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Abstract. Let A;, be the class of all analytic functions f of the form

oo
f(z) =2+ Z apz®, zeA,
k=n+1

where n € N is fixed. For A > 0 and « < 1, define

2 n+1
Un(A){fEAn:‘(f(z)) fl(z) =1 <>\,ZEA}
and
sgz{fes*(a): Z]’:(S)q <1—a,zEA}.

In this paper, we find suitable conditions on A and « so that Uy, (A) is included in
Sao and §*(a). Here S, and S*(«) denote the usual classes of strongly starlike
and starlike of order «, respectively. We determine necessary conditions so that
f € Un(N) implies that

zf'(z) 1 1
<= A
i) sl T T
or
z2f"(z) 1 1
‘1+ ) —% <%, lz| <,

where r = r(A,n) will be specified. For ¢+ 1 —n > 0, define

O =P = [0 [ () e al o

We also find conditions on A, @ and c so that I(U,(\)) C Sk.
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1. Introduction and preliminaries

Let ‘H denote the class of analytic functions in the unit disc A = {z € C: |z| < 1}
and A denote the class of all functions f in H such that f(0) =0 = f/(0) — 1. Let
S={feA: fisunivalent in A } and (see [3])

2f'(2)
f(z)
Also, we let S*(a), a < 1, to be the family of starlike functions of order a. It is
well-known that f € S*(«) iff Re(2f'(2)/f(2)) > « for z € A; S*(a) € S* for
0<a<l For 0<ac<1,afunction f € A is called strongly starlike of order « iff

f satisfies the condition
/ 1 o4

2 (2) =< i , ZEANA,

f(2) 1—2z
where < denotes the usual subordination (see [3]). The class of all strongly starlike
functions of order « is denoted by S,. Clearly, S; = §* and if 0 < a < 1, then the
class S, is completely contained in the class of all bounded starlike functions [2].
For p < 0, define

2 \M!
B(M):{fEA:Re<f'(z)(f(z)> >>0,zEA}.

It is shown in [1] that B(p) is a subclasses of the class of Bazilvei¢ functions that is
contained in the class S.
In [9], Ponnusamy has considered a subclass of B(u) defined by

7(2) (ﬂ)f 1

Clearly, U (), p) is contained in S for u < 0. In [9], Ponnusamy found conditions
on A and p < 0 so that U(\, p) is included in S* or other well-known subclasses
of §. On the other hand, Nunokawa and Ozaki [8] has shown that U(A, 1) = U(N)
is also included in § for 0 < A < 1. It is important to observe that the Koebe
function z/(1 — 2)? belongs to U(1) but U(1) not included in S*, see [6]. In view
of these observations, Ponnusamy and Vasundhra [13] found conditions on A¢ so
that U(A) € 8* for 0 < A < Ag. Further, it is interesting to find the analog of the
inclusion results (such as the containment theorems U(\, 1) C §*(a) for u < 0) also
for the case 0 < p < 1. For 0 < p < 1, the class U(A, 1) has been discussed by
Obradovié [5].
Let A,, denote the class of all functions f € A such that f has the form

S ={feA: f(A)isstarlike}E{fES:Re >0,26A}.

L{(/\,u):{feA:

</\,ZGA}.

o0

fz)=z+ Z apz”,

k=n-+1
where n € N is fixed. Clearly, A := A;. For f € A, such that f(z)/z # 0, we have

(75)" O =140 man
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and so, it is essential to consider two cases, namely p € (0,n) and pu = n, separately.
For p € (0,n) and A > 0, the class U, (A, ) = A, NU(A, 1) has been discussed by
the authors in [10]. However, the case u = n, which does produce a slightly different
implication, has not been discussed in [10]. For pu = n, the class U, (A, 1) will be
denoted by U, (\) for convenience. Thus it is now natural to raise the following
problem.

Problem. Find conditions on A and « such that U, () is included S*(«) or S,.

The main aim of this paper is to answer this problem in a more general form. For
the special case n = 1, this class has been studied by several authors [5, 6, 7, 12].

2. Basic properties of U, ()\)
By definition, each f € U,,(\) can be written as

n+1
z
2.1 —— ") =14+ w(z) =1+ Appr2" T+,
(2.) () 1@ e .
for some w € B,,. Here,
B, ={weH: w0)=uw0)=-=w™0)=0, and |w(z)| <1 for z € A}

and throughout the paper a,; is meant for f*+1(0)/(n + 1)!. If we set

p(z) = <ffz)>n=1—nan+lzn+...7

then p is analytic in A, p(0) = 1 and p™(0) =0 for k=1,2,...,n — 1. Further,
(2.1) is seen to be equivalent to
1
p(z) — ﬁzp'(z) =1+ dw(z).
An algebraic computation implies that

1
n w(tz
(2.2) p(2) =1 — nap12" — n/\/o tTEH) dt.

As w(z) € B, Schwarz’s lemma gives that |w(z)| < |z|**! for z € A and therefore,

Ip(2) = 1] < nlz[" (Jansa| + Al2]), 2 €A,

which is

(2.3) ‘(}C(ZZ))R— 1‘ <l (lante] + Mz]), 2 €A,

so that

(24) 1 nlel"(lansa] + N2]) < Re (f()) <14l (anga] + M),

Equality holds in each of the last two inequalities (2.3) and (2.4) for functions of the

form
z

(1 £ nlagr|z" + Anz"1)
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3. Strongly starlikeness and convexity for functions in U, ()\)

We are now in a position to state our main results and their consequences. The
proof of these results will be given in Section 4.

Theorem 3.1. Let v € (0,1], n > 1 and

—n(n + cos(y7/2))|ant1| + sin(yr/2) /1 + n2(1 — |ant1]2) + 2n COS(’WT/?).

A (7, =
(v,m) 1+ 2ncos(yw/2) + n?
If f eUp(N), then f e Sy for 0 <X < A (v,n).

Theorem 3.1 for n =1 is due to Obradovi¢ et al [7]. In the case v = 1, Theorem
3.1 yields criteria for starlike functions.

—1?lans1| + /14021 — Jansa?)

Corollary 3.1. If f e U, (\) and 0 < A < T2

fes*.

, then

For n = 1, Corollary 3.1 yields

—laa| + /2 — |az|?

Corollary 3.2. If f e U(N), then f € S* for0 < A <

This corollary was stated as a conjecture in [6] but was settled later in [7]. The same
reasoning indicated in the proof of Theorem 3.1 helps to obtain the following result.

Theorem 3.2. Let f € U,(N\) and A(v,n) be as in Theorem 3.1. Then, for
A(y,m) < A, f is strongly starlike in |z| < r(\,7v,n), where v = r(A,v,n) is the
smallest positive root of the equation Ey(n,r) =0, where

Ex(n,r) = X2+l (14 n® + 2ncos(ym/2)) + 2An (n + cos(ym/2)) |an41|r**
+n2|an 112%™ — sin? (v /2).
In the case v = 1, Theorem 3.2 yields
Corollary 3.3. If f € U,(N\) and

—n?lant1| + /14 02(1 — |an1[?)
1+ n?

then f € 8* in |z| <r =r(\n), where r is the smallest root of

<A<,

A (1 4+ n2)r2(”+1) + 2202 |1 [T F 0P a1 PP — 1= 0.
For n =1, Corollary 3.3 yields

—las| + /2 — fas]?

Example 3.1. If f € U()\), then Lf(rz) € S* for

where 7 is the smallest positive root of

<A<

2221 + 2\ ag|r® + |ag*r? — 1 =0.
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Example 3.2. Suppose that f € U, (\) with a,+1 =0, and
sin(my/2
Ao(y,n) = /2 :
V/1+ 2ncos(my/2) + n?
Then, by Theorems 3.1 and 3.2, we have the following:
(i) f €S, whenever 0 < A < X\g = Ao(7,n)

1/(n+1)
(ii) feS, for |z <r= <)\0(%n)> whenever A\g(y,n) < A < 1.

A

In the following theorem, we consider similar results for certain subsets of the set
of all starlike functions. To do this, we define

=fres [ Lo L ea)
Sb(ﬂ)—{f65~ o) % < Qﬂ’ZEA ,
where 0 < 3 < 1.

Theorem 3.3. Let n € N and A € (0,1]. If f € U, (), then for 0 < 8 < 1 we have

Zf/(Z) 1 < i for |z| <7rg= 7’0(>\7naﬂ)a

fz) 28| 28

where rq is the positive root of the equation
2A(B 4 n)r" T+ 2n|an [Tt + 28 — 1] =1 =0.
For n = 1, Theorem 3.3 has been obtained by Obradovié et al [7].
Theorem 3.4. Let n € N and A € (0,1]. If f € U, ()), then for 0 < 8 <1 we have
() 1|_ 1
fr(z) 28] " 2p

where =1y 5 (0) is the smallest positive root of the equation

‘1 + for |z| < ran(B),

(3.1 28X nr?" 2 4 2B8An|an 11 |r*" T + 20 (Bn® 4+ (B + 1)n + B) r" T3
+2 (BAOR = 1) + (B + Dnjani|) 12 = 23 (B0® + (L + B)n + 5 — Bnlag|) r"
—2(Bn+ D nlap|r™ — (1 =28 —1|)r? =26\ — |28 — 1| +1=0.
In particular, =1 f(rz) € K, where K denotes the class of all convex functions g,
i.e. zg'(z) belongs S*.
If we choose 3 = 1/2, we obtain
Corollary 3.4. Let f € U,()\). Then
21"(2)
f'(z)

where T ,(1/2) is the smallest positive root of the equation

<1 for |z] <ran(1/2),

N2 A ag o [P T2 A% 4 3n 4+ )7 4 [(n 4+ 2)nlang | + A(On — 1)) "2
=X (n® +3n = nfans1]| + 1) " = (n+ 2)nfan 41| —r* = Ar + 1 =0.
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Example 3.3. In particular, the last corollary gives the following:
f € Uy (1) with a,+1 = 0 implies that

2f"(z)
f'(z)

where r1 ,,(1/2) is the smallest positive root of the equation

<1 for |z] <rin(1/2)

nrP T3 L (2 4 3n+ D" (n— 1)r" 2 — (02 +3n 4+ )" = — 41 =0.

4. Proofs of the main theorems

4.1. Proof of Theorem 3.1. Suppose that f € U,(\) for some X €
(0,1] and n € N. Then, by the definition of U, ()\), we have

‘(féﬂnﬂf%a—l

‘(A;) ‘4<”Mmeﬂ+Ad><mli+Ay

Therefore, it follows that

< Az < A

and, by (2.3), we get

n+1
(4.2) arg (f(i)) 1'(2)| < arcsin(\)
and
(4.3) arg (f(zz)) < arcsin(n(|an+1] + A)).

Using (4.2), (4.3) and the addition formula for the inverse of sine function, namely,

arcsin (z) + arcsin (y) = arcsin {x\/ 1—y24+yv1-— 3:2} ,

we find that
s L8] < (7)o o (75)

A

arcsin(A) 4+ arcsin (n(|ap41| + A))

= arcsin [)\\/1 —n2(Jans1] + N2+ n(lans1| + V1 — )\2} .

Thus, f € S, whenever A € (0, A\, (y,n)]. Here A, (7, n) is the solution of the equation
A(N) = A1 = n2(Jans1] + N2 + n(|anii| + MVI — A2 —sin (%7) =0

which proves the Theorem. O
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4.4. Proof of Theorem 3.2. Let f € U,,(\). Following the proof of Theorem
3.1, we obtain that
. n+1
arg | — f(z
(73) 7o

s (563)

Combining the last two inequalities, we get

2f'(2)
f(2)

< arcsin(Ar™*t)

and

< arcsin (™ (|an41] + Ar)) .

arg

’ < arcsin [)\7“"“\/1 — 22 (|apq1| + Ar)?

+nr(Japt1| + Ar)V1— )\27“2("“)} )

By a simple calculation, we see that the right hand side of the last inequality is less
than or equal to 7y/2 provided that E(n,r) < 0, where Ex(n,r) is as in Theorem
3.2. ]

4.5. Proof of Theorem 3.3.  Let f € U,(\). Then, by the representations
(2.1) and (2.2), it follows that

2f'(2) 1+ dw(z)
(46) e -

1 )
w(tz)
1 —nap412™ — )\n/o il dt

where w € B,,. We proceed with the method of proof of Theorem 1.9 in [7]. Accord-
ing to this,

n tw(tz)
S 1] 1 ’2,6’ — 1+ nap412™ + 20 w(z) + )\n/o ] dt'
28] 23 1
f(z) B B ‘1 g — /\n/ w(tz) it
0 {n+1

< L [W — U+ nlang|[2]" + (26 + nMIZl”“]

20

1 = nlans1||z]™ — Anjz|ntl

since |w(z)| < |z|"*1. It is a simple exercise to see that the square bracketed term
in the last step is less than 1 provided

2A(B + n)|2|" T + 2nfan,q] 2" + 126 -1 -1 <0.

Thus, it follows that

! 1 1
) < —  for |z| < ro,

fz) 28] 28
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where r( is the positive root of the equation
2A(B 4 n)r" T 4 2n|an P + 28 — 1] — 1 =0.
We complete the proof. O

4.7. Proof of Theorem 3.4. Let f € U,()\). Then the logarithmic derivative
of the representation given by (2.1) yields that

2f"(z)
f'(z)

=(n+ 1)zf’(z) —-n+ A (2) w € B,,.

L+ ) T+ w(z)’

In view of this equation and the representation (4.6), we see that

zf"(z) 1 14 dw(z) B Azw'(2) 1

fiiz) 26 (n+1) Lw(tz) " w(s) 28

1 —nap412™ — )\n/ pr) dt
0

1+

Since w € B,,, by the definition of B,,, we have |w(z)| < |2|*T!. By the well-known
Schwarz-Pick lemma, we obtain that

/ 1 — Jw(z)[?
|w'(z)] < T

It follows that (as A < 1)

‘ aw'(2)

2| 1—Jw(@)?Y _ |2+ 2"
14+ dw(z) < > = '

Tl Aw() N1 [z 1— |22

With the help of this inequality and the fact that |w(z)| < |z|"*1, after some com-
putation, we get that

zf"(z) 1 < 1
f'iz) 28] 28

‘1 + R\, B, 2],

where

28 — 1|+ (26n + Dnlansi| |2|™ + A\[28(n? +n + 1) + n]|z|" 1
T nlana |2 — Anl2]

20A2|(1 + [2]" 1)
1— |22

It can be easily seen that the inequality R, (X, 5, |z|) < 1 is equivalent to (3.1). The
desired conclusion follows. O
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5. Order of starlikeness for functions in U, (\)

Theorem 5.1. If f € U, (X) and b = |aps1| < 1/n, then f € S*(a) whenever
0 <A < No(a), where

V(1 =2a)(1+n2(1 — 2a — b2)) — n?b(1 — 2a)
14+ n2(1 - 2a)

if 0<a<ag(n,bd),
Ao(a) =
1 —a(l + nb)
1+ na

) <
if ag(n,b) <a< b

with ag(n,b) = %.

We observe that if we choose @ = 0 in Theorem 5.1, then Corollary 3.1 follows.
Further, we believe that the order of starlikeness given above for functions in U, ()

is sharp although at present we do not have a concrete proof for our claim. However,
from Theorem 5.1, one can obtain a number of new results.

Corollary 5.1. If f € U, (\) with f™TD(0) =0, then f € S*(a) whenever 0 < \ <
Ao(a), where

1 -2« FO0<a< n
T L2201 — o) L S
ola) = 1+n2(1 - 2a) 2n+1
1l -« n
] < 1.
1+ na i 2n+1_a<

The following corollary is an equivalent form of Corollary 5.1 which is some what
handy and is of independent interest in some special situations.

Corollary 5.2. If f € U,(\) with f*FD(0) =0 and 0 < X\ < 1/v/nZ2+ 1, then
feS* (o), where

11+_n)\)\ if 0<A<1/(n+1)
(5.1) a:=a(l) =
M if 1/(n+1) <A <1/vn2+1.

For n =1, Theorem 5.1 is due to [13].

5.2. Proof of Theorem 5.1.  Suppose that f € U,,(\). Then, we can write

s o {(m) (i) - () et

where w € B,,. It follows that (see Section 2)

n 1
z n w(tz)
(f(z)) =1- nanp412 — HAA W dt,
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and therefore, by (5.3), we see that

z2f'(2) 14 dw(z)
flz) Yw(tz)
1 —nap412™ — n/\/0 tTEH) dt
Thus,
A no Law(tz)
1 (Zf'( ) —a) = 1+mw(2)+ 1—a [A/o i dt + ant12"
1—a \ f(z N w(tz
(2) 1 —nap412™ — n)\/ tTEH) dt
0
!
Now, Re(zf((j)) > « is equivalent to the condition
z
A no Lw(tz)
+iw(2)+1_a |:/\/0 t”+1 dt+an+12’ :|

# —iT, forallT e Rand z € A,

1 —nay412" —n/\/ th dt

which can be rewritten as

w(tz)

w(z) + n(a —i(1 - a)T)/O ) ar
(1—-a)(1+4iT) +n(la—iT(1 — a))apt12™

A #—1, forallT € Rand z € A.

If we let

w(z)+nla—1i(l —a 1w(t2)
. @)+ nfe—it-or) [ T

zen web,, ek | (1 — a)(1 +4T) + n(a —iT(1 - a))an12"

then, in view of the rotation invariance property of the space B,,, we obtain that
/
Re (Zf (Z)> >a if AM < 1.
f(2)

This observation shows that it suffices to find M. Since |w(z)| < |z|**! for 2z € A,
we first we notice that

{ 1+nm }
1-a)

M < sup
TER V14+T2 —nby/a2 + «)?T?|

where, for convenience, we use the notation b = |a,41|. Define ¢ : [0,00) — R by

1+nya?+ (1 —a)z

(1—a) VIta—nby/a?+(1-a)z

(5-4) ¢(z) =
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First we observe that the denominator in the expression of ¢(x) is positive for all
x € [0,00) provided 0 < a < 1/(14+nb)and 0 <b < 1/n.
Further, it is a simple exercise to see that

oy (1 - a)N(x)
¢'(x) = 2
2[(1—a)\/1+x—nb\/oz2+(1—a)2x} Vitar a2+ (1-a)x

where
N(z)=n(1-2a)— Va2 + (1 —a)2z+nb(l —a)V1+zx.
Case (I): Let b = 0. Then, we have
n(l —2a) — /a2 + (1 — a)’x
21 — ) /(A +2)3 /a2 + (1 - )2z

For o > 5 T:_ T we note that ¢’'(z) <0 for all x > 0 and therefore,

¢'(z) =

1+na
1l—a

o(z) < 6(0) =
If 0 <a<n/(2n+1), then
n%(1 —2a)? —a?
(1-a)?

o =

is the only critical point and that ¢”(xg) < 0. This observation shows that, for
0<a<n/(2n+1), ¢ attains its maximum value at g so that

1+ n%(1 — 2a)

P(zo) = 1—2a

This gives essentially a direct proof for Corollary 5.1.

Case (II): Now we consider the case b # 0. In this case, the proofs run into several
subcases. Firstly, we consider 1/2 < o < 1/(1 + nb). It follows that

N(z) <n(1-2a)<0,
because

nb(1 —a)VI+z < /a2 +(1—a)ie.

Indeed, the last inequality follows from the fact that nb < 1,

0>(1-a)>—a®=1-2a>n*(1-a)*-a?
and
(1 —a)?(1 —n?b?) > n?b*(1 — a)? — o,

Thus, ¢'(z) <0 for all z > 0 whenever 1/2 < o < 1/(1+nb). Next, we consider the
case
n(b+1)

o+l 1/2.
R I T
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In this case, it suffices to compute
(1—a)? nb(l — a)

N'(z) =— +
(@) 2y/a?2+ (1 —a)x 2V1+x

and note that N'(z) < 0 holds for > 0 if and only if

(1 —a)?(1 —n?b?) > n?b*a® — (1 — a)?.
Since « < 1/2 implies that

0>2a—1=0a—(1-a)*>>n%?a® - (1-a)?

b+1
the function N(z) is decreasing for & > 0. Therefore, for n+1)
n

< 1/2
w+m+1—a</’

we have
N(z) < N0O)=n(b+1)—a@2n+nb+1) <0 forz>0.

The above observation shows that ¢(z) defined by (5.4) is a decreasing function on
n(b+1)

— S a<

n(b+2)+1 1+ nb

[0, 00) whenever . In particular,

1+ na n(b+1)
< = LA ,
o@) <00 =T"m e  wprri S 1w
n(b+1) o
Case (III): Assume b # 0 and 0 < @« < ———————. We make the substitution
nb+2)+1
_ 1
a2+ (1—a)x

and note that
sup ¢(z) = sup (1),

z€[0,00) te(0,1/a]

where ¢(z) becomes
n+t

N Ty
with the above substitution. Now we compute
R(t)
{ 11 (1-2a)8 fnbr T+ (1-2a)

P(t) =

P'(t) =

)

where
R(t) =1 —n(1 - 2a)t — nby/1 + (1 — 2a)¢2.

Since R(t) decreases,

R(0)=1—-nb>0> R(1/a) =

MQ+®+1{ n(1+0b)

T2 +1)
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R(t) £0 for t > 1/(n(1 — 2a)), we get the estimate

M < A{(t) : 0 <t <1/(n(l = 20)), R(t) =0} = 1(s),

where

—(1 = 2a) + by/(1 —2a)(n? + 1 — 2an2 — n2b2)
n(l —2a)(b? — 1+ 2a) '

S =

A simple calculation shows that f € §*(a) whenever

N L ~by/(1—20)(1 4 n2(1 — 2 — b?)) — (1 — 2a)
“U(s) b= /0 -20)1+n2(1-2a—1?))

which, by multiplying both the numerator and the denominator by the quantity

b+ /(1 —2a)(1 +n2(1 —2a — b?2)),

is seen to be equivalent to

1 V(1 =2a)(1 +n2(1 — 2a — b2)) — n2b(1 — 2a)

A< =
~ (s) 1+ n2(1 - 2a)
b+1
for0<a< m This completes the proof. |

6. Integral transforms

In this section we consider the following integral transform I(f) of f € A defined by

61) 1) = F) == | Tt [ (fft)) ] T erionso

which is similar to Alexander transform. Also, I(f) is similar to Bernadi transfor-
mation when n =1 and ¢ > 0.

When ¢ =n =1, (6.1) becomes

Theorem 6.1. Let f € U,(\) for some A > 0 andn > 1. Forc+1—n > 0,
F =1I(f) be defined by (6.1). Then F € S’ whenever |an+1], ¢, A are related by

c+2 {(1—00(0—&-1)—n(2—a)(c+1—n)|an+1|
(c+1-n)(c+1) 1+(2—-a)n '

Proof. From (6.2) we observe that

[anta] < <n(ci+11_n)> G-Z) '

(62) 0<A<
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By (6.1), we see that

(c+1—n) (Fiz)>n+zjz (Fiz)>n= (c+1—n) (f(zz))"

It is a simple exercise to show that

m [(c n)(n+1) <Fiz))n — (e~ 2")% (Z (FiZ)>n>
A ) o
Tf we set

(6.3) P(z) ==z (F(Z)>n,

z

then, from the last equation and the assumption f € U, ()), it follows that P(z)
satisfies the second order differential equation

oo (LomtDY PG ol _sPi)

n(c+1—n) = nlc+1-n) 7n(c+1—n):1+>\w(z)

where w € B, If welet P(z) = 2+ > 5, ;2" and w(z) = Y32, wpz” in
(6.4), then, by equating the coefficients of 2™, we get the representations

P
(Z) — 1+Cn+1zn _

(6.5) z c+1

M(c+1—n) [Pw(tz .
( )/0 tTEH)(l—t*l)dt

and

(6.6) P'(2) =1+ (n+1)cnt12" — (n+1+(c—n)tcthyat

An(c+1—n) /1 w(tz)

c+1 tntl
where
n(c+1—n)
(67) Cnt+1 = 70—"_71(1“_‘_1.

In view of the representation

() "1 ) 2l Y o e

it follows that (see Section 2)

n 1
z w(tz)
— = 1 —_ n - .
(f(z)) NGpy1 2 )\n/o prm) dt

From (6.3), we have

68) () % (zP’(z) 1>.




Special Classes of Univalent Functions with Missing Coefficients and Integral Transforms 155

Using (6.5), (6.6) and (6.8), we find that

zF'(z) 1
F(z)
i A 1- La(t :
1+ (n+ Deppr2™ — nie+ n)/ wl z)(n—i—l—l—(c—n)t“rl)dt
_ 1 14 c+1 o tntl
on Mn(c+1—n) [P w(tz)
14 cppr12™ — 1—ttydt
i +c +1Z C+1 A tn+1 ( )
i L An(c+1-mn) [Pw(tz) .
1| T c+1 / 1 (n+(c+1—n)tt)dt
T on L M(e+1—n) [fw(tz) et1
I 1+ cepp12™ — 1 /0 proe) (I —¢T4)dt
so that
Me+1-n) [! 1
zF’(z)_1’ 3 |Cn+1|+T/O(”+(C+1—”)t ) dt
F(z A 1-— !
(2) 1_|Cn+1|_u/ (1—t+Yy dt
c+1 0
n A 1
(c+1—n) {nla:lll <n++2>}
_ ¢ r— ¢ 7 <l-a, by (62) and (6.7).
1 1 n+1
n(c+1—n) [C+1 +c+2}
This completes the proof. O

If we let n =1 in Theorem 6.1, then we have the following

Corollary 6.1. Let f(z) = z 4+ a2z + -+ € U(N) for some A > 0. If ¢ > 0 and
a < 1, then F(z) defined in (6.1) is in S’ whenever ¢, A are related by

(6.9) 0<A<

ct2 [(1-ale D)~ 2okl
cle+1) 33—« .

From (6.9), we note that

w< () ()

Corollary 6.1 was obtained recently by Ponnusamy et al. in [12]. We end the paper
with the following conjecture which we are unable to handle at present.

Conjecture. The results of Theorems 3.1, 3.2 and 6.1 are all sharp.



156

S. Ponnusamy and P. Sahoo

References

(1]
(2]
(3]
(4]

(5]
[6]

[7]

(8]
(9]

[10]

I. E. Bazilevi¢, On a case of integrability in quadratures of the Loewner-Kufarev equation,
Mat. Sb. 37(79) (1955), 471-476.

D. Brannan and W. Kirwan, On some classes of bounded univalent functions, J. London
Math. Soc. (2) 1 (1969), 431-443.

P. L. Duren, Univalent Functions (Grundlehren der mathematischen Wissenschaften 659,
New York, Berlin, Heidelberg, Tokyo), Springer-Verlag, 1983.

A. W. Goodman, Univalent Functions, Vol. I & II, Mariner Publ. Co. Tampa, Florida 1983.
M. Obradovié, A class of univalent functions, Hokkaido Math. J. 27 (1998), 329-315.

M. Obradovié¢ and S. Ponnusamy, New criteria and distortion theorems for univalent func-
tions, Complex Variables: Theory and Appl. 44 (2001), 173-191. (Also Reports of the De-
partment of Mathematics, Preprint 190, June 1998, University of Helsinki, Finland).

M. Obradovié, S. Ponnusamy, V. Singh and P. Vasundhra, Univalency, starlikeness and con-
vexity applied to certain classes of rational functions, Analysis (Munich) 22(3) (2002), 225—
242.

S. Ozaki and M. Nunokawa, The Schwarzian derivative and univalent functions, Proc. Amer.
Math. Soc. 33(2)(1972), 392-394.

S. Ponnusamy, Pélya Schoenberg conjecture by Carathéodory functions, J. London Math.
Soc. (2)51(1995), 93-104.

S. Ponnusamy and P. Sahoo, Geometric properties of certain linear integral transforms Bull.
Belg. Math. Soc. Simon Stevin 12 (2005), 95-108

S. Ponnusamy and V. Singh, Convolution properties of some classes analytic functions, Za-
piski Nauchnych Seminarov POMI 226 (1996), 138-154.

S. Ponnusamy, V. Singh and P. Vasundhra, Starlikeness and convexity of an integral trans-
form, Integral Transforms Spec. Funct. 15(3) (2004), 267-280.

S. Ponnusamy and P. Vasundhra, Criteria for univalence, starlikeness and convexity, Ann.
Polon. Math. 85 (2005), 121-133

S. Ponnusamy and P. Vasundhra, Univalent functions with missing Taylor coefficients,
Hokkaido Math. J. 33 (2004), 341-355.

St. Ruscheweyh, Convolutions in Geometric Function Theory, Les Presses de I’Université de
Montréal, Montréal, 1982.



