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1. Introduction

One of important and basic topics in the general topology and several branches of
mathematics, which have been researched by many authors, is continuity of functions.
In recent years, Ekici [10] studied the notion of almost contra-precontinuous functions
and Jafari and Noiri [12] introduced contra-precontinuous functions. The purpose of
this paper is to study (J — pre,s)-continuous functions and to obtain several

characterizations and properties of (J — pre, s)- continuous functions. Moreover, the

relationships between (6 — pre, s) - continuous functions and graphs are also investigated.

2. Preliminaries

In this paper, spaces (X,7) and (Y,v) (or simply X and Y) always mean topological
spaces on which no separation axioms are assumed unless explicitly stated. Let 4 be a
subset of a space X. For a subset 4 of (X,7), cl(4) and int (4) represent the closure
of A with respect to 7 and the interior of A4 with respect to z, respectively.

A subset 4 of a space X is said to be regular open (respectively regular closed)
if 4 = int(cl(A)) (respectively A = ¢l (int(A4))) [26]. The family of all regular open
(respectively regular closed) sets of X is denoted by RO(X) (respectively RC(X)). We
put RO(X,x) ={U € RO(X):xe U} and RC(X,x) ={F € RC(X):x e F}.
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The J-interior [28] of a subset A4 of X is the union of all regular open sets of X
contained in 4 is denoted by J —int(4). A subset 4 is called J-open [28] if

A =0-int(4), ie., a set is J-open if it is the union of regular open sets. The
complement of d-open set is called J-closed. Alternatively, a set 4 of (X,7) is called
o-closed [28] if A =0-cl(A), where d—cl(d)={xe X :Anint(c/U)) = I,
Uerand x e U }.

A subset 4 of a space X is said to be preopen [17] (resp. J-preopen [21]) if
A c int(cl (A)) (resp. A < int(6 — cl(A))). The family of all preopen (resp. J-preopen)
sets of X containing a point x € X is denoted by PO(X, x) (resp. SPO(X, x)).

The complement of a preopen set is said to be preclosed [9].
A subset A4 is said to be semi-open [15] if 4 < c/(int(4)). The complement of a

semi-open set is called semi-closed [4]. The intersection of all semi-closed sets
containing 4 is called the semi-closure [4] of A and is denoted by s—cl(A4).

The semi-interior of 4 is defined by the union of all semi-open sets contained in 4 and is
denoted by s —int(4). The family of all semi-open sets of X is denoted by SO(X).
Weset SO(X,x)={U :xeU € SOX)}.

The complement of a J-preopen set is said to be d-preclosed. The intersection of all
o-preclosed sets of X containing 4 is called the d-preclosure [21] of 4 and is denoted by
0—pcl(A). The union of all J-preopen sets of X contained 4 is called d-preinterior of

A and is denoted by & —pint (4) [21]. A subset U of X is called a J-preneighborhood [21]
of a point x € X if there exists a d-preopen set ¥ such that x € V < U. Note that
0—pcl(4) = AV cl(6—int(4)) and 6 —pint(A) = A N int (5 —cl(A)).

A point x € X is said to be a f-semi-cluster point [13] of a subset 4 of X if
cdUymn A+ for every U € SO(X,x). The set of all §-semi-cluster points of A

is called the 6-semi-clusure of 4 and is denoted by 8—s—cl(A). A subset 4 is called
f-semi-closed [13] if 4 =6 —s—cl(4). The complement of a #-semi-closed set is

called #-semi-open.
The family of all J-open (resp. Jd-preopen, J-preclosed) sets of X containing
a point xe X is denoted by J0(X,x) (resp. OPO(X,x),dPC(X,x)),

ie., 00(X,x)={Ue€dO(X):xeU} (respectively o0PO(X,x)={U € oPO(X)
:xeU}, 0PC(X,x)={F € 06PC(X):xeF}).

The family of all J-open (resp. d-preopen, J-preclosed) sets of X is denoted by
00(X) (resp. SPO(X), SPC(X)).

Definition 1. A4 function f :X — Y is said to be

(1) perfectly continuous [18] if f~'(V) is clopen in X for every open set V of ,
(2) contra-continuous [5] if f~'(V) is closed in X for every open set V of ¥,
(3) regular set-connected [6] if f~'(V) is clopen in X for every V e RO(Y),
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(4) s-continuous [3] if for each x € X and each V € SO(Y, f(x)), there exists an
open set U in X containing x such that f(U) Cc V,

(5) almost s-continuous [20] if' for each x € X and each V € SO(Y, f(x)), there
exists an open set U in X containing x such that f(U) < s —cl(V),

(6) contra-precontinuous [12] if f~'(V) € PC(X) for each open set V of ¥,
(7) almost contra-precontinuous [10] if f~'(V) € PC(X) for each V € RO(Y).

3. (0 —pre, s) -continuous functions

In this section, the notion of (J — pre,s)-continuous functions is introduced and
characterizations and some properties of (J — pre,s)-continuous functions are
investigated.

Definition 2. A4 function f: X — Y is called

(1) (0 — pre,s)- continuous at a point x € X if for each V € SO (Y f(x)), there exists
a o-preopen set U in X containing x such that f(U) c cl(V),

(2) (0 — pre,s)- continuous if it has this property at each point of X.
Theorem 1.  The following are equivalent for a function f : X — Y :

(1) fis (0 — pre,s)- continuous,

Q) V) cs-pint(f(cl(V))) forevery V e SO(Y);

(3) the inverse image of a regular closed set of Y is d-preopen;
(4) the inverse image of a regular open set of Y is o-preclosed,
(5) the inverse image of a O-semi-open set of Y is d-preopen;
(6) f~!(int (cl(G))) is 5-preclosed for every open subset G of Y;
(7) f~'(cl (int (F))) is 6-preopen for every closed subset F of Y.

Proof. (1)=(2): Let ¥V € SO(Y) and xe f~'(VV). Then f(x)eV. Since f is
(0 — pre, 5)- continuous, there exists a J-preopen set U in X containing x such
that f(U)ccl (V). It follows that xeU c f1(cI(V)). Hence xeo -
pint(f~'(c/ (V))). Wehave f~'(V) c & —pint(f ' (cl(V))).

(2)=(3): Let F be any regular closed set of Y. Since F € SO(Y), then by (2), it
follows that f~'(F) c & —pint (f~'(F)). This shows that f~!(F) is J-preopen in X.
(3)<(4): This is obvious.
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(3)=(5): This follows from the fact that any #-semi-open set is a union of regular
closed sets.

5)=(1): Let xe X and V € SO(Y). Since c/ (V) is #-semi-open in Y, by (5) there
exists a d-preopen set U in X containing x such that x e U  f~'(c/(V)). Hence
f(U) c cl(V). This show that f is (J-pre,s)- continuous.

(4) < (6): Let G be an open subset of Y. Since int(c/(G)) is regular open, then by (4),

it follows that f~!(int(c/(G))) is -preclosed.

The converse can be shown easily.
(3) & (7): It can be obtained similar as (4) < (6).

Remark 1. The following diagram holds:

perfectly continuous =  contra-continuous =  contra-precontinuous

U U
regular set-connected = almost contra-
precontinuous
i U
almost s-continuous (0 — pre, s) - continuous
N

s-continuous
None of these implications is reversible.

Example 1. Let R be the set of real numbers and 7 be the countable extension
topology on R, i.e., the topology with subbase 7; U 7, where 7; is the Euclidean

topology of R and 7, is the topology of countable complements of R and o be the
discrete topology of R. Define a function f : (R,7) —> (R, o) as follows:

1 , if xisrational,

2 , if xisirrational.

f(X)={

Then f is (0 — pre, s)- continuous but not almost contra-precontinuous, since {1} is

regular closed in (R, o) and f~!({1}) = O where Q is the set of rationals is not preopen
in (R,7).

The other implications are not reversible as shown in [6, 7, 10, 12, 20].

Definition 3. Let (X, 1) be a topological space. The collection of all regular open sets

forms a base for a topology t*. It is called the semiregularization.
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In case when 7 = 7", the space (X, 7) is called semi-regular [26].

Theorem 2. Let f: X — Y be a function from a semi-regular topological space
(X,7) to a topological space (Y,v). f is (0 — pre,s)- continuous if and only if f is
almost contra-precontinuous.

Proof. Obvious.

Definition 4. A space is said to be Ps [29] or strongly s-regular [11] if for any open
set Vof Xandeachx €V, there exists F € RC(X,x) suchthat x e F C V.

Definition 5. A4 function f : X — Y is said to be 5-almost continuous [21] if f~'(V)
is 0-preopen in X for every open set Vin Y.

Theorem 3. Let [ :(X,7) > (Y,0) be a function. Then, if [ is (6 — pre,s)-

continuous and Y is Ps., then f is d-almost continuous.

Proof. Let V be any open set of Y. Since Y is P, there exists a subfamily ¥ of
RC(Y) such that ¥ = U{F : F € ¥}. Sincef is (5 — pre,s)-continuous, f~'(F) is
d-preopen in X for each F € ¥ and f~!(V) is é-preopen in X. Therefore, f is
o-almost continuous.

Definition 6. A4 space is said to be weakly Ps [19] if for any V € RO(X) and each
x €V, thereexists F € RC(X,x) suchthat xe F C V.

Definition 7. A function f : X — Y is said to be almost 6-precontinuous if =~ (V)
o-preopen in X for every V e RO(Y).

Theorem4. Let f:(X,7) > (Y,0) be a (6 — pre,s)- continuous function. If Y

is weakly Py, then f is almost 6-precontinuous.

Proof. Let V be any regular open set of Y. Since Y is weakly P, there exists a
subfamily W of RC(Y) such that V = U{F :F eW¥}. Since f is (J — pre,s)-
continuous, f~!(F) is é-preopen in X for each F € ¥ and f~'(V) is d-preopen in X.
Hence, f is almost J-precontinuous.

Theorem5. Let f:X —>Y be a function and let g:X — X xYbe the

graph function of f, defined by g(x) = (x, f(x)) forevery x € X. If g is (0 — pre,s)-
continuous, then f is (5 — pre, s)- continuous.
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Proof. Let F € RC(Y), then X xF =X xcl(int(F)) = ¢/ (int(X)) x cl (int(F))
=cl(int(X x F)). Therefore, X x FF € RC(X xY). It follows from Theorem 1 that
FUF) =g (X xF) e SPO(X). Thus, f is (5 — pre, s)- continuous.

Lemma 1. Let A and X, be subsets of a space (X,7r). If A€ 6PO(X) and
Xy € 00(X), then A X, € 6PO(X,) [21].

Lemma 2. Let Ac XycX. If X,e€00(X) and AeoPO(X,), then
A € OPO(X) [21].

Theorem6. If f:X > 7Y is a (6 — pre,s)-continuous function and A is any

0-open subset of X, then the restriction f | 4 A—>Y is (- pre,s)-continuous.

Proof- Let F € RC(Y). Then, by Theorem 1, f~'(F) e SPO(X). Since A4 is
d-open in X, it follows from Lemma 1 that (f| AN F)= AN f7I(F) € 6PO(A).

Therefore, f | 4 1sa (0 — pre, s)- continuous function.

Theorem7. Let f:X — Y be a function and {U, :a € I} be a J-open cover
of X. If for each a €1, f|mZ is (0 — pre,s)- continuous, then f:X —>Y is a

(0 — pre, s)- continuous function.

Proof. Let V e RC(Y). Since f |Ua is (0 — pre,s)-continuous for each
ael, (f|ye)'(V)e8POU,). Since U, e O(X), by the Lemma 2,
(/] o)™ (V) € SPO(X) for each a el  Then f(V)=Uye [(f] pe) )]
€ O0PO(X). This gives fisa (0 — pre,s)- continuous function.

Definition 8. A4 filter base A is said to be d-preconvergent (resp. rc-convergent) to a
point x in X if for any U € SPO(X) containing x (resp. U € RC(X) containing x),
there exists a B € A such that B c U.

Theorem 8. If a function f:X — Y is (6 — pre,s)-continuous, then for each

point x € X and each filter base A in X which is d-preconvergent to x, the filter
base f(A) is rc-convergent to f(x).

Proof. Let x e X and A be any filter base in X which is d-preconvergent to x.
Since f* is (0 — pre, s)- continuous, then for any V' € RC(Y) containing f(x), there
exists U € 0 PO(X) containing x such that f(U) c V. Since A is d-preconvergent
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to x, there exists a B € A such that B — U. This means that f(B) — V' and therefore
the filter base f(A) is rc-convergent to f(x).

Theorem 9. Let f: X — Y be a function and x € X. If there exists U € 6O(X)
such that x € U and the restriction of f to Uis a (0 — pre, s)- continuous function at

X, then f is (0 — pre,s)- continuous at x.

Proof. Suppose that F € SO(Y) containing f(x). Since f | vlis (0 —pre,s)-
continuous at x, there exists V € SPO(U) containing x such that
= |U)(V) c cl(F). Since U € 60(X) containing x, it follows from Lemma 2

that ¥ € 6 PO(X) containing x. This shows clearly that f is (0 — pre, s)- continuous
at x.

Definition 9. 4 function f: X — Y is said to be

(1) O-irresolute [14] if for each x € X and each V € SO(Y, f(x)), there exists
U € SO(X, x) such that f (cl(U)) < cl(V),

(2) o-preirresolute if for each x € X and each V € 6PO(Y, f(x)), there exists a
o-preopen set U in X containing x such that f(U) c V.

Theorem 10. Let f:X > Y and g:Y — Z be functions. Then, the following
properties hold:

(1) If f is o-preirresolute and g is (0 — pre,s)- continuous, then go f : X — Z is

(0 — pre, s)- continuous.

(2) If fis (0 — pre,s)-continuous and g is O-irresolute, then gof : X —> Z is

(0 — pre, s)- continuous.

Proof. (1) Let xe X and W € SO(Z,(go f)(x)). Since g is (0 — pre,s)-
continuous, a d-preopen set V in Y containing f(x) such that g(V') < cl(W). Sincef is
oJ-preirresolute, there exists a J-preopen set U in X containing x such that f(U) c V.
This shows that (g o f)(U) < cl/(W). Therefore, go f is (J-pre,s)- continuous.

(2) Let xe X and W e SO(Z,(go f)(x)). Since g is @ -irresolute, there exists
V e SO(Y, f(x)) such that g(cl(V)) < c/(W). Since fis (0 — pre, s)- continuous, there
exists a oJ-preopen set U in X containing x such that f(U) < cl(V). Hence
(go f/)U) < cl(W). This shows that go f is (6 — pre, s)- continuous.
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Definition 10. 4 function f : X — Y is called d-preopen if image of each o-preopen
set is 0-preopen.

Theorem 11. If f: X — Y is a surjective d-preopen function and g:Y — Z is a
function such that go f : X — Z is (0 — pre,s)- continuous, then g is (0 — pre,s)-
continuous.

Proof. Suppose that x and y are two points in X and Y, respectively, such that
f(x)=y. Let V e SO(Z,(go f)x)). Then there exists a d-preopen set U in X

containing x such that g(f(U)) < c/(V). Since f is d-preopen, f(U) is a d-preopen set
in Y containing y such that g(f(U)) < c/(V). This implies that g is (0 — pre, s)-
continuous.

Corollary 1. Let f: X — Y be a surjective 5-preirresolute and d-preopen function
andlet g:Y — Z be a function. Then, go f : X — Z is (6 — pre, s)- continuous if

and only if g is (0 — pre,s)- continuous.
Proof. It can be obtained from Theorem 10 and Theorem 11.

Definition 11. 4 function f : X — Y is called weakly (6 — pre, s) - continuous if for
each x € X and each V € SO(Y, f(x)), there exists a 5-preopen set U in X containing
x such that int(f(U)) < cl(V).

Definition 12. 4 function f :X — Y is called -pre-semi-open if image of each
J-preopen set is semi-open.

Theorem 12.  If a function f:X — Y is weakly (5 — pre,s)- continuous and

o-pre-semi-open, then f is (0 — pre, s)- continuous.

Proof. Let x € X and V € SO(Y, f(x)). Since f is weakly (J — pre, s)- continuous,
there exists a J-preopen set U in X containing x such that int( f(U)) < c/(V). Since f
is o-pre-semi-open, f(U) € SO(Y) and f(U) c cl(int(f(U))) < cl(V). This shows
that f is (0 — pre, s)- continuous.

Definition 13. 4 space X is said to be

(1) s-Urysohn [2] if for each pair of distinct points x and y in X, there exist
U e SOX,x) and V € SO(X, y) such that cl(U)ncl(V) =,

(2) weakly Hausdorff [24] if each element of X is an intersection of regular closed sets,
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(3) O-pre-Hausdorff if for each pair of distinct points x and y in X, there exist
U e SPO(X,x) and V € 6SPO(X, y) suchthat U NV =,

(4) O-pre-T, if for each pair of distinct points in X, there exist o-preopen sets U and V
containing x and y, respectively, such that y ¢ U and x ¢ V.

Remark 2. The following implications are hold for a topological space X:
(1) T, = 5-pre-Ty,

2) T, = o6-pre-T,.
None of these implications is reversible.

Example 2. Let X ={a,b,c} with the topology 7 ={X,J,{a}, {b,c}}. Then
(X,7) is 0-pre- T, butnot 7;.

Lemma 3. Let A be a subset of a space (x,7). Then A € 6 PO(X) if and only if
ANU € PO(X) for each regular open (0-open) set U of X [21].

Definition 14. 4 function f : X — Y is called strongly (8, s)- continuous if for each
x e X and each V € SO(Y, f(x)), there exists a regular open set U in X containing
x such that f(U) c cl(V).

Theorem13. If f:X > Y is strongly (6,s)-continuous, g:X —>Y s
(0 — pre,s)- continuous and Y is s-Urysohn, then E = {x € X : f(x) = g(x)} is o-
preclosed in X.

Proof. If xe X \E, then it follows that f(x)# g(x). Since Y is s-Urysohn,
there exist V e SO(Y, f(x)) and W e SO(Y,g(x)) such that cl(V)ncl(W)=.
Since f is strongly (@, s)-continuous and g is (J — pre, s)- continuous, there exist a

regular open set U containing x and a J-preopen set G containing x such that
fU)c V) and g(G) c cl(W). Set O=U nG. By the previous lemma, O is

o-preopen in X. Therefore f(O) N g(0) = and it follows that x ¢ J-pcl(E). This
shows that £ is J-preclosed in X.

Theorem 14. Iffis a (0 — pre,s)- continuous injection and Y is s-Urysohn, then X is
o-pre-Hausdorff.

Proof. Suppose that Y is s-Urysohn. By the injectivity of f, it follows that
f(x) # f(y) for any distinct points x and y in X. Since Y is s-Urysohn, there exist

V e SO, f(x)) and W e SO(Y, f(»)) such that c/(V) ncl(W)=. Since fis a
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(0 — pre, s)- continuous, there exist J-preopen sets U and G in X containing x and y,
respectively, such that f(U) < c/(V) and f(G) < cI(W). Hence U NG = . This
shows that X is J-pre-Hausdorff.

Theorem 15. If f is a (6 — pre,s)- continuous injection and Y is weakly Hausdorff,
then X is o - pre-T, .

Proof. Suppose that Y is weakly Hausdorff. For any distinct points x and y in X,
there exist V, W € RC(Y) such that f(x) eV, f(y) eV, f(x)eW and f(y)eW.

Since f is (8 — pre, s)- continuous, by Theorem 1, f~'(V) and f~'(W) are J-preopen
subsets of X such that x e f7'(V), ye f'(V), x¢& f'W) and ye f'(W).
This shows that X is o -pre- T;.

4. Relationships

In this section, several relationships of (0 — pre, s) - continuity are investigated.

Definition 15. A4 space X said to be

(1) o-pre-compact if every o-preopen cover of X has a finite subcover.

(2) countably 5-pre-compact if every countable cover of X by d-preopen sets has a finite
subcover.

(3) O-pre-Lindelof if every o-preopen cover of X has a countable subcover.
(4) S-closed [27] if every regular closed cover of X has a finite subcover.

(5) countably S-closed [1] if every countable cover of X by regular closed sets has a
finite subcover.

(6) S-Lindelof [16] if every cover of X by regular closed sets has a countable subcover.
Theorem16. Let f: X — Y be a (8 — pre,s)- continuous surjection. Then the
following statements hold:

(1) if Xis d-pre-compact, then Y is S-closed.

(2) if Xis o-pre-Lindelof, then Y is S-Lindelof-

(3) if Xis countably o-pre-compact, then Y is countably S-closed.
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Proof. Let {V,:a<l} be any regular closed cover of Y. Since [ is
(8 — pre, s)- continuous, then {f~'(V,):a € I} is a 5-preopen cover of X and hence
there exists a finite subset 7, of Isuch that X = U{f~'(V,):a e I,}. Therefore, we
have Y = U{V, : a € I} and Y is S-closed.

The proofs of (2) and (3) can be obtained similarly.

Definition 16. 4 space X said to be

(1) d-preclosed-compact if every d-preclosed cover of X has a finite subcover.

(2) countably o-preclosed-compact if every countable cover of X by J-preclosed sets has
a finite subcover.

(3) J-preclosed-Lindelof if every cover of X by J-preclosed sets has a countable
subcover.

(4) nearly compact [22] if every regular open cover of X has a finite subcover.

(5) nearly countably compact [8, 23] if every countable cover of X by regular open sets
has a finite subcover.

(6) nearly Lindelof if every cover of X by regular open sets has a countable subcover.

Theorem17. Let f: X —> Y be a (5 — pre,s)- continuous surjection. Then the
following statements hold:

(1) if Xis o-preclosed-compact, then Y is nearly compact.
(2) if Xis d-preclosed-Lindelof, then Y is nearly Lindelof.
(3) if X is countably o-preclosed-compact, then Y is nearly countably compact.

Proof. Let {V, :a € I} be any regular open cover of Y. Since fis (J — pre,s)-
continuous, then { f~'(V,) : @ € I} is a J-preclosed cover of X. Since X is d-preclosed-
compact, there exists a finite subset 7, of 7 such that X = U{f~'(V,): @ € I,}. Thus,

we have Y = U{V, : a € I} and Y is nearly compact.
The proofs of (2) and (3) can be obtained similarly.

Definition 17. A4 space X said to be

(1) mildly é-pre-compact if every d-preclopen cover of X has a finite subcover,

(2) mildly countably J-pre-compact if every d-preclopen countable cover of X has a
finite subcover,

(3) mildly d-pre-Lindelof if every o-preclopen cover of X has a countable subcover.
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Theorem18. Let f: X —> Y be a (6 — pre,s)- continuous surjection. Suppose

that f is a 6-almost continuous function. Then

(1) If Xis mildly 6-pre-compact, then Y is nearly compact and S-closed.

(2) If X is mildly countably d-pre-compact, then Y is nearly countably compact and
countably S-closed.

(3) If Xis mildly o-pre-Lindelof; then Y is nearly Lindelof and S-Lindelof.

Proof. (1) Let V € RC(Y). Then since f is (J — pre, s)- continuous and J-almost
continuous, f~'(V) is d-preopen and d-preclosed in X and hence f~!(V) is J-preclopen.
Let {V, : @ € I} be any regular closed cover of Y. Then {f7'(V,):a €1} isa

o-preclopen cover of X and since X is mildly J-pre-compact, there exists a finite
subset I, of I such that X = U{f"Y(V,): a € I,}. Since f is surjective, we obtain

Y =u{V, :a € Iy}. This shows that Y is S-closed.

It can be obtained similarly that Y is nearly compact.
The other proofs can be obtained similarly.

Recall that for a function f : X — Y, the subset {(x, f(x)):x e X} c X xY is
called the graph of /" and is denoted by G(f).

Definition 18. 4 graph G(f) of a function [ : X — Y is said to be

(1) (0 — pre,s)-closed if for each (x,y) € (X xY)\ G(f), there exist a 6-preopen set
U in X containing x and V € SO(Y, y) such that (U x cl(V)) N G(f) = &,

(2) O-pre-regular-closed if for each (x,y) € (X x Y)\ G(f), there exist a d-preopen set
Uin X containing x and V € RO (Y, y) such that (U xV) N G(f) = .

Lemmad. The following properties are equivalent for a graph G(f) of a function f:

(1) G(f) is (0 — pre,s)-closed;
(2) for each (x,y) € (X xY)\ G(f), there exist a d-preopen set U in X containing
xand V € SO, y) such that f({U)Ncl(V) = I,

(3) for each (x,y) € (X xY)\ G(f), there exist a d-preopen set U in X containing
xand F € RC(Y,y) such that f(UYNF = .

Proof.  (1)=(2): It is an immediate consequence of definition of (& — pre, s)- closed
graph and the fact that for any subsets 4 « X and B c Y,(Ax B)n G(f) = if and
only if f(4)N B =.
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(2)=(3): It follows from the fact that c/(}') € RC(Y) for any V' € SO(Y).
(3)=(1): It is obvious since every regular closed set is semi-open and closed.

Theorem19. If f: X — Yis (6 — pre,s)- continuous and Y is weakly Hausdorff,
G(f) is o-pre-regular-closed graphin X x Y.

Proof. Suppose that Y is weakly Hausdorff. Let (x,y) e (X xY)\G(f), then
f(x) # y. Since Y is weakly Hausdorff, there exist /' € RC(Y) such that f(x) € F
and y ¢ F. Since fis (J — pre,s)- continuous, there exists a d-preopen set U in X
containing x such that f(U) c F. Therefore, we obtain y € Y\ F € RO(Y) and
fU)N (Y \F)=. This shows that G(f) is d-pre-regular-closed in X x Y.

Theorem 20. If f: X — Y is (& — pre,s)- continuous and Y is s-Urysohn, G(f)
is (0 — pre,s)-closed graphin X xY.

Proof. Suppose that Y is s-Urysohn. Let (x,y) e (X xY)\ G(f). It follows that
f(x) # y. Since Y is s-Urysohn, there exist V' € SO(Y, f(x)) and W € SO(Y, y) such
that cIl(V) ncl(W) =. Since f is (d — pre,s)- continuous, there exists a d-preopen
set U in X containing x such that f(U) c cl(V). Therefore, f(U)Ncl(W) = and
G(f) is (0 — pre,s)-closedin X x Y.

Theorem 21. Let f: X — Y have a (5 — pre,s)-closed graph. If fis injective,
then X is o -pre-T;.

Proof. Let x and y be any two distinct points of X Then, we have
(x, f(»)) € (X xY)\ G(f). By Lemma 4, there exist a J-preopen set U in X containing

x and F e RC(Y, f(y)) such that f(U)NF =@; hence Un fI(F)=0.
Therefore, we have y ¢ U. This implies that X is & -pre-T; .

Theorem 22. Let f: X —> Y have a (6 — pre,s)-closed graph. If f is surjective,
then Y is weakly T,.

Proof. Let y, and y, be any distinct points of Y. Since f" is surjective, f(x) = y,, for
some x € X and (x,y,) € (X xY)\ G(f). By Lemma 4, there exist a J-preopen set U
in X containing x and F € RC(Y,y,) such that f(U) N F =(; hence y, ¢ F. This
implies that Y is weakly 7,.
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Definition 19. 4 space X is called 6-preconnected provided that X is not the union of
two disjoint nonempty d-preopen sets.

Theorem?23. If f:X > Y is (0 — pre,s)-continuous surjection and X is

J-preconnected, then Y is connected.

Proof.  Suppose that Y is not connected space. There exist nonempty disjoint open sets
Vi, and V, such that Y =V, UV,. Therefore, V| and V, are clopen in Y. Since f is
(8 — pre, s)- continuous, (V) and f~!(V,) are J-preopen in X. Moreover, f~'(V})
and f~!(V,) are nonempty disjoint and X = f~'(V;) U f~1(V,). This shows that X

is not d-preconnected. This contradicts that Y is not connected assumed. Hence, Y is
connected.

Definition 20. 4 topological space is called

(1) O-pre-ultra-connected if every two non-void d-preclosed subsets of X intersect,

(2) hyperconnected [25] if every open set is dense.

Theorem 24.  If X is OJ-pre-ultra-connected and f:X —Y is (6 — pre,s)-
continuous and surjective, then Y is hyperconnected.

Proof:  Assume that Y is not hyperconnected. Then there exists an open set V" such that
V is not dense in Y. Then there exist disjoint non-empty regular open subsets B, and B,

in Y, namely int(c/(V)) and Y \c/(V). Since f is (J-pre,s)-continuous and onto, by
Theorem 1, 4, = f7'(B,) and A4, = f7(B,) are disjoint non-empty J-preclosed
subsets of X. By assumption, the J-pre-ultra-connectedness of X implies that 4, and 4,
must intersect. By contradiction, Y is hyperconnected.
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