.
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Proof. Suppose that [sad], f(F) < f([sad],F) for every filterbase F on X. Assume
that f is not semi G-perfect. Then, there exists a filterbase F in f(X) such that F
SR-converges to a point y €Y but f '(F) is not semi @-directed toward f '(y).
Thus there exists a filterbase G on X which is subordinate to ffl(F) and
f7'(y) N[sad],G=¢. Therefore, we have Yy ¢ f([sad],G) and hence
y ¢ [sad], f(G). Thus y & sSCl,(f(G;)) for some G, € G. Then, there exists
V € SR(Y,y) such that V n f(G,)=¢. Since F SR-converges to y and G is
subordinate to f ~'(F), there exists G, € G such that f(G,) < V. Consequently, we
obtain G; NG, = ¢. This contradicts that G is a filterbase. This proves that f is semi
G-perfect.

Corollary 4.1. If f: X — Y isasemi éclosed function such that f '(y) is s-closed
relative to X foreach y €Y, than fis semi &perfect.

Theorem4.4. If f:X —>Yis a semi @perfect function and Y is extremally
disconnected, then [sad], f (F) < f([sad],F) for every filterbase F on X.

Proof. Suppose that f : X — Y is a semi @perfect function and Y is extremally
disconnected. Let F  be a filterbase on X and y €[sad], f(F). Now, put
G={Vnf(F):V eSR(,y), F eF}. Then, since Y is extremally disconnected, G
is a filterbase in f(X) which is subordinate to f(F) and SR-converges toy. Let us put
H={f(G)nF:FeF,GeG}. Then H is a filterbase on X subordinate to
f1(G). Since f is semi Gperfect, f '(G)is semi Gdirected toward f'(y).

Therefore, we have f'(y) N [sad]yH # ¢ and hence y € f([sad],F). This shows
that [sad], f(F) < f([sad]yF).

Corollary 4.2. Let Y be an extremally disconnected space. Then, the following
properties are equivalent for a function f : X - Y :

Q) f: X > Y issemi @perfect;
(2) [sad], f(F) c f([sad],F) for every filterbase F on X;

(3) fis a semi éclosed function such that f '(y) is s-closed relative to X for each
yeyY.

Proof. This is an immediate consequence of Theorems 4.2, 4.3 and 4.4.
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A function f : X — Y is said to be weakly continuous [3] if for each point X € X
and each open set V of Y containing f(X) there exists an open set U containing X such
that f(U) < CI(V).

Theorem 4.5.  If a function f : X — Y is weakly continuous and semi &-perfect and
Y is a locally s-closed weakly Hausdorff space, then X is locally s-closed.

Proof. Let X be any point of X. Since Y is regular open, by Theorem 3.1 there exists an
open set V of Y such that CI(V) is s-closed relative to Y and f(x) eV < CI(V).

Since f is weakly continuous, by Theorem 1 of [3] we have f ' (V) < Int(f '(CI(V))).

Since Y is locally s-closed weakly Hausdorff, by Lemma 3.3 Y is extremally
disconnected and hence CI(V) is open in Y. Therefore, by Theorem 4 of [5] we

obtain CI(f 1(CI(V))) = f 1(CI(V)) and hence x e f ' (V)< Int(CI(f ' (CI(V))))
c f(CI(V)). Since f is semi @perfect, it follows from Theorem 4.7 of [2]
and Corollary 4.2 that f '(CI(V)) is s-closed relative to X. Now, put

U = Int(CI(f ' (CI(V)))). Then, since U is semi-regular, by Lemma 3.2 U is s-closed

relative to X and an open set containing X. Therefore, by Theorem 3.1 of [2] X is
locally s-closed.
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