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Abstract. In this paper, we establish sufficient conditions under which all
solutions of equation of the type z(® + ft,z, &, &, &',x(‘l)) + ¢(t, &, %, %) +
Wt x, &, %) + g(t, x, ) + e(t)h(z) = p(t, x, &, &, %, 2?) are uniformly bounded
and tend to zero as t — oco. Our theorem is stated in a more general form; it
extends some related results known in the literature. Also, the relevance of our
result is to show that the results established in Abou El-Ela and Sadek [2,3]
and Sadek [13] contain some superfluous conditions.
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1. Introduction

We consider the fifth order nonlinear differential equation
2O 4 f(t, 20,8, 7,2 W) + ot i, 8, T) + (@, @, E) + gt 2, )

where f, ¢, ¥, g, e, h and p are continuous functions for the arguments displayed ex-
plicitly and the dots denote differentiation with respect to t. All solutions considered
are assumed real valued.

As we know, the investigation of qualitative behavior of solutions, peculiarly, the
discussion of uniform boundedness and convergence of solutions is a very important
subject in the theory of ordinary differential equations. Up to now, one of the most
effective methods to study the uniform boundedness and convergence of solutions
of certain nonlinear ordinary differential equations is still the Lyapunov’s direct (or
second) method [9]. The major advantage of this method is that the uniform bound-
edness and convergence of solutions can be obtained without any prior knowledge
of solutions. Its chief characteristic is based on the construction of an appropriate
scalar function, Lyapunov function. This function and its time derivative along the
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system under consideration must satisfy some fundamental inequalities. However, it
is well-known that finding an appropriate Lyapunov function is in general a difficult
task. Notwithstanding the difficulty, during the past 40 years or so, by employing
the Lyapunov’s method, many good and interesting results have been obtained con-
cerning the uniform boundedness and convergence of solutions for various second-,
third-, fourth and fifth order certain nonlinear differential equations (See, for ex-
ample, [1-8,10-26,28] and the references quoted therein). But, in this connection,
only a few results exist in the relevant literature on the uniform boundedness and
convergence of solutions of certain nonlinear differential equations of the fifth order.
The interested reader is advised to look up the references [1-3,21,23,28]. It should
be noted that, in 1999 and 2000, Abou-El-Ela and Sadek [2,3], in 2002, Sadek [13],
in 2003, Tunc [21] and, recently, Tung ([23], [24)] discussed the same matter for the
differential equations given by

2O +a(t) f1(&, T)a + b(t) f2(E, F) + o(t) f3(E) + d(t) fa ()
+e(t) fs(x) = p(t, @, &, 2, T),

2O 4 f(t, i, 2, 7)™ + o, &, 7)) + (¢, ) + g(t, )
+e(t)h(z) =p(t,z, 2,2, T, x(4)),

2O+ fi(t,x,d, @, 7 a2 4 b(8) fo(8, T + (t) f3 (@, &) + d(t) fa(d)
+e(t)fs(z) =p(t,z, 2,3, T, 95(4))7

2O+ fi(t, @, @, 7 a2 4+ b(8) folw, i, &, ) + c(b) f3(@, @, ) + d(t) falz, ©)
+e(t) f5(x) = p(t,x, &, &, %, ™),

O+ f(t, @, i, @, 7%, ™)z 4+ o, 3, F) 4+ (¢, &, &) + g(t, z, &)
+e(t)h(x) = p(t,z, &, &, z, :1c(4))7

respectively. The motivation for the present work has been inspired basically by the
papers mentioned above and the references listed in that paper.
In what follows it will be convenient to use the equivalent differential system

T=y
Y=z
zZ=w
(1.2) w=u

U= 7f(taz7yvsz7u) - ¢(t7yvz7w) - ¢(taz7yvz)
- g(tv z, y) - e(t)h(x) + p(ta z,Y,z, W, U),
which is obtained from equation (1.1) by setting & =y, & = z, z = w and %) = .
2. Assumption and statement of the result

The following assumptions will be accepted on the functions that appeared in equa-
tion (1.1).
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Assumptions:

1. The function h(z)is a continuously differentiable function in R!, and e(t) is

a continuously differentiable function in R* = [0, c0).

. The function g(t, z,y)is continuous in R* x R?, and for the function g(t, x, )
there exist non-negative functions d(t), go(x, y) and g (x, y) which satisfy the
inequalities

d(t)go(x,y) < g(t,z,y) < d(t)g1(z,y)
for all (t,z,y) € RT x R%. The function d(t) is continuously differentiable
for all t € RT. Let

i(e,9) = 5 loolev) + 1.,

and g(z,y), %g(x,y) and a%g(x, y) are continuous for all (z,y) € R

. The function ¥ (¢, ,y, 2) is continuous in RT xR3. For the function ¥ (¢, z,y, 2)
there exist non-negative functions c(t), ¥o(z,y, z) and 91 (z,y, z) which sat-
isfy the inequalities

C(t)wo(ﬂﬁ, Y, Z) < w(ta x,Y, Z) < C(t)% (-Ta Y, Z)
for all (¢t,x,y,2) € R x R3. The function c(t) is continuously differentiable

for all t € Rt. Let

~ 1

w(xayvz) = 5 WO(%%Z) + Q/Jl(%y’z)] )

and

0 - 0
?ab(xay)'z)a %w(mvyvz) a‘nd @w(xvyaz)

are continuous for all (z,y, z) € R3.
. The function ¢(t, y, z, w) is continuous in R* xR3. For the function ¢(t,y, z, w)
there exist non-negative functions b(t), ¢o(y, z, w) and ¢ (y, z, w) which sat-
isfy the inequalities

b(t)(]So (ya 2, UJ) < ¢(t7 Y, =, U)) < b(t)¢1 (y7 2, ’IU)
for all (t,y, z,w) € RT x R%. The function b(t) is continuously differentiable
for all t € RT. Let

1
d)(yv Z,UJ) = 5 [¢O(ya va) + ¢1(ya Z,’UJ)] 5
and
~ o0 ~ q o0 ~
¢(y,z,w), aiyqs(yvzaw) an ad)(ywzaw)

are continuous for all (y, 2, w) € R3.

Remark 2.1. The above assumptions are less restrictive than those established in
Sadek [13]. Because the result investigated in Sadek [13] can be proved here without
the assumptions

a(t)fO(yasz) < f(tvyvsz) < a(t)fl(yasz)
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and

f(yasz) = % [fo(y,z,w) +f1(y,Z,IU)]

constituted there.

3. The main result
The following result is established.

Theorem 3.1. Assume that the assumptions 1-4 hold and also suppose the exist-
ence of arbitrary positive constants aq, ..., a5 and of sufficiently small positive con-
stants €, €g, €1,. .., €5 such that the following conditions are satisfied

(i) B,C, D,E, by, co, do and eq are some constants satisfying the inequalities
B>0b(t)>by>1, C>c(t)>co>1, D=>d(t)>dyo>1, E>e(t)>
eo>1 forallt € RT.

(ii) The constants aq, ..., as satisfy the inequalities.

(31) a; >0, ajag —az >0, (041042 — 043)063 — (051014 — 015)Oé1 > 0,
(3.2) 0o 1= a1 > 0, (azay — asas) (e — as) — (g — a5)2 >0, as>0,

(azaq — agas) (@12 —as)

0
d(t) g - >2
o — as and( )8yg($’y> Q5| 2 280

for allt € RT and all z and y,
agay —agas  (oqoy —as)y.d(t) e

(3.4) Ay = - )
ajoy — s as(arog — as) o

(33) Al =

for allt € RT and all x and y, where
iz,
A0y 20
(3.5) T=9 9 yN

f(t7x7y7z7wﬂ ’LL)
u

(1V) ¢(t>yaza0> = 07 0 S

(iii) go < —ay <e¢p forallt e RT and all x, y, z, w and u # 0.
o(t, y, 2, w)

—ay < g9 for allt € RT and all z, y, 2
w

d(y,z,w) <0 and a—d)(y,z,w) <0 for ally, z and w.
2
w(t7 x’ y? Z)
z

and w # 0, zw

dy

(v) ¥(t,z,y,0) =0, 0 < —a3 < ez forallt € RYand all z, y and

3]
z#0, yza—qp(x,y,z) <0 and a—w(x,y,z) <0 for all x, y and z.
€Z Yy

(vi) The following inequalities holds

4
(3.6) g(x,0) =0, g(7ym,y) > Eay for all t € RT and all x and y # 0,
9 g(z,y) 590
3.7 —qg(x,y) — < or all x and 0,
(3.7) ayg( Y) ” Do (aras — og) f y#
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0
(3.8) oy — ayg(x,y)’ <&y for all x and vy,
9 s ) 2 < min e2a?(arag — ag) 2agal(aras — az)
(3.9) 9z 9\ Y |~ 16D(ayaq — a5) " 16D (aray — aig)

for all x and y,

and

1 Y 0 E0y
.1 — —3 < —— ll .
(3.10) A axg(x,n)dn - for all x andy # 0

(vii) h(0) =0, h(z)sgnz >0 (z #0), H(z) = [; h(§)dé — oo as |z] — oo,
and 0 < as — W' (z) < e5 for all x.
(viil) [;7 Bo(t)dt < co,€’(t) — 0 as t — oo, where B,(t) := b/, (t) +/ (t)+|d' ()| +
le/(t)], b (t) :=max{b/(t),0}, ¢ (t):=max{c(t),0}.
(ix) |B(¢1 — o) + C(1 —¢o) + D(g1 — go)| < Ay? + 22 +w? + u?)7.
(x) Ip(t, 2.y, z,w,u)| < pu(t)+p2(t) [H(x) + 1y + 22 + w +u’] 7 + Ay 422+
w? +u?)?,
where &, A are constants such that 0 < o <1, A > 0 (is sufficiently small), and p1,
p2 are mon-negative continuous functions satisfying

(3.11) /Ooopi(t)dt <oo (i=1,2).
Then all solutions x(t) of equation (1.1) are uniformly bounded and satisfy
w(t), 2(t), i(t), ¥ (t), 2D (t) — 0
ast — oo.
Remark 3.1. It should also be noted that the theorem just stated above includes
the results [2,3,13,21,23] and improves the result obtained in [2,3,13] because the

result stated in here can be proved without the restriction A > a(t) > ag > 1 in the
theorems in [2,3,13].

4. Lyapunov function Vy(t,z,y, z,w, u)

The proof of the theorem depends on a scalar continuously differentiable Lyapunov
function Vo = Vo(t, z,y, 2z, w, u).



6 Cemil Tung

We define Vj as follows

2054(0[1012 — 013)

2Vo = u® + 20 uw + uz + 20uy + 2b(t) / oy, z, p)dp
0

Q104 — Qs
[ as(aon — as [ ooy (o — as
+a?—¥ w? +2 |as + ( )—(5 wz
L 1y — Q5 L a1y — Qs

+ 2010wy + 2d(t)wg(z,y) + 2e(t)wh(z) + 201c(t) /0 b(w,y, Q)dC

(4.1) _ }
+ a20a(010 — a3) — oy — 10| 2% + 20a0yz + 200d(t)zg(x, y)
10y — QO ]
2a4 (g — 3) v
— 2052y + 2ae(t)zh(x) + —————=d(t) [ g(x,n)dn
10y — Q5 0

20[4(0[1042 — Oég)

+ (das — avas)y® + e(t)yh(z) + 20e(t) / " he)de +

Q104 — Q5
where § is a positive constant satisfying
as(aras —
(4.2) 5= Colmaz—ag)
Q104 — Q5
and k is a positive constant to be determined later in the proof. The following
lemmas will be needed in the proof of our main result.

Lemma 4.1. Assume that the conditions (i)-(vii) of the theorem hold. Then there

exist positive constants D7 and Dg such that
(43) D7 [H(z) +y* + 2° + w® + u® + K]
’ <Vo<Ds[H(z)+y*+22+w’+u® +k.

Proof. The proof of this lemma follows the lines indicated in Tung [21], except for
some minor modifications. Therefore, we omit the detailed proof of the lemma. 1

Lemma 4.2. Assume that all the conditions of the theorem are satisfied. Then there

exist positive constants D; (i = 11,12,13) such that
4 Vo < —Dis(y2 + 22 + w? + u2) 4 2D12 (2 + 22 + w® + u) 2 [p1(£) + pa(2)]
' + 2D19pa(t) | H (z) + v + 22 + w? + u?| + D11yoVo.

Proof. Along any solution (x,y,z,w,u) of system (1.2) from (4.1) and (1.2) for
y,z,w # 0 we have

"/0 :_u2 |:f(t7xayaszau) —041:|

U
A
w 10y — Qs

B Z2 |:O[4(041042 - Oég) w(t»%y’ Z) _ {5@2 =+ ald(t)ﬁf](x, y) - a5}:|
1oy — Qs < %
7 {59@7 z,y) _ alonas — ag) e(t)h’@)]
Y 104 — Q5
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f(t7 x’y7 Z’ w7u) _al} —uz |:/(/)(t7 :E7 y’ Z) _ag}

— aruw
U z

= [a4 - d(t)a%g(z, yﬂ +o0)z [ ’ B2 )

/ O[4(051052 —Oég) f(t7x7yaz7wau)
by, 2, p)dp — oo —ar W ” —
_ a4(a1a2 - a?’)wz |:¢(tayazaw) — :| _ 6uy |:f(t7xayvzawau) —a :|
104 — Oy w 2 u !
(45) = wye(t) [as — W' (z)] — Swy [W - ag} — ane(t)zylas — ()]
—dzy {W - 013:| —aswy [1 —e(t)] — araszy [1 — e(t)]

O ie) + oncltly [ 500
et [ 53w, + and(t)zgae.y)

Qg (a1a2 — 013

/agwn)dnJrl[()(wl Yo)] crw

104 — Oy
1 ag(arag — as)
+ 5 [d(t)(91 — go)] {u Tonw aray — as Z}
1
3 [b() (@1 = o)) u
+ {u+a1w+ OWQ_O@’)zﬂLéy} p(t,@,y, z,w “)WO
104 — Q5 at

The condition (iii) of the theorem shows that

[f(t’x7y7zﬁw’u>

— al] > €p.
u
Clearly, (iv) and (4.2) yield

a ¢(t7yvzaw) . {ag + a1a4(a1a2 —OZS) _5}

w 10y — Q5

S L T TN B BT
w Q104 — Q5
for w # 0. In view of (v), (4.2) and (3.3) (for z # 0), we see that
oy(ajas — o t, 2,9, 2 0
a(anas 3) ¥( Y, 2) _ [5a2+a1d(t)g(x,y) _a5]
a0 — O z y
> Qsca(tas —ag) _ [0‘2%(“1@2 —99) 4 g+ ond(t) 2z y) - as}
a0y — Qs Q1o — Qs oy
aiag — ag)(agay — asa 0
_ (20— ag)(azaq 2”-%«)@w—%yfm
a1y — Qs 0

> £ag.
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Next, observe that (i), (vi), (vii) of the theorem and (4.2) imply

5g(t,x,y) - a4(a1a2 - 043)

e(t)h (z
; P () (x)

> By — 240102 = 08) by
Q104 — Q5
B ~a

= By + ME@102705) | )
Q104 — Q5

> €Q4E

for y # 0. In view of the above discussions, it follows for the first four terms in (4.5)
that

t
—U2 |:f( 73373}’7«'7“1’“) —0(1:|

u
B w2 |:a1¢(t,y7z7w) _ {a3 I 051044(CY1042 - 043) _ 5}:|
w 10y — Qs
(46) . 22 |:Ck4(0410£2 - OZS) w(tﬂ&y»z) _ {(50[2 + ald(t)gg(x,y) — a5}:|
10y — O z 8y

2 |:5g(t,l',y) o 0‘4(a1a2 - a3)
Yy Q104 — Q5

e
> —(eou® + ew? + eanz? + casEy?).

Now consider the terms
y
044(“1042 —az) /g
Q10 — Qs 0
0
+d(t) |w 2~(:ﬂ )+ a1z E~(m )
y@ﬂjg Y 1 yax!] Y

which are contained in (4.5). As it is shown in Tunc [23], the estimate there gives
y
/ O s
a7
0
— dle) [y ) + a2y 53 )
yazg ) 1 y@xg Y
(EYur ()2
(6) - (5¢) 2

It also follows form the conditions (iv) and (v) of the theorem that

044(061€¥2 - C¥3

Q| =

Q10q — Q5

/ y,zpdp<0 / y,zpdp<0
(4.8)

/ asyCdC<O / xyCdC<O
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Making use of the estimates (4.6)—(4.8) in relation (4.5) we obtain

. 1 1
Vo = —eou? — < 55) w? — < 5€a2> 2% — (cay E)y?

16 16
[f(t"r7y7 Z’ w7u) ] [w(t7 x? y’ Z) }
—ouw | —————————— — | —uz | ———= —ag
u z
—wz |« —d(t)2~(a: )
4 ayg Y
Ck4(0410[2 —Ol3) |:f(t7x7yvz7w7u) :|
— uz — o
a1y — Q5 U

044(0410[2 *OZS) |:(,Z§(t,y,Z,U)) :| [f(t,:c,y,z,w,u) :|
— wz — Q2| — 5’U,y —_— — (1
(49) 104 — Qg w U

~ wye(t) [as — H(z)] — by [

z

d)(t? y7 Z7 w)

" - Oé2:| —aqge(t)zy [as — W (x)]

- ag} —aswy [1 —e(t)] — araszy [1 — e(t)]

+5 01— g0l w+ 5 [e0)(wr — o)l v

1 ay(oron — az)
ZTd(t _ —= = 2
+ 5 [d(#) (g1 = 90)] x {U+a1w+ aon —on -
ag(aiog — « oV
+ u+a1w+wz+5y P(t,%y»%wa“)‘f‘;o'
Q104 — Q5 ot

Now let R(t,z,y, z, w,u) denote the sum of the remaining terms, except the first
four terms in (4.9). It can be easily seen from the conditions (i), (iii)—(vii) of the
theorem that the absolute value of each coefficient of uw, uz, uy, wz, wy or zy in
the R(t,z,y,z,w,u) that can’t exceed Dge; (i = 1,2,3,4,5), where Dy is a positive
constant. Thus, using the inequalities

—_

1 1
Juw| < 5w + ), fuz < S 427, Juyl < S +y?),

)

1 1
wz] < S +2%), fwyl < S +97), eyl <SG+ 1Y)
and Cauchy’s inequality we obtain that

\R(t,x7y,z,w,u)| < D9(€1 +eateztes+ 55)(y2 + Z2 + ’LU2 + u2)
1 1
+ LB @1 — do)ul + 1 o)t — ol

+ E ‘d(t)(gl ) [u + 1w+

as(onan — as)z} ’
2

10y — Q5
oy — as)

u+aw+ ——— 24 0y
104 — Q5

(4.10) + Ap(t,z,y, 2,0, u))

< Do(ey + 62 +e3 +e4 +e5) (W% + 22 + w? +u?)
+ [B(¢1 — ¢o0) + C(h1 — o) + D(g1 — go)] %
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DizV/u? + w? + 22 + y?
—|—2D12\/U2 +’UJ2 +22 +y2 ‘p(t,mvyvz,wvu”v

where

Du—max{l,al,“‘*(mr“@,a}.

Q104 — Oy
The result (4.10) combined with (4.9) clearly shows that
. 15¢ 15cx
< P 2 2 2 2
Vo < —eou (16)w ( 16 )z (eauE)y
+ Dg(e1 + 69 +e3+e4 +e5) (52 + 22 +w? +u?)
+ D12 [B(¢1 — ¢o) + C(tb1 — ¥o) + D(g1 — go)] Vu? + w? + 22 + 32
oVy
ot

+2D12\/u? + w2 + 22 + 2 |p(t, z, y, 2, w, u)| +

1 . 15¢ 15ea 9 9 9
< _Z
< 2m1n{50, 16 16 < 4E}( + 27+ w* +u)
+ D12 [B(¢1 — ¢o) + C(¢1 — o) + D(g1 — go)] Vu2 + w? + 22 + 32
oV,
+2D10\/u? + w2 + 22 + 32 |p(t, x,y, 2, w, u)| + 8t0
provided that
1 15¢ 15
(411) Dg(61 +52—|—€3—|—84—|—€5) < — min 80,7€,ﬂ,€(14E .
2 16 16
Now we assume that Dg and &1, €3,..., £5 are so small that (4.11) holds. The case
y, 2z, w = 0 is evident. From (4.1) we have
vy as(as —as) /
— =e'(t h h 0
S =) [un(e) + arzhio) + U020y

+d'(t) {wg(x,y) +arzg(z,y) + %2__023) /0 (x,n)dn}

+a10’(f)/0 1/3(9373/7C)d6+b'(t)/0 oy, 2, p)dp.

Under the conditions of the theorem and the use of (4.3), we have

% <Dio [V () + ¢y (8) + |d' ()] + |¢/ (£)]] x

[H(z) +y* + 2° + w” + u?] < D116V,
where D1g is a positive constant and D, = D10D7_1. The remainder of the proof
proceeds just as in the proof of Lemma 2 in Tunc [24], and hence it is omitted. 1
5. Completion of the proof of theorem

By considering the results of Lemma 4.1, Lemma 4.2 just verified above and Theorem
10.2 and Theorem 14.2 in Yoshizawa [29], if ones follow the lines indicated in Tung
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[24], except for some minor modifications it can be easily made the completion of
the proof. Therefore, we omit the details.
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