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1. Introduction

The notion of fuzzy ideal in I'-ring was introduced by Jun and Lee [10]. They
studied some preliminary properties of fuzzy ideals of I'-rings. Later Hong and Jun
[11] defined normalised fuzzy ideal and fuzzy maximal ideal in I'-ring and studied
them. Dutta and Chanda [2], studied the structures of the set of fuzzy ideals of a
I'-ring and characterise I'-field, Noetherian I'-ring, etc. with the help of fuzzy ideals
via operator rings of I'-ring. Jun [12] defined fuzzy prime ideal of a I'-ring and
obtained a number of characterisations for a fuzzy ideal to be a fuzzy prime ideal.
In this paper, we prove a characterisation of a fuzzy prime ideal, already obtained
by Jun in [12], in different way and also get few more new characterisations of fuzzy
prime ideal. Lastly, we obtain a one-one correspondence between the set of all fuzzy
prime ideals of a I'-ring and the set of all fuzzy prime ideals of the operator rings of
the I'-ring.

2. Some basic definitions and examples

Definition 2.1. [1] Let M and T be two additive abelian groups. M is called a
D-ring if there exists a mapping f : M xT' x M — M, f(a,,b) is denoted by
aab, a,b € M, a € T', satisfying the following conditions for all a,b,c € M and
for all o, 8,7 € T; (a + b)ac = aac + bac, ala+ B)b = aab + afb, aa(b+c) =
aab + aace, and ac(bfc) = (aab)fc.

Definition 2.2. [1] A subset A of a T'-ring M is called a left (resp. right) ideal
of M if A is an additive subgroup of M and maa € A (resp. aam € A) for all
meM, ael', ac A. If Ais aleft and a right ideal of M, then A is called a two
sided ideal of M or simply an ideal of M.
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Definition 2.3. [9] Let M be a T ring and F be the free abelian group generated
by ' x M. Then A = > . ni(vi,z;) € F:a € M = Y navzr; = 0} is a
subgroup of F. Let R = F/A be the factor group of F by A. Let us denote the
coset (y,x2) + A by [y,x]. It can be verified that [o,z] + [5,2] = [+ B,2] and
[, ] + [, y] = [, 2+ y], for all o, B €T and z,y € M. We define a multiplication
in R by > los, 2] >25085,y;] = 32 jlei, miBy;l. Then R forms a ring. This ring
R is called the right operator ring of the I ring M. Similarly we can construct left
operator ring L of M. For the subsets N C M, ® C T, we denote by [®, N] the set of
all finite sums Y, [y, ;] in R where v; € ® and x; € N and we denote by [(®, N)]
the set of all elements [p, x| in R, where ¢ € ® and x € N. Thus in particular,
R = [I',M] and L = [M,T]. If there exists an element y_,;[0;,e;] € R such that
> woie; = x for every element x of M then it is called the right unity of M. It can
be verified that ) ,[0;,e;] is the unity of R. Similarly we can define the left unity
Zj [fj, ;] which is the unity of the left operator ring L.

Definition 2.4. [10] A nonempty fuzzy subset u (i.e., p(x) # 0 for some x € M)
of a T ring M is called a fuzzy left (resp. right) ideal of M if (i) u(lx —y) >
min{p(z), i)}, () p(zay) > py) (resp. p(zay) > p(x)) for all v,y € M and for
alla eT.

A non-empty fuzzy subset u of a T'-ring M is called a fuzzy ideal if it is a fuzzy
left ideal and a fuzzy right ideal of M.

Let M be a I'-ring and R and L be the right operator ring and the left operator
ring of M respectively.

Definition 2.5. [2] For a fuzzy subset p of R, we define a fuzzy subset p* of M by
p(a) = infyer p([y, al), where a € M. For a fuzzy subset o of M we define a fuzzy
subset ' of R by o* (Y, [ai, ai]) = infmenr o(32, maga;), where Y, [ai, ai] € R. For
a fuzzy subset § of L, we define a fuzzy subset 6T of M by 6+ (a) = inf,er 6([a,7]),
where a € M. For a fuzzy subset n of M we define a fuzzy subset 17“‘/ of L by
(3, lai, au)) = infen (Y, aiaim), where - Ja;, oq) € L.

Definition 2.6. [2] Let p, o be two fuzzy subsets of M. Then the sum u & o and
composition po o of u and o are defined as follows:

sup [minfu(u), o()ll, w,veM

(1 0)(x) = { sk

0, otherwise.
n
sup[min[min[u(u;), o(v)]]], 1<i<n,z= > uvv;,
_ i=1
(woo)(x) = u;,v; € Mand ~; €T,
0, otherwise.

Definition 2.7. [12] Let pu, o be two fuzzy subsets of M. Then the product
ulo of u and o is defined by

sup [min[u(u) o(v)]], foru,v € M and~y el
mra)(x){ sup Iminfu(w) o(v)] ;

0, otherwise.
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We denote the set of all fuzzy ideals of M, the set of all fuzzy ideals of R, the set of
all fuzzy prime ideals of M, the set of all fuzzy prime ideals of R by FI(M), FI(R),
FPI(M), FPI(R) respectively.

Definition 2.8. [1] Let M be a I'-ring. A proper ideal P of M is called prime if for
all pairs of ideals S and T of M, ST'T C P implies that S C P orT C P.

Remark 2.1. [7] If P is an ideal of a I-ring M, then the following conditions are
equivalent:

(i) P is a prime ideal of M;

(ii) If a,b € M and aI’'MTb C P thena € Por b € P.

Definition 2.9. [7] A fuzzy ideal u of a ring R is said to be prime if p is a non-
constant function and for any two fuzzy ideals o and § of R, cI'd C u implies that
either 0 C u or § C p.

Definition 2.10. [8] Let f be a mapping from a T'-ring M onto a T'-ring N. Let
w € FI(M). Now p is said to be f-invariant if f(x) = f(y) implies that p(z) = u(y),
forallz,y e M.

Definition 2.11. [1] A function f: M — N, where M, N are I'-rings is said to be
a I'-homomorphism if f(a 4+ b) = f(a) + f(b), f(aab) = f(a)af(b), for all a,b €
M, aeT.

Definition 2.12. [8] A fuzzy subset u of a T'-ring M is called a fuzzy point if
w(x) € [0,1] for some x € M and pu(y) =0 for ally € M\ {z}. If u(xz) = G, then
the fuzzy point [ is denoted by xg.

Definition 2.13. [12] A non-constant fuzzy ideal p of a T-ring M is called a fuzzy
prime ideal of M if for any two fuzzy ideals o and 0 of M, o' C p implies that
either 0 C p or 0 C p.

3. Fuzzy Prime ideal in ['-ring

Theorem 3.1. Let p € FI(M).Then p is a fuzzy prime ideal of M if and only if
w is non-constant and o o @ C p where 0,0 € FI(M) implies that either o C p or
0 C pu.

Proof. The theorem follows since o o § C p if and only if ¢T'0 C pu where o, 0 €
FI(M). ]
Theorem 3.2. Let M be a commutative I'-ring and p € FI(M). Then the following
are equivalent:
(i) 2Ty Cp = x, Cp orys C p where x,. and y; are two fuzzy points of M.
(ii) w is a fuzzy prime ideal of M.

Proof. (i) =(ii) Let 0,6 € FI(M) such that oI'0 C p. Suppose o Z p. Then there
exists x € M such that o(z) > p(z). Let o(z) = a. Let y € M and §(y) = b. If
z = a7y for some v € T, then (z,Typ)(2) = min{a,b}. Hence u(z) = plaxyy) >
(oT0)(xyy) > min{o(x),0(y)} = min{a,b} = (v Typ)(zvy). If (2.Tys)(z) = 0 then
w(z) > (xa'yp)(2). Hence 2Ty, C p. By (i) either x, C por y, C p. That is either
a < p(x) or b < pu(y). Since a £ p(x), O(y) =b < p(y). So 8 C p. Thus p is a fuzzy
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prime ideal of M.
(ii) = (i) Suppose that w is a fuzzy prime ideal of a commutative I' ring M. Suppose
x, and y; be two fuzzy points of M such that z,I'y; C u. Then

(a) (z,Tye)(xyy) = min{r,t} < p(ayy) for all y € T.
Let fuzzy subsets 0,0 be defined by

a(2) :{ nof2E@ e :{ t, if z€y),

0, otherwise 0, otherwise.
Clearly 0,0 are fuzzy ideals of M. Now (cI'0)(z) = sup,_,.,[min(c(u),0(v))] =
min{r, ¢}, where u € (z) and v € (y). Hence (0I'0)(z) = min{r,¢} < p(uyv) from
(a), when z = uyv, where u € (x), v € (y). Otherwise (¢T'0)(z) = 0. Hence
ol'0 C pu. As pis prime, 0 C por 8 C p. Then . C o C pory, €6 C p. Thus
z,I'yy C p implies that either z, C por y, C p. 1

Theorem 3.3. Let I be an ideal of a T'-ring M, o € [0,1) and p be a fuzzy subset

of M defined by
|1, if xel,
M(x){ a, if v&1.
Then p is a fuzzy prime ideal of M if and only if I is a prime ideal of M.

Proof. Let I be a prime ideal of M. Obviously p is non-constant. If min{u(a), u(b)} =
a, then p(a—b) > min{p(a), u(b)}. If min{pu(a), u(b)} =1, then p(a) = u(d) = 1.
So a, b € I which implies that a — b € I. So p(a —b) = 1. Hence for all
a,b € M, p(a—0b) > min{pu(a), u(b)}. Similarly p(ayb) > pu(a), u(b). Thus pis a
fuzzy ideal of M. Let o, 6 € FI(M) be such that cT'0 C pand 0 € p,0 € p. Then
there exist x, y € M such that o(z) > u(z), 6(y) > u(y). This implies that p(x) =
u(y) = a. Therefore x, y & I. Since I is a prime ideal of M, xTMTy Z I [6]. Then
there exist m € M, v1,72 € T, such that xyymysy & I. Hence p(xzyimy2y) = a. Now
(0T6) (zy1m5y) > min{o(z), 6(myy)} > minfo(x),0(y)} > min{u(z), u(y)} =
a = p(xy1my2y), a contradiction. Thus p is prime.

Conversely let o be a fuzzy prime ideal and P, @ be two ideals of M such that
PTQCI. Let PZTand Q< T andlet pe P\ I and g € Q\ I. We define fuzzy
subsets o, 0 of M as follows

|1, if zeP, |1, it zeq,

o(x) {a, if ¢ P and  0(x) {a, if z¢Q.
Then 0,60 are fuzzy ideals of M. Since o(p) =1 > a = p(p), 0 € p . Similarly
0 & u. But o' C pu, a contradiction. So [ is a prime ideal of M. 1

Corollary 3.1. [12, Theorem 1, Corollary 1] Let I be an ideal of a T'-ring M. Then

the characteristic function xy of I is a fuzzy prime ideal of M if I is a prime ideal
of M.

Theorem 3.4. [12, Theorem 2, Theorem 3] If u is a fuzzy prime ideal of M then
the following conditions hold:
(ii) Imp={1,a}, a €[0,1),
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(iil) po ={x € M : p(x) = u(Onp)} is a prime ideal of M.

Proof. (1) Let p be a fuzzy prime ideal of M. Suppose u(Opr) < 1. Since p is
non-constant, there exist a € M such that p(a) < u(Opr). Let 0,0 € FI(M) be
defined by

dm:{a gi;ﬁ7 and  8(z) = 4(Onr)
for all z € M. Then oI'6 C p. Since 0(Op) =1 > pu(Op) and 6(a) = p(Onr) >
w(a),oc € pand 0 € p. This contradicts the fact that p is a fuzzy prime ideal of M.
Hence pu(Opr) = 1.

(ii) Now we shall show that |Impu| = 2. Let z, y € M \ po and pu(z) =c¢, ¢ # 0.
We define fuzzy ideal C', by

if a € (z)

QM@:{giﬁag@y

For a € (z) C(zy(a) = ¢ < pfa). For a & (x), Crpy(a) = 0 < p(a). Hence Cpyy C
p. Clearly 1(y, Cyy € FI(M). Now 1y € poas 1y (a:) 1 > ¢ = px).
Now (1(;yI'Cpr)(a) = 0 or ¢ for any a € M If (1) m>FC’M)( ) = 0, then clearly
w(a) > (1yI'Chy)... and if (1(,yT'Chr)(a) = ¢, then a € (z); hence p(a) > ¢ =
(1(yI'Car)(a). Thus (1(nI'Crs) € p. Now since p is a fuzzy prime ideal of M and

y L, Oy Cpe Now p(z) = c= Cu(y) < p(y). Hence p(x) < p(y). Similarly
we can show that u(y) < p(z). Hence pu(z) = p(y) for all , y € M\ po. This proves
that |[Impu| = 2. (iii) Clearly from (i) and (ii) it follows

1, for x € po,

u(x):{ a, for z & pg.

Then from Theorem 3.3, it follows that pg is a prime ideal of M as p is a fuzzy
prime ideal of M. 1

The converse of the above theorem is also true. We shall prove it later using
operator rings of a I'-ring.

Lemma 3.1. [2] If u € FI(R) (resp. FLI(R), FRI(R)) then u* € FI(M) (resp.
FLI(M), FRI(M)), where p* is defined by p*(m) = infyer p([y,m]), m € M.

Lemma 3.2. [8, Theorem 1.2.48] u is a fuzzy prime ideal of a ring R, if and only
if W(OR) =1, uo is prime ideal of R and u(R) = {1,a}, a €[0,1).

Theorem 3.5. If u be a fuzzy prime ideal of the right operator ring R of a I'-ring
M, then p* is a fuzzy prime ideal of M.

Proof. Since 1 is a fuzzy prime ideal of R, u(Og) = 1, po is prime ideal of R
and u(R) = {l,a}, a € [0,1) [7]. By definition of p*, it follows that [Imu*| =
2, wr(M)=1{1,a}, p*(On) = infyer pu([v,Om]) = p(Or) = 1. Now we shall prove
(1")o = (po)*- Let @ € (u*)o. Now
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€ (p)o & pi(x)=p"(On)=1
inf =1
& ;IelFu[%x}
< ply,z] =1=p(OR), forally €T
<~ [’771‘] € Ho
& el
< @€ (po)"

Therefore (u*)g = (10)*. Since u is a fuzzy prime ideal of R, pg is a prime ideal of
R and hence (u*)g = (po)* is a prime ideal of M [5]. Then from Theorem 3.3, it
follows that p* is a fuzzy prime ideal of M. 1

Lemma 3.3. [2] If 0 € FI(M)(resp.FLI(M), FRI(M)), then o* € FI(R) (resp.
FLI(R), FRI(R)), where o* is defined by J*I(Zi[’yi,ai]) =infenr o (D, myia;).

Lemma 3.4. [5] If P is a prime ideal of a T-ring M, then P* is a prime ideal of
the right operator ring R of the I'-ring M.

Theorem 3.6. If o be a fuzzy prime ideal of M, then o isa fuzzy prime ideal of
R.

Proof. Since o is a fuzzy prime ideal of M, o(Op) = 1, o¢ is prime ideal of
M and o(M) = {1,a}, a € [0,1). Now o* (X[vi,ai]) = infmenrr o(3, myiai).
So 0% (Or) = 1, 0 (R) = {1,a}. We shall now show that (%) = (0¢)*.
Now Y i[vi,ai] € (0)o if and only if o (X;[yi,a:]) = o* (Og) if and only if
infenr oD, myia;) = 1if and only if o(3°, mvyia;) = 1 = o(Oxy) for all m € M
if and only if 3, myia; € o for all m € M if and only if 37,[yi,ai] € (00)*. Thus

(a*/)o = (0’0)*/. Since o is a prime ideal of M, (O‘*/)o = (00)* is a prime ideal of R

by Lemma 3.4. Hence o is a fuzzy prime ideal of R by Lemma 3.2. 1

Theorem 3.7. The mapping p — u* defines a one-one correspondence between the
set of all fuzzy prime ideals of R and the set of all fuzzy prime ideals of M, where
is a fuzzy prime ideal of R.

Proof. Let p be a fuzzy prime ideal of R. Then u* is a fuzzy prime ideal of M by
Theorem 3.5, and (u*)*/ is a fuzzy prime ideal of R by Theorem 3.6. We shall show
that 4 = (u*)*. For this we first show that po = ((1*)* ). Clearly by definition of
(w*)*, Imp = Im(pu*)* . Let Y. [vi,a;] € po. Now
) iya;]) = inf inf ; ja;) = inf inf ) irail) = 1.
()" (Y lisail) = inf inf pu(ly z;mv a;) = inf inf p([y,m] z;h a;))

Thus po € ((1*)* )o. Let S[v, ai] € ((#*)* )o. Then
()" (S livaid) =1 = inf int u(ly.m] 3" ail).

Hence for all v € I',m € M, [y,m] > .[vi,ai] € po. Now as p, is prime ideal of R,
either [y,m] € po or > .[vi,a;] € po. Now as p is non-constant, [y, m] & o for all
vyeTI, me M. Hence ), [vi,a;] € po. Thus ((11*)* )o € po. Hence po = ((1*)* )o.
As p is a fuzzy prime ideal of R, Imu = {1,a} = Im(u*)*" where a € [0,1).
Hence u = (p*)*. Now let o be a fuzzy prime ideal of M. We shall show that
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o = (0*)*. Clearly Imo = Im(c*)* and both are fuzzy prime ideals of M. We
shall first show that oo = ((*')*)o. Let a € oo. Then o(a) = 1. Now o(mya) >
o(a), for all m € M, for all v € T'. So o(m~vya) =1 for all m € M, for all v € T".
Now (0*')*(a) = inf,nenr infyer o(mya) = 1. So a € ((0*)*)o. Thus og C ((*)*)o.
Now let a € ((6*)*)o. Thus (¢*)*(a) = 1 = inf,,eps inf,er o(mya). This implies
that o(mvya) =1, for all m € M, v € T. So mya € oy i.e., mI'MTa C o for all
my1 € M. Now as o is a prime ideal of M, either my € og or a € gg. Now m; € oy
for all m; € M as ¢ is non-constant. Thus a € oy. Hence ((U*,)*)Q C 0g. Hence
o9 = ((a*')*)o. As o is a fuzzy prime ideal of M, o* is also a fuzzy prime ideal of
R. By Lemma 3.2, Imo* = {1,a}, a € [0,1). Since (¢*)*(m) = inf,cr o* ([y,m])
where m € M, Im(c*)* = {1,a} = I'mo where a € [0,1). This proves that
o= (o*/)*. Thus g — p* is a one-to-one correspondence between the set of all fuzzy
prime ideals of R and the set of all fuzzy prime ideals of M. 1

Similar result holds for the I'-ring M and the left operator ring L of M. As a
converse of Theorem 3.5, we have the following theorem.

Theorem 3.8. [12,Theorem 4] Let u be a fuzzy ideal of M. Then u is fuzzy prime
ideal of M if the following conditions hold

(i) p(Om) =1,

(ii) Imp={1,a}, a €[0,1),

(il) po={x e M : u(xz) = w(Own)} is a prime ideal of M.
Proof. As p is a fuzzy ideal of M, so ,u*/ is a fuzzy ideal of R, where u*l is defined
by 1 (327> il) = p(X; mysci). Clearly if (i) p#(Opr) = 1 then ' (Og) = 1,
(i) Imp = {1,a}, a € [0,1) implies Imu* = {1,a}, a € [0,1). From Theorem
3.6, (1*)o = (po)* . Now as pg is prime ideal of M, (uo)* is a prime ideal of R by
Lemma 3.4. Hence (,u*l)o is prime ideal of R. Hence u*/ is a fuzzy prime ideal of R
by Lemma 3.2. So (u*l)* = is a fuzzy prime ideal of M. 1

Lemma 3.5. If f is a homomorphism of a T'-ring M onto a I'-ring N and p be an
f-invariant fuzzy ideal of M, then f(uo) = [f(1)]o-

Proof. Clearly

f(W)(On) = sup p(z)= sup pule)= sup p(Own)=pu(Own),
f(x)=On f(x)=f(Onm) f(z)=f(On)
since p is f-invariant. Let y € f(uo). Then y = f(x) for some = € py. Hence
() = p(Onr) = [f(1)](On). Now

[f(W](y) = sup w(z) = sup p(z) = p(x) = p(Onm) = f(1)(OnN).
F(2)=y F(2)=F(x)

Hence y € [f(u)]o. Again let f(x) € [f(1)]o. Then
F)(On) = [f(w](f(x)) = o pu(t) = p(x).Sop(x) = [f(W)](On) = 1(Onr).

)=f(z)

So x € po. Hence f(x) € f(po). Thus f(uo) = [f(1)]o- I

Lemma 3.6. [13] Let f be a homomorphism of a T'-ring M onto a T'-ring N. If
is an f-invariant fuzzy ideal of M, then f(u) is a fuzzy ideal of N.



72 T. K. Dutta and Tanusree Chanda

Theorem 3.9. Let f be a homomorphism of a U'-ring M onto a I'-ring N. If u is
an f-invariant fuzzy prime ideal of M, then f(u) is a fuzzy prime ideal of N.

Proof. Let u be an f-invariant fuzzy prime ideal of M. Then f(u) is a fuzzy ideal
of N by Lemma 3.15. Since p is fuzzy prime:

(i) p(Om) =1,

(i) p(M) ={1,a}, a €[0,1),

(i) po={xz € M : p(z) = n(Opr)} is a prime ideal of M.
From the proof of the Lemma 3.5, [f(1)](On) = u(Onr) = 1(a). Also by Lemma 3.5,
[f()]o = f(uo) is a prime ideal of N. Now we prove [f(u)](N) = {1,a}, a €[0,1).
Let x € M be such that p(x) = a. Then [f(p)](f(x)) = sup p(z) = p(zr) = a,

f)=f(=)
as p is f-invariant. Also (f(u))(On) = 1. So (f(1))(N) = {1,a}. By Theorem 3.8,
it follows that f(u) is a fuzzy prime ideal of N. 1

Lemma 3.7. Let f be a homomorphism of aT-ring M to aT-ring N. If n € FI(N),
then f=1(no) = [f~*(n)]o-
Proof. Let x € M. Now

zef ) & f(z)€mn
& n(f(x)) =n(On) =n(f(Oum))
& fTH)(@) = 71 0)(Om)
<z [f~1)]o.
Hence f~(10) = [f~(n)]o- I

Lemma 3.8. [10] Let f be a homomorphism of a I'-ring M onto a I'-ring N and
n € FI(N). If n is a fuzzy ideal of N, then f~1(n) is a fuzzy ideal of M.

Theorem 3.10. Let f be a homomorphism of a I'-ring M onto a I'-ring N and
n € FI(N). If  is a fuzzy prime ideal of N, then f=1(n) is a fuzzy prime ideal of
M.

Proof. By Lemma 3.8, f~1(n) is a fuzzy ideal of M. f~1(n)(On) = n(f(Onr)) =
n(On) =1 as n is a fuzzy prime ideal of N. Now n(N) = {1, a}, where a € [0,1).
Let y € N be such that 1(y) = «, then there exists © € M such that f(z) =y as f
is onto. Now f~1(n)(x) = n(f(x)) = a. Thus f~1(n)(M) = {1,a},a € [0,1). Hence
by Lemma 3.5

i) f ( )(Onm) =
(i) [f~ (M) =
(iii) [f~1(n)]o is a prlme ideal of M.
Hence from (i), (ii), (iii) it follows from Theorem 3.8 that f~!(n) is a fuzzy prime
ideal of M. |
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