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Abstract. The notion of intuitionistic fuzzy sets was introduced by Atanassov

as a generalization of the notion of fuzzy sets. In this paper, using Atanassov

idea, we establish the intuitionistic fuzzification of the concept of hyperideals
in a semihypergroup and investigate some of their properties.
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1. Introduction

After the introduction of fuzzy sets by Zadeh, several researchers were conducted
on the generalization of fuzzy sets. As an important generalization of the notion
of fuzzy sets on a non-empty set X, Atanassov introduced in [1] the concept of
intuitionistic fuzzy sets defined on a non-empty set X as objects having the form

A = {〈x, µA(x), λA(x)〉 | x ∈ X},
where the functions µA : X −→ [0, 1] and λA : X −→ [0, 1] denote the degree of
membership (namely µA(x)) and the degree of non-membership (namely λA(x)) of
each element x ∈ X to the set A respectively, and 0 ≤ µA(x) + λA(x) ≤ 1 for all
x ∈ X.

Such defined objects are studied by many authors (see for example the papers
in “Fuzzy Sets and Systems” and “Notes on Intuitionistic Fuzzy Sets”) and have
many interesting applications not only in mathematics (see [Chapter 5, 3]).

Let A and B be two intuitionistic fuzzy sets on X. The following expressions
are defined in [1, 2].

1) A ⊆ B if and only if µA(x) ≤ µB(x) and λA(x) ≥ λB(x) for all x ∈ X,
2) A = B if and only if A ⊆ B and B ⊆ A,
3) Ac = {〈x, λA(x), µA(x)〉 | x ∈ X},
4) A ∩B = {〈x,min{µA(x), µB(x)}, max{λA(x), λB(x)}〉 | x ∈ X},
5) A ∪B = {〈x,max{µA(x), µB(x)}, min{λA(x), λB(x)}〉 | x ∈ X},
6) �A = {〈x, µA(x), 1− µA(x)〉 | x ∈ X},
7) ♦A = {〈x, 1− λA(x), λA(x)〉 | x ∈ X}.
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For the sake of simplicity, we shall use the symbol A = (µA, λA) for intuitionistic
fuzzy set A = {〈x, µA(x), λA(x)〉 | x ∈ X}.

2. Semihypergroups

A hypergroupoid is a non-empty set H together with a map ∗ from H×H into the
family of non-empty subsets of H. The image of the pair (x, y) is denoted by x ∗ y.
If x ∈ H and A,B be subsets of H, then by A ∗B, A ∗ x and x ∗B we mean

A ∗B =
⋃

a∈A,b∈B

a ∗ b, A ∗ x = A ∗ {x}, x ∗B = {x} ∗B.

Definition 2.1. A hypergroupoid (H, ∗) is called a semihypergroup if

(x ∗ y) ∗ z = x ∗ (y ∗ z) for all x, y, z ∈ H.

The motivating example is the following: Let S be a semigroup and K be any
subsemigroup of S. Then S/K = {x∗K | x ∈ S} becomes a semihypergroup where
the hyperoperation is defined in a usual manner x � y = {z | z ∈ x ∗ y} where
x = x ∗K.

Definition 2.2. Let H be a semihypergroup. A non-empty subset I of H is called
a left (resp. right) hyperideal if H ∗ I ⊆ I(resp. I ∗H ⊆ I).

A non-empty subset I of H is called a hyperideal (or two-sided hyperideal) if it
is both a left hyperideal and right hyperideal.

In [5], Davvaz defined the concept of fuzzy hyperideal of a semihypergroup as
follows:

Definition 2.3. (cf. Davvaz [5]). Let H be a semihypergroup and µ be a fuzzy
subset of H. Then µ is called

i) a left fuzzy hyperideal of H if

µ(y) ≤ inf
z∈x∗y

{µ(z)} for all x, y ∈ H;

ii) a right fuzzy hyperideal of H if

µ(x) ≤ inf
z∈x∗y

{µ(z)} for all x, y ∈ H;

iii) a fuzzy hyperideal (or fuzzy two-sided hyperideal) if it is both a left fuzzy
hyperideal and right fuzzy hyperideal.

A recent book [4] contains a wealth of applications of fuzzy sets to the algebraic
hyperstructures.

3. Intuitionistic fuzzy hyperideals

Now, we establish the intuitionistic fuzzification of the concept of hyperideals in a
semihypergroup and investigate some of their properties.

Definition 3.1. Let H be a semihypergroup. An intuitionistic fuzzy set A =
(µA, λA) in H is called a left (resp. right) intuitionistic fuzzy hyperideal of H
if

1) µA(y) ≤ inf
z∈x∗y

{µA(z)} (resp. µA(x) ≤ inf
z∈x∗y

{µA(z)}) for all x, y ∈ H,
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2) sup
z∈x∗y

{λA(z)} ≤ λA(y) (resp. sup
z∈x∗y

{λA(z)} ≤ λA(x) for all x, y ∈ H.

Example 3.1. Let H = {a, b, c, d} be a semihypergroup with the following Cayley
table (Table 1):

Table 1. Cayley table
∗ a b c d
a a b c d
b b {a, c} {b, c} d
c c {b, c} {a, b} d
d d d d H

It is not difficult to see that a fuzzy set µ of H is a hyperideal if and only if
µ(x) = µ(y) for all x, y ∈ H. Define an intuitionistic fuzzy set A = (µA, λA) in H
by

µA(x) = t, λA(x) = 1− t for all x ∈ H,

where 0 ≤ t ≤ 1. By routine calculation, we can check that A = (µA, λA) is an
intuitionistic fuzzy hyperideal of H.

For all the results formulated in this paper, we only describe proof for the left
hyperideals. For right hyperideals similar results hold as well.

Proposition 3.1. If {Ai}i∈Λ is a family of left (resp. right) intuitionistic fuzzy
hyperideals of a semihypergroup H, then

⋂
i∈Λ

Ai is a left (resp. right) intuitionistic

fuzzy hyperideal of H.

Proof. Suppose B =
⋂
i∈Λ

Ai and x, y ∈ H. Then we have

µB(y) = inf
i∈Λ

{µAi
(y)} ≤ inf

i∈Λ
{ inf

z∈x∗y
{µAi

(z)}}
= inf

z∈x∗y
{inf

i∈Λ
{µAi(z)}} = inf

z∈x∗y
{µB(z)}.

Also, we have

sup
z∈x∗y

{λB(z)} = sup
z∈x∗y

{sup
i∈Λ

{λAi(z)}} = sup
i∈Λ

{ sup
z∈x∗y

{λAi(z)}}

≤ sup
i∈Λ

{λAi
(y)} = λB(y).

�

Proposition 3.2. An intuitionistic fuzzy set A = (µA, λA) is a left (resp. right)
intuitionistic fuzzy hyperideal of H if and only if the fuzzy sets µA and λc

A are left
(resp. right) fuzzy hyperideals.

Proof. Assume that A = (µA, λA) is a left intuitionistic fuzzy hyperideal of H.
Clearly µA is a left fuzzy hyperideal of H. For x, y ∈ H we have

inf
z∈x∗y

{λc
A(z)} = inf

z∈x∗y
{1− λA(z)} = 1− sup

z∈x∗y
{λA(z)}

≥ 1− λA(y) = λc
A(y).
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Hence λc
A is a left fuzzy hyperideal of H.

Conversely, suppose µA and λc
A are left fuzzy hyperideals of H. For every x, y ∈

H, we have µA(y) ≤ inf
z∈x∗y

{µA(z)} and we get

sup
z∈x∗y

{λA(z)} = sup
z∈x∗y

{1− λc
A(z)} = 1− inf

z∈x∗y
{λc

A(z)}

≤ 1− λc
A(y) = λA(y).

Hence A = (µA, λA) is a left intuitionistic fuzzy hyperideal of H. �

Corollary 3.1. Let A = (µA, λA) be an intuitionistic fuzzy set in H. Then A =
(µA, λA) is a left intuitionistic fuzzy hyperideal of H if and only if �A and ♦A are
left intuitionistic fuzzy hyperideals of H. For right hyperideals similar result holds
as well.

For any t ∈ [0, 1] and a fuzzy set µ of H, the set

U(µ; t) = {x ∈ H | µ(x) ≥ t} (resp.L(µ; t) = {x ∈ H | µ(x) ≤ t})

is called an upper (resp. lower) t-level cut of µ.

Theorem 3.1. An intuitionistic fuzzy set A = (µA, λA) is a left (resp. right)
intuitionistic fuzzy hyperideal of H if and only if for all s, t ∈ [0, 1], the sets U(µA; t)
and L(λA; s) are either empty or left (resp. right) hyperideal of H.

Proof. Assume that all non-empty level sets U(µA; t) and L(λA; s) are left (resp.
right) hyperideals of H. Let x, y ∈ H. If t0 = µA(y) and t1 = λA(y) then y ∈
U(µA; t0) and y ∈ L(λA; t1). So x ∗ y ⊆ U(µA; t0) and x ∗ y ⊆ L(λA; t1).

Therefore for all z ∈ x ∗ y we have µA(z) ≥ t0 and λA(z) ≤ t1, and so

inf
z∈x∗y

{µA(z)} ≥ µA(y) and sup
z∈x∗y

{λA(z)} ≤ λA(y).

Hence A = (µA, λA) is a left intuitionistic fuzzy hyperideal of H.
Conversely, let A = (µA, λA) be a left intuitionistic fuzzy hyperideal of H. Let

x ∈ H and y ∈ U(µA; t). We have inf
z∈x∗y

{µA(z)} ≥ µA(y) ≥ t. Therefore for all

z ∈ x ∗ y we have z ∈ U(µA; t), and so x ∗ y ⊆ U(µA; t).
Now, let y ∈ L(λA; s). We have sup

z∈x∗y
{λA(z)} ≤ λA(y) ≤ s. Therefore for all

z ∈ x ∗ y we have z ∈ L(λA; s), and so x ∗ y ⊆ L(λA; s). This completes the
proof. �

Corollary 3.2. Let I be a left (resp. right) hyperideal of a semihypergroup H. If
fuzzy sets µ and λ are defined on H by

µ(x) =
{

a0 if x ∈ I
a1 if x ∈ H\I and λ(x) =

{
b0 if x ∈ I
b1 if x ∈ H\I

where 0 ≤ a1 < a0, 0 ≤ b0 < b1 and ai + bi ≤ 1 for i = 0, 1. Then A = (µ, λ) is a
left intuitionistic fuzzy hyperideal of H and U(µ, a0) = I = L(λ, b0).

Corollary 3.3. Let χI be the characteristic function of a left (resp. right) hyper-
ideal I of H. Then I = (χI , χ

c
I) is a left (resp. right) fuzzy hyperideal of H.
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Theorem 3.2. If A = (µ, λ) is a left (resp. right) intuitionistic fuzzy hyperideal
of H, then for all x ∈ H we have

µA(x) = sup{t ∈ [0, 1] | x ∈ U(µA; t)}
and

λA(x) = inf{s ∈ [0, 1] | x ∈ L(µA; s)}.
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