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Abstract.  In the tangent space )(ET  and in its dual ,)(* ET two different adapted basis was 
introduced, in another paper with the same title [10].  In the present paper are given the connections 
between c

aK γ
βα

   
b   

ˆ  and c
aK γ

βα
   

b   , between the torsions: c
aT γ

βα
   

b    
ˆ  and c

aT γ
βα

   
b     and the components of 

the metric tensor    
b   ˆ βαag  and    

b   βαag . 

 
 

1.   Introduction 
 
We define MOscE 2=  as a n−3  dimensional ∞C real manifold, in which the 
transformation of form (1.1) are allowed.  It is formed as a tangent space of order two of 
the  n-dimensional base manifold M.  In some local chart ),( ϕU some point Eu ∈  has 
coordinates 
 

( ) ( ) ( )αaaaaaaa yy,, yyy,, yx == 21021 , 
 

where aa yx 0=  and  .2,0,,,,,,1,,,,, == δγβαnedcba  
The following abbreviations will be used 

 

.2,0, =
∂

∂
=∂ ααα aa y

 

 
If in some other chart ),( ϕ′′U the point Eu ∈  has coordinates )( 21 a'a'a' ,y, yx , then 

in UU ′∩   the allowable coordinates transformations are given by  
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The natural base of )(ET  and of  )(* ET  are respectively 

 
 { }aaa , , 210 ∂∂∂=B          (1.2) 

 
and 

 
 { }aaa , dy, dydy 210* =B  .               (1.3) 

 
The elements of B  and *B are dual to each other, i.e.,  

 
 a

bb
ady δδ α

ββ
α   , =∂ ,             (1.4) 

 
but with respect to (1.1) they have not a tensorial character. 
 

The adapted basis *B of  )(* ET  is given by 
 

 { }aaa yyy 210*  , , δδδ=B          (1.5) 
 
where 
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   (1.6) 

 
Theorem 1.1. [10]    The necessary and sufficient conditions that ayαδ  are transformed 
as d-tensor fields are that the following equations are satisfied 
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Let us denote the adapted basis of )(ET by ,B where 
 

 { } { } ( )2 ,0,210 === αδαaaaa δ, δ,δB , (1.8) 
 

and 
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Theorem 1.2. [10]   B is dual to ,*B  if and only if the following relations hold 
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Definition 1.1.   The generalized connection 

 
YYXETETET X∇→∇→⊗∇ ) ,(:  , )()()(: , 

 
or equivalently 

 
YYETET XXX ∇→∇→∇ :  , )()(: , 

 
is a linear connection determined by 

 
 c

c
aa bb γ
γ

ααδ δδ ββ
Γ=∇ ,  (1.11) 

 
where the summation is going over γ  and c.  If in (1.11) we set αγ =  this provides the 
so called d-connection: 

 
 cbaab α

α
βααδ δδ

β

c   
    Γ=∇ , (1.12)  

 
(with no summation over α ).  
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The explicite from of (1.11) is given by 
 

 c
c  

b a   c
c  

b a   c
c  

b a   ab 2
2

001
1

000
0

0000
δδδδδ Γ+Γ+Γ=∇ , 

 c
c  

b a   c
c  

b a   c
c  

b a   ab 2
2

011
1

010
0

0110
δδδδδ Γ+Γ+Γ=∇ , (1.13) 

 c
c  

b a   c
c  

b a   c
c  

b a   ab 2
2

021
1

020
0

0220
δδδδδ Γ+Γ+Γ=∇ . 

 

If in the above formulaes we substitute 0b with 1b, and then 0b with 2b, we obtain 
the complete list of 9 formulaes. The underlined terms are ,, 1

1
0

0
c  

a   X
c  

a   X ΓΓ  c  
a   X
2

2Γ , where 
instead of X stays 1b or 2b. 

Comparing (1.13) with (1.12) we see that if in (1.13) all terms are zero except the 
underlined ones, we obtain the explicite from of the so called d-connection defined by 
(1.12). 

Assume that { }aaa 210
ˆ ,ˆ ,ˆˆ δδδ=B  is another adapted basis of ,)(ET  which is 

formed as B (1.9) but with N replaced with N̂ .  Another adapted basis of )(* ET  is 

{ }aaa yyy 210* ˆ ,ˆ ,ˆˆ δδδ=B  which is formed as *B (1.6)  but with M replaced with M̂ . 
 
 
2.   The connection between the torsions in the new adapted basis 
 
The torsion tensor ),( YXT  is defined as usual by 

 
.],[),( YXXYYXT YX −∇−∇=  

 
Theorem 2.1. [10]  The torsion tensor of generalized connection has the form  

 

 ( ) c
bac

ab YXTYXT γ
βαγ

αβ δ  
    , = , (2.1) 

 
where 
 

c
ba

c
ba

c
ab

c
ab KT γ

βα
γ
βα

γ
αβ

γ
αβ

   
   

   
   

   
   

   
    −Γ−Γ= , 

[ ] cbaba K γ
γ
βαβα δδδ c   

    , = , 
 

with 
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Using the relations (4.10), [10] we prove 
 
Theorem 2.2.  Between c   

   
ˆ γ

βα baK  and c
baK γ

βα
   

    there are the following connections 
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where 
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The connections between c

baT γ
βα

  
   

ˆ  and c
baT γ
βα

  
    are given in the following theorem. 

 

Theorem 2.3.  The components of the same torsion tensor ,),( YXT  of the generalized 

connection ∇  in the basis B  and  B̂  are connected by 
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3.  The connections between the components of the metric tensor in the new 

adapted basis 
 
In the space )(*)(* ETET ⊗  the metric tensor G can be given by 
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For the components of the metric tensor we have: 

 
( ) ( ) 2 ,0 ,   ,    ''

' ' =∂∂= βαββ
b

b
a

abαabαa xxgg . 
 
Theorem 3.1.  The connections between the components of the metric tensor, with 
respect to the generalized connection ∇, in the basis  B and B̂  are given by  

 
 ,   ˆ 2  0

  2
  0 1  0

  1
  0 0  00  0 da

d
bda

d
bbaba gAgAgg ++=   (3.1) 

 ,  ˆ 0  2
  2
  1 0  10  1 bc

c
ababa gAgg +=   (3.2) 

 , ˆ 0  20  2 baba gg =   (3.3) 

 ,  ˆ 2  0
  2
  1 1  01  0 da

d
bbaba gAgg +=   (3.4) 

 ,  ˆ 2  1
  2
  1 1  11  1 da

d
bbaba gAgg +=   (3.5) 
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 , ˆ 1  21  2 baba gg =   (3.6) 

 , ˆ 2  02  0 baba gg =   (3.7) 

 , ˆ 2  12  1 baba gg =   (3.8) 

 baba gg 2  22  2ˆ =   (3.9) 

where 
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c
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baba =++= γγγγγ  ,  (3.10) 

 2 1   ,   2  
  2
b  0 1  

  1
b  0 0  0  ,gAgAgg da

d
da

d
baba =++= γγγγγ  ,  (3.11)  

 ,    2
  2
a  1   1  1 bc
c

baba gAgg γγγ +=  (3.12) 

 .  2  2
  2
b  1 1  21  2 da
d

baba gAgg +=  (3.13) 
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