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Abstract. In the tangent space 7(E) and in its dual T *(E), two different adapted basis was
introduced, in another paper with the same title [10]. In the present paper are given the connections

between K w g and K7 s+ between the torsions: Y:MW p and T s and the components of

the metric tensor g,, g and gy, g, -

1. Introduction

We define E=0sc’M as a 3—n dimensional C* real manifold, in which the
transformation of form (1.1) are allowed. It is formed as a tangent space of order two of
the n-dimensional base manifold M. In some local chart (U, ¢) some point u € £ has

coordinates
(xa)yla)yZa) — (yOa’yla,yZa) — (yaa)’

where x¢ = yO” and a,b,c,d,e, - = I,_n, a,B,y,0, - = O,_Z
The following abbreviations will be used
O = —— @ =0,2.

aa aa

oy

If in some other chart (U’, ¢') the point u € E has coordinates (x*, y'*,»%%), then

in U N U' the allowable coordinates transformations are given by
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x? = xa,(xl, X2, x"),
0.x )y = (B0ay™ )y (1.1)

Pl =
. (aoaym')yla N (alayla’ )yza .

The natural base of 7(E) and of T *(E) are respectively
B = {004 01 024 (12)
and
B = {a% ay', ay™ . (1.3)
The elements of B and B are dual to each other, i.e.,
<dy“", aﬁ,,> = 54 5%, (1.4)
but with respect to (1.1) they have not a tensorial character.
The adapted basis B of T*(E) is given by

B* — {@Oa’éyla’@}Za} (15)
where

@}Oa :dxa — dyOa,
&= dyt - Mo § (1.6)
& = dy* + MAG v+ MG

Theorem 1.1. [10]  The necessary and sufficient conditions that &* are transformed
as d-tensor fields are that the following equations are satisfied

ML (o) = M) % (o,5) + 0,0
M3 0,x") = M3 (0,0 ) + 0,07, (17)
M2 (o, ) =27 (0,6 4 227 (0,0 V0,07
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Let us denote the adapted basis of T(E) by B, where

B = {50a’ 51a’ 52a} = {5aa}a (6( = E), (18)
and

9 :aOa—Nézalb_Ngfazba
014 = O1q = N21 Z O2ps (1.9)
52 = 52

Theorem 1.2. [10] B is dual to B”, if and only if the following relations hold

1b 1b
NO a :MO a’
Ny o =MgJ - M Ny, (1.10)
Wi =ML
Definition 1.1. The generalized connection
V:T(E)®T(E) > T(E), V:(X,Y) > V,Y,
or equivalently
Vy:T(E)y>T(E), Vy:Y—>V,Y,

is a linear connection determined by

VisuOu =T, re .o (1.11)

aa aa pp Yyco

where the summation is going over » and ¢. Ifin (1.11) we set y = this provides the
so called d-connection:

V5ﬁ/; 50"1 = raaacﬁ’b 5ac ’ (1 1 2)

(with no summation over « ).
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The explicite from of (1.11) is given by

_ Oc le 2c
Vs, = Toa o000 + Tou 0p01c + Toa op O2cs

V5,010 = FlaOCOb Spc + rlalc()b O + rlazc()b 02 (1.13)

_ Oc le 2¢
V§0b52a = Dogon00c + Tog 0p01c + T 0p O -

If in the above formulaes we substitute 06 with 15, and then 06 with 2b, we obtain
the complete list of 9 formulaes. The underlined terms are )y, T}y, T2y » where

instead of X stays 15 or 2b.

Comparing (1.13) with (1.12) we see that if in (1.13) all terms are zero except the
underlined ones, we obtain the explicite from of the so called d-connection defined by
(1.12).

Assume that B = {300,51a,$20} is another adapted basis of T(£), which is
formed as B (1.9) but with N replaced with N . Another adapted basis of T *(E) is

B" = {5}0“,5}1“,5}2“} which is formed as B” (1.6) but with M replaced with M .

2. The connection between the torsions in the new adapted basis
The torsion tensor 7'(X,Y) is defined as usual by
T(X,Y)=V,Y-V,X-[X,Y]

Theorem 2.1. [10]  The torsion tensor of generalized connection has the form

a b
T(X,Y) = Ty, X“Y”s,., (2.1)
where

T}’C :1—‘70_1"75

P aa Bb aa aa pb K

ye
aa b
[5aa’5ﬂb] = Kaa}cﬂbé‘yc’

with
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KOaICOb = Ogp Ntl) fz 50a N >

KOa 0 = (50bN2 A No ) ZKOaIEObr

KOaclb - 51bN0 as

KOa 1b (51bN .~ Oou lebc) + Ml2 a KOaldlba

KOaCZb = 0y No as

KOa 2% = 52bN05 + Ml2 a K0a1d2b=

KOa lb _5le120 510N1 b >

Ky, sz; = 0y leac'

Using the relations (4.10), [10] we prove

Theorem 2.2. Between K wr b and K /¢ b there are the following connections

K()a 0b =0,
le
KanOb _KOb 0« Tt Aab 0a 0b T 50aA } 2.2)
B
A KOa 0b+K0a 0b _KOb 0a T A A b le 1d+A
{KOa o T 50aA0b + AocaA ch Zd}
50
Ko, elb =0,
sl = 1
Ko, elb =Ko elb 51bA0 as 2.3)
2ep |1 > 2 ) & 2 & 72 )
A7 ¢ Ko + Kog i = Ko elb + Al 0 ch elb + 00, A1 — Opdy g -
A b 26'
KOu 2b =0,
1
Koi“a =Koy — 52bA0 as 2.4
2ep le 5 2 2 -2

A7 ¢ Koy o + Koy o = Kog p + A lc B = OpAj -

0
Kla elb - O’
51
Ky, % =0, (2.5)
s o2 2 = 2 )
K, =Ky la + Ap {Kla b T 0Al Z}
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> Oe > Oe Oe

K9 =0, Ky = Kag oy =0,

> le > le le

K% =0, Koa ap = Kyq 2y =0, (2.6)
> 2e  _ 2e 2 e > 2e  _ 2e  _

K, "% = Ki,"% — 647 4» Ky = Koy oy =0,

where

_ e _
Ks/“op = Ksi“op + A0% Ks/ e + A5 b Kai 2 » @7

e _ e
K&llb_K&llb+A b Kl 2 -

The connections between T e P and T, p are given in the following theorem.

Theorem 2.3. The components of the same torsion tensor T(X,Y), of the generalized

connection V in the basis B and B are connected by

24

TOb 0a —TOb 0a+AOled ‘00 t 4% T2d 0a >

A le 4 0d -

TOb 0a 40" Top 0a —TOb 0a+A0bT1d 0a T A T2d 0a > (2.8)

A oy . . e —
Top 0a+A1dT0b 0a T A TOb 0a _TObOa+AOled 0a+A T2d 0a -

TOl?ela =7_-'017 la A Tld la Z T2d la »
TOb 1a+A0dT0b la —T0b 1a+A1 led 1a+A T2d la » (2.9

- 2 e 2 1 24
TOb ‘o A7 dTOb e t4% TOb la _TOb Gat 4o led e t47% T2d la -

ld —24d
TOb 2a _TOb “2a T Ao d ‘45 T2d 2a
TOb 2a+A0dT0b 2a _TOb 2a+A0led 2a T A d 2> (2.10)
R R e F
T()b 2a+A1dT0b 2wt A0 a T bZa_T0b2a+A0led 2a T A d2a'
le la _le la A T2d la »
A 24
T + 4% T,%, =T% + 475 Toi 1a s (2.11)

le la A le la Z le la _le la A T2d la -
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7~ Oe _ 7 Oe

Thp1a =T 1a >

5 le le - 0d 7 le

Top“1a+A40a Top 1a =T 1a s (2.12)
5 2e 2 e p 1d 2 e 0d _ 7 2e

Dy at AT alop 10+ 45 a Top 1a = Top 1a -

Ty % 7 =02, 2.13)

N
§§
I

where

T e 1 -2
T/ o = Tsiop 40 Tsl e + Ao b Tl e » 2.14)

;e _moe 2c¢ oo _
Tsiw =Tsip+tA1 5 Tyl 2e, 6=0,2.

3. The connections between the components of the metric tensor in the new
adapted basis

In the space T *(E)® T *(E) the metric tensor G can be given by

0b
8oaob 8oalb Eo0a2b

oy
G = 5)’0“5)/1”5)’2”] g1a0b 8lar  Ela2b 5)’”7
oy

82000 82416 8242 2

= Zup®™ ® ", a,p = 0,2.

For the components of the metric tensor we have:

gaa,ﬁb = gaa'ﬁ’b' (aaxay)(abxb')v O!,ﬁ =02.

Theorem 3.1. The connections between the components of the metric tensor, with

respect to the generalized connection V, in the basis B and B are given by

Zoa o = Zoa b + A0% Zoa1a + A5 Zoa 24 » (3.1
Zlaos = Ziaop + A1 & Bacop - (3.2)
€2 00 = &2a 06 > (3.3)
Zoa1s = Zoatr + A1 5 Bou 24 - (3.4)

S1atp = Zlaty + 415 Za 2 » (3.5)
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éZa b = &b > (3.6)
éOa 26 = gOa 2b > (37)
éla 2w = &la 2 > (3.8)
€020 = 824 2 (3.9
where
Zoap = Lo+ 405 Qe p T Ao G2 s ¥ =02, (3.10)
— _ 1d —2d 5
8uob = &aobTA0b &uia tA0b &uoas ¥=12, (3.11)
Tl = L +ATs Q2 s (3.12)
Zra1s = C2atp+AT4 82024 - (3.13)
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